Math 21B-B - Homework Set 2

Section 5.3:

n
1. (a) lim > (cx? — 3ck)Axzy, where P is a partition of [—7, 5].
I1P1—0 g=1

5

/ (a® — 32) da

-7

(b) IIIIDiHm . > V4 — 2 Azy, where P is a partition of [0, 1].
—VE=1

1
/ V4 —22dx
0

n
(¢) lim 3 (tancy)Axy, where P is a partition of [0, 7/4].
I1P1—0 g=1

w/4
/ tan(z) dz

0

2. Suppose that f and g are integrable and that:

/12]”(9c)clx:—47 /15f(x)dac:6, /15g(x):8.

(a) /:gmdx:o

ZERO WIDTH - RULE 2

() /;g<sc>dz=—/159<x>dx=—8

ORDER OF INTEGRATION - RULE 1

(©) /123f(:c)d:1c:3/12f(a:)dx:3~—4:—12.

CONSTANT MULTIPLE - RULE 3

(D) /;f(x)dx/15f(x)dx/12f(x)dx6(4)10

ADDITIVITY - RULE 5

() /15[f(x) ~ gla)] do = /15f(x)dm—/15y(x)dx —6-5— -2

SUM AND DIFFERENCE - RULE 4



w® [ 4£(@) — gla)] e = / " 4f () dr / () dr = 4 / " fa)de -
/1Sg(x)dx4-6824816

CONSTANT MULTIPLE AND SUM/DIFFERENCE - RULES 3 AND 4

3. Suppose that f and h are integrable and that:

/lgf(:c)d:c:—l, /79f(x)da::5, /79h(m)dx:4,
9

(a) /1 2f(z)dx2/19f(x)dx2.12

CONSTANT MULTIPLE - RULE 3
9

9 9
(B)/7[f(x)+h(x)]dx:/7 f(x)dx+/7 hMz)de=5+4=9

SuM AND DIFFERENCE - RULE 4

9 9 9 9
(C)/7[2f(x)—3h(x)]d:c:/ 2f(as)dx—/7 3h(z)dx:2/7 f(x)dx—

7
9
3/ h(z)de =2-5-3-4=10-12= -2
7

CONSTANT MULTIPLE AND SUM/DIFFERENCE - RULES 3 AND 4

(0) /glf(x)dx= —/19f(x)daf - (-1 =1

ORDER OF INTEGRATION - RULE 1

(8) /17f(x)dx:/19f(x)dx—/79f(as)dx:—1—5:—6

ADDITIVITY - RULE 5
7

) [ )~f@)de = [ (@)~ @) do = - I () d / o) w) =
—(4-5)=—(-1)=1

ORDER OF INTEGRATION AND SUM/DIFFERENCE - RULES 1 AND 4

1
4. / |z| dx
—2



f(x) = [x]

1
/ |z| dr = Area of left triangle + Area of right triangle
-2

=1/2:2-241/2-1-1=2+1/2
=241/2

= 5/2 square units

5. /_11(1+ﬂ)da:




1
/ (14+ /1 —2?)dx = Area of semicircle + Ar
-1

=1/2-71-12+1-2

T
= 5 + 2 square units

6. (a) f(xr)=22—1on[0,V3]

ea of Rectangle

(iii.) [~1,1].



ii.

A

1

f(x) =-|x|

_(_1)) /01 ~e| da




iii.
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7. (a) Consider the partition P that subdivides the interval [a,b] into n
subintervals of width Ax = b_Ta and let ¢, be the right endpoint of
each subinterval. So the partition is

b—a 2(b—a) n(b—a)

P={a,a+ ,a+ ooy ——= =0}
n n n




k(b—a)
n

if(ckmx oy <b;a)

and ¢y =a+ . We get the Riemann sum

k=1
b _ n _
= a Z <a + k(ba)>
n n
k=1
_ n 2 _ 2 _ 2
_ b az(a2+ ak(b a)+k(b2a)>
n n n

_ 0 ; a (f: 2 2a(bn— a) 2": b+ (b ;za)z n k2)
k=1 k=1 k=1
b—a 5 2a(b—a)? n(n+1) n (b—a)® n(n+1)(2n+1)

= " - na + n2 2 ng . 6
1 _ 322 1
_ (- tab—a? L Z O 0t )
6n?
24+ 34 L
- (ba)a2+a<ba)z'<1+i>+(ba)3(+n6+n).

As n — oo and ||P|| — 0, this expression converges to

2
(b~ a)a® +a(b—a)* + (b —a) - .
which simplifies to ? — % Thus ff x2dx = % — %

(b) Consider the partition P that subdivides the interval [—1,0] into n
subintervals of width Az = % and let ¢ be the right endpoint of
each subinterval. So the partition is

1 2
P:{—l,—1+—,—1+—,...,—1+ﬁ:0}
n n n
and ck=—1+%. We get the Riemann sum
g - k k 1
Axr = (_1 )y — (=1 fZ).,
;f(cw v k;( )= (1))

k=1 k=1 k=1
B ﬁn—i—i nn+1)Y 1 (nn+1)(2n+1)
T oon n? 2 n3 6
3 1 1 /2n3+3n%2+n
- 2+ (142) =
+ 2 ( + n) n3 < 6n3



As n — oo and ||P|| — 0, this expression converges to —2+ 2 — 2
0
—2. Thus [*,(z — 2?)do = —2.

8. Use the Max-Min Inequality to find upper and lower bounds for the value

1
1
| i
o 1422

Notice that the integrand f(z) = H% is a decreasing function

< 0 for € [0,1]). Therefore, on the interval f has a

of

—2
(@) = (75
maximum at £ = 0 and has a minimum at z = 1.

max f = f(0) =1
minf:f(l):%

Thus the Max-Min Inequality gives:

L |
1< der <1
2_/0 1T+22%=

9. Use the Max-Min Inequality to find upper and lower bounds for the the

value of
0.5 1
1 1
/ — dxr and / — dzx
0 1 +x 0.5 1 + x

= 1752 is decreasing on [0, 0.5]

Using the observation (from 65) that f(x)
and [0.5,1], we get the following two inequalities:

0.5
0.4 < / dr <0.5
o 1+a?

1
1
0.25 < / 5 dr < 0.4.

05 1+

Therefore, by adding the two inequalities we get the new (and improved)

estimate:
|
0.65 < / ——dx <0.9.
0 1 + .%'2

10. We know that sinx < x for x > 0. Therefore we can get the upper bound:



1 1
/ sinxdxg/ rdx
0 0

Section 5.4:

0 0
1. (a)/(2x+5)dz=(x2+5x)y_2:(0+0)—(4—10):6

—2

(b) /43(5—;3) do = (m-”f)

69 133

' =(20—4) — (—15—2) =16 +

-3

(c) / sinzdr = —cosz|; = —cos(m) + cos(0) =1+1=2
0

/3
(d) / 2sec’ rdx = 2tanx |g/3 = 2tan(m/3)—2tan(0) = 2-v/3-2-0 =
0
2v/3

1
4
(2) / mdm = 4arctanx|(1) = darctan(1) — 4arctan(0) = 4 - g _4.
0 T
O=m
5 €T 5 2_1/2 1 \/ 5 \/ 5
h ——dzr = 2(14+22) V2 de = = .2 /1 + 22| = 1+x2’ _
) 2 V1+a2 /2 ( ) 5 2 i

V26 — V5



1 2
(i) / xe” dx
0

Notice that %xQ = 22, and we have an 22 in the exponent and an z
in the product. Thus, keeping in mind the chain rule we get:

flz) = ze® = F(z) =

/1 ze® dx = F(1) - F(0) =
0

2

Inz
j —d
(J)/1 kil

Notice that % Inx = %, and we have an Inx and a % Thus, keeping
in mind the chain rule we get:

f@)=r = F@)=4(n)’

(In2)”.

N

2na 1 9
/—:F(Q)—F(l):§(1n2) —-0=
1

NG
/ costdt = sint|(\)/5
0

= sin(y/z) — sin(0)
)

D

= sin(

Therefore we get:

d [vV* d
) costdt:%sin(ﬁ)
1
zcos(\/f)-ﬁ
ii. Let u=+/z
VT u
— costdt = (/ costdt) d—u
dz J, u Jo
= cosu du
o dzx

10



tan 0
/ sec?y dy = tany |0
0

= tan(tand) — tan(0)
= tan(tan )
Therefore we get:

d tan 6

d
a0 J, sec?y dy = — tan(tan 6)

db
= sec?(tan f) - sec? 0

ii. Let w = tan@

d tan 6 ) d u ) du
@/0 sec” ydy = (du/o sec ydy) "

9 du
=sec u- —

do
= sec?(tan @) - sec? 0

0 e
Ly = / sin (tQ) dt = f/ sin (t2) dt
0

vz
Let u = y/z. Then we get:

dy _ dy  du __ : 2 du : 1 _ sin(x)
%fa~ﬁffsm(u)~Effsm(ac)~m—\/§772ﬁ
(a) y=—2?—2r where -3<x<2

First, notice that y = —2? —2z = —x(x+2). Therefore in the interval
[—3, 2], the function has zeroes at x = 0 and z = —2.

-2 0 2
Area = —/ (—x2 - 29&) dx —|—/ (—x2 — 23:) dr — / (—w2 - 23:) dx
0

-3 —2
1. -2 1 0 1
3 -3 3 -2 3 0

[(5-) -0 fo-n- (-] [(5-9 -0

20

3

2

4
3

4

3

28
3
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(b) y =322 -3 where —-2<x<2

First notice that y = 3(z% — 1) = 3(z — 1)(x + 1). Therefore in the
interval [—2, 2] , the function has zeroes at x = £1.

1 1 2
Area = / (3:62 - 3) dx — / (3372 - 2) dx + / (3952 — 3) dzx
1

= (2 =30) |, — (* = 30) |, + (o = 30) [}

=[(-1+3) = (=8+6)] - [(1 =3) = (=1 +3)] +[(8 = 6) — (1 — 3)]
—4+4+4

=12

(c) y=a'3—x where —-1<2<8

First notice that y = 2*/3 — 2 = z'/3 (1 — x1/3) (1 + x1/3), so the on
[—1, 8] the function has zeroes at x = 0, £1.

0 1 8
Area:f/ (xl/Sfa:) dz+/ (1’1/37:5) dzf/ (xl/?’f:z:) dz
—1 0 1
3 1,\]|° 3 1\ /3 1
_ _ (2,43 _ 1L 2 O 43 L o (2 a3 L oo

oo 3B (1) o] oo

1 81

CRE
44" 4
83

4

8

5. (a) vt = %/0 (@) dz = f(8).
Therefore v(5) = f(5) = 2 m/s.

(b) Recall that the acceleration is the rate of change of the velocity, so
a = %. Since f has a negative slope at t = 5, the acceleration is

negative at ¢t = 5.

t
(c) Since s = / f(z) dz, we know that the position at ¢ = 3 can be
0

represented as the area under the graph on [0, 3]. Notice that on this
interval, f is a straight line and so the value of the integral is just
the area of a triangle formed by f(x), the z-axis and = = 3.

12



Therefore s(3) = 5-3-3 =

N[O

1
2

(d) We want to know when s has a maximum and we will determine this
by looking at f(z), which is the derivative of the s. We know f is
positive on [0, 6] and negative on [6, 9], which means that s goes from
increasing to decreasing at ¢ = 6. By the first derivative test, we

know that s must have relative max at ¢t = 6.

(e) At x ~ 4 and = ~ 7 since s”(z) = f'(x) is zero at these points.

(f) The particle is moving towards the origin when it has negative ve-
locity — f is negative. Hence it is moving towards the origin on
[6,9]. Similarly the particle is moving away from the origin when f

is positive, hence on [0, 6].

(g) Judging by the graph of f, we know that the particle is to the right of

9

the origin (on the positive side) because the s(9) = / flx)de >0

0
(the area above the z-axis is greater than the area below it).

x t2
z—0 T 0 t*+1
T 2

Notice that lim
z—0 0 t4 =+ 1

dt = 0 by the rules of integrals and lir% 3 = 0.
T—

Thus if you think of the expression inside the limit as a fraction, we have
that both the numerator and the denominator go to 0. Hence we can

apply I'Hopital’s Rule to the limit and get:

Jim, /I P og— /z - /a?
1m — e —— = 11m —_—
r—0 :L‘3 0 t4 +1 —0 0 t4 +1 v

. x2 2
-t (7))
T

z—0 3 (x4 + 1)
1
=3

7. Suppose f'(z) > 0 for all values of x, and that f(1) = 0. Define:
o) = [ ryar
0
(a) True. It follows from the FTC, part I.

(b) True. Differentiable = Continuous.

13



(¢) True. We know that ¢’(1) = f(1) = 0, so the tangent line at z = 0
is horizontal.

(d) False. We know that f crosses the z-axis at + = 1 and that f is
always increasing. Therefore ¢'(z) = f(x) is negative for z < 1 and
g'(x) = f(x) is positive for x > 1. By the first derivative test, this is
a minimum, not a max.

Note that you could also use the fact that ¢’(1) = 0 and ¢’ (1) > 0

(e) True. See (d.)

(f) False. ¢"”(x) = f'(z) > 0, and hence does not change sign.

(g) True. ¢'(x) = f(x) and we know that the f(1) = 0 and is increasing.
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