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on each of its components. The associated transport cost is given by the sum of the
M,-cost of each component. Using this new formulation, we prove the existence

];{::rﬁiri;timal transportation of an optimal solution and provide an upper bound on the number of components
Capacity constraints for the solution. Additionally, we conduct analytical examinations of the properties
Transport multi-path (e.g. “map-compatibility”, and “simple common-source property”) of each solution
Map-compatible component and explore the interplay among components, particularly in the discrete
Rectifiable current case.
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1. Introduction

The optimal mass transportation problem aims to find an efficient transport system between sources and
targets. The well-known Monge-Kantorovich transport problem has been extensively analyzed in recent years
and found applications in many fields. Classical references can be found for instance in the books [16,17]
by Villani, [12] by Santambrogio, and the user’s guide [2] by Ambrosio and Gigli. A variant of Monge-
Kantorovich problem is the ramified optimal transportation (ROT) (also called branched transportation)
problem which studies efficient transport systems with branching structures. The Eulerian formulation of
the ROT problem was proposed by the first author in [18], with related motivations, frameworks, and
applications surveyed in [19]. An equivalent Lagrangian formulation of the problem was established by
Maddalena, Morel, and Solimini in [9]. One may refer to [3] for detailed discussions of the research in this
direction. Some interesting recent developments on ROT can be found for example in [4,7,11,13,21].

In contrast to the Monge-Kantorovich problem where the transportation cost is solely determined by a
transport map or a transport plan, the cost in the ramified transport problem is determined by the actual
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transport path. As illustrated in [18], transport paths in ramified transportation between finitely supported
atomic measures can be viewed as weighted directed graphs. More precisely, let X be a convex compact
subset in an Euclidean space R™. A finitely supported atomic measure on X is in the form of Zle M;idz,
with distinct points x; € X, and m; > 0 for each i = 1,--- , k. For two finitely supported atomic measures

k L

a= Zmiémi , b= anéyj (1.1)
j=1

=1

on X of equal mass, a transport path from a to b is a weighted directed graph G = [V(G), E(G), w]
consisting of a vertex set V(G), a directed edge set F(G) and a weight function w : E(G) — (0, 4+00) such

that {x1, 22, - , 2z} U{y1,y2, - ,ye} C V(G) and for any vertex v € V(G), there is a balance equation:
m; ifv=ux; forsomei=1,---,k
Z w(e) = Z w(e) + ¢ —n; ifv=y; forsomej=1,---,¢ (1.2)
ecE(G) eef(G) 0 otherwise
e =v e’ =v

where e~ and e™ denote the starting and ending point of the edge e € F(G). Note that the condition (1.2)
is equivalent to Kirchhoff’s circuit law, or the requirement that mass is conserved at every interior vertex.
For any real number « € [0, 1], the M, cost of G = [V(G), E(G), w] is defined by

Ma(G):= ) (w(e))" H'(e), (1.3)

c€E(G)

where H!(e) is the 1-dimensional Hausdorff measure or length of the edge e.

As an extension to a more general setting, a transport path between two Radon measures pu* of equal
mass can be viewed as a rectifiable 1-current T’ with T = p™ — ™, which will be discussed in detail in the
preliminary section. The corresponding transport cost on 7' is its a-mass M, (7). Under these notations,
the ramified optimal transport problem is:

Minimize M, (T) among all T € Path(u~,pu"), (ROT)

where Path(p~,pu") is the collection of all transport paths from p~ to u™. An M,-minimizer in
Path(u~, ") is called an a-optimal transport path from p~ to p*.

This article aims to study the impact of capacity constraints on optimal transport paths. Regardless
of whether in atomic case or general case, the amount of mass that can be transported via an admissible
transport path has no restrictions. Hence, the phenomenon of first aggregating the total mass from the
source into one place and then transporting it through a single curve is permitted and prevalent in ramified
transport paths.

As opposed to the theoretically permitted unlimited aggregation of mass, transportation in reality often
takes place through various kinds of mediums, which have transport capacity limiting the maximum amount
of mass they can carry all at once. For instance, roads have limited number of lanes for cars, and cars have
limited seats for passengers. This brings naturally the question of ramified transport paths with capacity
constraints, which can be roughly described by imposing an upper bound (called the capacity) on the weight
function of a weighted directed graph or on the density function of a rectifiable 1-current. This motivates
us to consider the following ramified transport problem in the discrete case: Given two finitely supported
atomic measures a, b on X with equal mass, and capacity ¢ > 0,

minimize M, (G) among all G € Path(a,b) with w(e) < ¢, for all e € E(G). (Problem 0)
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Fig. 2. The above pictures give an illustration of “convergence” when n = 5.

From the description of this problem, if we assume the total mass ||al| = ||b|| < ¢, this is equivalent to
imposing no restriction on the transport capacity of G. Note that after imposing the capacity constraint,
one obvious observation is that a previously well-defined transport path G € Path(a,b), which has no
capacity constraints, is not necessarily an admissible transport path anymore. This can be demonstrated in
the following example:

Example 1.1. As shown in Fig. 1, suppose we want to transport mass from

1 1
a = Edm + 5612 tob = 5333,

with an upper bound ¢ = % imposed on weight functions. In this case, a “Y-shaped” transport path no
longer satisfies the restriction on weight functions, since after merging at x4 the mass will reach 1. Changing
to another kind of branching structure which is a mixture of “V-shaped” and “Y-shaped” will resolve this
issue. One of the possible cases is merging % from z; and % from xo, and let the remaining % from o
transport directly through the dash line.

Another observation is about the non-compactness of the family of admissible transport paths in Problem
0, due to the “merging” effect shown in Example 1.2. As a result, Problem 0 may fail to have a solution.

Example 1.2. Let a = §,, b = §, for some z,y € R?, and suppose the transport capacity ¢ = 1/n for some
integer n > 2. As shown in Fig. 2, we may construct a sequence of transport paths in Path(a,b) satisfying
the capacity constraint, that converges to the straight line segment [z,y] with weight 1, which does not
satisfy the capacity constraint anymore.
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To overcome this non-compactness issue, in the following, we modify Problem 0 by expressing each
transport network as a transport “multi-path” T = (71,75, - ,Tk,---) such that each component T}
satisfies the given capacity constraints.

Problem 1 (Ramified transportation with capacity). Let p~, u* be two Radon measures on R™ with equal
mass, supported on compact sets, « € [0, 1], and ¢ > 0. Minimize

o0

M, (T) =Y Ma(Tk)

k=1

among all T = (Th,Ta, -+ , Tk, - - - ) such that for each k,

o0

T}, € Path(uy, , 1)), Z Zuk =pand 0 < [l || = luf | < e (1.4)
k=1 k=1

Each T = (Ty,To, - , Tk, - - ) satisfying (1.4) is called a transport multi-path from p~ to u™ with capacity
c. The family of all such transport multi-paths is denoted by Path.(u=, u™).

Remark 1.3. We now make some comments about Problem 0 and Problem 1:

(i) Note that Problem 0 as stated does not necessarily have a solution. For instance, as illustrated in
Example 1.2, let u= = §, and p™ = §, with capacity ¢ = % The only potential “minimizer”, the segment
from z to y with a unit mass, does not satisfy the required capacity condition. On the other hand, we
will see later that Problem 1 will always have a solution. In this example, it will be T = (Th,To, -+, T5),
where each T; is the segment from z to y with mass 1/5.

(i) When both problems have solutions, their solutions do not necessarily agree. It is possible that the
solution of Problem 0 is less expensive than any solution to Problem 1, as illustrated in Fig. 3. In
this example, p= = 0.58,, + gy, u* = 6y, + 0.5, and capacity ¢ = 1. A solution to Problem 0 is
given by Ty, which is a classical M, minimizer without capacity. A solution to Problem 1 is given by
T= (T1,Tz) consisting of two components. Here, due to the optimality of Ty, it follows that M, (Tp) <
M, (T1) + M, (Tz) = Ma(f) For future exploration, it will be interesting to study possibly more
effective ways of imposing the capacity constraints while keeping the existence of a solution.

The article is organized as follows. We first review in §2 some related concepts in geometric measure
theory and optimal transportation. In particular, the good decomposition of normal 1-currents and the
map-compatibility of transport paths. In §3, we show in Theorem 3.3 that Problem 1 indeed has a solution
T* = (T}, Ty,--- ,Tx), and the number of its components N is bounded above by 2|~ ||/c + 1.

After achieving the existence result, we also study properties of the optimal multi-path 7% in §4. Note
that each component T} of 1™ is automatically an optimal transport path from p to ,u:. Previously, in
[19, Section 2.1], we listed some basic properties of an optimal transport path such as the acyclic property,
balance equations at each interior vertices, uniform upper bounds on the degree of vertices, and uniform
lower bounds on angles between edges. Moreover, in [20], we showed that each optimal transport path has
a “simple common-source” property.' All these properties now automatically hold for each component Tj,.

To get a better description of the optimal multi-path 7%, we study some other properties of its components
Ty in §4, that do not hold for a general optimal transport path. When both 1~ and p* are discrete measures

1A transport path T satisfies the “simple common-source” property if there exists a “good decomposition” 7 of T such that the
pairwise intersection of preimages of the target points under n contains at most one point.
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(a) To is a solution to Problem 0, but not Problem 1.
T2

(b) T' = (T1, T2) is a solution to Problem 1.

g. 3. An cxamplc illustrating that it is possible for the solution to Problem 0 being more efficient than the solution to Problem 1:
Mo (To) < Ma(T).

(i.e., weighted sum of countably many Dirac measures), we first show in Theorem 4.3 that each T} is a
map-compatible transport path with at most Ny — 1 exceptions, where N5 is the cardinality of the target
measure uT. Moreover, in Theorem 4.4, we further generalize the simple common-source property of an
optimal transport path to an analogous result for components of an optimal multi-path. In the end, we
provide a detailed analysis of the single target case in §5.

2. Preliminaries

We first recall some related terminologies from geometric measure theory and optimal transportation
theory.

2.1. Concepts in geometric measure theory

2.1.1. Currents (see [8,14])

For any an open set U in R™ and k < m, let D*(U) be the set of all C* k-forms in U with compact
supports. The space Dy (U) of k-currents is the dual space of D*(U).

For any current 7' € Dy (U), the mass of T' is defined by

M(T) = sup{T'(w) : sup [|lw(z)|| < 1,w € D*(U)},

zeU

where the comass ||w(z)|| := sup{|{w(z),£)| : £ is a unit, simple, k-vector in R™}. Also, its boundary 0T €
Di—1(U) is defined by

T (w) := T(dw),Vw € D*1(U), when k > 1,

and 0T := 0 when k£ = 0.
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A set M C R™ is said to be countably k-rectifiable if

Mc MU |JF®RY |,
j=1

where H*(Mp) = 0 under the k-dimensional Hausdorff measure #*, and F; : R* — R™ are Lipschitz
functions for j = 1,2,---. For any k-current T' € Dy(U), we say that T is rectifiable if for each w € D¥(U),

T(w) = [ (wla),(0))00) dH ),

M

where M is an H*-measurable countably k-rectifiable subset of U, 6(z) is a locally H*-integrable positive
function, called multiplicity, and & is an orientation of M in the sense that £(x) is a simple unit k-vector
that spans the approximate tangent space T, M for H*-almost every x € M. We will denote such a T by
7(M,0,£). When T' = 7(M, 0,§) is a rectifiable k-current, its mass

M(T) = /9(95) dH*(z).

M

A current T € Dy(U) is said to be normal if M(T) + M(9T) < oo. In [10], Paolini and Stepanov
introduced the concept of subcurrents: For any T',.S € Dy (U), S is called a subcurrent of T if

M(T — S) + M(S) = M(T).
A normal current T € D (R™) is acyclic if there is no non-trivial subcurrent S of 7' such that 95 = 0.

2.1.2. Good decomposition

In [15], Smirnov showed that every acyclic normal 1-current can be written as the weighted average of
simple Lipschitz curves in the following sense.

Let T be the space of 1-Lipschitz curves « : [0,00) — R™, which are eventually constant. For v € ', we
denote

to(7y) := sup{t : 7 is constant on [0,¢]}, too(y) := inf{t : v is constant on [¢t,00)},

and po(y) = Y(0), poo(y) := y(c0) = limysoo¥(t). A curve v € T is simple if y(s) # ~(¢) for every
to(7) < s <t <too(y). Also, let Im(y) denote the image of v in R™. In the following contexts, we adopt
the notations: for any points x,y € R™ and subset A C R™, denote

Iy={yeTl:zelm(y)}, (2.1)
Loy={v€T:po(v) =2, p(7) =y}, (2.2)
Tay={v€T:po(7) €A, pc(7) =y}

For each simple curve v € I', we may associate it with the following rectifiable 1-current,

L=t (Imm), |3_| 1) . (2.4)
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Definition 2.1. (see [6], [7], [15]) Let T be a normal 1-current in R™ and let  be a finite positive measure
on I' such that

~ [ L (25
T
in the sense that
7(w) = [ 1) dn(y). ¥ € DR™), (2.6)

T

We say that 1 is a good decomposition of T if i is supported on non-constant, simple curves and satisfies
the following equalities:

(a) M fr fr 7))dn(7);
(b)y M fr 5‘] dn )—QU(F).

Due to [15] and [10, Theorem 5.1], it turns out that every acyclic normal 1-current T has a good decom-
position. When 7 is a good decomposition of T', as collected in [6, Proposition 3.6], it follows that

(a)
/5 (o) dn(y /5 ) dn(y (2.7)

(b) If T'= (M, 0, &) is rectifiable, then

0(z) =n({yel:zelm(y)}) (2.8)

for H'-a.e. z € M.
(¢) For every 71 < n, the representation

7~ [ 1)
r
is a good decomposition of T. Moreover, if T = T (M,0,§) is rectifiable, then T can be written as
T = (M, 6,¢) with
0(x) < min{f(x),7(Ts)} (2.9)
for H'-a.e. x € M.
2.2. Concepts in optimal transportation theory

Now, we recall some related concepts from Monge-Kantorovich transportation ([1]), and the ramified
transportation ([18,19]).

2.2.1. Optimal transportation problems
Let X be a convex compact subset of R™, and let p~ (source) and u* (target) be two Radon measures
supported on X of equal mass.
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In the Monge formulation of transportation, a transport map from p~ to u+ is a Borel map ¢ : X — X
with ¢xpu~ = pt. Denote

Map(u~, i)

as the set of transport maps from =~ to . Given a non-negative Borel function ¢(z,y) on X x X, the
Monge optimal transport problem is: Minimize

L(p) = / e p(x)) dp™

X

among all ¢ € Map(p=, ™).

(b) In the Kantorovich formulation of transportation, a transport plan from =~ to u™ is a measure m on

the product space X x X with marginals =~ and p+. Denote
Plan(u~, u*)

as the set of transport plans from = to u*. Given a cost function c(x,y) on X x X, the Kantorovich
optimal transport problem is: Minimize

Jeo(m) == c(x,y)dm(x,y)
A

among all T € Plan(p~, put).
In the ramified transportation, a transport path from u~ to u™ is a rectifiable 1-current 7' such that
OT = p* — p~. Denote

Path(p=, pu™)

as the set of all transport paths from p~ to u™. Given « € [0, 1), the ramified optimal transport problem
is: Minimize

M, (T) := [ 6(z)*dH*
/

among all T' = 7(M, 0, &) € Path(u~, put).

2.2.2. Compatibility and the simple common-source property

In [18,20], we studied a special kind of transport paths that are compatible with a transport map (or a

transport plan).

Definition 2.2. ([20, Definition 5.3]) Let p and v be two Radon measures on X of equal mass and T €
Path(p, v).

(a) For any m € Plan(u,v), if there exists a finite Borel measure n on I" such that

T= /Ivd”’ and 7 = /5(170(“/)4%0(7))‘{77’
r r

then we say the pair (T, 7) is compatible (with respect to 7).
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(b) For any ¢ € Map(p,v), we say the pair (T,¢) is compatible if (T,7,) is compatible, where 7, =

(id x )4 p.
(¢) T € Path(u,v) is called map-compatible if there exists a map ¢ € Map(u,v) such that (T, ¢) is
compatible.

We now characterize map-compatible transport paths in the case of discrete measures. A discrete measure
is the weighted sum of countably many Dirac measures. Let

Ny No Ny No
uoo= ngémi and pt = ijéy]. with Zm; = ij < o0 (2.10)
i=1 j=1 i=1 j=1

be two discrete measures on X with N1, No € NU{oco}. Foreachi=1,2,--- Ny, j =1,2,--- | Ny, as given
in (2.10), let T'y, ,, denote the set of all 1-Lipschitz curves in I' from z; to y;. For any finite Borel measure
non I, and each y; € {y1,y2,--- ,yn,}, denote

Xi(m) :={z;i € X :n(T'y, y,) > 0}. (2.11)
Using this notation, we now characterize map-compatible transport paths in Path(u~,u™) as follows:

Proposition 2.3. Let u~ and put be two discrete measures of equal mass as given in (2.10), and T €
Path(pu=, pu*).

(1) If T is map-compatible with respect to a finite Borel measure n, then
Xj,(m) N Xj,(n) =0 for any 1 < ji < j2 < Na.

(2) If T has a good decomposition 1 such that X; (n) N X;,(n) =0 for any 1 < j1 < jo < Na, then T is
map-compatible.

Proof. (1) Suppose ¢ € Map(u~, u") and (T, ¢) is compatible. By Definition 2.2, there exists a finite Borel
measure 7 on I' such that

T:/Iydn, Ty = /5(190(7),1700(v))dn7
F F

where 7, = (id X @) xp~.
Since p~, ut are discrete measures as stated in (2.10), by using the proof given in [20, Proposition 5.4],
it follows that

o = Z 77(F$i:yj )6(931'71/]‘)' (2.12)
4,7
Also, direct calculation gives

me({zi} x {y;}) = (id x @)pn™({z:} x {y;}) = n~ ({2} e~ ({y3})),

so that 7, ({z:}x {y;}) = 1~ (0) = 0 when p(x;) # gy, and m({a}x {;}) = 1 ({ai}) > 0 when () = .
Using equation (2.12), we have

N(Te,,y;) = 0 when o(z;) # y;, and n(Ty, ;) > 0 when o(z;) = y;.
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Hence, for each 1 < j < Ny,

Xj(n) = {2 € X :n(Tayy;) > 0} = {zi € X s (i) =y} = ¢ ({ys})-
Since ¢ is a map from {x1,z2, - , 2N, } to {y1,42, - ,UN, }, for 1 < ji < jo < Ny we have

le (77) n ij (77) = Qo_l({yjl}) N ‘p_l({yjé}) = 0.

(2) Now, suppose there exists a good decomposition n of T such that |X;, (n) N X;,(n)| = 0 for any
1 < j1 < j2 < Ns. In particular,

T = /den- (2.13)
r
In this case, we may define
N2
P U XJ(U) = {l‘l,l‘g,~ o 7xN1} — {ylvy27 e 7yN2}a
j=1

by setting () := y; for x € X;(n). Note that puu~ = pu* because by direct calculation,

N1
oun ({y}) == (X;(n) = Zn(rm,yj) =1 ({y; ),

for each j = 1,2, -+, Na. Moreover,

Ny N

(id x @)™ = (id x @) | Y [ D n(Tayy,) | 0a,
i=1 \j=1
N1 Ns
= Z Zn(rﬂﬂuy])(ld X @)#611
i=1 j=1
Nso Ny
(Zﬁ ml,y])(ld X (P)#(Szz)

7j=1 \i=1

N2

= n(Fm,yj )5(11‘,%‘)

which implies (T, ¢) is compatible by (2.13). O
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Motivated by Proposition 2.3, we are also interested in transport paths T where 0T = u™ — u~, the
measures pF are as in (2.10), and T has a good decomposition 7 such that

| X5, (n) N X, (n)] <1, for each pair 1 < j; < jo < No, (2.14)

using the notation | - | for the cardinality. The inequality (2.14) says that the intersection X, (n) N X, (n) is
either empty or a singleton. In other words, every two target points can have at most one common source
point.

A transport path T is said to have the simple common-source property if there exists a good decomposition
7 of T' that satisfies the inequality (2.14). We claim that each optimal transport path has this property. To
see this, we first recall the definition of cycle-free paths:

Definition 2.4. ([20, Definition 4.2]) Let T' = (M, 6,¢) and S = (N, ¢, () be two real rectifiable k-currents.

(a) We say S is on T if H¥(N \ M) =0, and ¢(z) < §(x) for H* almost every x € N. >
(b) S is called a cycle on T if S is on T and 95 = 0.
(¢) T is called cycle-free if except for the zero current, there is no other cycle on 7'

As stated in [20, Remark 4.3], the concept of “cycle-free” is different from “acyclic”. A cycle-free current
is automatically acyclic, but not vice versa. Also, by [20, Corollary 4.5], each optimal transport path is
automatically cycle-free.

In [20, Propositions 4.6-4.7], we showed that

Proposition 2.5. Let u~ and p+ be two discrete measures on X of equal mass. Each cycle-free transport path
T € Path(u=,u") has a good decomposition n that satisfies (2.1/).

As a result, each cycle-free transport path, in particular each optimal transport path, has the simple
common-source property.

3. Existence of an optimal transport multi-path

In this section, we will show that Problem 1 has a solution. We first note that, by (1.4), for any multi-path
T =(T\, Ty, -, Tk, ) € Pathe(u™, u"), the series

Z Ty € Path(p~,p™)
k=1

if it is convergent. Here, the convergent of the series > p- ; T; means that its partial sum converges in the
sense of currents, i.e., for any w € D'(R™), the series Y o, Tx(w) of real numbers converges.

Lemma 3.1. For any convergent series y .-, T; of rectifiable 1-currents and o € [0,1], it holds that

M., (i Tk> < iMa(Tk).
k=1 k=1

Proof. This follows from the subadditivity (for finite sums) and lower-semicontinuity (for the infinite sum)
of the M,-mass. Its proof can be found in [5] for more general case. 0O

2 Note that we are not assuming £(x) - ((z) = 1 at H*-a.e. & in M N N.
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Lemma 3.2. For any transport capacity ¢ > 0 and any Te Pathe(u=,ut), there exists a constant N(c) € N
with

N(c) <

o
ol
Cc

and T' = (T}, T}, -- Tz/v( )) € Pathe(p=, %) such that Mo (T") < Mo (T).

Proof. Since > o7 ||u | = S pey lni || < oo, and ||y || = ||i)f || for each k, there exists N such that

Z”MH—ZHM ||<—

For any T= (Ty,To,- ,Tn,---) € Pathe(u~, "), denote

T4 —ZTkePath<Zuk,Zu )
k=N

Then 7" = (11, T, -+, Tn-1,Tx) € Path.(u, "), and by Lemma 3.1,

2

N-1 -1

Ma(Tk) +Ma(fjl\/) = Ma Tk +M <Z Tk)

M, (T") =

M I

M, (T;) = My (T).
1

<

ol
Il

As a result, without loss of generality, we may assume that T has only finitely number of components, i.e.
T = (T17T27' t 7TN)
We may further assume that there is at most one k with 1 < k < N satisfying ||p1 || < ¢/2. Indeed,
assume for some 1 <4 < j < N, it holds that [|u; || < ¢/2 and [|u; || < ¢/2. Let
T* = (Ty,- - T+ Ty, i1, T, T

Then 7 € Pathe(u~, u*), since if + || = iy + sy || = | + 17 1| < . Also,

Moz(f*) - Z Ma(Tk) +Ma(Ti +Tj) < Z Ma(Tk) + Ma(Tz) +Ma(Tj) = Ma(T)~
k#i,j k#i,5

Thus, replacing T by T* if necessary, we may assume that there is at most one k, with 1 < k < N,
satisfying ||u, || < ¢/2. Hence,

N
— _ C
el =" il > (N = 13
k=1

which implies N < 2|~ ||/c+ 1. O

The following theorem says that Problem 1 has a solution.
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Theorem 3.3. Let u~ and put be two Radon measures on R™ with equal mass, supported on compact sets.
For any o € [0,1] and ¢ > 0, there exists a transport multi-path T* = (T}, Ty, -+ ,Tn) € Path.(u”,pu*) of
finitely many components such that

M., (T*) < Ma(T)
for all T € Path,(u~, u"). Moreover, the number of components N of T* is less than 2w~ + 1.

Proof. We first show that Path.(u~, u") is nonempty. Indeed, let S be a transport path® from pu~ to u*.
Pick L € N large enough so that ||| = ||¢~|| < ¢L. Then

S = <iS,;S,-~- ,iS) € Path.(u =, u") (3.1)
with ,uf = %,ui for k=1,2,---, L.

In the case that inf{Mqy(T) : T € Path(u~,u")} = oo, any element in Path.(u~,pu") is trivially an
M,-minimizer. By Lemma 3.2, there exists a T* = (Ty, Ty, ,T) in Path(u~,ut) with N = N(¢) <
M + 1. This T* is the desired M -minimizer.

In the case that inf{Ma(f) T € Pathe(u=,put)} < oo, then there exists a transport multi-path
S € Path.(u~, u) with My (S) < 0o. Now, let {T™} be any M,-minimizing sequence in Pathe(p~, u')
with

M, (T™) < Mg(9).
By Lemma 3.2, without loss of generality, we may assume that each T = (T, Tg, -+, TR) with N =
N(c) < M +1. Foreach 1 <k < N and n € N, let T}' = £(My,n, On, Ek,n) With Op n(7) < [lpg || < c,

then

M(T}) = / O H (2)

Mie,n
_ / « .917(1 Hl(.’ﬂ) < Cl—a / « Hl(l') _ cl—aM (Tn)
kn  Ykn = k,n allLyg ).
M n M n

Hence,

—,

M(T) < ¢ =M (TF) < ¢ Mo (T™) < =M, (S) < 0.

By the compactness of rectifiable currents, each sequence

{Ti' e

sub-sequentially converges to some rectifiable current Ty for £k = 1,2,--- | N. Since N is finite, we may
assume they have the same convergent subsequence. As a result, we have a convergent subsequence of
{T™ = (Tr, T8, ,TR)} with limit T* = (T, Ty, -, Ty). It is easy to see that T* € Pathe(u™, u™).
Also, by the lower-semicontinuity of M,-mass, this multi-path T* is the desired solution for Problem 1. 0O

3 If needed, such a transport path can be constructed by using the dyadic approximation of finite atomic measures (see for
instance the proof of the existence theorem in [18]).
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Remark 3.4. From the proof of the above theorem, for the above M-minimizer 7%, we see that My (T™) < 0o
if

do(p™,u) == inf{My(T) : T € Path(u~,u")} < oo.

Indeed, since dy (1, ut) < oo, there exists an S € Path(p~, uT) with My (S) < co. Let S be constructed
as in (3.1), then

L L

Mo (T%) < Ma(S) = Y Ma(S/L) =D L™*Ma(S) = L' *Ma(S) < oc.
- k=1

k=1

4. Properties of optimal transport multi-paths

This section aims to study some non-trivial properties of optimal transport multi-paths. To do so, we
first introduce some notations.

Given a transport multi-path (T1,Ts,--- ,Tn) € Pathe(u~,pu"), it follows that each component T} €
Path(,u;,u;) with 0Ty = ,u;r — ;- Denote 9~ T}, := p;; as the source measure and denote 97T}, := ,u;
as the target measure, then by definition of transport path we have ||0~T}|| = ||0FTk||. The conditions for
transport multi-paths in Path.(u~, u) can be expressed as

N N
po=> 0 T, pt =) 0T, |07 Tk| = 07Tk <.
k=1

k=1

We now introduce a technical result that will be used later to determine whether a transport multi-path
is optimal or not.

Theorem 4.1. Given 1= = 3oy pi it = Sy [l || = I || < e, and a transport multi-path
T = (11, Ty, -, Tn) € Pathe(u™, u*).

Suppose S = (S1,89,-+,SN) is a list of rectifiable 1-currents such that for each k = 1,2,--- N, its
component Sy satisfies the following conditions:

(1) Sk is on Ty in the sense of Definition 2./ (a);
(2) In the sense of signed measures, OSy, = pi(x)0T) with |pr(z)] <1 and

N N

Zpk(x)aiTk =0, Zpk(x)éﬁTk = 0; (4.1)
k=1 k=1

(3) 10~ (Th £ Sk)|| < ¢ and [|0F(Tx + Si)|| < c.

Then for any € € [—1,1],

f-‘r&g = (T1 4+ €S, 15+ €S, -+, Ty + ESN) S Pathc(u_,/ﬁ'),

and for a € [0,1],
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Moreover, sz is M -optimal for some « € (0, 1), then S =0 in the sense that Sy =0forallk=1,2,--- ,N.
Proof. For each k, since
O(Ty, + €Sk) = 0Ty, + €0Sk, = (1 + epy(x)) 0Ty,
and 1+ epi(z) > 0 because |¢] < 1 and |pr(z)| < 1, it follows that
O (Ty, + €Sk) = (1 + epr(2))0 Ty, and O (T, + €Sp) = (1 + epp(2))0T T

By (4.1), this implies that

N N
Z O™ (T, + €Sy) = Z(l + epr ()0 Tk
k=1 k=1

I
Mz

3Tk+62pk 8Tk_28 Ty =pu,

k=1 k=1

>
Il
MA

and similarly

(1+ epi(@))0" T,

M=

N
Za+(Tk +eSk) =

k=1 k=1
N N N
= Z@+Tk + eZpk(x)8+Tk = Z ot =pt
k=1 k=1 =

Also, since |07 (T + €Si)|| = [ 1 + epr(2) d(9~ T}) is linear in € € [—1,1], it follows that
107 (Th + eSp) | < max {[|07 (Ti + Sk)|I, 107 (T = Si)lI} <.

Similarly, |0 (T) + €Si)|| < c. As a result, T + €S € Path,(u~, u") for each € € [—1, 1].

To show (4.2), without loss of the generality, we may assume that M, (T) < oo, i.e., My (Tk) < oo for
each k. For each k = 1,2,--- | N, denote Ty, = 7(My, O, &x) and Sy = (N, ¢, (k). By deﬁn1t1on, S is on
T}, means that H(Ny \ M) = 0, and ¢x(z) < 0y () for H! almost every z € Nj,. Note that & (x) = £(i(z)
for H' almost every = € Ny, since two rectifiable sets have the same tangent almost everywhere on their
intersection. Thus, it follows that

M., (Th + €S)) = / 101 () + e () (6 (), Ci (@) [ dH (x),
My,

where we use the convention that ¢ (z) = 0, (k. (x) = &k (x) when & € M\ Ny and (k. (x), (x(x)) = 1 for a.e.
x € NN M. Note also that when € € [—1, 1], since ¢ (x) < i (), we have 0 (x) + epr () (€ (), (p(x)) > 0,
and hence

M., (T; + eS) / (01 () + eon(2) (Ex (), Co(2)))* dH (2).

My,

Since M, fM Or(2)*dH (z) < oo and ¢ (z) < i (), one may take derivatives directly and get
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j—;Ma<Tk¢ +eSg) =ala—1) / (Or(x) + €¢k(9€)<§k($),Ck($)>)a_2 dn(2)? < 0.

M,

This implies My (T + €S5) = Zivd M, (T) + €Si) is a concave function of € and hence it reaches minimum
value at one of its endpoint € = £1. As a result, min{Mq (T + S), Mo (T — §)} < M, (T) as desired.

Now assume that T is M,-optimal for some o € (0,1) but S = (S1,52,++,Sn) is non-zero. i.e. there
exists k € {1,2,--- , N} such that Sy is a non-vanishing current. Then,
d2 a—2 2
E Ma(Tk + GSk) = a(a — 1) Qk(x) ¢k(1') <0
e=0

M,

due to the facts

/ 01 () 20y (1) = / 00 (2)° 2 (2)? > / o (1) 264 (2)? = M (S) > 0,
Ny,

My, Ny,

and a € (0,1). This implies that M, (T + €S) cannot achieve a local minimum at ¢ = 0, contradicting with
T is M,-optimal. O

Remark 4.2. Note that an obvious necessary condition for § = (Sy, Sy, - ,Sy) is given by condition (2):

N N N N N
0 (Z Sk> = ZaSk = Zpk(l‘)aTk = Zpk(x)aJer — Zpk(l‘)aTk_ =0.
k=1 k=1 k=1 k=1 k=1

In general, a component 0.5 of S does not necessarily vanish. Nevertheless, when each 05} = 0, conditions
(2) and (3) are automatically satisfied, since we have pi(x) = 0 and O(T) £ Si) = 0T}

We now use Theorem 4.1 to study properties of optimal transport multi-paths between discrete measures.
In the following content, let

N, Ny Ny No
poo= Zm;&ﬂ and put = Zm]—6y] with Zmi = ij (4.3)
i=1 j=1 i=1 j=1

be two discrete measures on X of equal mass. By Theorem 3.3, there exists an M,-minimizer T =
(Ty, Tz, -+ ,Tn) among all transport multi-paths T e Pathe(u~, ut). Here, each component T}, is an opti-
mal transport path from u, to /@, and Zivzl uf = ut.

Besides knowing T}, satisfies some basic properties of an optimal transport path, we are interested in
finding some non-trivial properties of Tx. Our first result in this direction is about the map-compatibility.

Theorem 4.3. Let p~ and p be two discrete measures of equal mass as given in equation (4.3), and o €
(0,1). Let T = (Ty, Ty, -+ ,Tn) be an My -minimizer in Path.(u™, V). Then except for at most Ny — 1

many k’s, each component Ty, of T* is map-compatible.

Proof. For each kK = 1,2,--- | N, since T} is an optimal transport path, it is an acyclic normal 1-current.
Thus, it has a good decomposition 7. Using similar notation as in equation (2.11), we denote

Xi(me) :==A{zi € X : mp(Ts, ;) > 0} (4.4)
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To prove the theorem, by Proposition 2.3, it is sufficient to prove the collection of sets

{Xj(nk) :j:172a"' 3N2}

are mutually disjoint, except for at most Ny — 1 many k’s. For the sake of contradiction, we assume there
are N collections of sets

{XJ(T]]CZ) :j:1’27”' 5N2}7 for€:172a"' aN27

that are not mutually disjoint. Thus for each ¢, there exist x;,,y;,, y;;, such that z;, € Xj, (mx,) N X, (1, )-
That is,

ke (L, y,,) > 0 and ng, (I’wiwyjé) > 0. (4.5)

In the following, to get a contradiction with the optimality of f*, we will build a non-vanishing S satisfying
the conditions in Theorem 4.1.
Let M be the Ny x Ny matrix

€51 €1
€55 — €z
M = ,
6j§V2 — ejN2
where for each k = 1,2--- | Ny, e}, denotes the row vector (0,---,1,---,0) in R™2 with the nonzero number
1 at its k-th position. Since
1 0
1 0
M =1.1],
1 0

it follows that rank (M) < Na. Thus, there exists a nonzero row vector
[c1,¢2, -+ ,cn,] € RV
such that
[c1,c2, -+ ,en, | M =10,0,---,0]. (4.6)
By (4.5) and (4.6), we may further assume that
0 <max{[ce| : 1 < £ < No} <min{ng, (La,, y;,)s e <F$iz>yj;) 11 << Not. (4.7)

Since 7y, is a good decomposition of Ty, € Path(u,, , u; ), it follows that

Ni N3

Tk = /I'ydnk = ZZ / I’ydnk~

—
r TIT
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Let

& Ce
Skp = ————— / L, + ———— / Lydny,
’ Nk, (Fmi[ Wi )1" 7 ‘ Mk, (ine ’ng )1" 7 ¢

TipiYj, Tigjt

for £ =1,2,--- , Ny, and S := 0 for any other k’s. We now check that S = (51,89, -+, Sn) satisfies the
conditions of Theorem 4.1. By (4.7), each S is on T}. Since

0Sk, = 0g5yj, — Cg(syje, for £ =1,2,---, Ny, and 9S; = 0 for any other k, (4.8)
; .
it follows that 9Sk = pg(x)0Tk, where pg(x) is defined as

,C@/ Zi ’I]kz (Fz“yje) lf xr = yjz
Pk, (x) = Cf/ Zi Nk, (in,yjé) ifz = Yj, (49)
0 otherwise,

for £ =1,2,---,Na, and pi(z) = 0 for any other k’s. Therefore, we have |px(z)| < 1, for all k and all z.
Moreover, since 0~ Ty ({z}) =0 for © & {21,292, -+ ,xn, } and pg(z) =0 for x € {x1, 22, - - ,znN, }, by (4.9),
we have

N N
> k(@) T = 0-0" T, =0.
k=1 k=1
Using it, (4.8) and (4.6),
N N N
> k@) T = pr(@)0T Tk = > pr(2)0 T
k=1 k=1 k=1
N N, N,
= Zask = 08k, = ZC@ ) (5111-2 ng)
k=1 =1 (=1
62/1 51/1
6112 5?!2
:[617627 7CN2]M . :[07(]’ ,0] : =0
S, b,

Furthermore, by (4.8), for k = ke, with £ =1,2,--- | Ny,
107 (T, £ Skl = 107 The, || < e, 107 (Th, £ S| = Fee £ e + 1107 T || < c,

and for k # ky, |07 (T = Sk)|| = |0 Tk|| < ¢ and ||0T (T}, £ Sk)|| = [|0T Tk|| < ¢, hold trivially.

As a result, § = (S1,S9,- -+, Sn) satisfies the conditions of Theorem 4.1. Since T* is optimal, by Theo-
rem 4.1, we have S = 0. On the other hand, since the vector [e¢1, o, -, ¢n,] is non-zero, at least one Sy, is
non-zero. This leads to a contradiction. O

We now further explore other non-trivial properties of T*. Note that Theorem 4.3 says that with at most
Ny — 1 exceptions, | X, (nx) N X, (k)| = 0, i.e. Ty has a “zero common-source property”. Since each T}, is
an optimal transport path from p; to ,u;j, by Proposition 2.5, Ty has the “simple common-source property”
in the sense that there exists a good decomposition 7y of T} such that | X, (nx) N X, (k)| < 1 for any
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1 < 51 < jo < Ny. We now generalize this simple common-source property to its counterparts between

different components.

Theorem 4.4 (Simple Common-Source Property). Let u~ and p+ be two discrete measures as defined in
equation (4.3), and a € (0,1). Let T* = (T, Ty,--- ,Tn) be an Mgy-minimizer in Path,(u~,ut). For
each k = 1,2,--- /N, let ni be any good decomposition of Ty. Then for all pairs 1 < j1 < jo < No,
1 <ky <ky <N, it holds that

| X5, (k) N X, ()| < 1 (4.10)

Proof. For the sake of contradiction, assume

|Xj1 (lel) N Xj2 (77k2)| >2

for some 1 < 51 < jo < Ny and 1 < kg < ko < N. Thus, there exists two points, say z1,22 € X}, (M) N

X, (Mky), with 1 # x9. By definition of X (nx) given in (4.4), it means that

Mk (thyjl) >0, Mk (szayh) >0, Nko (Fl'hng) >0, and Nk (sz,yh) > 0.

As in the proof of Theorem 4.3, to get a contradiction with the optimality of f*, we will build a non-
vanishing S satisfying the conditions in Theorem 4.1. For each k, since 7 is a good decomposition of
Ty € Path(uy, , uy), it follows that

N N
Tio= [ran=3"3" [ tn.
r i=1j=1p "
iYj
and thus
N1 Ns
0T =3 Y (Ts;) By = 8z
i=1 j=1
Let
1.
€0 := 1 min{ny, (Fm,yh )ﬂ?kl(l“m,yjl), Mo (Fgflﬁym),nk2 (Fz2,yj2)} >0,
and define
€0 €0
1 Mk (le’yh) v 1 Mhey (F$27yj1) Yy 1
FLvi T2:Yj5q
€0 €0
Ska = T / Ly, + ————— / Lydnp,,
’ Nko (Fxl Yo ) 7 2 Nk (Fz2 Vi ) el 2
T1,Yjo €2,y
Sk =0 for k # ky, ko.
Note that
€0 €o

0Sk, =

Mk (F$17y11

1Y,

= 605.’/82 - 606;81’

) / (Oy;, — Oy )dMpey —

Mk (Fﬂcwyh
2,5,

) / (6y;, = Ouy) iy
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and similarly 0SSy, = €90z, — €004,. Since x1 # x2, both Sk, and S, are non-vanishing currents on T}, and
Tk, , respectively. Using it, we may express Sk, = pg, (x)0T},, where

(21) = (22) =
Pk \T1) = N ) Pe\T2) = — X, s
z] 21k (Do y,) Zj:zl My (Tasoy,)
and pkl(x) = 0 for any r € Spt(aTkl) \ {%1,.%2} = {1'3,1'4, L IN Y1, Y2, 7yN2}' Simﬂarl}’a we have
0Sk, = Pk, (2)0Tk,, where
€0 €0
Pra (1) = — s PRe(T2) = =R ;

N-
Zj:zl Nk (le»yj) Z] 1 Mks (Fm,y]‘)

and pg,(x) = 0 for any = € spt(9Ty,) \ {x1,z2}. For k # k1, ks, since S, = 0, we have pi(z) = 0. As a

result, we express 0S5y = pr(x)0T), with |pg(z)| <1 for each k =1,2,--- | N.
Moreover, by the values of pi(x) given above,

N
> k()0 T = pi, (2)0™ Thy + pry (2)0 T,
k=1

N2 N2
€0 €0
Y ’ Z UL (]'—‘Il»yj )0z, — N. ’ Z UL (]'—‘Emyj )0z,
ZJ 21k (T yy) j=1 ZJ 21 k1 (T ) j=1
€ N € N
0 0
T —N. . Z Mo (thy]‘ )5901 + N, . Z Mo (Fﬂ?%y]‘ )5902
Z] 21 My (Fxl,yj) j=1 ZJ 21 ks (an,yj) =1

207

and

2

> pr(2)0t T, = Zo_o

k=1

We now check condition (3) in the statement of Theorem 4.1.

« When k = ki, [0 (Th, £ Si,)|| = |0+ Th, || < ¢, and

107 (Thy £ Sk,

N N N1 N»
=D e Tary) | oo+ | D Tay) | Feot DD 1 (Tay,)
j=1 j=1 =3 j=1
N1 Ns
= Zznh (quyj) = HaiTle <c
i=1 j=1

Similarly, for k = ko we have |07 (Ty, £ Sk,)|| < c and |0~ (T, £ Sk,)|| < c.
e When k # ki, ko, since Si’s are zero currents, we trivially have

107(Tk + Si)ll = 107 Tkll < e, 07 (Th & Si)ll = |07 Thl < c.
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Thus, S = (S1,S9,- -, Sn) satisfies the conditions of Theorem 4.1. Since T is optimal, by Theorem 4.1,
we have S = 0, contradicting with the non-vanishing Sk, , Sk, constructed above. As a result, for all 1 <
J1<J2 <Ny 1 <ky1 <ka <N,

|Xj1 (nlh) ijQ(nkz)I <l O

5. Case study: single target

As an example, in this section, we would like to investigate the case of a single target. Namely, let

N1 Nl
poo= g Moy, w =mid, with mq = E m;,
i=1 i=1

—

T* = (T1, Ty, -+ ,Tn) be an a-optimal multi-path in Path.(u~, u™) for some o € (0,1) and ¢ > 0. For each
k=1,2,--- N, let n; be a good decomposition of Tj. Thus,

Ny
Ty, = /Iydnk => / I dng,
r i=lp;

and

Ty, = ink(rzi,y)(‘sy —0g,) = (i nk(rmi,y>> Oy — ink(rm,y)dn- (5.1)
i=1 i=1 i=1
For simplicity, we also denote
X(mk) = A{zi € X : (T, y) > 0}
By Theorem 4.4, when ki # ko, it holds that
[ X (1y) 0 X (11| < 1. (5.2)

Proposition 5.1. In the single target case, suppose | X (nr,) N X(nk,)| = 1 for some ky # ko, then either

11, | = € or [l || = e
Proof. Without loss of generality, assume k; = 1, ke = 2, and let X (1) N X (n2) = {21}, which implies that
N (Lgy y) >0, and na(Ty, ) > 0.

(See Fig. 4.)
For the sake of contradiction, assume that both ||u] || < ¢ and [|u5 || < ¢. Let

€0 :=min {m (Ta, y),72(Tay ) ¢ = [l [l e = llug 1} > 0.

Consider

—

S:(SI;S2aS37"' 7SN)7

where
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M (Tay,y) 2Tz ,y)

Y

Fig. 4. Th and T>.

€0 €0
S| = ——— / Ly, Soi=———— / I,dns,
nl(r:my) K 772(Fz1,y) !

1,y r1,Y

and Sy := 0 for £ > 3. By construction, each Sy is on T} for all k = 1,2,--- , N. Now we may express
0S5y, = pr(x)0T), as follows. Since 97} is given in (5.1) and

5‘51 / 8[ d’l71 / (5y — 6£1)d171 = 606y — 605901,
mlvy (le,y)

1Y z1,Y

it follows that pi(z1) = eo/m (T, y), p1(y) = 60/2?;11 m Lz, y), and pi(z) = 0 for  # z1,y. Note that

lpr(2)] < 1.
In general, for each k =1,2,--- , N, we get 0Sy = pi(z)0T}, with |px(z)| < 1 where

’ = r=y otherwise
pr(@) | €0/mCey) 0/ iy mToy) 0
p2(x) —€o/m2(lary)  —€0/ 2221 m2(Taiy) 0
pr(x), k>3 0 0 0

Moreover, using the values of p; given above, we have

N
kzzlpk(x)a_Tk = ﬁzhy) 'nl(rzhy)(swl - ﬁihy) 'WQ(le,y)5m1 =0,
and
N

In the end, we check the condition (3) of Theorem 4.1

« When k = 1,2, since ij || = [l

Ny
107 (Ty £ S1)| =m(Ta,y) o+ Y m(Ta,y) =+ + |y | < e,
1=2
Ny
0% (T + 81) || = +e0 + > m(Ta, ) = 6o + uy | < e,

=1
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cC] =¢ e
Co = C e
Te : -y
CN_1=CcC e
CN =T e

Fig. 5. Transport multi-path components from 1 point to 1 point.

Ny
107 (T2 + S2) | = n2(Tay ) Feo+ Y m2(Tayy) = Feo + Iz || < c
1=2
Ny
107(Ty £ Sa)|| = Feo + > 12(Ta,y) = Feo + lluz || < c,
=1

« When k > 3,
[07(Th, £ Sp)|| = 10Tkl < ¢, 107(Th £ Sp)|| = |07 Ti|| < c.

Theorem 4.1 implies for a € (0,1), each Si is a vanishing current, but Si,.S3 constructed above are non-
vanishing, and this leads to a contradiction. Hence, either ||py || =cor ||us || =c O

Corollary 5.2. In the single target case, suppose

ﬂ X (nx,) # 0 for some n > 2.
=1

Then at most one of the py, has ||uk,|| < ¢, and any other uy,’s have mass ||k, || = c.

Proof. Suppose there exist two components pg, , pig, With ||pg, || < ¢ and ||ug,|| < ¢. By equation (5.2), we
have | X (nk, )N X (Mk,)| < 1. Since X (nx, )NX (nk, ) is non-empty, then | X (g, ) N X (nk, )| = 1. Proposition 5.1
implies ||k, || = ¢ or ||pk, || = ¢, which leads to a contradiction. 0O

In the following examples, denote the line segment from z to y as Ty. Also, denote a[v] as the rectifiable
1-current, with density equals a, supported on the curve «, and has direction along this curve. Let [x]
denote the smallest integer n such that n > x.

Example 5.3. Suppose p~ = mid,, pt = myd, for some m; > 0, ¢ > 0 and T = (Th,Ts,--- ,Tn) €
Path.(u=, ") is a-optimal for some 0 < o < 1. Then, up to a permutation of component indices,

T17T27 e 7TN—1 = C[[I_yﬂ7 I'n = T[[@Hv
with N = [my/c] and r = my — (N — 1)c. (See Fig. 5.)

Proof. Since the minimum path between two points in R™ is a line segment, by the optimality of ’f*, each
Tr = ci[zy] for some 0 < ¢ < c¢. On the other hand, as the only source point, x € ﬂfcvle(nk). By
Corollary 5.2, for k = 1,2,--- , N, there is at most one component T}, (without loss of generality assume
this component is Ty) such that Ty = r[zy],r € (0,c|, and any other components are Ty = c[Zy]. The
total number of components required is N = [m1/c], and since there is only one component that has mass
less or equal to ¢, then r =my — (N — 1)e. O
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Tn Tn +1 Tn Tn +1

Yy Yy

(a) Case 1. (b) Case 2. (c) Case 3.

Fig. 6. Different cases of transport multi-paths from 2 source points to 1 target point.

Example 5.4. Suppose 1~ = m18z, +mady,, pt = (m1+m2)d,, and T = (Ty, To, -+ ,Tn) € Pathe(u=, u™)
is optimal with N > 2. Then, there exists an integer 1 < n < N — 1 such that up to a permutation of
component indices,

Ti=Ty==Toy = c[Tig], Tpso = Tpis = = T = c[727]
and one of the following cases holds: (See Fig. 6.)
Case 1: T, = 01[Z17], Tnt1 = 02[T27], where
n=[mi/c], 6 =m; —(n—1)c € (0,¢] and 3 = my — (N —n—1)c € (0,]. (5.3)

Case 2: T,, = 01[Z1y] for some 0, € (0,c| and T, is Y-shaped.
Case 3: T, is Y-shaped, and T, 1 = 6;[T2y] for some 65 € (0,¢).

Proof. We first observe that there is at most one k = 1,2,--- , N such that |X(n;)| = 2. Indeed, suppose
| X (g, )| = | X (k,)| = 2 for some ky, ko € {1,2,---, N} with k; # ko. Since |supp(u™)| = [{z1,22}| = 2,
it follows that X (ng,) = {z1,22} = X(nk,), which contradicts the result | X (ng,) N X (nx,)] < 1 given in
equation (5.2). As a result, there is at most one k such that |X(ng)| = 2. In other words, among all N
components of f, there is at most one “Y-shaped” path and all others are straight line segments. Up to
a permutation of indices, we may list components from x; to y first, then the “Y-shaped” one if any, and
then the line segments from x5 to y. Moreover, by Proposition 5.1, with at most one exception, the density
on each line segment from x; to y reaches its maximum capacity ¢ for each i = 1, 2.

Case 1: When T has no “Y-shaped” component, let n,6;,602 be as in (5.3). Then, up to a permutation of
indexes, we have

T=T= =T, 1 =c[z1y], T = n[71y], Tns1 = 02[T27],
and
Thia =This = =Ty = c[T27].
Case 2: When T has one “Y-shaped” component and all components supported on the line segment from

9 to y reach their maximum capacity ¢, up to a permutation of indexes, we may list components of T
as

T1 = Tg = =Adp_1 = C[[m]], Tn = 91 [[m]], Tn+1 is “Y—shaped”,
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and

Tyt =Tnys =+ =Tn = c[727],

where 61 € (0, ¢].

Case 3: When T has one “Y-shaped” component and there exists one component supported on the line
segment from xo to y that does not reach its maximum capacity ¢, up to a permutation of indexes, we
may list components of T as

TW=Ty=---=T, 9 =c[T17], Tn-1 = 601[Z1y], T is “Y-shaped”,
and

Thy1 = 02[Z27], Thyo =Thys =+ =Tn = c[Z27],

where 0, € (0,¢] and 02 € (0,c¢). We will show that §; = c. For the sake of contradiction, assume
0 < 61 < c. Since T,, is “Y-shaped”, we may write

Tn = allw + Clngy

1,y 2,y

where a; > 0 and v, 4 is a polyhedral curve from x; to y for each i =1, 2.
Let €9 = min{6,,02,¢ — 01,¢ — 62,a1,a2} > 0, and define

g: (SlaS27"' 7SN)7
where

Snfl = 60[[@]]; Sn =€ (I'yx%y - I’yzl,y) ) SnJrl = _60[[@]]7

and Sy =0 for k # n — 1,n,n + 1. By construction, Sy, is on T}, for each k. The corresponding pg(z)’s,
where 05y, = p(2)90T}, for each k, are

‘x:xl r=x9 x=1y otherwise

pn_1(.73) 60/01 0 60/01 0
pn(z) | —€0/a1  €o/as 0 0
Prt1() 0 —€0/02  —€0/b2 0

and pg(x) =0, for k # n — 1,n,n + 1. Direct calculation shows that S constructed above satisfies the
conditions in Theorem 4.1. Since T' is optimal and « € (0,1), Theorem 4.1 gives S = 0. This contradicts
with the non-vanishing S constructed above. O
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