
MAT 145 - Problem Set
June 1

Collaboration is permitted; looking for solutions from external sources
(books, the web, etc.) is prohibited.

1. (a) Find the Prüfer code of the following labeled graph: A star on
6 nodes where the central node is labeled 5 and the others are
labeled with labels in {0, 1, 2, 3, 4}.

(b) Find the labeled graph (with labels {0, 1, 2, 3, 4, 5, 6}) associated
to the Prüfer code 01020.

2. Let the “Tree Shortcut Algorithm” be the factor-2 approximation al-
gorithm (using MST) for TSP instances satisfying triangle inequality.
Show by an example that if we don’t assume the triangle inequality,
then the tour found by the Tree Shortcut Algorithm can be longer than
1000 times the optimum tour.

3. Does the graph in the following figure have a perfect matching?
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FIGURE 10.9. A graph for trying out the algorithm.

10.4.8 Now suppose that we have the weaker condition that every nonempty
subset A on the left has at least |A| − 1 neighbors on the right. Prove that G
contains a matching that matches up all but one node on each side.

10.4.9 Let G be a bipartite graph with m nodes on both sides. Prove that if
each node has degree larger than m/2, then it has a perfect matching.

10.4.10 Does the graph in Figure 10.10 have a perfect matching?

FIGURE 10.10. A truncated chessboard.

10.4.11 Draw a graph whose nodes are the subsets of {a, b, c}, and for which
two nodes are adjacent if and only if they are subsets that differ in exactly one
element.

(a) What is the number of edges and nodes in this graph? Can you name this
graph?

(b) Is this graph connected? Does it have a perfect matching? Does it have a
Hamilton cycle?
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4. How many perfect matchings does the following “ladder graph” with
2n nodes have?
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10.4.12 Draw a graph whose nodes are the 2-subsets of {a, b, c, d, e}, and two
nodes are adjacent if and only if they are disjoint subsets.

(a) Show that you get the Petersen graph (Figure 7.13).
(b) How many perfect matchings does the Petersen graph have?

10.4.13 (a) How many perfect matchings does a path on n nodes have? (b) How
many matchings (not necessarily perfect) does a path on n nodes have? [Find a
recurrence first.] (b) How many matchings does a cycle on n nodes have?

10.4.14 Which 2-regular bipartite graph with n nodes has the largest number
of perfect matchings?

10.4.15 How many perfect matchings does the “ladder” with 2n nodes (Figure
10.11) have?

...

...
FIGURE 10.11. The ladder graph.
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