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Arrow-Debreu model

pure-exchange economy: goods € R", prices p = ( DiEE D, ) , free disposal
agents: i € I, | I'| finite ---- initial holdings: (e;,i € I)

demand functions: x,(p) € arg max{u (x) ‘ p.x)<(p.e, )}

utility fen: u, : dom u, = X, = R, usc, concave =5 X, closed (but convex)

excess supply function: s(p)= Zlel o=l p)), market clearing: s(p)=0

p 20 equilibirum & s(p)=0

Existence: x = (x,,,X,), x,, = 'money' allows p=(l,p, ), under

e. ) — =

im?~ig

e

lm’

ample survivability: (e

r e i o Dy o
such that x,, < e, x,, <e,, and 2 _ X, <p e,

+ 1indispensability & unactractiveness
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Solutlon Procedures

Walras' law: p L s(p) ~ p.s,(p)=0,1=1,...,L, s(p)=s(ap)fora>0

scaling: pe A= {peRL 2 D —1} since V.o >0: <0¢p x) (ap e)
find p (€ A) such that 0< 5 L s(p) >0, oheipassitle vy
0. (very) special instances: via convex programming

1. tAitonnement, : p = —s(p), p(0) = p’(Adam Smith, Léon Walras)

variant: 'Global Newton' (S. Smale) :

Vs(p)p = As(p), sgn(A) = (=1)" sgndet(Vs(p))
requires s single-valued and differentiable,

e. € int X, or bdry conditions on s

fails, “in general”

source of doubts about economic equiLLbrium theory
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2. simplicial methods (based on "pivoting")
- Scarf (& Hansen) "73: = find fixed pointof p > s(p)— p in A

partitioning A in a simplicial complex, pivoting 4 la Lemke-Howson

- piece-wise linear homotopy methods: Eaves 74, Saigal, ...

3. homotopy continuation methods
- homotopy methods G(x) =0, Yorke et al (72, "78)
variants: Kojima, Meggido and Noma for NCP ('89)
Newton homotopy: Wu ('05), ...
- 'Interior point' homotopy method: Dang and Ye ('11)
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4. Variational Inequality

to be dealt with n glortous detail Later
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a maxinf appro
recall: s(p)= Ziel(el. =% (p)), market clearing: s(p)=0
Walrasian: W (p,q) =(q,s(p)), W : AxX A — R (a bifunction)

Key observation:

p € maxinf W, W (1_9 -) >0 on A = p is an equilibirum point.
under insatiability, p an equilibrium = p € maxinf W, W (13 -) >0 onA
MOYEOVEY: p.: €-equilibrium point if VI (good), s,(p,) = —¢€

p. € e-maxinf W, W ( D ,-) > —& on A = p, 1s an g-equilibirum point.

with insat., p, an €-equilibrium = p, € €-maxinf W, W ( D. ,-) >—gonA
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Convergence

limsup, K"(x",y") < K(x,y) whenx € C

liminf, K" (x",y") = K(x,y) wheny € D
K"(x",y") —>cowheny e D




sadole-point problems: Lagrangians, zero-sum games, Hamiltonians
equiltbrivum: classical mechawnies, Wardrop, economic (Walras, ete.)
variational tnequalities: finance, ecological models, compLemewtaritg, PDE
non-cooperative games: pricing, generalized Nash equilibrivm

finding fixed polnts: Brouwer-type, Kakuta wi—tgpe (set-valued), MPEC
solving inclusions (equivalently, generalized equations): S(x) > 0

minimal surface problems, ..., mountain pass solutions, ....

. and the dy namtic verstons, and the stochastie (dy WAMLE) VErSLOWS.
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THM. K, ., —, K., & ancillary-tightly,
x € cluster points of {x" € maxinf K|

& e e

C"xD" lop ancillary—tight Gl

o dvey = X €maxinf K

= ZKCXD and

b)VxeC(C, dx" > x,Vy e D" andy" — y:
liminf K"(x",y") 2> K(x,y) ifye D
K'(x",y")—> o ifyeD

but also Ve>0, 1B compact (depends on x" — x):

infeeie e Cps Joy =<sinfine ket etvive=ay;
B D €

certainly satisfied whew D= A Ls compact
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Convergence of g-solutions

including €=0
K’ — K., lop. ancillary-tightly,

(GAESH Pk

x cluster point of {x"}

(1) x" € e-maxinf K,

DY ) veN
— x € e-maxinf K %
XD

(i) x” € € -maxinf Kév s X cluster point of {x"}

o2
&€ N\ 0 = X € maxinf K op (special case: locally unique)
(iil) X € maxinf K., = 3Je, 0 &x" € g -maxinfK’,
such that x" — Xx,
Under tight-lop: convergence of the full € -maxinf sets
and convergence of values

tight-Lop whem C=A&D=A are compact
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...back to our Walra5|an

W(p,q)={(q,s(p)) on AX A, p-usc and g-convex

Augmented Walrasian: o augmentmg functlon
W,(p.q)=inf {W(p.q—2)+r*, 0" (2)]
—sup {W(p.0)| [z-dl, <7} o=|+|,.1,=0"
W W):> e-maxint W — maxint W

asr —r < oo, @[7,, =

LB=[-11I

: ,B = euclidean unit ball
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W (p.q)={q,s(p)) on AX A, p-usc and g-convex
W,(p.q) = sup, {W(p,z)\ |z—4l, < ’”}

k+1

= argmax[maxz <Z,S(pk)>‘ ||Z s q”D < I’k:|

geA
minimizing a linear form on a ball
L.e. finding the Largest element of s(p")

k+

p I arg n;in[maxZ (Z,S(P)>‘ HZ i quHm = rk“}
pE
as r, /e, p*—>p

Bagh, Lucero § Wets = 03

first experiments: 10 agents, 150 goods (two blinks)
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CMM-impIementation

center for Mathematica

!
|
4
.A: \J » I m
————— :

odeling -—- Universidad de Chile

. ’ k
Le argmin Wi (p*. q)

|
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) 4
Scarf’s example
¥ A\BB-D! S 35
ui(x)=(2;(aﬂ)ﬁf o ) CESaitility =& 0

substitution

i € [ =5 agents, L =10 goods (2000 simplicial pivots)

prices and excess supply convergences
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just, ... one more example
same CES-utility function (# f,), I =10 agents, r, =1.21*
L = # of goods

A
!
f
o
N
|

!

= L =100

excess supply convergence
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A dynam

max ulo e i=t ul1 (x")

.y, x)
such that <p0,x0 it Tioy> < <p0,el.0>
0w = e )

eX’, ye¥, x eX;

with solutions: {(xlo (p),yl.(p),xil(p)),i € 1}, p=(p’.p")
excess supply: s’ (p) = Ziel(el.o - (xt (p)+ Tl.Oy,.(p)))
s(p)=Y,,_ (¢ +Ty(p)-x'(p)
equilibirum: pe A, XA, such that s°(p)=0,s'(p) =0 (=)
Walrasian: W (p,q) = <(q0,ql),(s0(p),sl(p))> on A2 XA;

= augmented walrasian, ...
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r,(y,p)= sup [u Gie )‘ p’.x +T0y>3<p0’e?>]

0 XO
+ sup [ul.l(xl)‘<p1,xl> < <p1,€i1 o5 Til)’ﬂ
X

i-agent problem: find y,(p) € R’ that maximizes { r.(y) | T'y<e }

It
Example: u;" are of Cobb-Douglas type: u,(x)=[ [ x/,BeA
=1

X (p ,y)_pﬁl Zk 1pk( <(T )k’y>) e b XiO:R-Lr

D= ?2 pk(ek <(Tl.1)k,y>),l=1,...,L, MR

l
substituting = r;, linear in y : i-agent's problem 1is a linear program!

substantial gain in proccssiwg tlme
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Chap i T heary Of Value . pebrew, '59.

ng}CaEXW E{u (X x€1 ,X€1 52 ok )} Z—QQCV\/’C

such that <p2,27§t(e;,mg _x;,...g )> e e
Z.H(Z <t(67 = )) >0,ve,: Clearing the market

o e

Key Assumption (via K. Arrow): all contingencies available at time 0

— complete market, i.e., all £'s can be dealt with separately

: ’??.Q..?.T

/\% 3 (p§=(pg,pé,...)
g % \x /\,,&21 R (V &) equilibrium prices.
/NN

eI,
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and far
in between ——
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iIC approach

“Incomplete markets”

a more realist
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—Agent stochastic case

an engiineer’s

max u, "(x°)+ E {u (s )} viewpoint?

Xy, xlen
so that <p0,x0 + T.Oy> < <p0,69>

<pé’x€> <pa§a ,§+T5}7> V&EE

xeX 6 yeRY, x x;€X,,, Véck

@ E'{} expectation w.r.t. i-agent beliefs

Stochastic program with recourse: 2-stage
Well-developed solution procedures
Well-developed “Approximation Theory”
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Slmplest cla55|cal assumptlons

= finite (support)
u :X; >R, VEeE, u;(£r): X! > R concave
continuous, numerical experiments: differentiable
T',T,. : input-ouput matrices
(savings, production, investment, etc.)

X, X! ¢ - closed, convex, non-empty interior (survival sets

ei eint X io - el., FE Int Xl.’ : forall &  (or as on first slide)
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~Market Clearing

Agents: iel, |I|finite ("large"), p= (po,(pé, e E))

()_cio(p),yi(p) { lé(p)} )e arg max {i-agent problem |

excess supply:

D e GOELy@) S g =
VEECE:

Y (e + TP = F(p) = $(P" ApE ez 2 O
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Existence: via Ky Fan Inequality

W(paaQQ) = <QO’S(p®)>
=<(q0,{Qé}geg)a(So(poa{pé}gea)’{sé(po’{pé}ﬁea)}ges»

| H A X H A— R a Ky Fan function: usc, convex

1+1=1 1+1=]

linear w.r.t. g, , continuous w.r.t. p,
and also W(p,,p,)=0.

provided s(¢) continuous w.r.t. p,

!
another lecture
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Stochastic |
optimization § :

a short basic
introduction
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3 i

Here-&-Now vs. Wait-&-See
A basic process: decision — observation — decision

(x?9yi) = & =2 (xil,é)
A here-and-now problem:

not all contingencies available at time O

(x? ; yi) can't depend on &

A wait-and-see problem

implicitly all contigencies available at time O

choose (xlo £ yg e xl.l’ 5) after observing &

A from here-and-now — wait-and-see

'‘completing' the i-agent market?
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of Stochastic Optimization

r N
A here-and-now problem can be “reduced” to a

wait-and-see problem by introducing the

appropriate ‘contingency’ costs:

1.e., what l-agent be willing to pay for
letting x°,y depend on &

wets "FF
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: _Cotlneaeprlces s
(nonanticipativity)

Here-§-now

max E{ f(£;2°,2;)}

= O |
z; € Ce(2°), VE.
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: _Cotlnemeprlces s
(nonanticipativity)

Here-§-now to watt-and-see

maxE{f(ﬁ Z ,Zg } maxE{f(é Zg,Zé }

7 ECOCRnl, ZEECOCRnla
7 € C(2°), VE. z: € Co(2), VE.
=E{z,} V&
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: _Cotlnemeprlces s
(nonanticipativity)

Here-§-now to watt-and-see

maxE{f(ﬁ Z ,Zg } maxE{f(é Zg,Zé }

7 ECOCRnl, ZEECOCRnla
7 € C(2°), VE. z: € Co(2), VE.

= E{z;} V&
w L c™ fcns

= E{w;}=0
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Cotmeaepnces s
(nonanticipativity)

with correct vag to watt-and-see

maXE{f(éj zé Zé: <v_vé,z§>} maxE{f(f Zg,zg }

ZéECO, ZéECé(Zg) Zf ECOCRnI,
@ e G
(VEEE: 2 = E{zs} V&

1 c* fcns
max f(&;z°,z') - <vT/§ Z e
C = E{w,} =0

Sunday, December 23, 12



Progresswe Hedglng shafalar g s 3¢

O stepo. w'(s) so that E{w’(&)} =0, v=0

O step. forallC:

(Zg V,Z5 ) € argmax f(&; 2°,z') - <w§,z0>

meGie R e cC(Five R
I 0, 0,
Step2. wy" =wi+p| " ~E{g"}], p>0
O and returnto Step1, v=v+l
Convergence: add proximal term — =

’ , 1% 1%
Linear rate tn (Z W )
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| |
h r u

Dlsmtegratmg agent S problem

Wiatl/l Peo = (p()a{pé}gea)

—0 —0 =1 ; _ :
(xi,§ > Vigo X,-,g) < ‘l-contingency’ costs

4

ai%rrgx{u?(x“) (W, ¢1(x° y>>——||<x D) §>||2+u;<a§;xl>}
(D i=ple Ty
(Por') < (poele + Tey).

x'eC/, x' e Ci,g-

solved for each ¢ separately
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VEeE (separately),

i-agent's problem:

(xl,yl,xlé)eargmax{ (ﬁx y, X )on @i,é(po,pé)}

for {w, . }.- associated with (p", p;)

clearing the market:
s'(P°,pe)2 0, s5;(p°,p)2 0

Arrow-Debreu ‘stochastic’ equilibrium problem
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Cobb-Douglas utilities

L
uf(x):Hxlﬁ"t,ﬁt A 00
=1

“agent’s optimization” (skipping i)
r(&y.p)= ao(po)(Zzzlpg (o 2 y>))

+ 0t (p;) (Ek lpkg( fir <(T > y>))

Y eargmax{rv(cﬁ;y) <w y>——‘y

taking advantage
of separability

“outer Loop”, caleulating ( p (p;,&e E)) :
augmented \Walrasian

Sunday, December 23, 12



Convergence:
exploiting separability

— 2 p v
g |
0 | ]
i 1 |
p— , I
. . | \
Py - )
= "' ] " \
i

prices excess supply
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4. Variational Inequality

to be dealt with now tn glorious detail
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back Arrow-Debreu model

i-agent demand: x,(p) € argmax{u (x)| p, x) <p e. >}

u, =X, — R", usc,concave = X, closed (but convex)
excess supply: s(p)= Eiel(el. — xl.(p)), market clearing: s(p) =0

(under ample survivability, indispensability, unactractiveness)

i-agent optimal x,(p) < JA. =0 such that
A L{p,e,—x,(p)), (p.e,—x,(p))=0, AiutL’LLtH
x,(p) € argmax .y u,(x) = A, (p.x) =
when X, = RY, u. smooth:
0<x(p)LAp—Vu(x.(p)=0
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via Varlatlonal Inequallty

x,(p) € argmax{u,(x) | {p.x) <(p.e,).xeX, | o

D (e—x(p)=s(p)=0 Z
N,@)={v| {(v.z-7)<0,Vze D} D

G(p.(x)(A))=| Y, (e, = x):(Ap = Vi (x))i(poe; - x,) |
D:AX(HiXi)X(HiR+) sugogests

LCP, NCP

(=G (7,004 € Ny (B, (A))) . pame,

D unbounded — D bounded S

geometric V.1 via smoothing: L. @L, X.Chew, ...
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- - b X

) L
adding
i-agent:e, —> ¢, +6,z, share 6, of production z; € Z; of firm j € J
Ll r, it sl
z2,(p) € argmax{(p,@‘ z€ Zj}
excess supply: ziel(ei — xl.(p)) - zjejzj(p) >0 (equilibrium)

functional V.I. (= G(p.(%,).(2).(z)) € ¥ (P.(%).(2).3)))
Alpe) Ay E)E (o) D k) e () (e

f convex = df monotone operator (yields existence of solution)

G(p.(x).(2).(z))
= [zi(ei —x,)+ zjzj;(/lip);«p, e, + Ejeijzj — xi>);(—pj)}

_Jofré, Rockafellar § wets 07
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Path Solver .. (M Ferrls D. Ralph et aI)
-GR)eN,(@), 7=(P.(X).(4,)) |

D = AX(H,-Xi)X(HiR+): {z|Az Zb}

Complementarity problem:
-G(z)=A"y, y=20, Az-b Ly

with K = RY x R -

ek HEy)e Kk @y)" H(z,y)]

G()+ ATy

H(z,y)=

Sunday, December 23, 12



—

4
|

Equivalent nonsmooth mapping

0 0= H(prj(z,y)) +(2,y) — prjx (z,y)

d with simplified K
(CP)0<x 1l F(x)=20 Complementarity Problem
(NS) 0= F(x,)+ x—x, Nonlinear system

O x sol'n (CP) = x sol'n (NS):

x,=x, tF(x)=0, x, =—F (x )1t F (x)>0
o x sol'n (NS) = x, sol'n (CP):

x, 20, F(x)=x, —x=20&x, L x —Xx
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% == (Zay)a x+= pij(x’y)

O PATH: Newton method based on
nonsmooth normal mappiwg:

B ) o

O Newtow point: solution of plecewise
linearization:

H(xf)+<VH(xf),x+ —xf>+x—x+ =
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o, - - i - o i il il
V.l.-Extensive Formulation
discrete distribution: |Z| finite
GlTp=bh o e i =
[(Zi(e? RO xflé)gea);((l? P’ = Vi), (Aleps = Vi @xie))iez,gea);(@ e = xf)((Phels - x3é>)ie1,gea)}

o~ (o< T (T ST, (T (T2,

-G(Z)e N,(@)=1{v|(v.z-7)<0,Vze D}

T (po ap;jea)v(xio’xil,ﬁ@ )iel ’( gy :)iel
“Thawnks the gods for EMP”

for a special VI handled via smoothing/sampling:
listen to Xiajun Chen
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O Economy: (8 goods), 5 types of agents

O Skilled § unskilled workers
O Businesses: Basic goods § lelsure

O ®Banker: bonds (riskless), 2 stocks
O swall # of scenarios 220,

O utilities: CES-functions (gen. Cobb-Pouglas)
O  utility in stage 2 assigned to financial tnstruments

O Fuanclal tnstruments only used for transfer to time 1

unfortunately, ... PATH Solver let’s down
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Dlsaggregatlon'

r

initialization: Vie [

w; . such that E{wl.’ﬁ} =0

!

e 2\
VE = equilibrium with {u-w"’é (f;')}, .

yields: (x;,y, :»% 1), (PP :)

l

STOP‘V’zeI ( X; e5Y; 5) E{( o

. J

otherwise adjust [wl., G E]_ 1

\,
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R - X = i x| X -

i

stochastic-pure exc
5 € = the equilibrium problem, [ agents with

i-agent's problem: max{uiw"‘-f (f;xo s xl) on éi,g (p0 ,pé)}

e u?<x0>—<w,.,5,<x0,y>>—§H<x°,y>—<z‘c°,i>H2 +u) (&x")

clearing the market: s°(p’ ,pé) > 0, Sé (p° ,pé) >0

2900000000
but now with w, . ~ constraints

(XXXX) XO (fg‘) = xO constant

x'(€|EY =, 2'(E|E) = x,
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= i LR

egation with PATH Solver |

O Economy: (5 agents - £ goods) on M. Ferris
semi-slow laptop

O Skilled § unskilled workers using EMP-package
4 min + 2 min for

O Buslnesses: Basie goods § Letsure verification

O Banker: bonds (riskless), 2 stocks
O 2-stages, solved wnder # of scenarios (280)
O  utilities: CES-functions (gen. Cobb-Pouglas)

0 WciLi’cg Ln stage 2 asstgned to financial tnstruments

O Furancial tnstruments only used for transfer to time 1

O used for calibration (-> stochastic model)

wumerioaLng “blink’ (5000 iterations).
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ja' scenario dlsaggregatlon but ...

i-agent: x, (p)eargmax{u (x)| p.x)<(p.e, >}, iel
with excess supply s(p): 0<p L s(p)=0

Multi-Optimization Problem with Equilibirum Constraint

MOPEC-class ~ maxinf family

X; €argmax __, rpx x), we k- —E-ncl)
D(p,x;)€dg(p) |or e N.(p)]

with Miehael Fervis 11-2? ... '05?
Examples: walras, nwoncooperative games,
stochastie (dy namte): decentralized eLec’crici’cg markets,
jolnt estimation and optimization, financial equilibiriom, ...
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Ty b

Contracts (Assets)
assets (= contract types): k € K, |K| finite

z,=2 —z =(z,...,z;) assets 'acquired' by i-agent

q, market price of asset k

Déf bundle of goods 'delivered' by one unit of asset k

budgetary constraints:
<p0, x° + Tl.oy> 25 <q,z> < <p0,el.0>
<pé,xé> < <pé15, eil,g + Tiféy+ Dgz> VEeE

clearing the market:

s” (po’(pili)gea) 20, Sl(g;po’(pilf)gea) zovg,(zielzi :(9
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The BDE-example
Brown-DeMarzo-Eaves (Econometrica '96)

BDEutiity—Agant A

9
55
S5
"?::::::::0
SIS
SIS,
EESEEIEREE
$0500555555% 5SS
0'0"‘

3 agents (2-agent & 3-agent of the same type) -

3
239
5

2 goods, E| = 3 (future states), no y-activities

(G555
40,2205%0; <
15020200 %%s ¢
s e s
l' 2
0 0y 2 20 0 2t 2 252 S
555 W%%M%“ S
l[l'l;;;l;";,;z:l 0;,:::0.:0:,0.,,0‘0““‘“\
5555555
Lerjtts
%

% %
U
2
’::"0, SIS
s
000502032550 3955%
75222025 %
&

=—(57-TT e sl=niGs

I=1

o, =(0.25,0.75), a,,, = (0.75,0.25)

<S
S
SIS,
(SIS

SIS
S5
<>
SRS

1 1 2 0
asset #1: D, = ; , asset #2: D; = . for all &

OISR
R SOORRSOTSSSRT S
555 e s
L5885 S5 SESIIISSENS ESTie st unnastLntt v
TS ST SRS ST TSR S
B R
B
R R
G555 SRS
2 N

SN
SOSS.
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- X

DEexa

3 agents, 2 goods, |Z| = 3, no y-activities

2

u'(Ex) = —(5,7 — lel(xl )ai,z ) =u,(X), o =(025,075), o =(0.75,025)

1 0
asset #1: D; =| |, asset #2: D; = for all &
0 1

Path Solver solution: p° = (1, 0.73)  (with scaling)
p: = ( S Si )
g=(1,0.72), z=(72.98,-100;-36.49,50; -36.49,50)

sol'n time: not noticable
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- X

3 agents, 2 goods, E| = 3, no y-activities

Tl e — —(5.7 — H;(xl )% ) =u,(x), a =(025,075), . =(0.75,025)

1 0
asset #1: D; = , asset #2: Dg = for all &
0 1

BDE- solution: p’ =(1, 0.74) (with scaling)
p; =( SR )

g=(,7), z=0094,0; 003,0; 0.03,0) —=—"—
change of variables + add unconstrainted agent:

all bug ers
wno sellers

homotopy continuation method (predictor-corrector steps)

Sunday, December 23, 12



| | i
The Cass trick
or the wo-arbitrage condition
g= Egeawé(Dgpé) for some weights w, >0, Zéwxi —
maxu, (x°,(})pes ) = ) (=) + E{u} (& 1})}
such that (p°,e’ —x°)+(g,z) > 0 P’ =p NP =w:p;,6€E
(p.els+D,pz—x3)20,VEE

solved by BDE

max u, (xo ) 565) such that
Path Solver = BDE-sol'n

e —x "‘Z {Pe>Dez—x:)20
no Path Solver sol'n! < > §E“< ] 5>

. : oz Fil) e )y e
via Augmented Walrasian <p §27ig i €> S

for 'money' assets (Deride, Jofré & Wets '09) (130 ,(15; )565) >0, s’ (5, ]50 ,(ﬁé )Eea) >0,VE

clearing the market @180: Z , = @

cf. financial equilibirum: Hens & Pilgrim '06
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Further readings
O Jofré, A. §R. wets, Variational convergence of bivariate functions: theoretical

foundations. Mathematical Programming (2006).

Jofré, A, R.T. Rockafellar R.T § R. wets. Variational Inequalities and
economic equilibrium. Mathematics of Operation Research (20067)

Jofré, A, RT. Rockafellar § R. wets, A variational inequality scheme for

determining an economic equilibrium of classical or extended type. in
“variational analysis and applications”, 553577, Nonconvex Optimisation
ano Applications, 79, Springer, New York, 2005.

Jofré, A. § R. wets, Continuity properties of Walras equilibrium points.
Stochastic equilibrium problems in economics and game theory. Annals of
Operations Research, 114 (2002), 229--243.

S. P. Pirkse and M. C. Ferris. The PATH solver: A non-monotone stabilization

scheme for mixed complementarity problems. optimization Methods ana
Software, 5:123-156, 1995.
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