Math 21B-B - Homework Set 8

Section 7.1:
3.
2y 1 9
/y2_25dy:/5du (u=1y"—25, du=2ydy)
=Injul+C
=1In[y* - 25|+ C
6.
t
/becy NY g / du (u=2+secy, du=secytanydy)
2+secy
=lnul+C
=In|2+secy|+C
1 t
/ e dx:/—du (u=In(secx + tanz), du = seca(tanz + sece) dx = secx dx)
v/In(secx + tan ) Vu secx +tanx
=2y/u+C
= 2y/In(secz + tanzx) + C
15.
/eﬁd /Q"d (w=/r, d L)
T = e U u = r u = ——dr
Vr ’ 2yr
=2e"+C
=2eV" 4+ C
20.
—l/z 1 1 2
/ = dx:/§e du (u:—ﬁ7 du:;dm)
1
1
256_1/9624-0



51.

52.

dy 1
hat-d bl 1) =
gy 1t y()=3
1
y=/1+* (yz/d‘ydw)
T dx
=z+nz|+C

We will use the initial condition y(1) = 3 to find the value of C'.

y(l)=3 = 1+ln1+C=3
= CcC=2

Thus we get y = x + In|z| + 2.

d2
ﬁ =sec’z, y(0)=0 ¢'(0)=1
dy 2 dy d*y
az/sec x dx (dx: @dx
=tanx + C}

We will use the initial condition y'(0) =1 to find C.

y'(0) =1 = tan(0) + C1 =1
= Ci=1

d d
Thus we get d—y =tanz + 1. We now integrate d—y to find y.
x x

y:/taanrldx (y—/dydx>
dx

(u=cosx, du= —sinxdz)

|
—
|
\
_|_
—
Y
<

—Inju|+u+ Cy

—In|cosz|+ cosx + Cy

= In|secx| + cosz + Cs

We will use the initial condition y(0) = 0 to find Cs.

y(0)=0 = In | sec(0)| + cos(0) + C2 =0
In(1)+1+Cy =0

1+C, =0

Cy=-1
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Thus we get y = In|secx| + cosz — 1.

57. a.
L(z) = f(0) + f'(0) - =
:1n(1+0)+07j_1-x

=T

b. Let f(x) =1In(1 4 z) and consider f'(x) and f”(x).
f'@) =z (@) = — 7o

On the interval [0, 0.1] we see that f(x) is increasing (by f/(z)) and
concave down (by f”(x)). Using what we know about the graphs of
f(z) and L(z), we can see that the maximum approximation error

on [0,0.1] occurs at z = 0.1.

Therefore, the maximum error = L(0.1) — f(0.1) =~ 0.00469.

58. a.
L(z) = f(0) + f(0) - =
= el + e
=14z
Section 7.2:
dp
2. a. — =kp (kconstant) p=1po when h =0

" dh
Using the Law of Exponential Change (p509) we know that p =
po €*". In the problem we are given that p(0) = 1013 and p(20) = 90.



We will use these initial conditions to find the values of py and k.

p(0) = 1013 = poe’=1013
= po = 1013

Thus, p(h) = 1013e*"

p(20) =90 = 1013e** =90

90
20k __
7 T 1013
90
20k = In ( —o
= 0k n(1013)
1/ 90
—m (22 ) ~ 0121
=k 20“(1013) 0

Thus, p(h) ~ 1013¢~ 01217

b. p(50) = 1013 e(~012)69) ~ 2 389 milibars

c. 900 = 1013 ¢~ 01217

900 _ _—0.121h
< f013 — €

& In ({%) = —0.121h

< h =~ 0.977 km

6. 4r=—%V = V=Vl

We want to find ¢ such that V(¢) = 0.1Vj.

01Vp =Voe /4 = 01=¢ "/
t
40
= t =—401In(0.1) ~ 92.1 sec

= In(0.1) =

7. We will let the population of the bacteria colony be given by p(t) = e**
where t in measured in hours (we are told pp = 1).

We know that the p doubles every half hour. Thus p(0.5) = 2. We can



use this information to find the value of k.

2=e"% = 1In(2)=0.5k
= k =21n(2)
= k =1n(4)

Thus we have that p(t) = ™. Tn 24 hours there are p(24) = (124 =
4?4 ~ 2.81475 x 10' bacteria.

. We know that the temperature (as a function of time) is given by:

H(t) =20 + (90 — 20) e ~** = 20 + 70e~**

We know that H(10) = 60. Using this information, we can solve for the
constant k.

20 + 70e 1% = 60 = 70e"10% = 40

= k ~ 0.05596

Thus, we have H(t) = 20 + 70e~0-05596¢,

a.

20 + 70e~0-05596t — 35 N 70e—0-05596¢ _ 15

3
—0.05596t __ 2
- ¢ ~ 14
= —0.05596t = In 3
’ o 14
= ~ 27.5 min

We know that it took 10 minutes for the temperature to reach 60°C,
so it takes an additional 17.5 minutes for the temperature to reach
35°C.

b. Now we are changing Hg to —15°C.
H(t) =15+ (90 + 15)6—0.05596t =—15+ 1056—0.05596t



—15 4+ 105e0-05596t _ 35 = 105¢—0-05596¢ _

_ 10
o—0-05596 _ U

- 21
10
—U. t:l -
= 0.05596 n<21)
= t ~ 13.26 min
Section 8.1:
7.
1 2 1
/\/5(\/5+1)x/u“ (u x/5+,u2ﬁ)
=2Inul+C
=2In(vVe+1)+C
36.
/lniwz)dw:/lni%dx
r+4rn"z z(1+4In”2)
= idu (u1+41n2x, du81nxdx>
Su -
—lln|u|—|—C
-8
1 2
=§ln(1+4ln x)+C

39.
/;dt_/;dt
Vet d -3 ) a3
Y (S —
VI— (2 -4t +4)
1
- [ =
1
:/ﬁdu
:sin_l(u)—i—C
zsin_l(t—2)+0

(’u,:t—Q, du:dt)



42.

1 1
/(x—2)\/x2—4a:+3dx:/(x2)\/(1'24x+4)1dx
:/ ! dz
(x—2)y/(x—2)2 -1

1
= | —————du u=x—2, du=dx
/ uvu? —1 ( )
=sec !u| +C
=sec |z —2|+C (Jz — 2| > 1 for the domain of sec™! z)

43.

/(secx+cotx)2dx=/sec2x+25ecxcotx+cot2mdx
z/sec2x+2csca:+cot2xdx
:/se02x+2cscz+(0302x—l) dx
=tanz — 2In|cscz + cot x| — cotx —x + C

48.
x? 1
dr=[1-——d
/x2+1 * / 2 +1 v
=z —tan tz+C
51.

413 — 2 + 16t 4
= T dt= [ 4—-1+——dt
/ t2+4 / +t2+4

t
=2t —t+2tan"! (2) +C



55.

/”/4 1+sinz
ostg F=
o cos? x

/71'/4 1
o cos?x

sinx

cos? x

w/4
= / sec? z + sec x tan x dz
0

= tanz + sec x|

/4

= [tan (%) + sec (%)} — [tan(0) + sec(0)]

=(1+v2) -

=2

/1—secx

61.

(0+1)

d
/1— (1/cosx) v

/ CcoS &
cos:c—l
/1 dzx
cosx—l
/ cosac+1
1+
cosa:—l cosx+1
1
[14 ety
cos?r —1
1
/1 cosx—i— cosz+1
sin® x
/1—05cxcotx—csc rdr

x+cscx +cotx + C

(since sin (%) >0when 0 <z < 27r)

0
= —2cos(m) + 2 cos(0)
=4



83. a.
/00539d0 = /0059(1 —sin” 6) df
:/COSH—siHQQCOSHdQ

1
:sin9—§sin30+C’

/cos59d9 = /0089(1 —sin% )2 d
:/cos9(1—2sin29+sin49) do
:/cosﬂf281n296059+sin49c050d9

2 1
:sinﬂ—gsin39+gsin59—|—0

c. Use the fact that /C089 0db = /cos (1 — sin® 0)* dh.
Section 8.2:

3. /t2 costdt

Let u; = t?, du; = 2tdt and v; =sint, dv, = costdt

Let ug = 2t, dus = 2dt and v = —cost, dvy, =sintdt

/tZCostdt:ulvl —/Ul duq

=t?sint — /Ztsintdt

=t?sint — |:u27.)2 — /vg duz}

=t®sint — [2tcost+/2costdt]

=t?sint + 2t cost — 2sint + C

6. / 22 Inzdz
1



Let u=Inz, du= %dm and v = ix‘ﬂ dv = 23 dzx.

e e
/ x3lnxdx:uv|i—/ vdu
1 1

1 ¢ €1 1
= Zzlnz —/ gt Zde
4 1 1 4 x
1 ¢ 1 e
= —z'lnz ff/ 2% dx
4 1 4
1, S A
= —zx"lnz| — —=x
4 . 16 |
() (L
4 16 16
_364—|-1
16

16. / t2e* dt

Let u; =t2, dup = 2tdt and v, = ie‘“, dvy = e*t dt.

Let up = 2¢t, dug = 2dt and vy = {=e?", duvy = e dt.

/t2€4t dt = ujvy — /v1 duy

1 1
= et — / Z2te4t dt

4
_ 1t2€4t _ [;tez;t _ / ée4t dt}
1

!
1 1
— Zt264t _ §t64t + §€4t+c

21. /69 sin 6 df

Let uq =sinf, du; = cosfdf and v; =e?, dvy = e? db.
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Let ug = cosf, dus = —sinfdf and ve = €?, dvy = €? do.

/eesianO:ulvl —/v1 duy

:eesine—/eecosﬁdﬁ
=elsing — [u2v2 —/1}2 duQ]
=¢esinfh — [eacose—k/egsinOdH]

= eesinﬁfeacosﬁf/eesin9d9+0'

We can use this to solve for /60 sin 6 df.

/eesinGdG:eesin9—eecos€)—/eesinﬂde—f—C’

N 2/eesin0d9: e?sin® — e cos 6 + ¢’

0 ain g _ o0 o
(:)/egsirﬂd@:e 5111926 0059+C

/3
27. / ztan® z dz
0

Let u =z, du=dzranddv=tan’z, v= [tan’azdr = [sec?z—1dz =
tanzx — .

w/3 /3
/ rtan®z dr = uv|g/37/ vdu
0 0

m/3
= (xtanx—x2)|g/3 —/ (tanx — z) dx
0

/3
= (ztanz — x2)|g/3 - (ln | sec x| — ;x2>

(=-2) - (wa-T)

3 w2
=3 ~ 1 @

0
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30. /z(lnz)2 dz
Let w=1Inz, dw=1dz Then we get that z =¢".

2 1 2
/z(lnz)2 dz:/Mdz:/wQeQ“J dw
z

Let u; = w?, du; = 2wdw and v; = %6271)7 dvy = €2V dw.

Let ugs = w, dus = dw and vy = %62“’, dvy = ¥ duw.

/w262w dw = uyvy — /1}1 duq
1
= —w?e? — /we2w dw
2
1
= §w262“’ — |:'U/2U2 — /’Ug dUQ:|

1 1 1
_ §w262w _ |:2we2w _/262wdw:|

1 1
= iw e — §w62w + 162“’ +C

We now need to go back and substitute z back into the solution.
2 L 2 1o L
z(ln z) dz:iz (Inz) — 3% lnz—i—zz +C

39. /x"cosxdx:x"sinw—n/x"_l sin x dx

Let u = 2", du=na" tdx and v =sinz, dv = coszdz.

/x"cosxdx:uv—/vdu

:m"sina:—/nmnflsinxdx

=a"sinx fn/xnflsinxdx

42. /(lnm)" de = x(Inz)" — n/(ln )"tz
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Let u = (Inz)", du= %dw and v ==z, dv=dxz.

/(lnx)”dw:uvf/vdu

:x(lnx)"—/x~n(lnx)n_ld1‘

X

— 2(nz)" —n / (In2)"" dz

43.

/sin_lzdx :xsin_le/sin(y) dy
=gzsin 'z +cosy + C

= zsin” !z + cos (sin71 J:) +C

48. a. /tarf1 xdr=ztan 'z —In [sec (talf1 x)} +C

b. /tan_la:dac =ztan 'z —In (\/1+x2> +C

These two integrations are correct. We want to justify that sec (tan_l x) =
V1 + 22. We will begin with the left-hand side. If we let § = tan~! 2, we
are lead to the following right triangle:

a+ XZ) 1/2

1

By the triangle we see that sec (tan™! §) = sec(f) = hypotenuse _ /1742

adjacent
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