Math 21B-B - Homework Set 5

Section 6.1:

4. Let’s consider the area of a cross section of the solid when —1 < z < 1.
The diameter of the circular cross section at x is given by

DIAMETER = (2 — 2?) — 2% = 2 — 222
Thus, the area of the cross section is given by

Area =7 [ (2-2)]" =7 - (1—22)? =7 (1 — 222 + 2%).
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7. a. Let’s consider the area of a cross section of the solid when 0 < z < 7.
The base of the triangular cross section at x is given by

BASE = 2+/sin z.
The height of the triangle is given by
HEIGHT = \/3-V/sinz. (Use properties of equilateral triangles)

Therefore, the area of the cross section is given by

Arpa = (4) (2v5inz) (VBvsinz) = V3sina.
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b. Let’s consider the area of a cross section of the solid when 0 < z < 7.
The base of the square cross section at x is given by

BASE = 2v/sinz.
Therefore, the area of the cross section is given by

AREA = (2v/sinz)? = 4sin .
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15. We are rotating about the z-axis, so we want to take the integral with
respect to . We want 0 < z < 2. The radius of a cross section is given
by

RADIUS = —1z +1 (Between graph and x-azis)

Therefore, the area of the cross section is given by
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16. We are rotating about the y-axis, so we want to take the integral with
respect to y. We want 0 < y < 2. The radius of the cross section is given
by

RADIUS = %y (Between the graph and the y-axis)

Therefore, the area of the cross section is given by
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20. We are rotating about the z-axis, so we want to take the integral with
respect to y. We want 0 < x < 2. The radius of the cross section is given

by
RADIUS = 23

Therefore, the area of the cross section is given by

AREA =7 (w3)2 =728
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29. We are rotating about the line y = v/2, so we want to take the integral
with respect to x. We want 0 < x < /2. The radius of the cross section

is given by
RADIUS = /2 —secztanz  (Between y = /2 and y = secz tan x)

AREA = m(V2—secz tanz)? = 7 (2 — 2v/2secz tan z + sec? z tan? z)
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31. RADIUS = /5 32

AREA =T - (\/53/2)2 = 5yt
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39. To find the volume of this solid, we are going to use the method of washers.
We have outer radius R(z) = 1 and inner radius r(z) = «.
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44. We have the outer radius R(x) = secx and inner radius r(x) = tanx.
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51. a. Rotating about the z-axis

To find the volume of the solid, we will use the method of washers.
The outer radius R = 2 and the inner radius r = /.

VOLUME = /047r- (22 - (\/5)2> dx




b. Rotating about the y-axis

In this case we will want to integrate with respect to y. Therefore we
need to rewrite the the functions with y as the variable. This gives
0 <y < 2 and the radius r = y2.

c. Rotating about the line y = 2

In this case, we are integrating with respect to x. We have 0 < z < 4.
The radius is the distance between the line y = 2 and the graph
y = v/x. Therefore, the radius is given by r = 2 — \/z.
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d. Rotating about the line x =4

In this case we are going to use the washer method, and we will
integrate with respect to y. We have 0 < y < 2. The outer radius is
R = 4 and the inner radius is r = 4 — y2.
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55. We start with the disc given by z? + y? < @2, and we want to revolve
it around the line x = b for b > a. We will use the method of washers,
integrating with respect to y where —a < y < a. The outer radius is

R=0b- (—\/a2 - y2) = b+ y/a? — 32 and the inner radius is given by
r=>b—+/a? —y2.
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Section 6.2

1. We are going to integrate with respect to « where 0 < z < 2. We have
2
the shell radius 7 = = and the shell height h =1+ %-.
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4. We are going to integrate with respect to y where 0 < y < v/3. We have
the shell radius 7 = y and the shell height h =3 — (3 — %) = y2.
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8. We are going to integrate with respect to x where 0 < x < 1. We have
_ 3

x X

the shell radius 7 = z and the shell height h = 2z — § = =F.
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13. Let f(z) = {1 0

a. Show that zf(x) = sin(x) for 0 < z < 7.

51 0 <
Begin by looking at « f(z) = {slnx srsT

T x=0
Notice that sinx = x when x = 0.
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b. We are going to integrate with respect to x where 0 < x < 7. We
have the shell radius r = x and the shell height is given by h = f(x).
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16. We are going to integrate with respect to y where 0 < y < 2. We have the
shell radius r = y and the shell height is given by h = y% — (—y) = > + .
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19. We are going to integrate with respect to y where 0 < y < 1. We have the
shell radius r = y and the shell height is given by h =y — (—y) = 2y.
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23. In each part, we are going to integrate with respect to y where 0 < y < 1.
The shell height will always be h = 12y? — 1233, and the shell radius will
change depending on which horizontal line we use.

a. In this case we have the shell radius r =y
(the distance between y and the z-axis).
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b. In this case we have the shell radius r=1—-1y
(the distance between the line y = 1 and y).
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c. In this case we have the shell radius r = % —y
(the distance between the line y = % and y).
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d. In this case we have the shell radius r =y — (—%) =y+ %
(the distance between y and the line y = —2)
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37. Let W(t):/f( ) w((f_l(y))Q—a2) dy and S(t):/ omx (f(t) — f(x)) da

First, we note that W(a) = S(a).

W(a) = /f:()) (W)’ - a?) dy=0= / 2ma (f(t) — f(z)) da = S(a).

Second, consider the derivatives of the two functions on the interval [a, b].
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We know that W'(t) = S’(t) on [a,b] implies that W (t) = S(t) + C on
[a, b] where C' is some constant. However, we also know that W (a) = S(a)
and therefore that C'= 0. Thus we have that W (¢) = S(¢) on the interval
[a, b].

40. Suppose we try to use the method of shells. We would want to integrate
with respect to y where 1 <y < v/3. The shell radius r = y and the shell
height h =In3 —Iny? =In (3 — yQ).
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Notice, that we do not want to take the integral of Inx, so let’s rethink
our choice of method.

Suppose we try the method of washers. In this case we will integrate with
respect to x where 0 < z < In3. The outer radius R = e*/2 and the inner
radius r = 1.
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Section 6.3

Lao=1-t y=243t for—3<t<1.
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2. x =cost, y=t+sint for0<t<m.
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9. y= %(m2+2)3/2 from x =0 to x = 3.
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14. x ¢ T 3y fromy 2toy=3.
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3. x=c +et, y=3-2t for 0<t<3.
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36. a. x=cos(2t), y=sin(2t) for 0<t< T
dx dy
— = —2sin(2 — =2 2
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b. x =sin(rt), y=cos(nt) for —3<t<1i
d d
d—i = 7 cos(mt) =T sin(mt)
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