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Abstract. Let W be an arbitrary subset of R
n and posW the positive hull of W . We are con-

cerned with conditions under which one can guarantee continuity properties for posW as a function
of W . The results are then applied in the context of semi-infinite linear programs and stochastic
programs with recourse.
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1. Introduction. Let {W ;W ν , ν ∈ N} be a collection of nonempty subsets of
R

m and {posW ; posW ν , ν ∈ N} the positive hulls generated by these sets, i.e.,

posW =

⎧⎨
⎩t =

q∑
j=1

tjxj |tj ∈ W,xj ≥ 0, with q finite

⎫⎬
⎭ ,

and posW ν is defined similarly for each W ν . Our overall concern is with the continuity
of the positive hull mapping W �→ posW , but, more specifically, we are interested in
finding conditions under which

lim sup
ν→∞

posW ν ⊂ posW

when the W ν “converge” to W ; here and throughout, lim supν C
ν designates the outer

limit, in the sense of Painlevé-Kuratowski, of the sets Cν , that is, the set of all limits
of subsequences limνi→∞ tνi , with tνi ∈ Cνi ; cf. [11, Chapter 4].

One can view this work as an extension, in various directions, of a result of
Walkup and Wets [12, Theorem 2] where the sets W and W ν were of constant finite
cardinality, or, more simply, they consist of the points identified by the columns of
constant size matrices. Questions of this type occur in a variety of variational prob-
lems. For example, in the analysis of the stability of the solutions of linear programs,
semi-infinite linear programs [3], linear complementarity problems [7], [8, section 4],
equilibrium and quasi-equilibrium problems [9], generalized linear programs [5, Chap-
ter 22], and stochastic programming problems [2, 10]. Two of these applications are
further analyzed in the last two sections.

2. Outer semicontinuity. Our major objective is to obtain the inclusion
lim supν posW ν ⊂ posW that can be viewed as an outer-semicontinuity result. We
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POSITIVE HULL MAPPINGS 701

begin with a characterization of the outer limit of a sequence of sets that could be
deduced from the results in [11, Chapter 4, section H] but isn’t readily available in
the literature. A (closed) ball centered at x and radius ρ is denoted by B(x, ρ) and
the unit ball simply by B, and so, for some positive scalar η, ηB = B(0, η).

Proposition 2.1 (outer limit of sets). A closed set C ⊂ R
m is the outer limit

of a sequence of sets {Cν ⊂ R
m, ν ∈ N} if and only if given any ε > 0, ρ > 0, there is

νε,ρ such that

∀ ν ≥ νε,ρ : Cν ∩ ρB ⊂ C + εB.

Proof. We rely on the criterion provided by [11, Proposition 4.5(b)], namely,
that C ⊃ lim supν C

ν if and only if whenever C ∩ B = ∅ for a compact set B, then
also Cν ∩ B = ∅ for ν large enough. The proof, in both directions, proceeds by
contradiction.

When the asserted inclusion is not satisfied for some pair ε > 0, ρ > 0, then for a
countable collection of indexes, say, for ν ∈ N �, there is a collection{

xν ∈ (Cν ∩ ρB) \ (C + εB), ν ∈ N �
}

converging to some x̄; all these points belong to the compact set ρB. Thus, C ∩B = ∅
for the compact set B = {x̄;xν , ν ∈ N}, whereas there is no νB arbitrarily large so
that Cν ∩ B is empty for all ν ≥ νB . Hence, C can’t contain the outer limit of the
Cν .

On the other hand, if there is a compact set B such that C ∩B = ∅ but for some
countable collection of indexes, say, ν ∈ N �, Cν ∩ B fails to be empty, choose ρ > 0
such that B ⊂ ρB and ε > 0 such that (C + εB) ∩ B = ∅. Then, for all ν ∈ N �,
Cν ∩ ρB �⊂ C + εB; i.e., there is no νε,ρ such that the asserted inclusion holds for all
ν ≥ νε,ρ.

3. The core cone. To obtain the outer semicontinuity of the positive hulls, our
conditions will involve two limit cones associated with a collection of sets {Cν , ν ∈ N}.
The first one, generated by the directions at the “horizon,” is the horizon outer limit
defined as

lim sup∞
ν Cν = {0} ∪

{
t = lim

ν∈N
λνt

ν , tν ∈ Cν , λν ↓ 0

}
,

where N ⊂ N indicates that the limit is conceivable with respect to a subsequence.
This set is a closed cone whose properties are detailed in [11, Chapter 4, section F].
The notation

C∞ = {t|∃ tν ∈ C, λν ↓ 0, with λνt
ν → t}

is reserved for the horizon cone associated with a set C �= ∅ [11, Chapter 3, section
B] (see also [1, Chapter 2]).

The second one, believed to be new, can be interpreted as the “inverse” of the
horizon limit cone, as will be seen below. It’s defined by

lim supo
νC

ν =

{
t = lim

ν∈N
λ−1
ν tν , tν ∈ Cν , λν ↓ 0

}
,

where, again, N ⊂ N suggests that the limit may involve only a subsequence of indexes.
We refer to this limiting set as the core outer limit of the sequence of nonempty sets
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702 DINH THE LUC AND ROGER J.-B. WETS

{Cν , ν ∈ N}. So, rather than the direction points at the horizon, it identifies the
“direction points” at the origin. It’s immediate, from the definition, that this (core)
limit set is also a closed cone. We recall that given a set C, the tangent cone of C at
0 is the cone lim supλ↓0λ

−1C. Here are some simple rules of calculus of the core outer
limit.

Proposition 3.1. Let {Cν ⊂ R
m, ν ∈ N} and {Dν ⊂ R

m, ν ∈ N} be two collec-
tions of sets. Then

(i) the core outer limit of Cν coincides with the intersection of the tangent cones
lim supλ↓0λ

−1(∪ν≥kC
ν) for all k ≥ 1. In particular, when the sets Cν are

constant, say, equal to C, the core outer limit is exactly the tangent cone of
C at 0;

(ii) lim supo
νC

ν ⊆ lim supo
νD

ν if Cν ⊆ Dν for all ν;
(iii) lim supo

νC
ν ∪Dν = lim supo

νC
ν ∪ lim supo

νD
ν ;

(iv) lim supo
νC

ν ∩Dν ⊆ lim supo
νC

ν ∩ lim supo
νD

ν ;
(v) lim supo

νC
ν + lim supo

νD
ν ⊆ co lim supo

ν(C
ν + Dν) provided that Cν and Dν

contain the origin;
(vi) lim supo

νC
ν + lim supo

νD
ν ⊇ lim supo

ν(C
ν + Dν) provided that the core outer

limit of Cν and that of −Dν have only the zero vector in common.
Proof. To prove the first assertion let t = limνi λ

−1
νi

tνi , with tνi ∈ Cνi . Then,
for each k, tνi ∈ ∪ν≥kC

ν whenever νi ≥ k. Thus, t belongs to the tangent cone
of ∪ν≥kC

ν for every k. Conversely, let t be a vector such that, for every k ≥ 1,
there is a sequence of positive numbers λk,i converging to 0 as i tends to ∞ and
tνi

k ∈ ∪ν≥kC
ν such that t = limi λ

−1
k,i t

νi

k . For each k, choose i(k), with λk,i(k) ≤ 1
k , and

ν(k) ≥ k, with t
νi(k)

k ∈ Cν(k). By taking a subsequence if necessary, one may assume

that ν(k) > ν(k − 1) for every k > 1. Then t is the limit of λ−1
k,i(k)t

νi(k)

k , with λk,i(k)

tending to 0, and hence belongs to the core outer limit of Cν .
The three assertions that follow are straightforward. The assertion (v) is obtained

from (ii) and the fact that Cν and Dν are contained in the sum Cν +Dν . For the last
assertion, let v = limλi↓0 λi(t

νi + sνi), v �= 0, with tνi ∈ Cνi and sνi ∈ Dνi . Consider
the sequences {λit

νi}i and {λis
νi}i. They are both either bounded or unbounded.

In the first case we may assume that they converge, respectively, to some vector v1

of the core outer limit of Cν and some v2 of the core outer limit of Dν , which yields
v = v1+v2. In the other case we divide the general terms of these sequences by ‖λit

νi‖
and assume that the obtained sequences converge, respectively, to some vector u1 of
the core outer limit of Cν and some u2 of the core outer limit of Dν . Then, u1+u2 = 0,
which contradicts the hypothesis.

Example 3.2. The inclusion of (v) and the containment of (vi) may be strict, and,
without appropriate assumptions, they may fail to hold.

Detail. In R
2, set Cν = {( 1

ν ,
1
ν2 ), (0, 0)} and Dν = {(− 1

ν ,
1
ν2 ), (0, 0)}. Then the

core outer limit of Cν consists of the vectors (x, 0), with x ≥ 0, and the core outer
limit of Dν consists of the vectors (−x, 0), with x ≥ 0. The core outer limit of the sum
Cν + Dν contains the above-mentioned vectors and the vectors (0, y), with y ≥ 0, as
well. This shows that the inclusion of (v) is strict.

By setting Cν
0 = {( 1

ν ,
1
ν2 )} and Dν

0 = {(− 1
ν ,

1
ν2 )} we see that the hypothesis of

(v) is violated for these families. The convex hull of the core outer limit of their sum
is the half-space {(0, y)|y ≥ 0}, which contains neither the core outer limit of Cν

0 nor
the core outer limit of Dν

0 .
For the families Cν and Dν above, the hypothesis of (vi) does not hold, and the

containment is not true. For the families Aν = {( 1
ν ,

1
ν )} and Bν = {(− 1

ν ,
1
ν )}, direct
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calculation shows that the core outer limit of Aν +Bν is the set of the vectors (0, y),
with y ≥ 0, the core outer limit of Aν is the ray (x, x), with x ≥ 0, and the core outer
limit of Bν is the ray (−x, x), with x ≥ 0. Hence, the sum of the latter core outer
limits contains the core outer limit of Aν + Bν as a proper subset.

To see that the core outer limit set can be interpreted as an inverse of a horizon
outer limit set, let’s introduce the mapping

t �→ t− = t/|t|2 for t ∈ R
m, t �= 0,

with 0− = 0. For a set C ⊂ R
m, by definition, C− = {t−|t ∈ C ⊂ R

m}, and obviously
(C−)− = C. The mapping t �→ t− has the following properties:

(a) It’s a homeomorphism on R
m \ {0}.

(b) C is bounded if and only if cl (C \ {0})− does not contain the origin.
(c) With Co = {0} ∪

{
t = limν λ

−1
ν tν |tν ∈ C, λν ↓ 0

}
, the core cone associated

with C, one has Co = (C−)∞ and C∞ = (C−)o.
(d) If C is itself a cone, then C− = C.
Proposition 3.3. For a sequence of nonempty sets {Cν ⊂ R

m, ν ∈ N},

lim supo
νC

ν = lim sup∞
ν (Cν)−

and

lim sup∞
ν Cν = lim supo

ν(C
ν)−.

Proof. Indeed, let t �= 0 belong to the core outer limit. Without loss of generality,
one can assume that |t| = 1 and is the limit of some sequence {tν/|tν |}∞ν=1, with
tν ∈ Cν and limν t

ν = 0. Then (tν)− = tν/|tν |2 ∈ (Cν)−, with |(tν)−| → ∞. Clearly,
t is the limit of the sequence (tν)−/|(tν)−|, and hence t belongs to the horizon outer
limit of the sets Cν . The converse is obtained by the same argument. The second
equality follows from the first one via the identity (C−)− = C.

4. The outer semicontinuity of posW . In addition to the limiting cones
introduced in the previous section, our conditions also involve lilK, the lineality space
of a convex cone K; it’s the maximal linear subspace contained in K.

Theorem 4.1 (the outer semicontinuity of positive hulls). The taking of positive
hulls is outer semicontinuous, more precisely: Given {W ;W ν , ν ∈ N}, a collection of
nonempty subsets of R

m,

lim supνposW ν ⊂ posW

under the following hypotheses:
(a) W includes the outer limit of the sets W ν ,
(b) posW includes the horizon outer limit of the sets W ν ,
(c) posW includes the core outer limit of the sets W ν ,
(d) when 0 �= t ∈ lil(posW ) is a cluster point of a sequence {tν/|tν |, ν ∈ N},

where tν ∈ posW ν \ {0}, then tν ∈ lil(posW ν) for ν sufficiently large and
lil(posW ) ⊃ lim supν lil(posW ν).

Proof. Let {tν ∈ posW ν}∞ν=1 converge to t ∈ R
m. One needs to show that

t ∈ posW . According to Carathéodory’s theorem [11, Theorem 2.29], one can always
express tν as

tν =

m∑
i=1

λν,iw
ν,i, with λν,i ≥ 0, wν,i ∈ W ν ,
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i.e., as a nonnegative linear combination of no more than m vectors in W ν . Fix an
index i ∈ {1, . . . ,m}, and consider the sequence {λν,iw

ν,i}∞ν=1.
Claim 1. Any cluster point, say, t̂i, of

{
λν,iw

ν,i, ν ∈ N
}

belongs to posW .
In all of the arguments that follow, it’s taken for granted that one passes to a

subsequence whenever that’s required or appropriate. Certainly, if t̂i = 0, it belongs to
posW . When t̂i �= 0, one has to consider three possibilities: (i) limν λν,i = 0 (i.e., the
limit of some subsequence is 0), (ii) limν λν,i = λi > 0 is finite, or (iii) limν λν,i = ∞.
In case (i), the sequence {wν,i} must be unbounded, and all of its “cluster points”
belong to the horizon outer limit lim sup∞

ν W ν . From (b) it follows that they also
belong to posW . In case (ii), the (sub)sequence {wν,i, ν ∈ N} must be bounded, and
hence t̂i = λiw

i for some wi ∈ lim supν W
ν . From (a), it then follows that every such

cluster point t̂i also belongs to posW . In the third case (iii), i.e., limν λν,i = ∞, t̂i

then belongs to the core outer limit of the sets W ν , in which case t̂i ∈ posW by (c).
This completes the proof of the assertion.

Let i0 be an index such that

|λν,i0w
ν,i0 | = max

i=1,...,m
|λν,iw

ν,i|,

and consider the sequence {λν,i0w
ν,i0}; i0 is assumed to be common for all ν, again

passing to a subsequence if required. If it is bounded, then all of the sequences
{λν,iw

ν,i}, i = 1, . . . ,m, are bounded, and one can assume that, for each i, they
converge to (cluster at) some t̂i ∈ R

m. In view of the earlier claim, these limits belong
to posW . Thus, also t = t̂1+· · ·+t̂m belongs to posW . There remains only to consider
the case when the sequence {λν,i0w

ν,i0} is unbounded, say, limν |λν,i0w
ν,i0 | = ∞. For

all i = 1, . . . ,m, the sequences {λν,iw
ν,i/|λν,i0w

ν,i0 |} are bounded, and one can assume
that, for each i, they converge to (equivalently, cluster at) some u1, . . . , um. By Claim
1, these ui belong to posW .

Claim 2. These limit points u1, . . . , um belong to lil(posW ). Consequently, if ui

is nonzero, then, for ν sufficiently large, wν,i belong to lilposW ν .
Since |λν,i0w

ν,i0 | → ∞, dividing tν by |λν,i0w
ν,i0 | and passing to the limit when ν

tends to ∞, one obtains u1 + · · ·+um = 0. Since posW is a convex cone, we conclude
that u1, . . . , um must belong to the lineality space of posW . The second part of the
assertion now follows directly from condition (d), and thus Claim 2 is verified.

Let I0 denote the set of all indexes i such that ui = 0 and J0 the set of remaining
indexes. Note that i0 belongs to J0 since |ui0 | = 1. According to Claim 2, if the index
set I0 is empty, then tν belongs to lilposW ν for ν large enough and, consequently, so
does t ∈ posW . Thus, one has only to consider the case when I0 is nonempty. Let’s
write tν as the sum of two following terms:

tν = zν + yν , where zν =
∑
j∈J0

λν,jw
ν,j , yν =

∑
i∈I0

λν,iw
ν,i.

Now, consider the sequence {zν}∞ν=1. It’s bounded or not.
Bounded case: The sequence {zν} is bounded. Let z be a cluster point of this

sequence that necessarily belongs to posW . Then the corresponding (sub)sequence
{yν} converges to t − z. There are two possibilities as far as this latter sequence is
concerned. The first one is when all sequences {λν,iw

ν,i} are bounded; hence, one
may assume that they converge to some wi, with i ∈ I0. In view of Claim 1, these
limits wi belong to posW , the limit t− z =

∑
i∈I0

wi also belongs to posW , and one

may conclude that t ∈ posW . When all of the sequences {λν,iw
ν,i} are not necessarily
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bounded, there is a sequence, again possibly passing to a subsequence, {λν,i1w
ν,i1}

such that

|λν,i1w
ν,i1 | = max

i∈I0
|λν,iw

ν,i| and lim
ν

|λν,i1w
ν,i1 | = ∞.

One can appeal to the same argument as that used earlier for the sequence {λν,i0

wν,i0 , ν ∈ N}, and one can find subsets I1 ⊂ I0 and J1 = I0 \ I1 such that

yν = vν +
∑
i∈I1

λν,iw
ν,i,

where vν =
∑

j∈J1
λν,jw

ν,j belongs to lilposW ν for ν sufficiently large. One can
rewrite tν as follows:

tν = (zν + vν) +
∑
i∈I1

λν,iw
ν,i.

Note that the first term (zν +vν) belongs to lilposW ν for ν sufficiently large and that
the index set I1 has cardinality strictly smaller than that of I0. One can proceed in
this manner, one eventually exhausts all possible indexes, and one is led to conclude
that t ∈ posW .

Unbounded case: The sequence {zν} is unbounded, say, limν |zν | = ∞. Assume
that limν z

ν/|zν | = v ∈ posW, v �= 0, and

0 = lim
ν

tν

|zν | = v + lim
yν

|zν | .

Set μν,i = λν,i/|zν |, and consider the sequences {μν,iw
ν,i}∞ν=1, with i ∈ I0. By the

same argument as in the “bounded case” for the sequences {λν,iw
ν,i}∞ν=1, we come to

the conclusion that either wν,i belong to lilposW ν for ν sufficiently large and i ∈ I0
or there is a nonempty subset J1,ubdd of I0 such that

tν =
∑

j∈J0∪J1,ubdd

λν,jw
ν,j +

∑
i∈I1,ubdd

λν,iw
ν,i,

where the elements of the first sum belong to lilposW ν for ν sufficiently large and
I1,ubdd := I0 \J1,ubdd is of cardinality strictly smaller than that of I0. Continuing this
procedure and remembering that the number of indexes is finite (m), we arrive at the
final step in which either all terms tν belong to lilposW ν for ν sufficiently large or t is
a sum of the limit points that belong to posW . In both cases, t is an element of posW
because the latter set is a convex cone. This completes the proof of the theorem.

Remark 4.2. Let’s record the following observations about the hypotheses of this
theorem:

• (a) When Theorem 4.1(a) holds, so does Theorem 4.1(c), trivially, when either
of the following conditions is satisfied:

(a1) The closure of W does not contain the origin;
(a2) [lim supo

ν W
ν ] \ {0} ⊂ int(posW ).

• (b) If posW is pointed, then Theorem 4.1(d) is trivially satisfied.
• (c) In Theorem 4.1(d), the inclusion lil(posW ) ⊃ lim supν lil(posW ν) when

(c1) posW ⊃ lim infν W
ν ;

(c2) dim lil(posW ν) ≤ dim lil(posW ).
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Clearly, condition 4.1(a) is essential. Next, we give three examples to show that
each of the remaining conditions can’t be neglected either.

Example 4.3 (necessity of condition 4.1(b)). Let W = {(0, y) ∈ R
2 : y ≥ 0},

and let W ν = W ∪ {(ν, ν)}. Then posW = {(0, y) ∈ R
2 : y ≥ 0}, while posW ν =

posW ∪ {(x, x) : x ≥ 0}. All of the conditions of the theorem are fulfilled except for
the second one.

Example 4.4 (necessity of condition 4.1(c)). Let W = {(0, y) : y ≥ 0}, and let
W ν = W ∪ {(1/ν, 1/ν2)}. Then posW coincides with W , but lim supν posW ν is the
positive orthant of R

2. In this example only the third condition is violated.
Example 4.5 (necessity of condition 4.1(d)). Let W = {(−1, 0), (1, 0)}, and let

W ν = {(−1, 1/ν), (1, 1/ν)}. Then posW = {(x, 0) : x ∈ R}, while lim supν posW ν =
{(x, y) : y ≥ 0}. In this example all of the conditions of the theorem are satisfied
except for the fourth one.

When W ν consists of the columns aν,1, . . . , aν,k of a constant size m× k-matrix,
Theorem 4.1 yields the following improvement of [12, Theorem 2].

Corollary 4.6 (positive hull of converging matrices). Assume that the vectors
aν,1, . . . , aν,k converge, respectively, to ai, i = 1 . . . , k. Set W = {a1, . . . , ak}, and
assume further that

(a) for all ν, dim lil(posW ν) = dim lil(posW );
(b) posW includes all of the cluster points of {aν,i/|aν,i|} when ai = 0;
(c) if 0 �= ai ∈ lil(posW ), then aν,i ∈ lil(posW ν) for all ν.

Then lim supν posW ν ⊂ posW .
Proof. The proof combines the observations in Remark 4.2(c) with the assertion

of Theorem 4.1.
The condition (b) of [12, Theorem 2] requires that Corollary 4.6(c) holds even

when ai = 0. It is clear that this condition then implies both conditions 4.6(b) and
4.6(c), but the converse is not the case, as seen by the next example.

Example 4.7 (relaxed outer semicontinuity). Let aν,1 = (0, 1) and aν,2 = ( 1
ν ,

1√
ν
).

Detail. Then a1 = (0, 1) and a2 = (0, 0). The lineality spaces of posW ν and
posW are the null space, and therefore conditions 4.6(a) and 4.6(c) clearly hold.
Since aν,2 �= 0, condition (b) of [12, Theorem 2] is not satisfied. However, one still
has lim supν posW ν ⊂ posW according to the previous corollary.

The outer semicontinuity of the positive hulls can also be characterized in terms
of the inner limits of their positive polar cones. Given a nonempty subset W of R

m

the polar cone of W consists of linear functions that are positive on W , that is,

W ∗ := {u ∈ R
m : 〈u, t〉 ≥ 0, t ∈ W} .

The inner limit of a collection of sets {Cν , ν ∈ N} is denoted by lim infν C
ν , which

consists of those vectors v for which there exist vν ∈ Cν for every ν such that v is the
limit of the sequence {vν}ν .

Proposition 4.8 (limits under polarity). Let C ⊂ R
n be a closed convex cone.

Then the following conditions are equivalent:
(a) lim supν posW ν ⊂ C,
(b) lim infν(posW ν)∗ ⊃ C∗.

Hence, under the assumptions of Theorem 4.1,

lim inf
ν

(W ν)∗ ⊃ W ∗.

Proof. Observe that the outer limit of posWν coincides with the outer limit of
their closures. Now, apply [11, Corollary 11.35] to the closed convex cones cl posWν
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to obtain the first assertion. The second assertion is deduced from (a) and Theorem
4.1.

Let us close up this section by some remarks on lower semicontinuity and upper
semicontinuity of the positive hull mappings. It is clear that the inclusion

lim inf
ν

posW ν ⊃ posW,

which characterizes the lower semicontinuity of the positive hull, is true under a quite
standard assumption that lim infν W

ν ⊃ W . The upper semicontinuity means that,
for any open set A containing posW , one can find an index ν0 such that A contains
all posW ν for ν > ν0. Since posW ν are cones, the above condition implies that posW
contains all of the cones posW ν whenever ν ≥ ν0. This is the reason why we focus
our attention to outer semicontinuity only.

5. Application: Semi-infinite programs. Consider the following semi-infinite
linear program,

min 〈c, x〉(siLP)

so that 〈at, x〉 + βt ≤ 0, t ∈ T,

where at ∈ R
n, βt ∈ R, and T is supposed to be a compact metric space. The system

of constraints 〈at, x〉+βt ≤ 0, t ∈ T , is denoted by σ and its solution set (the feasible
set of (siLP)) is denoted by S. Set

W = {at|t ∈ T} and Ŵ = {(at, βt)|t ∈ T} .

The convex cones generated by W and Ŵ are, respectively, called the first-moment
and the second-moment cone of the system σ (see [6]). We recall also that a sequence
{xν}ν of vectors in R

n is said to be an asymptotic solution of the system σ if for every
t ∈ T one has lim infν→∞〈at, xν〉 + βt ≤ 0. It is clear that the system σ is consistent
(that is, S is nonempty) if and only if it has a bounded asymptotic solution. A
system that has no asymptotic solutions is called strongly inconsistent. Of course, an
inconsistent system may have asymptotic solutions as well.

Now we consider a collection of perturbed problems of the same form: For ν ∈ N,

min 〈cν , x〉(siLPν)

so that 〈aνt , x〉 + βν
t ≤ 0, t ∈ T ν .

As functions of t, at, a
ν
t , βt, and βν

t are continuous. When the spaces C(T ) and C(T ν)
of the continuous functions on T and T ν are equipped with the max-norm topology,
their (topological) duals are the spaces of measures M(T ) and M(T ν), respectively.
The cone of positive measures is denoted by M+(T ν), and MF

+ (T ν) is the cone of

positive measures with finite support. The system σν and the sets Sν , W ν , and Ŵ ν

are defined accordingly as σ, S, W , and Ŵ above.
The first result that can be derived from Theorem 4.1 is on the stability of con-

sistency and strong inconsistency of the system of constraints of (siLP).
Proposition 5.1. Assume that the collection {Ŵ ; Ŵ ν , ν ∈ N} satisfies the hy-

potheses of Theorem 4.1. Then the following assertions hold:
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(a) If the system σ is consistent, then, for ν sufficiently large, the systems σν are
consistent.

(b) If the systems σν are strongly inconsistent, then the system σ is strongly
inconsistent.

Proof. According to the consistency tests (Theorem 4.4 of [6]) the system σ is
consistent if and only if the cone clposŴ does not contain the vector e := (0, . . . , 0, 1)
of the space R

n+1. Since the outer limit of posŴ ν coincides with the outer limit of
clposŴ ν , in view of Theorem 4.1, when ν is sufficiently large, the cone clposŴ ν does
not contain that vector either, and hence the system σν is consistent.

Now, if the systems σν are strongly inconsistent, then again, in view of the con-
sistency tests, the cones posŴ ν contain the vector e. By Theorem 4.1, the vector
e belongs to the cone posŴ , and hence the strong inconsistency of the system σ
follows.

It is known that the horizon cone of the feasible set S (when it is nonempty) is the
solution set to the homogeneous system 〈at, x〉 ≤ 0, t ∈ T . It is exactly the negative
polar cone of the set W . We derive the outer and inner continuity of the horizon cone
of S as follows.

Proposition 5.2. The following assertions hold:
(a) If the collection {W ;W ν , ν ∈ N} satisfies the hypotheses of Theorem 4.1 and

if the problems (siLPν) have feasible solutions, then

S∞ ⊆ lim inf
ν

Sν
∞.

(b) If W ⊆ lim infν W
ν and the problem (siLP) has feasible solutions, then

S∞ ⊇ lim sup
ν

Sν
∞.

Proof. If S is empty, then the inclusion of (a) holds trivially. If S is not empty,
as we have already mentioned, the horizon cone of S is the negative polar cone of the
set W . Then (a) follows from Theorem 4.1 and Proposition 4.8. The second assertion
is obtained from Proposition 4.8 and the remark at the end of section 4 on the inner
semicontinuity of the positive hull mappings.

An immediate consequence of the above proposition is on the boundedness of the
feasible set.

Corollary 5.3. If nonempty, the feasible set S of (siLP) is bounded provided
that the hypotheses of Theorem 4.1 are satisfied and that the feasible sets Sν are
nonempty and bounded. For ν sufficiently large, if nonempty, the sets Sν are bounded
provided that S is nonempty and bounded and that W ⊆ lim infν W

ν .
Proof. It is known that, being nonempty, the set S is bounded if and only if its

horizon cone is trivial. The corollary now follows from Proposition 5.2.
We notice that the hypotheses of Theorem 4.1 do not guarantee that problem

(siLP) has feasible solutions even if (siLPν) have. Next we turn to the stability the
of existence of optimal solutions for (siLP).

Proposition 5.4 (existence of solutions). Assume the following:
(a) (siLP) and (siLPν) satisfy the Slater condition;
(b) the collection {W ;W ν , ν ∈ N} satisfies the hypotheses of Theorem 4.1 and

cν → c;
(c) problems (siLPν) have finite optimal values.

Then the optimal value of (siLP) is finite.
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Proof. Direct calculation, either via the Lagrangian function or conjugate calculus
(see also [3]), yields the dual problem of (siLPν):

max

∫
T ν

βν
t dμ(t)

so that μ ∈ M+(T ν),(siDν)

cν +

∫
T ν

aνt dμ(t) = 0.

The finite support dual, whose (dual) variables are restricted to be measures with
finite support, is

max
∑

t∈supp(μ)

βν
t μ(t)

μ ∈ MF
+ (T ν),(siFDν)

cν +
∑

t∈supp(μ)

aνt μ(t) = 0,

where supp(μ) designates the (finite) support of the measure μ. With v(·) denoting
the optimal value, one has the following weak duality inequalities [3]:

v(siLPν) ≥ v(siDν) ≥ v(siFDν).

By assumption v(siLPν) is finite, and hence the set of feasible solutions of (siFDν) is
nonempty [3, Theorem 5.27], which means that

0 ∈ cν + posW ν .

Passing to the limit and applying Theorem 4.1, one obtains

0 ∈ c + lim sup
ν

posW ν ⊂ c + posW.

Hence, (siFD) is feasible, and in turn this implies that v(siLP) is finite.
Remark 5.5 (convergence of the solutions). The propositions that we have estab-

lished in this section are direct applications of Theorem 4.1. Some more convergence
properties which are less direct from the above-said theorem can also be said about
(siLP). For instance, the convergence of the feasible solutions is stated as follows.

(i) If Ŵ ⊆ lim infν Ŵ
ν , then

S ⊇ lim sup
ν

Sν ;

(ii) if the family Ŵ ν is relaxed upper semicontinuous in the sense that, for every
ε > 0, there is some integer ν0 such that all Ŵ ν , ν ≥ ν0, are within an ε-
neighborhood of Ŵ in the product space R

m × R, and if S admits a strong
Slater point, that is, a point x ∈ S, with 〈at, x〉 + βt ≤ −δ for all t ∈ T and
some δ > 0, then

S ⊆ lim inf
ν

Sν .

The proof of these assertions presents no difficulty, so we omit it. The convergence of
the optimal solutions and the optimal value of (siLP) can also be obtained by using
the methods of [4, 6], in which a rather complete analysis of convergence of (siLP)
has been exposed in the case when the index sets T ν are common for all ν.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

710 DINH THE LUC AND ROGER J.-B. WETS

6. Application: Stochastic programs. Here, we consider an extension of the
“linear” stochastic program recourse model [2, 10] to one where the recourse problem
takes on the form of a generalized linear program. This brings us into the realm
of problems with nonlinear recourse, and, for this particular class, we derive rather
explicit expressions for the induced constraints as well as a lower semicontinuity result
for the optimal value function. Let � stand for the random components of the problem
that takes its values, denoted by ξ, in Ξ ⊂ R

d, the (closed) support of the associated
probability measure P . The recourse cost function is

Q(ξ, x) = inf

⎧⎨
⎩

J∑
j=1

qjyj |yj ≥ 0, with ξ − Tx=

J∑
j=1

tjyj , t
j ∈W, j = 1, . . . , J, and J ∈N

⎫⎬
⎭,

where, for j = 1, . . . , J , (
qj
tj

)
∈ C ⊂ R

m+1,

with C convex; it could be the epigraph of (nonlinear) convex functions, for example.
The expected recourse function is

EQ(x) = E{Q(�, x)} =

∫
Ξ

Q(ξ, x)P (dξ),

with the stochastic program

min f0(x) + EQ(x)

so that Ax = b, x ≥ 0,

with f0 : R
n → R. Let

K1 =
{
x ∈ R

n
+|Ax = b

}
and K2 = domEQ.

The problem is said to have relatively complete recourse when K1 ⊂ K2. That’s a
desirable property, but, unfortunately, this is not universally the case. When E{�}
is finite [13], as we now assume, for the set of induced constraints, one has

K2 = domEQ =
⋂
ξ∈Ξ

domQ(ξ, ·) =
⋂
ξ∈Ξ

{x|ξ − Tx ∈ posW} .

Our emphasis here will be on the dependence of the set K2 on perturbations affecting
T,W , and Ξ, in particular when the set of feasible solutions of the stochastic program
is not necessarily bounded. Let’s denote these perturbed versions by T ν , W ν , and
Ξν .

Lemma 6.1 (outer semicontinuity of the induced constraints). When
(a) lim infν Ξν ⊃ Ξ and T ν → T ,
(b) the collection {W ;W ν , ν ∈ N} satisfies the hypotheses of Theorem 4.1,

then lim supν K
ν
2 ⊂ K2.

Proof. Let {xν ∈ Kν
2 }∞ν=1 converge to x and ξ ∈ Ξ. In view of (a), one can find

ξν ∈ Ξν such that limν ξ
ν = ξ. Then limν(ξ

ν −T νxν) = ξ−Tx that belongs to posW
according to Theorem 4.1. It follows that x ∈ K2.

Generally, the inclusion lim supν D
ν ⊂ D does not imply lim sup∞

ν Dν ⊂ D∞. A
remarkable exception is the case of induced constraints.
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Lemma 6.2 (the horizon outer limit of the induced constraints). Under the
hypothesis of Lemma 6.1, one has

lim sup∞
ν Kν

2 ⊂ K∞
2 .

Moreover, when K1 ∩K2 �= ∅, also lim sup∞
ν (K1 ∩Kν

2 ) ⊂ (K1 ∩K2)
∞.

Proof. Observe first that a vector x belongs to the horizon cone K∞
2 if and only if

−Tx belongs to clposW . Let z ∈ lim sup∞
ν Kν

2 , say, z = limk λkz
νk , where zνk ∈ Kνk

2

and λk ↓ 0. For ξ ∈ Ξ, in view of Lemma 6.1(a), one can find ξk ∈ Ξνk such that
ξk → ξ. Thus, ξk − T νkzνk ∈ posW νk and λkξ

k − T νk(λkz
νk) ∈ posW νk , as well.

Passing to the limit when k goes to ∞ yields −Tz ∈ posW via Lemma 6.1. Thus,
z ∈ K∞

2 . The second assertion is obtained from the first one by relying on [11,
Proposition 3.9].

This leads us to a lower-semicontinuity result for the optimal value. Here, we also
allow for perturbations fν

0 of the objective function f0 as well as for perturbations P ν

of the probability measure P . The expected recourse functions EνQ of the perturbed
problems are then defined by

EQν(x) =

∫
Ξν

[
inf

{
J∑

j=1

qjyj |yj ≥ 0 such that ξ − T νx =

J∑
j=1

tjyj , t
j ∈ W ν ,

j = 1, . . . , J,with J finite

}]
P ν(dξ).

Let v and vν denote the optimal values of the given stochastic program and of its
perturbations, respectively.

Proposition 6.3 (lower semicontinuity of the optimal value). When
(a) lim infν Ξν ⊃ Ξ and T ν → T ,
(b) the collection {W ;W ν , ν ∈ N} satisfies the hypotheses of Theorem 4.1,
(c) given (b), EνQ epiconverges to EQ,1

(d) the functions fν = fν
0 + EνQ are quasi-convex,

(e) the functions fν
0 converge continuously to f0,

(f) the set of solutions of our (given) stochastic program is nonempty and bounded,
then lim infν v

ν ≥ v.
Proof. A standard argument about the inf-projection and the summation, or

integration, of convex functions yields the convexity of EQ and EνQ. Assumptions (c)
and (e) imply that the functions fν epiconverge to f [11, Theorem 7.46(b)]. We now
proceed by contradiction. Suppose that one can find xν such that lim infν f

ν(xν) <
v. Let x0 ∈ argminK1∩K2

f . If the sequence {xν , ν ∈ N} is bounded, in view of
Lemma 6.1, one may assume that it converges to some x ∈ K1 ∩ K2. This means,
by epiconvergence, that lim infν f

ν(xν) ≥ f(x) ≥ v, and that’s a contradiction. If
the sequence {xν} is unbounded, we may assume that {xν/|xν |} converges to some
nonzero vector z ∈ lim sup∞

ν (K1 ∩Kν
2 ). By Lemma 6.2, z ∈ (K1 ∩K2)

∞; i.e., given
λ > 0, one can find λν > 0 converging to 0 such that x0 + λν(x

ν − x0) converges to
x0 + λz. Since the fν are quasi-convex, one must have

fν(x0 + λν(x
ν − x0)) ≤ max{fν(x0), fν(xν)} ≤ max{fν(x0), v}.

1This is not a very demanding condition, and it actually occurs under rather minimal assump-
tions; cf. [14, sections 6 and 8] for a brief survey.
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This implies that

f(x0 + λz) ≤ max{f(x0), v} = v.

Thus, for all λ ≥ 0, x0 +λz minimizes f on K1∩K2, in contradiction with assumption
(f).

Example 6.4 (without quasi-convexity). If the functions fν are not quasi-convex,
then the inequality lim infν v

ν ≥ v is no longer valid.
Detail. To see this, let us define the objective function f0 : R → R+ by

f(x) =

⎧⎪⎨
⎪⎩
−x− 1 if x ≤ 0,

x− 1 if 0 < x < 3,

2 if x ≥ 3

and choose the constraints so that the feasible set K1∩K2 = R+. (The set W consists
of one element 1, T is the matrix (−1), and the random variable Ξ takes the values
0, 1, 2, . . . .) The perturbed problems are given with the same feasibility set, and the
objective functions are

fν(x) =

⎧⎪⎨
⎪⎩
f(x) if x ≤ ν,

−x + ν + 1 if ν < x < ν + 3,

−f(x) if x ≥ ν + 3.

Then all of the hypotheses of the proposition are fulfilled except for the quasi convexity
of the fν . The optimal value vν is −2 while the optimal value v = −1.

Example 6.5 (without boundedness of argminf). The conclusion of Proposition 6.3
is no longer true if the set of minimizers of f on K1∩K2 is unbounded as demonstrated
by the following example.

Detail. Again, let K1 ∩K2 = R+. The objective function is

f(x) =

{
−x− 1 if x ≤ 0.

−1 if x > 0,
and fν(x) =

⎧⎪⎨
⎪⎩
f(x) if x ≤ ν,

−x + ν − 1 if ν < x < ν + 1,

x− ν − 3 if x ≥ ν + 1.

Then the set of minimizers of f is unbounded, and the optimal value of the perturbed
problems is vν = −2 while v = −1.
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