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Asymptotic Running Time

What is the asymptotic running time of the following code

fragment?

for i — 1 to 3n? +5n + 8 do
for j «— 1 to v"n+ 6 do

T —T+1—7;

end

end




Asymptotic Notation

f(n) € O(n?) if there exists ¢,ng > 0 such that:

f(n) <en?  for all n > ng.

f(n) € Q(n?) if there exists ¢, ng > 0 such that:

f(n) > cen®  for all n > ny.

f(n) € ©(n?) if there exists ¢y, ca,ng > 0 such that:

cin® < f(n) < can®  for all n > ny.
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Asymptotic Notation

“f(n) € O(g(n))” means:

f(n) grows at most as fast as g(n).

“f(n) € Q(g(n))” means:
f(n) grows at least as fast as g(n).

“f(n) € ©(g(n))” means:

f(n) grows at at the same rate as g(n).




CSE 2331

Asymptotic Notation

f(n) € O(g(n)) if there exists ¢, ng > 0 such that:

f(n) <cg(n) for all n > nyg.

f(n) € Q(g(n)) if there exists ¢,ng > 0 such that:

f(n) > cg(n) for all n > nyg.

f(n) € ©(g(n)) if there exists ¢, ca,ng > 0 such that:

c1g(n) < f(n) <csog(n) for all n > ny.
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Asymptotic Notation: Examples

e 5n° + 6n + 8 € O(n?);
e 2" € O(n?);

e V6n3+7n?+3n+5¢€ 0(n'?);
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Asymptotic Notation: Example

Claim: v/6n? + Tn? +3n +5 € ©(n'").
Proof:

V6n3 - Tn2 +3n+ 5> V6n3 = vVén' 5.

\/6n3+7n2—|—3n—|—5§ \/6n3+7n3—|—3n3—|—5n3 forn > 1
< V21n3 = vV21nte.

Thus, V6n'® < V613 + T2 +3n + 5 < V2In'?,
and v/6n3 +7n? 4+ 3n+5 € O(n'?).
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Asymptotic Notation

f(n) € O(g(n)) if there exists ¢, ng > 0 such that:

f(n) <cg(n) for all n > nyg.

f(n) € Q(g(n)) if there exists ¢,ng > 0 such that:

f(n) > cg(n) for all n > nyg.

f(n) € ©(g(n)) if there exists ¢, ca,ng > 0 such that:

c1g(n) < f(n) <csog(n) for all n > ny.
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Asymptotic Notation

f(n) € O(g(n)) if there exists ¢ > 0 such that:
f(n)

lim —= <e.
nl—{%og(n) =€

f(n) € Q(g(n)) if there exists ¢ > 0 such that:
f(n)

lim ——= > c.
n—oo g(n)

f(n) € O(g(n)) if there exists ¢y, co > 0 such that:
fn)

c1 < lim —= < es.
n—oo g(n)
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Asymptotic Notation
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Asymptotic Notation: Examples

Compare:

2n* + 4n3 + n? and In3 + Tn? + 6n;
nt/2 and n'/4;

log,(n) and logs(n);
2

)

(
log,(n) and log,(n
(

)
log,(n) and (logy(n))?);
logy(n) and n°1;
n3 and 3"

n and nlogy(n);
n? and nlog,(n);

n and log,(3™).
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Math Equalities

Logarithms:
log,(n)

08al) = {0, (a)

I"'Hopital’s rule: If lim, . f(z) = lim,_ . g(z) = co and
f'(z)

=L exists, then
g'(x)

lim, oo

f(z)

. . (=)
im —<% = lim .
r—oe g(x)  w—oo g'()
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Example of using limits

Compare f(n) = log,(2n° + 5) and g(n) = log,(3n? + 6n) using limits.

3 3 3 3

lim log,(2n” +5) < lim logs(2n" + 5n’) = lim logs (7n”)
n— 0o log4(3n2 —I— 6’)7,) n— oo log4(3n2) n— oo log4(3n2)
3 3

— lim log,(7n”)/log,(3) _ 1 lim log, (7n”)

n— oo log4(3n2) 108;4(3) n—oo 10g4(3n2)

lim
log,(3) n—oe 2log,(n) + log,(

1

log, (3>
1

log,(3)

1 3log,(n) + log,(7)
3)
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Example of using limits (continued)

Compare f(n) = log.(2n° 4+ 5) and g(n) = log,(3n* + 6n) using limits.
3 4

3 3 3
I log;(2n” 4 5) > lim log;(2n”) — im logs(2n”)
n— 00 log4(3n2 + 677,) n— 00 log4(3n2 + 6n2) n—00 10g4<9n2>

1 log, (n3)/ log,(3) _ : log, (2”3)
im —
n— 00 log4(9n2)

1 I 3log,(n

)

- logy(3) n—oo 2logy(n)
_ 1 lim (1/log,(n))
log,(3) n—oc (1/log,(n

_ 1 m 3+ log,
log,(3) n—oo 2 + log,

(
(

Since limy, oo f(n)/g(n) = 5"
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Asymptotic Notation

e f(n) € O(g(n)) if and only if g(n) € Q(f(n)).
e f(n) €0O(g(n)) if and only if
f(n) € O(g(n)) and f(n) € Q(g(n)).
e Some (older) books use the (bad) notation “f(n) = O(g(n))” in
place of “f(n) € O(g(n))”.

g(
g(

(©.@)
e Text uses V n in place of “for all n > ngy”.
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Sample “for” loop

function func(n)
x «— 0;

for 1 — 1 ton do
for j — 1 to i do

oz a (i );

end

end

return (x);
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Sample “for” loop

function func(n)
if (n > 100000) then return (0);
x «— 0;

for 1 — 1 ton do

for j «— 1 ton do

e a+ (i)

end

end

return (x);
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Sample “for” loop

function func(n)
if (n < 100000) then return (0);
x «— 0;

for 1 — 1 ton do

for j «— 1 ton do

e a+ (i)

end

end

return (x);

1.19



CSE 2331

Analysis of Algorithms
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function ContainsDuplicate

Input : Array A of n elements.

function ContainsDuplicate(A| |,n)

for 1 — 2 ton do
for j«— 1to:—1do
if (Ali] = A[j]) then

‘ return (true);

end

end
end

return (false);
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Sample for loops

function func(n)
1z« 0;

for 1 +— 1 ton do
for j «+ 1 to |Vi] do

e a (i g);

end
end

return (x);
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Sample for loops

function func(n)
1z« 0;

for i — 1 to |\/n] do
for j — 1to |\/n] —ido

e a (i g);

end
end

return (x);
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Sample while loops

function func(n)
1 x «— 0;
1 — 1
while (i <n) do
T — T+ 1;
14— 1+ 3;
end

return (x);
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Sample while loops

function func(n)
1 x «— 0;
1 «— 1;
while (i <n) do
T — T+ 1;
i— 2%1 ; /* Note: Multiplication */
end

return (x);

1.25



CSE 2331

Sample while loops

function func(n)
1 x «— 0;
1 — 1
while (i <n) do
T — T+ 1;
1 — 2% 1;
end

return (x);
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Sample while loops

function func(n)
1 x «— 0;
1 «— 1;
while (i <n) do
T — T+ 1;
1 <— 3 %1
end

return (x);
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Sample loops

function func(n)

1 x «— 0;
for 1 — 1 ton do

J < L

while (7 < n) do
r—x+(i—J);
g — 2% 7;

end
end

return (x);
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Sample loops

function func(n)

1 x «— 0;
for 1 — 1 ton do

J < L

while (j <i) do
r—x+(i—J);
g — 2% 7;

end
end

return (x);
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Evaluating > f(7)

To evaluate Y| f(7):
e Compute upper and lower bounds on Y ", f(7).

e Use integrals (if possible):
2?21 f(i) ~ fln f(x)dx.
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Bounding a sum using integrals
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Nested for loops

function func(n)
1z« 0;

for 1 — 1 ton do

for j — 1 to: do

for £k — j to 7 do
x—x+ (kxi—7j);

end

end

end

return (x);
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Nested loops

function func(n)
1 x «— 0;
1 «— 1;
while (i <n) do
for j — 1 to i do

e a+(i—j);

end

i 2% i

end
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Nested loops

function func(n)
1 x «— 0;
1 «— 1;
while (i <n) do
for j — 1 to i do

e a+(i—j);

end

i 3%

end
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Nested loops

function func(n)
x «— 0;
1 «— 1;
while (i <n) do
for j — 1 to [n/i]| do

e a+(i—j);

end

i 2% i

end
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Geometric Series

1+1/24+1/22+1/224+1/2 +...=1/(1-1/2) =2.

14+1/34+1/324+1/3°+1/3*+...=1/(1-1/3) =3/2.

1+2/3+(2/3)%+(2/3)° +(2/3)*+...=1/(1 -2/3) = 3.

For r where 0 < r < 1,

1+'r+7“2+7“3+7“4+...
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Sample for loops

function func(n)
1z« 0;

for i < 2n to (3n? 4 5n) do
for j — 1 to (i* +4?) do

e a (i g);

end
end

return (x);
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