Math 21B - Homework Set 1

Section 5.1:

2. f(z) = 23 between z = 0 and = = 1.

a. Estimate using lower sum with two rectangles of equal width:

If we want two rectangles of equal width, we will let Az = % The

function f(z) is increasing on [0, 1], so the height of each rectangle is
given by the value of f at its left endpoint.

f0)=0
1 1
d z)‘s
Thus we get:
1 11
Am(Q-—4+=.2
0 2+8 2
_ 1
16

. Estimate using lower sum with four rectangles of equal width:

We will let Az = i and the heighths of the rectangles are given by

the value of f at their respective left endpoints.

f(0)=0
1 1
f<4>_64
1 1
3)=%
3 27
f<4>_64
Thus we get:
1 1 1 1 1 27 1
A0t its 1t e a
_ 36
T 9256
_9
64



c. Estimate using upper sum with two rectangles of equal width:

We will let Az = % and the heighths of the rectangles are given by
the value of f at their respective right endpoints.

1 1
/ (2) 3
f=1
Thus we get:

o ®I =
N
N

" 16

d. Estimate using upper sum with four rectangles of equal width:

We will let Az = i and the heighths of the rectangles are given by
the value of f at their respective right endpoints.

f)y=
Thus we get:

11 1 1 27 1 1
A itsatea it
100
256
25
- 64

3. f(z) = L between z =1 and z = 5.
a. Estimate using lower sum with two rectangles of equal width:

If we want two rectangles of equal width, we will let Az = 2. The
function f(x) is decreasing on [1,5], so the height of each rectangle
is given by the value of f at its right endpoint.



1
3) =<
13) =3
1
5) = -
1) = 2
Thus we get:
1 1
A --24--2
3 +5
16
15

. Estimate using lower sum with four rectangles of equal width:

We will let Az = 1 and the heighths of the rectangles are given by
the value of f at their respective right endpoints.

1
2) ==
1
3) ==
1
4)= -
1
5)=—
765) =
Thus we get:
1 1 1 1
A~§-1+§-1+Z-1+5~1
T
60

. Estimate using upper sum with two rectangles of equal width:

We will let Az = 2 and the heighths of the rectangles are given by
the value of f at their respective left endpoints.

Thus we get:



d. Estimate using upper sum with four rectangles of equal width:

We will let Az = 1 and the heighths of the rectangles are given by
the value of f at their respective left endpoints.

[ =1
1
@)=
1
13 =
1
@)=+
Thus we get:
1 1 1
A~1-14+--14+=--14+-"-1
+2 +3 +4
%
12

5. f(z) = 22 between x = 0 and x = 1.

e 2 rectangles
We will let Az = % To get the height of the rectangles we will use:

Thus we get:



e 4 rectangles
We will let Az = %. To get the height of the rectangles we will use:

3 9
f(s)—m
5 25
f<8>64
7 49
f<8)_64
Thus we get:

RIS S I - B S |
T64 464 4 64 4 49 4
_ 8
256
_ A
64

15. f(z) =23 on [0, 2]

We will let Az = % To get the height of the rectangles we will use:

3 27
! (4) =6
5 125
/ <4> =51
7 343
/ <4> =61
The area A under the graph:

An L 1+27 L 1% 1+343 1
64 264 2 64 64 2
_ 4%

128
_3i
8

So the average value of f on [0,2] is approximately 3 - 28 = 31



21. Inscribe a regular n-sided plygon inside a circle of radius 1 and compute
the area of the polgon for the following values of n:

a. 4 (square)

If we inscribe a square in a circle of radius one, note that the diagonal
of the square forms a diameter of the circle. Hence the diagonal has
length 2, and the length of each of the legs of the square must be v/2
(the Pythagorean Theorem tells us that (leg)? + (leg)? = 22). So the
square has area:

A=v2-V2=2
b. 8 (octagon)

If we inscribe an octagon in a circle of radius of one, we can think
of it as the union of 8 isosoceles triangles in the following manner:
Draw a radius from the center of the circle to each of the vertices of
the octagon. Each triangle is formed by one side of the octagon and
the radii from its two vertices. The angles of a regular octagon are
%T’T, so the base angles of our isosceles triangles are %ﬂ. Thus, using
the trigonometric functions we conclude that each triangle has height

sin (%’T) and base 2 cos (%ﬂ) Thus the area of each triangle is:

1
Area of Triangle = — - sin 3m - 2 cos 3m
2 8 8

. 3 3
=sin | — ) cos [ —
8 8

c. 16

Similar to our method in (b), we think of the inscribed 16-gon as the
union of 16 isosceles triangles. The angles of a regular 16-gon are



%77 so the base angles of our isosceles triangles are %. Thus, using
the trigonometric functions we conclude that each triangle has height

sin (%) and base 2 cos (%) Thus the area of each triangle is:

1 e T
f Triancle = = -sin [ — | - e
Area of Triangle 5 sin <16) 2 cos <16)

Since the 16-gon is the union of 16 such triangles, we get:

A=16-Lsin (7”)
2 8
. T
= 8Sln (8>

d. Compare the areas in parts (a), (b), and (c¢) with the area of the
circle.

Each polygon in parts (a) - (c) has area less than the cirlce (7), but
as the number of sides increases, the area approaches the area of the
circle.

22.  a. Inscribe a regular n-sided polygon inside a circle of radius 1 and com-
pute the area of one of the n congruent triangles formed by drawing
radii to the vertices of the polygon.

The angles of a regular n-gon are given by (n — 2)m, so the base

(n—2)7
2n

angles of our isosceles triangles are Thus, using the trig

functions we conclude that each triangle has height sin (%) and
base 2 cos (%) Thus the area of each triangle is:

Area of Triangle = % - sin <(712)7r) - 2cos <(712)7r)

2n 2n
= sin ((n ;nQ)ﬂ-> cos ((n ;:)77)
1 (n—2)m
= 5 sin < - )
= %sjn (2;) (property of sine)



b. Compute the limit of the area of the inscribed polygon as n — oc.

Since the n-gon is the union of n of the triangles from part (a), we
know:

Thus if we want to know the area of the n-gon as n — oo, we get:

2
lim Area of n-gon = lim D sin (ﬂ>
n—oo n—oo n

i g S2CT/7)

. sin(x) .
= hrrbw — (change of variables)
=

c. Repeat the computations in parts (a) and (b) for a circle of radius r.
i. The angles of a regular n-gon are given by (n — 2)m, so the
base angles of our isosceles triangles are @ Thus, using

the trig functions we conclude that each triangle has height

rsin (%) and base 2r cos (%) Thus the area of each

triangle is:

1 -2 -2
Area of Triangle = 3 rsin <(n)ﬂ-> -9 cos (M)

2 2
=" sin (W) (property of sine)
2 n
ii. Since the n-gon is the union of n of the triangles from part (a),

we know:



Thus if we want to know the area of the n-gon as n — oo, we

get:

2 2
lim Area of n-gon = lim % sin (W>

n—0o0 n—0o0 n

= lim 7r<-

n—o00 27r/n
zlimwr2-M
x—0 €T
= 12
Section 5.2:
1.
SO
k=1k+1 2 3
=3+14
=7
2.
gkl 0,1
E 1 2 3
k=1
ol
N 2 3
_7
6
4.

5 sin(27/n)

(change of variables)

5
Z sin(km) = sin(7) + sin(27) + sin(37) + sin(47) + sin(57)
k=1

=0
7. ALL

a. kfj 2k=1 =20 4 21 122423424 4 25=142+4+8+ 16+ 32
=1

b. kfj 2k ==20 421 422423424 4 25=142+4+8+ 16+ 32
=0

c. kfj 2ht1 =20 421 492423424 425 =142+4+8+16+ 32
=—1



13.

14.

15.

17.

29.

w""

4
1 1 1 1
atatst T L3

5
24+4+6+8+10= > 2k
k=1

_ (71)k+1

1-1+

+

N|—
W=
=
S

Suppose that > ap = —5 and Y. bx = 6. Find the values of:

k=1 k=1

a Z3ak:32ak:—15
k=1 k=1

b, S =15 =1
k=1 k=1

c. Ylap+bp)=> ap+ > bp=1
k=1 k=1 k=1

d. Z(ak—bk)z Z ap — Zbk:—ll
k=1 k=1 k=1

e. Z(bk—2ak): Z bk_QZak:16
k=1 k=1 k=1
A. B

10




30.

40. f(x) = 3z + 222 over [0,1]
If we want to take the upper sum using n equal subintervals, we will let

Ax = % Note that f is increasing on [0, 1], so to get the upper sum, we
will evaluate the function at the right endpoint of each subinterval.

+f(721>~:L+...+f<n;1>'i+f(l)~rll

n? n3 6

3 <n(n—1)>+ 2 <n(n+1)(2n+1))

3+3/n  2+43/n+1/n?
-T2 ° 3

Taking the limits as n — oo gives:

2 1/n?
lim ZH—B/n+ +3/n+1/n

n—oo 3

3,213
8,2

11




