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a little background

» Decision making under uncertainty:
min f;, (x)+ E{Q(&,x)} so that x e C, c R”"

O(&x)=inf] f,,(E, )|y e C,(Ex) ]

C,(&.x)={y eR!|W,y=d, - T,x|
» = stochastic programming problems.
* Issue: realizations of (d.,T.,W,) = £eR",N > 2!

data: 43 samples,... never reaches the

asymptotic range



Formulation

 Find F*’, an estimate of the distribution of a
random (phenomena) variable X given all
the information available about this random
phenomena,

e 1.e. such that

Vx:F®(x)=F"(x)=prob.[ X <x].



Information

* Observations (data): x,x,,...,x

Vv

* Non-data facts:
— density or discrete distribution,
— bounds on expectation, moments,
— shape: unimodal, decreasing, parametric class

* Non-data modeling assumptions:
— see above + ...
— density 1s smooth, (un)bounded support, ..



Applications:

Estimating (cum.) distribution functions
Estimating coefficient of time series

Estimating coefficients of stochastic
differential equation (SDE)

Estimating financial curves (zero-curves)

est



Kernel-choice
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Information = Observations: X, X,,...

Optimal bandwidth = kernel support ?



Kernel estimates
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Statistical Estimation

from an optimization viewpoint




Criterion: Maximum Likelihood

* Find 7 € H=class-fcns(R) that maximizes
the probability of observing x,x,,...,x,

{ max szlh(x,) }

e cquivalently:
| «v
max;zlzl In h(x,) =

max E* {In h(x) }= max j In A(x) P’ (dx)




leads to:

co—d1m. optimization problem

max E"{Inh(x)} = %ijlln h(x,)

so that | A(x)dx =1,
h(x)=0, VxeR
he A" c H

AV: non-data information constraints

H= C2(R), I7(S), H!(S), ... ScR



Non-data information constraints
support: S =|a,B], S=]|et,0),...

bounds on moments: a < J.xh(x)dx <b

unimodal: A(x)=e°", 0: convex

decreasing: h'(x)<0,Vxe S
h '(x)z

'smoothness": he H,, dx < k (Fisher info.)

h(x
‘Bayesian’ : ‘h - ha‘ < ﬁ Or Qé‘h —h, ), Total variation, ...




Questions (M -estimators)

* Consistency: as V— oo does he!— h!74e?

hypo-convergence: “a law of large numbers”

« Convergence rate: how large does v have to be so
that hestN htme?

quantitative hypo-convergence: dist(/¢, ")

* Solving the co-dimensional optimization problem?

finite dimensional approximations
+ again convergence 1ssues.



When is (P) “near” (P%)

(P)  max f,(x) (P%)  max g(x)
s.t. f,(x)=0, ie !, s.t. g,(x)<0, iel,

xe X, Ck xe X, CL
Example: (P)

(P)  max f(x) max f,(x)+vY max[0, f ()]
s.t. f(x)<0,i=1,...,m .



From: when 1s (P) “near” (P%)

(P) max f(x) where
f(x)= fo(x) when f(x)<0, iel,,xe X, CE

— oo Otherwise

(P%) max g(x) where
g(x)= g,(x) when g,(x)<0, iel,,xe X, CE

— oo Otherwise

To: when 1s f “near” g



Example (with penalty)




Hypographs of f & f*




hypo /¢ “near” hypo f

= argmax (P%) ~ argmax (P)
J




f=helimy S

e X €argmax f',x — x=x€argmax f

cluster

aw-topology for usc functions (Attouch-Wets, 1992)

e ddlsuchthatdi(f",f)—> 0 [ %f

dl( 7, f)<n= dist(argmax ", argmax f )SKY (1)

o F'(x)=[fEXP (dE) & F(x)= [ f(Ex)P(dE)
P"—>P & f-tight = F" 7F



Quantitative hypo-convergence

VR — [O,l] continuous, strictly increasing

— for example: y(a)=(2/m)arctana

dl,(C,D)= |s&p|l//(a’(x,C)—l//(a’(x,D))|

o0

dl(C,D)=[e*dl, (C,D)dp
metric on s(_*);)ace of closed sets: 1, -topology

dl(f,g)=dl(hypo f,hypo g)
metric on space of usc-fens: 7, -topology




Quantitative hypo-convergence 11

e di(f", /)20 " - f

aw-hypo
e Theorem:
/f g X > I@, usc, concave, \

p,:argmax f Np B#Q, sup f<p, & forg

then Vp>p , €>0:

dlp (8- argmax f,€-argmax g) <1+ 4?'0) dlp (f,g)

o %




“Opt’-Formulation

max E" {ln h(x)} = %szzl Inh(x)

so that | h(x)dx = 1,
h(x) >0, Vx eR
he A "c H

AV: non-data information constraints

H= C(R), I7(S), H!(S), ... ScR



Convergence “‘rate”
L' (hx)=Inh(x)if he 4" c H, [h(x)dx=1,7>0

= -oo Otherwise

L =L exceptford=aw-lm A" (aw=dl)

aw-hypo

then J‘LV (.,x)dPV :{EVLV N EL]: JL(‘,X)d true

when H Hilbert, H —<ecompact o pr - i RKHS

embedding

constraint set: A -bounded, H-closed

H lin. subspace, Vx : x — A(x) cont.,
relies on the Hilbert-Schmidt Embedding Theorem



Numerical Procedures

1. h= ZZ:1 U, Py (')

Fourier coefficients, wavelets, “kernels-basis™

2. h=exp(s(+))

s(*) constrained cubic (or quadratic) spline



Basis: Fourier coefficients

1 23 T
max —Zln U, + —Zcos(wkexl M,

Voo \/5 0
so that u +\/*Zsm(w ) k:\/g,

k=1 W

u, + \/Ezq:cos( W"g )>0, Vx e [0,9],
k=1

u €R,k=0,....,q, weR_,k=1...,q

q '
2|:COS(W/€EX] cos(wkgx ﬂuk >0,V0<x<x'<6

k=1

1.e., h 1s decreasing



Test Case: exponential

h(x)=de™ if x20; =0if x<0 (A=1)
“empirical” estimate

kernel estimate from R-stat
unconstrained with support [0,0)
unconstrained with adaptive wave length
constrained (/2 decreasing)

parametric, 1.€., he exp-class



200-observations!
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het: empirical (five observations)
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hest: kernel
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hest - unconstrained

= Exponamial Dis.
- = Estiimae
09" ® @ sampled Daia




est; . .with adaptive wave #

—— Exponenial Dis:. |
= = Estimae
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het: with decreasing constraint
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5-observations!
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1-observation!

1.4 T Unconsirained Estimate with adap:ive Wavenumbers
. = Exponemial Dist. 1 \ -
£\ Kernel Estimate \ = Exponamial Dis:.
.. .. Da:a \ = = Esimae
1.2k [ 09 \ s 2 SampkdDaa
|“ “‘ \
f \ \
; \ 0.8
( ! ‘\
1 \ 5 \
f | 07 \
| \
08 \ ! 06- ! .
. R-stat kernel . unconstrained
06 { 4 ’
0.4 /
0.2
ol et
-05 ]
Parametric Estimae
1

Constrained Estimare
= Exponamial Dis:.
Esiimae

= Exponamial Dis:.
= = Esiimae
09~ e 2 sSampkdData

\ decreasing




Exponential (quadratic) spline




h(x)=e*™

S(x)=S0+V0x+Jdl’deZ(f), z(t) =z, on (%, %, ]
0 0

k
=5, +V, X+ 2],:1 a,;z, when xe (x,, % |

max E* {In h(x)} ~ minlxs(x,)
V =
so that j e dx<1,  (h>0)

! . ! .
z, € |-k, Kk, | 'constrained"-spline

unimodal: k, =0



Test Case: log-normal, V= 25

B (x) = (vov2m ) e for x>0,
“empirical” estimate

kernel estimate from R-stat
unconstrained with support [0,0)

constrained (~2 unimodal)



25 observations!

msge — mean square error
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Test Case: NV (10,1), V=15

B (x)=(1/~2m)e 192 x eR
kernel estimate from R-stat

unconstrained with support (-co,c0)
light-unimodality constraint on 4
stricter-unimodality constraint on /

h: unimodal



5-observations: AV (10,1)

" R-stat kerpel .| ‘without’ unimodal

. unimodal




Higher Dimensions

o 2-dim. (& dim. >2) &i(x,y) = exp(z(x,y))
2x,y) =z +vox+ | dr| dsa’(s)
+ [ dt| dra’(r)
+ | ds| dra™(s,r),

* Set a'(t)=a, on (s,_,s,), a’(t)=a on (r_,,1,)

a’(t)= a,, on (S,_»S )X (1_,,1)



s 20 samples & unimodal
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