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Abstract. In this article we consider the continuity properties of the partial
Legendre-Fenchel transform which associates, with a bivariate convex function

F: X xY — RU {+00}, its partial conjugate
L:XxY*—R,ie L(z,y*) =infy e Y{F(z,y) - (§* | v)}.

Follow/ing [3] where this tranformation has been proved to be bicontinuous
when convex functions F are equipped with the Mosco-epi-convergence, and
convex concave Lagrangian functions L with the Mosco-epi/hypo-convergence,
we now investigate the corresponding convergence notions for augmented La-

grangians, Moreau-Yosida approximates and subdifferential operators.

1. INTRODUCTION

In [4], [5] the authors have introduced a new concept of convergence for bi-
variate functions specifically designed to study the convergence of sequences

of saddle value problems, called epi/hypo-convergence.

A main feature of this convergence notion is, in the convex setting, to make
the partial Legendre—Fenchel transform bicontinuous. We recall that, given a
convex function F: X x ¥ — R its partial Legendre-Fenchel transform is the

convex-concave function L: X xY* - R

L(z,y") = inf {F(z,y) - (v" [ 9)}- (1.1)

The transformation F — L is one-to-one bicontinuous when convex functions
are equipped with epi-convergence and closed convex-concave functions (in the

sense of R.T. Rockafellar [37] with epi/hypo convergence (see [5], [3])).

When, following the classical duality scheme, functions F'™ are perturba-

tion functions attached to the primal problems

inf F"(z,0),
z€X

the above continuity property, combined with the variational properties of

epi/hypo-convergence, is a key tool in order to study the convergence of the
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saddle points (that is of primal and dual solutions) of the corresponding La-
grangian functions {L™; n € N}. The reduced problem is the study of epi-
convergence of the sequence of perturbations functions {F™; n € N}. This
approach has been successfully applied to various situations in Convex Anal-
ysis (in Convex Programming see D. Azé [8], for convergence problems in
Mechanics like homogenization of composite materials or reinforcement by
thin structures see [9], H. Chabi [17], ...).

Indeed there are many other mathematical objects attached to this clas-
sical duality scheme. Our main purpose in this article is to study for each of

them the corresponding convergence notion.

Particular attention is paid to the so-called augmented Lagrangian (espe-

cially quadratic augmented) whose definition is (compare with (1.1))
*y _ : 2 _ g %
Li(z,y") = inf {F(z.9) + 3 Ivl* — " [ 9)} (1.2)

and which can be viewed as an “augmented ”partial Legendre-Fenchel trans-
form. In theorem 4.2 we prove the equivalence between Mosco epi/hypo-

convergence of Lagrangian functions L™ and
for every r > 0 and y* € Y™, the sequence
of convex functions {L}(-,y*); n € N} (1.3)
Mosco epi-converges to L.(-,y*).

By the way, since L, can be written as an inf-convolution
12
L= (-L) Vo B (14)

we are led to study the two following basic properties of the inf-convolution op-
eration, which explains the practical importance (especially from a numerical

point of view) of the augmented Lagrangian :
- regularization effect;

- conservation of the infima and minimizing elements. This is consid-
ered in Propositions 3.1 and 3.2 for general convolution Kernels, see also
M. Bougeard and J.P. Penot [14], M. Bougeard [13)].
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Iterating this regularization process but, now, on the z—variable, we obtain

the so called Moreau-Yosida approzimate

o 1 1, .,
Loy = jaf, sup { L) + g5 lle = €7 = 32 10" = alf ., (15)

the inf-sup being equal to the sup-inf (for closed convex—concave functions
(theorem 5.1 d)) and the Mosco epi/hypo-convergence of L™ to L is equiv-
alent to the pointwise convergence of the associated Moreau—Yosida approx-

imates (Theorem 5.2). Moreover Ly , has the same saddle elements as L!
(Theorem 5.1 b).

Finally we characterize in terms of graph convergence of subdifferential

operators

oL™ -5, 8L

the above notions (Theorem 6.1), and summarize in a diagram all these

equivalent convergence properties.

2. CONVERGENCE OF CONVEX-CONCAVE SADDLE
FUNCTIONS AND CONTINUITY OF THE PARTIAL
LEGENDRE-FENCHEL TRANSFORMATION

2.1. Duality scheme

Let us first briefly review the main feature of Rockafellar’s duality scheme
(cf. [37], [38], [39]). Let X, Y, X*, Y* be linear spaces such that X (resp. Y)
is in separate duality with X™* (resp. Y*) via pairings denoted by (- | -).

Let us consider

LXxY*>R

which is
convex in the z variable,

concave in the y* variable.
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Let us define
F:XxY >R

G:X*xY* >R

by:
Flzv)= sup {L(ey) + " 9} (2.1
G(z,y") = inf {L(z,y") - (2" | 2)}. (2.2)

F (resp. G) is the convex (resp.concave) parent of the convex-concave func-

tion L.

Two convex—concave functions are said to be equivalent if they have the
same parents. A function L is said to be closed if its parents are conjugate to
each other, i.e.,

-G =F*and (-G)* = F. (2.3)

For closed convex—concave functions L, the associated equivalence class is an

interval, denoted by [L, L] with

L(z,y") = I?‘E‘ﬁ.{G(z*,y*) + (=" [ 2)}, (2.4)
L(z,y") = ying{F(z,y) - (" |9} (2.5)
Let us observe that
L=(-G)* (2.6)
—L=F", (2.7)

where *y (resp. *z*) denotes the partial conjugation with respect to the y

(resp. z*) variable.

If we denote by I'(X x Y') the class of all convex lLs.c. functions defined
on X x Y with value in R, we have the following ([37]).
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Proposition 2.1. The map K +— F establishes a one-to-one cor-

respondence between closed convex-concave equivalence classes
and T(X xY).

In the sequel, closed convex-concave functions will be assumed to be
proper, i.e., convex parent F is neither the function = +o0o nor the function

= —00.

In the classical theory of convex duality (see [19], [39]) the Lagrangian as-
sociated with the proper closed convex perturbation function F is the convex-
concave function L defined in (2.5). The research for a primal and dual solu-
tion is then equivalent to that of a saddle point for the equivalence class which

contains L.

2.2. Mosco epi-convergence

For further results see [1}, [25], [34].

Definition 2.2. Let X be a reflexive Banach space. A sequence
{F™:X — R} is said to be Mosco-epi-convergent to F: X — R
if

(i) for every z € X, for every z, — z,
liminf, F*(z,) > F(z),

(ii) for every = € X, there exists z, — z,
limsup,, F"(z,) < F(z),

where w and s denote the weak and the strong topology

of X respectively.

We then write

F =M - lim, F". (2.8)

A basic property of Mosco-convergence is the following (cf. [33])
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Theorem 2.2. Let X be a reflexive Banach space and
{F"; F: X — RU {+o00}}
a collection of closed convex proper functions. Then

F=M-lim, F* & F*= M — lim (F")*.

Comment. The above results establishes that the conjugacy operation is
bicontinuous with respect to Mosco-convergence. In fact, as proved in [6], this

operation is an isometry for suitable choice of metrics on I'g(X) and I'g(X*).

2.3. Extended Mosco-epi/hypo-convergence
Let (E, ) and (F, ) be topological spaces and {L™: Ex F — R} be a sequence

of bivariate functions; we define, for every (z,y) € E x F:

(er/ho ~1s L™)(z,y) = sup inf (limsup, L"(zn,yn)), (2.9)

o
Yo — yIn — %

(ho/er —1i L*)(z,y) = inf  sup (liminfn L™ (s, yn)). (2.10)

o
In Ty, —y

Definition 2.3 (see [4], [5], [3]). Let X and Y be reflexive Ba-
nach spaces and {L™, L: X x Y* — R} a collection of bivariate
functions. We say that L™ Mosco epi/hypo-converges to L in the

extended sense if

cl{es/hy —1s L") < L < cl(hs/ew — i L), (2.11)
where cl and ¢l respectively denote the extended lower closure and

the extended upper closure, i.e., for any function F: (X,7) — R

o F = cddF ifcl F > —o0,
=7 7 ] —oo otherwise,

cl F denoting the ls.c. regularization of F, and ¢l F = 1(—F).
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For a convex function, it is well known that ¢l F = F** (let us observe
that if es/hy, — 1s L™ is convex in X and hg/e,, — li L™ is concave in y*, then

in definition (2.11) the extended closure operations reduce to biconjugation).

The following result ([3]) establishes that the partial conjugation defined
in (2.4) and (2.5) is bicontinuous when I'g(X X Y) is endowed with Mosco
convergence and the classes of closed convex-concave functions is endowed

with Mosco epi/hypo-convergence.

Theorem 2.4 ([3], Theorem 3.2). Let us consider X and Y,
reflexive Banach spaces, and {F", F:X xY — R} a collec-
tion of closed proper convex functions with associated equiva-
lence classes of closed convex-concave functions denoted by L", L.

Then, the following are equivalent :
(i) Fr 24 F,
(ii) L™ Moefhp, (extended Mosco epi/hypo-convergence).

The extended Mosco epi/hypo-convergence is variational convergence in a

sense made precise by

Theorem 2.5 (/3], Theorem 2.6). Let us consider (X,r) and
(Y,o) two general topological spaces and {K", K: X x Y — R}

a sequence of bivariate functions such that

cle-/ho —1s K™) < K < cl(hs/e, —li K™),

(ZTk, i) is a saddle point of K™ for all k € N,
(2.12)

—_ T — — o _
Zp— T and §p — V.

Then
(Z,¥) is a saddle point of K and

, o 2.13
K(i,y)=k1§rf°°K“(zk,yk) (2.13)
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3. FURTHER PROPERTIES OF INFIMAL CONVOLUTION:
REGULARIZATION EFFECTS, CONSERVATION OF
INFIMAL VALUE AND MINIMIZING ELEMENTS

In preceding section 2.3 the partial Legendre-Fenchel transform
FAL=—(F*),
L(z,y*) = inf {F(z,y) - (s" | 9},
yeY

has been introduced and its continuity properties have been briefly reviewed.

In the case of Convex Programming
mingex fo(z)
subject to fi(z) <0 7=1,2,...,m
The Lagrangian function L attached to the classical perturbation function F
is given by
fo(z) - XL, yi filz) ify* <0,
L(z,y*) =
—o0 otherwise.

A major technical difficulty which arises when using directly this Lagrangian
comes from the fact that the value —oo is taken on. A natural idea is to replace
it by some smoother function either by approximation (penalization of the
constraint y* < 0) or even better relying on the approximation-regularization
by infimal convolution (with respect to the perturbation variable y*). This

last approach gives rise to the so-called augmented Lagrangian, for example
* 1 2
L (z,y%) = L(z,-) A2_ ““y‘
T
(where A denotes the sup-convolution) is the “quadratic” augmented La-

grangian).

In the next section we shall study the correspondance F — L, which can
be viewed as a “generalized” partial duality transform and shall describe its

continuity properties.
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In this paragraph we study two main features of the inf-convolution oper-
ation which enlight the practical importance of augmented Lagrangian func-
tions:

The inf-convolution by a smooth kernel has a smoothing effect. (3.0)

The inf-convolution preserves the infimal value

(3.1)
and the set of minimizing elements.

In the above setting it follows that the Lagrangian and corresponding aug-

mented Lagrangian functions have exactly the same saddle elements.

The following propositions, which are related to some results obtained si-
multaneously by M. Bougeard and J.P. Penot [14] (see also [13]) allow us to

select well-behaved convolution kernels for which the two above basic proper-
ties (3.0) and (3.1) hold.

Proposition 3.1. Let (X,d) be a general metric space,
F:X — R a real extended valued function and k:R* — R™*

a positive function such that
k(0) = 0. (3.2)
Let us define, for every x b.eIonging to X,
Fi(z) = inf {F(y) + k(d(z,y))}.
yeX
Then
o) 1, el = ot (o
(b) arg min (cl F) C arg min (cl F).
Moreover, if we assume that
inf F > —o0 (3.3)

and

k(t) — 0 implies t — 0, (3.4)
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then

(c) arg min (cl F) = arg min (cl F), where cl(-) denotes the
lower-semicontinuous regularization operation (with re-

spect to the topology induced by d!).

Proof

inf File) = inf, [yig;w(y) n kd(z,y))]

v [32§(F<y) + kd(z,y))]

inf F
inf ()

since k(0) = 0.

(b) Let us now consider T € arg min (cl F), that means
c F(Z) = 151(f(cl F) = lﬁfF = 151(f Fr= 151{1 cl F,
thus we derive since Fy < F,
cl Fk(f) <cl F(E) = igl(fcl Fy

and (b) follows.
(c) If F = +o0, there is nothing to prove, so, we can assume that F is proper.

Let us consider z# € arg min (cl Fy), that is

# o o
cl Fe(z7) = 19(fcl Fi = 151(fF.

For every € > 0, by definition of cl Fi, there exists £, € X which satisfies
d(Ee, z#) <e

Fe(€) <inf F + ¢ (8:5)

(let us recall that infx F is finite thanks to (3.3) and the properness of F).

Using now the definition of Fj, we derive the existence of y. € X such that

Flye) + k(d(ye, &) < igl(fF + €. (3.6)
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Since F(ye) 2 ig{f F, we obtain

k(d(ye, &)) <,

which ensures y. — z#, thanks to (3.4) and (3.5).

Passing to the limit inferior on both sides of (3.6), using the fact that
k > 0, we derive
cl F(z#) < lim inf F (y)
<inf F,
X

that is, z# minimizes cl F. g

The next proposition deals with regularity of the approximates. Roughly
speaking , Fy inherits the Lipschitz regularity of k. For technical reasons,
we shall distinguish the Lipschitz case and the locally Lipschitz one which is

surprisingly more involved.

Proposition 3.2. Let us assume that the function k: Rt — R*
satisfies k(0) = 0 and let us consider a proper function F: X — R

which satisfies the growth condition

for every z € X, there exists c(z) € R such that

F(y) > —k(d(z,y)) + ¢(z), for every y € X. 37)
(a) If k() is Lipschitz on R™ then
Fy is Lipschitz on X. (3.8)
(b) If k() is locally Lipschitz and verifies
F() + k(d(-, z)) is uniformly coercive 59

when z ranges over a bounded set,

(this means that F(y)+k(d(y,z)) < M with z in a bound-

ed set implies that y ranges over a bounded set), then

Fy is locally Lipschitz on X. (3.10)
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Proof. Let us observe, thanks to the growth condition (3.7) and the properness

of F, that Fy is everywhere finite.

(a)

Let z; € X, 29 € X, ¢ > 0 and & ¢ € X such that
F(&1,e) + k(d(€1,e,21)) < Fi(z1) + €.
From the definition of Fi(z;), we derive
Fi(z2) < F(&1,e) + k(d(&1,e, 22))-

Adding the two last inequalities and keeping in mind that F'(§; ) is finite,

we obtain
Fi(z2) — Fx(z1) < k(d(&1,e,22) — k(d(E1,6,21)) + €. (3.11)
Assuming k(-) to be Lipschitz, there exists L > 0 such that
|k(s) — k(t)] < Lls — ]
for every s > 0,t > 0. Using the triangle inequality in (3.11), we derive
Fi(22) — Fi(z1) < Ld(z1,22) + <.

Letting € | 0, we obtain that F) is Lipschitz.

We claim that
Fy is bounded from above on bounded subsets of X. (3.12)

Indeed
Fy(z) < F(zo) + k(d(z0,2)),
where zo € X is such that F(zp) < +00

Therefore (3.12) follows from the continuity of k(-). Let us consider
a bounded set B C X, (z;,22) € B x B and &, . defined as above. By

definition of £, .

F(El,e) + k(d(fl,e, 11)) < Fk(zl) +e< M
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when z; ranges over B (see (3.12)) and 0 < € < €. Using (3.9), we know

that & . remains bounded. On other hand, let us recall that

Fio(2) ~ Fi(21) < k(d(Exe, z2) — k(d(E16,71)) + €. (3.13)

Using the fact that &;  is bounded, we derive the existence of M > 0 such
that

(d(€1,e,22) S M, (d(&1,er1) S M
for every (z1,22) € B X B and 0 < € < ¢q.

The function k(-) being locally Lipschitz, is Lipschitz on [0, M], so,
there exists L > 0 such that

|k(s) — k(t)| < L|s — t|, for every (s,t) € [0, M] x [0, M].
From (3.13) we derive

Fi(z2) — Fi(z1) € L|d(€1,es22) — d(€1,6, 1)) + €
< Ld(zy,22) + €
for every (z,,z2) € B X B.
Letting € | 0 archieves the proof of (3.10). 1
Comments
(1) A sufficient conditions which guarantees the growth condition (3.7) and
the coerciveness assumptions (3.9) is the following:
for every B C X bounded,
there exists a < land C€R
(3.14a)
such that F(y) > —ak(d(z,y)) - C

foreveryze Band ye X

and

k(-) is coercive (t lif{_nc’o k(t) = +o0) (3.14b).
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Indeed by taking B = {z} for every z € X the growth condition (3.7) is
fulfilled. Moreover if B is a bounded subset and if F(y) + k(d(z,y)) < M
with z € B, we derive, using a < 1 and C € R defined in (3.14),

- C+(1-a)k(d(z,y)) <M and

M+C
l-o

k(d(z,y)) < for every z € B.

From the coerciveness of k(-) and the boundness of B, (3.9) follows.

(2) Take X a Banach space, for the following possible choices of k(-), we have

k(r) =% Moreau-Yosida approximate
k(r)=r Baire-Wijsman approximate
k(r) = 3r® +er Gauvin approximate

(3) We stress the fact that, as far one is only concerned by the minimization
problem, one can replace any function F by a smoother Lipschitzian func-
tion which has exactly same minima and same minimization set as the

original one.

This feature has been already exploited by the authors ([6]) when defining

rate of convergence for sequences of convex functions.

A major difficulty in this kind of question is that the domains of the
functions may also vary. By using the above device (note that the regularized
functions Fj are everywhere defined and locally Lipschitz) one can define for
every p > 0 the following distance

dp(F,G) = sup |Fi(z) — Gi(2)|
lzli<e

which allows us to derive convergence rates for the solutions of the correspond-

ing minimization problems.

Indeed, in the convex case, and k(r) = "—; (that is the Moreau-Yosida

approximate), the whole function F is determined by one of its approximates.
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Just notice that

Fy = FVL'—E
2k
hence \
Fp=F"+ kl—-2|— (Fg stands for (Fg)*),
and if F is closed convex
|- 12\

At this stage a natural question is: what is the largest class of functions for
which the correspondance F — Fj is one-to-one? (i.e., F uniquely determined
by one approximate). The class of closed convex function by the preceding
argument does satisfy this property. Indeed one can exhibit a larger class,
namely functions which are convex up to the square of the norm, for which
this property still holds (further results concerning this class of functions can

be found in M. Bougeard [13]). This is made precise in the following

Proposition 3.3. Let H be a Hilbert space; for any proper
function F: H — R U {+oo} and X > 0 let us denote

Fi(e) = inf {F(y) R y||2} (3.16)

the Moreau-Yosida approximate of index A of F'. Let us denote by
T the class of functions F: H — RU{+00} such that F + k ||-||*
is proper, closed and convex. Then, for every A > 0, k > 0 such

that % > k the correspondence
Fely— F,

is one-to-one, i.e., F € 'y is uniquely determined by one of its

approximates. Moreover F), is C!.

Proof. Let us first notice that F satisfies a growth condition

F(z) 2 ~k|z|* - ¢(ll2]| + 1)
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since F + k||||? is closed convex and proper.

Hence for every A > 0, k£ > 0 such that "2%? > k, F satisfies conditions of
Proposition 3.2 and F) is everywhere defined and locally Lipschitz. Introduc-

ing ¢, a closed convex function such that F = ¢ — k||-||*, we have
Fi(e) = int {o(w) = sl + 35 llo = oI
A yeX 2X

= int, {0+ (55— #) Il = g5 1ol + 55 e = 1P

Simplifying the last expression, we obtain

Ao = jat, {o) + (35— k) ol = 3 190} + 55 el

yeX

= e (G- #) 1] (2) + g e
- % ]| — (so* V2—(%1_—%) |HI2) (5)

Fa(e) = g5 Il = (07)3 2 (5) (3.17)

From this last expression we easily derive the conclusions of Proposition 3.3, we

and finally

first notice that given Fy, (3.17) uniquely determines (¢")1_yy, and from the
above argument in the convex case, ¢* is uniquely determined. The function ¢

being closed and convex is again uniquely determined by its conjugate and so
is F.

Moreover from classical properties of the Moreau-Yosida approximation
for closed convex functions (cf. [15], [1]) (¢*)1_z is a C! function and from

(3.17) so is Fx. n

Remark. Without geometric assumptions on F, the Moreau-Yosida trans-
form F — F) fails to be a one-to-one mapping. Take for instance H = R,
=1/2 and

(-1 ifz<0,
F(“)"{1 if z>0.
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A quite elementary computation shows that all functions @ such that
F > Q@ > G with

-1 if z <0,
G(z) = {1—(\/§—z)2 if0<z<V2,
1 if £ > /2,
verify
-1 if z <0,
Q12(z) = Fyya(z) = {932—1 if 0 <z <2,
1 if 2 > /2.

4. CONVERGENCE OF AUGMENTED LAGRANGIANS
AND CONTINUITY OF THE “AUGMENTED”
PARTIAL LEGENDRE-FENCHEL TRANSFORM

From now on we assume that

X, X*,Y,Y” are reflexive Banach spaces

equipped with strictly convex norms

and satisfy the following property: (4.1)
weak convergence and convergence of the norms

imply strong convergence.

As far as one is only concerned with topological properties it is not a restrictive
assumption since a theorem of S. Trojanski and E. Asplund asserts that every
reflexive Banach space can be renormed in order to verify (4.1). When this
is done, the norm is Frechet-differentiable (except at the origin!) and one can
define

Vze X, H(z)= D (% ||.||2) (z) € X*. (4.2)

The map H: X — X* is called the duality map and characterized by

H(z) is the unique element z* € X* which satisfies

(4.3)
Izl = llz|| and (2" | z) = ||z||*).
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The duality map is then a homeomorphism between X and X* and verifies
H(\z) = AH(z)
17 =0 (3 HE) ()

where ||-||, is the dual norm of ||-|| .

From preceding results (section 2 and 3} it follows that the “augmented”
partial Legendre-Fenchel transform F +— L, is one-to-one correspondence,

where
F: X xY — RU {400} is a closed convex proper function,

L: X x Y* = R is an element of the class of closed proper convex-concave

functions associated with F by (2.4) and (2.5).

L: X xY*—>RU{+o0}, r >0,

”

is the classical “quadratic
(36]):

augmented Lagrangian (see [11], [20], [35],

L) = (Ladag 1 +) )

[T
= sup {L(e) - 5o -2}
ney* r

= for every L € |L, L].
The terminology is justified by the following equivalent formulation of L.,
obtained by taking L = I,

1, .2
.= F*YT_—_|.
L, =¥V |}
- LATIRTE T D
= (F+Z13)

thus
*\ s : 2 _ *
Li(z,y) = inf, {Flz.9) + 5 Ivll* - 0" | 0)}

which amounts to replacing F by F + 3 ||||§ where Y is the perturbation

space.
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In the case of Convex Programming the quadratic augmented Lagrangian

is given by the following formula
m
L(2,3*) = fo(z) + )_ . (fi(z), ¥])Vz € X, Vy* € R™,
i=1

where

Jes

1 s ifs >4,
'Qbr(s,t):

1 42 H
_'2_‘rt lfSS

(e

The following proposition guarantees that the saddle points and saddle values

are preserved when replacing L by L,, in the general (metric) setting.

Proposition 4.1. L and L, have same saddle value, and every

saddle point of L is a saddle point of L,.
Proof. Take (Z,¥*) a saddle point of L; it is characterized by the following
inequality:
sup L(z,y") < inf L(z,7%).
y*EY' ZGX
By Proposition 3.1
sup L.(Z,y*) = sup L(Z,y*).
y‘eyw yteya
Noticing that L, is greater than or equal to L,
inf L(z,5") < inf L,(z,7%).
nf L(z,y ) < Jnf L,(2,7")
Combining the preceding inequalities induces
sup L,(T,y") = L{z,y*) < inf L{z,7") < inf L,(z,7%),
Jup Le(@y") = sup L(@.v") < inf L=,77) < jnf Lo(=.77)
that is
(Z,7") is also a saddle point of L,,

and
L(z.9) = L (z.7")
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ie., L and L, have same saddle value. §

Remark. The preceding conclusions still hold when instead of quadratic aug-
mented Lagrangian, one considers augmented Lagrangian obtained through

inf-convolution by a kernel k(-) satisfying assumptions of Proposition 3.1.

In the convex-concave setting, a more precise result can be obtained.

Proposition 4.1° . Let L: X x Y* — R be a closed convex-
concave function where X, Y are reflexive Banach spaces verify-
ing 4.1. Then L and L, have the same saddle points and saddle

values.

Proof. In the lines of R.T. Rockafellar (see [37], [38]), we consider, for a closed

convex-concave function L, its subdifferential
OL(z,y*) = 01L(z,y*) x (-82(—L(=,¥%))),

where 8;L and 92(~L) denote the convex subdifferential with respect to the

first and the second variable. It is well known that
(u*,v) €3L(z,y*) & (u*,y*) € IF(z, —v), (4.5)

and

(Z,7") is a saddle point of L < (0,0) € 9L(Z,7"). (4.6)

Moreover, when (Z,7*) is a saddle point of L,

where F and G are respectively the convex and concave parent of L (see (2.1),
(2.2)).
Let us now return to the proof of Proposition (4.1°).
(%Z,9”) is a saddle point of L, < (0,0) € 8L, (Z,§")
— r -
& 07)€o (F+I}) (=0
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Let us observe that

8 (F+ % 113 ) (z.4) = 9F(.9) + (O, rH(y))

since the function I |||} is continuous. (H(y) is the duality map defined
in 4.3). Using the fact that H(0) = 0, we derive
(Z,¥") is a saddle point of L, & (0,%*) € 0F(z,0)
< (0,0) € BL(Z,¥*) (from 4.5)
& (Z,7") is a saddle point of L.
Moreover the saddle values verify
L@5) = (F+ 31} ) 2.0
= F(z,0) = L(z,7"),
which ends the proof of Proposition 4.1°. g

Comment. The conclusions of Proposition 4.1’ still hold when replacing L,
by Li(z,y*) = sup,.cy+{L(z,n*) = k(|ly* — n*||)}, where k: R — R is an even
convex function such that k* is derivable at the origin and verifies £*(0) = 0
and (k*)'(0) = 0.

Indeed, in this setting, Ly is the closed convex-concave function associated

with the convex parent

@(z;9) = F(z,y) + k" (|lyll).
We can now give the main result of this section.

Theorem 4.2. Let X, Y be reflexive Banach spaces renormed
as in (4.1). There is equivalence beiween

(i) Fr 24 F;

(i) L M=t

—e/h
(iii) L? M=ef L, for every (resp. some) r > 0,
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(iv) L?(-,y*) —M—>L,(-,y*) forevery r > 0 and y* €Y*.

Before detailing the proof of Theorem 4.2, we recall the key facts used in

this proof:
Fr M F o (Fr) 2 P (4.7)
Fr MY FevA>0,Vze X, lim (F™)x(z) = Fa(z), (4.8)

where {F", F: X — R} is a collection of convex closed proper functions and

File) = inf {F(y) . z||2} (49)

is the Moreau-Yosida approximate of parameter A of F. Equivalence (4.7) was
proved by U. Mosco in [33], and (4.8) is Theorem 3.26 of [1].
Proof of Theorem 4.2

(i) « (ii) is Theorem 2.4.

(i) = (iif). F* = F=F*+ 2|3 MF+ Z||-||% and (iii) follows from
Theorem 2.4 and formula (4.4).

(iii) = (i). Assuming (iii) holds for some r > 0, we derive, from Theo-
rem 2.4 that
n r 2 M r 2
F*+ 5y = F+35lly
and then
e D 02 ) M T2 + 112
P 2 (5 +1105) 25 F+ 5 (115 + 103 ) -

From (4.7), we derive that
(F™)* 2L, (F*),, for some r > 0. (4.10)

Using the resolvent equation (p,)s = @r+s, We obtain from (4.8) and (4.10)
that
(F™)5(z") "2t (F*),(a*) for every p > 0 and z* € X*.

Using again (4.8), in fact a slightly weakened version (see {1]), we derive

(F")* =5 (F)
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and by (4.7)

J ey
(i) & (iv). We observe that the convex function
. r 2
= ) = f g - *
¥(z) = Liz,y") = inf {F(z,9) + 5 ol” - " | w)},

which is not identically equal to +o0o since F is proper, does not take on the

value —oo, and is l.s.c. since, for every z € X, the function

r *
y— F(z,y)+ 3 Iyll® ~ (¥ | 9)

is uniformly coercive when z remains bounded. Let us define (in the following

argument y* is fixed)
U*(z) = Ly(z,9%),

\I’(z) = LT(I’?/*)’
and observe that

n * r * * e * *
(¥™)(z*) = (F"+§||[|§,) (z*,y*) for every y* € Y

1 2
— : Fn * * * - *_ * .
ot {E e+ b -l

Let us now consider p > 0 and (¥")} the Moreau- Yosida approximate of (¥")*

of parameter p. We derive

) 1 2
Ny kY __ N\* [ p* il * g% *,
(0795(a) = int, {0 (€) + & " = €17 for every 2 € X
. 1 2
‘yn * %* —_ f F‘n. * * * - * _ *
)= et Ere ) s e e
. ) (4.11)
# g ot =P
The same calculation holds for ¥ and we obtain
. 1 2
@ = e e+ e -
l’ L] L] L] 2
(6* n*)EX*XY P (4.12)

1 * *|2
b ol =i}



Partial Legendre-Fenchel transform 25

Let us return to the proof of the equivalence () < (wv). By definitions of ¥

and Y™
(iv) o Vr>0, V" e Y™, v X g
eVr>0, vyt ey, () 2L
& Vr>0,Vp>0,V(z*y*)e X" xY",
Jim (9);() = ¥ e
& Vr>0, V(z*y)e X xY",
Jim (FR)7 (=", y") = Fr (27, 97)
o (Pn) M
o Fr 2L F,
which ends the proof of Theorem 4.2. &

Comments

(1) Theorem 4.2 can be viewed as a continuity result of the generalized partial

duality transform

'—L’r(may*) = Sup(y*’y) - F(I’ y)a
yeY

where (y*,y) denotes the non-bilinear coupling

(v",9) = (" | 9) = 5 o]’

(cf. the papers of S. Dolecki [18] and M. Volle {41]).

(2) One can give an equivalent expression of the augmented Lagrangian in the

Hilbert spaces by using Theorem 2.9 of [6]

~Litey) = (Yo ) (),
= (F*y),-(a:, y*)’

1 * *
= o I = F(2, )1/ (y™/r)- 0
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6. Moreau-Yosida approximates of closed convex-concave functions.
Equivalence between extended Mosco epi/hypo convergence

and pointwise limit of Moreau-Yosida approximates

In (4], H. Attouch and R. Wets have defined the upper and lower Moreau-

Yosida approximates of general bevariate functions L by means of the following

formula

1 1
= int, sup {Ll&n)+ g5 bz €1 - ol = 'l

1
LA,#
§EX prey+

1 1
l : * it _ 2 _ 5 * %2
L= s it {Len)+ 55l € - Ly =72},

When L is a closed convex-concave function, these two quantities prove to be

equal as made precise by the following

Theorem 5.1. Let X, Y be reflexive Banach spaces (renormed

as in (4.1)) and
LXxY*—R

a closed convex-concave function.

(a) Then, for all A >0, p >0

L}, = L;’” i= Ly . (5.1)

Ly, is called the Moreau-Yosida approximate of index A,

pof L.

(b) L and L) , have same saddle value and saddle points.

(c) For all (z,y*) € X X Y* the function
L&) = Lgn™) + g5 o = €1 = 5" = 'l

has a urique saddle point (z,\,,‘,y;,#) characterized by

(H <£c_—_/\:fﬂ) ,—H* (y_:;_th)> €oL (zA,u»y:,u)a (5'2)
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where H: X — X* and H*:Y* — Y are the duality maps
defined in (4.3) and L = 9, L x (—02(—L)).

d) Ly , is locally Lipschitz convex-concave function of class
)

C! on X x Y*, with derivative

" T— Iy, « y*—y,(,
o= (1 () o (54)).

Proof

(a) and (c). We shall use the inf-sup theorem of J.J. Moreau [30]; let us

recall this result. Under the assumptions

U, V are locally convex t.v.s.

K:U xV — R is convex-concave

K(v)eT(U)forallveV, (5.3)
there exists vg € V, ko > infyucvy K(u,vg) such that

{ueU: K(u,vo < ko} is weakly compact.

Then
inf sup K(u,v) = sup inf K(u,v). 54
inf sup K (u,v) = sup inf K(u,0) (5.4
Moreover
Jgg 51615 K(u,v) = umelg 31618 K(u,v). (5.5)

’ ’ 2/\ 2/‘ y )

K is closed convex-concave function such that

— - 1 1
K(&n™) = L(&:n") + g5 €= all” = 5 ™ = oI

*Y __ * 1 2 1 * *1|2
K(&n") = L(&n") + gy 1€ —al” — 5 o™ = 97l
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It is clear that K verifies the assumptions (5.3); we derive that
sup inf K )= sup inf K *),
n‘eg‘ {EX (&) n*e?u EGX_(&" )

= ?él%,,?lé&ﬂs’" ), ( from (5.4), (5.5)),

=min sup K *),
mip sup, (&n%)

= min sup K ).
mip sup, (&)

The same argument applied to (—-E) shows that

inf sup K(&,7*) = max inf K(&,9%).
izt sup K(6n") = max ol K(&n')

It follows that

m inf K *Y =min sup K *
n.ea}),(* ng (577’ ) €€X"‘€£‘ (5,77 )s

which ensures the existence of a saddle point which is unique thanks to the
strict convexity-concavity of K; the characterization (5.2) of this saddle point

is then straightforward.

(b) Let us consider the quadratic augmented Lagrangian
A * 1 * *||2
Lu(z,9*) = sup \L(z,n") = o [lo" —n"[I" -
W‘GY‘ “

From Proposition 4.1°, L, and L have same saddle values and saddle points.
Exchanging the role played by the variables and taking the augmented La-
grangian of parameter A of (—L,), we obtain the closed concave -convex func-
tion K defined by

* . * 1 * *||2 1 2
K = - -_ N —
(2.07) = sup inf L&)+ 5 " =1 = g5 e €l
= _L)‘T,”(z’y*)a
= —Lj u(z,¥%).

Using again Proposition 4.1°, part (b) of Theorem 5.1 follows.



Partial Legendre-Fenchel transform

(d) We claim that the operator

Iaw(z,9%) = (22,0 yf\,u)

29

(5.6)

is strongly continuous and bounded on bounded sets. Indeed, let us consider

zo € X and y5 € Y* such that

z(:':03') 7‘L' 00, L(sya) # —00.
We deduce the existence of a positive constant ¢ such that

L(z,y5) > —c(||z[| + 1) for every z € X

L(zo,y*) < c(||z|| + 1) for every y* € Y.

Using the fact that

(H (I:L‘ —;A,y) ,_H* (y_:;y'\—’“)) € oL (x)\,ua y;,u) s

we derive

<H (i}%_—z) | Ta,pu — $0> <L (Ian;,y) -L (x)‘,;u y;\,,,) H

N .
<H* (—u_ﬂ—> | 3. — y3> <L ("‘k,my;,u) = L(2xu%0) -

Adding these two inequalities, we obtain
(WH (22,0~ 2) | (220 = 2) + (2 = 20)) +
(H* (3, —¥") | W3 —¥") + (v" - %))
<Ap [L ("‘:07 y;,u) - L (xk,u’ya)] :
Using (5.8) and properties of H and H*, it follows
* * 2
pllea, = 2l + M |33, - 3] < pllza. -2l |z = 2ol +

M=ol - w3l +

Aue (llzall + 93,4l +2) -

(5.7)
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From this it follows that

pllaaull + A w5l € M+ ll=) + lv*1), (5.9)

with M depending only on (||zo||,||yg]l ,¢, A, #), and that the operator J, , is

bounded on bounded sets.

Let us now prove the continuity of Jy ,. Consider 2" — z and y*" - y*;

we claim that z% —+zy,, and Vi s y% .- Indeed, define

1 L s«
K"(E,fl*)=L(€=ﬂ*)+ﬁ||$"—€II2——2—I;||.1/ -n*||*.

It is clear that

KM=t g,
where
*) * 1 2 1 * *||12
K(&n") = L{&n") + 55 ll= = €l 2lully n*|*.
Indeed
V¢, ~= €, liminf K™(&n,n*) > K(&,0%)
and

van ~n*, K(én") 2 limsup K (€,07).

From Theorem 2.5, it follows that the sequence (:cf\‘,u, y;’,‘u) , which is bounded,

converges weakly to <z Ao yxu) since the saddle point of K is unique. More-

over we obtain, for every K™ € [_Ig”,?{'”] and K € [K,_I?],

Hm K™ (2% ,, 45%) = K (220, 93 ) » (5.10)

n— 400

that is

* 1 1 * *
L (23,0 933) + g5 1ok = 21" = 5 i - il
(5.11)

n-— 00 L

. 1 | ST .
(Taus ¥X0) + o Ioxm = z)|* - % llog . — vl
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From the saddle point property of (z;",p, yif‘u) , we derive

1 2 _ = 1 2
I (0 857) + o 28— 21 < T (@i 033 + g B = 2l
Passing to the limit superior in the above inequality and using (5.11) we derive
: *n * |2 * «||2
limsup ly37%, — val|” < [lvX,. - v° I
n
So, ¥37, L»y,‘; since weak-convergence and convergence of the norms imply

strong convergence thanks to assmption (4.1).

L} . . . - .
The strong convergence z} , — Zx,u 18 then obtain by using a similar

method.

Let us now calculate the Frechet derivative of Ly ,. Let L, be the quadra-
tic augmented Lagrangian defined in (4.4); its convex parent F, is the function

F,(z,y) = F(z,y) + £ |ly}|>. Using formula (4.5) we derive
(u*,v) € L, (z,y*) & (u*,y*) € OF,(z, —v),
& (u*,y*) € 8F(z,—v) + (0,—pH* "'(v)),
o (u',y") € OL (2,y* + WH* (1))

An analogous calculation after a regularization of parameter A on the first

variable provides

(u*,v) € 8L, u(z,y") & (u*,y*) €0L (z - AH* ~Y(u*), y* + pH* " 1(v)),

* z— ), « y* —y;“,
ot = (1 (2552 o (£52)

thanks to the unicity of (x,\,,,, yf\,#).

and then

Let us fix y* € Y*. The function Ly ,(-,4*) is then convex, continuous (in
W

fact locally Lipschitz) and its subdifferential taken in z reduces to

z—zk,,,
H(___A )
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It follows ([19] Chap. I, Proposition 5.3) that Ly ,(-,y*) is Giteaux differen-
tiable in £ and then Frechet differentiable since its derivative is continuous as

seen above. In the same way, the function Ly ,(z,-) has a continuous Frechet

_H* (y* - y;)”’) .
11

1t follows that Ly , is a C* function and is locally Lipschitz since its derivative
is bounded on bounded subsets of X x Y*, which ends the proof of Theo-
rem 5.1. 3

derivative namely

We can now prove

Theorem 5.2. There is equivalence between

G "=t
(ii) V(z,y*) € X X Y*, VA>0, Vp>0
Iimn_.+°° Lg,“(x, y*) = LA,“(I’y*).

Proof. Let us consider the augmented Lagrangians L7, and L,; we define
Y™ (z) = Li(2,9%), ¥(2) = Lu(2,97).
From Theorem 3.2 we know that
Fr M P ey Myforally* e Y™,
Let us compute, for A > 0, the Moreau-Yosida approximation 1}:
5300 = ot (it + oy e al)
W1 = jaf, sup (L7 - 50 = w1 + 55 =l

7]6
= L,\’u(z,y ).

Using the characterization of Mosco convergence in terms of pointwise conver-
gence of the Moreau-Yosida approximates (4.8), we derive that (ii) is equivalent
to (i). a
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Comments
1) In the Hilbert case, an easy computation based on the formula

-2

(")) = T/l\— - P1/A (X> for p € Tp(X)

(see [6] Theorem 2.9) shows that

A
Lxa(z,y) = Fa(z,2y) — §|y|2~

It follows in an evident way, that

L"™M=4" L o va >0, V(z,y) € X x Y,

lim L;L,I/A(zsy) = L,\,l/,\(z,y),

n—+4o00
which is stronger than the equivalence (i) < (ii) in Theorem (5.2).
2) An interesting open question is to know whether the equivalence

"ML e va >0, Wyt e Y,

' i} . . (5.12)
nETooLA,A(x’y ) = L,\,,\(z,y )

is true or not. If this were the case, the class of maximal monotone oper-
ators (see [38] or [22])

A(z,y") := 81L(z,y") x 32(—L)(=,y")

associated with closed proper convex-concave functions L would verify

for every sequence A", for every (z,y*) € X xY*
(5.13)
A% (z,y*) — Ax(z,y*) implies A%} (z,y*) — Ax(z,¥%),
where A} and A, are the Yosida approximates of the operators A™ and
A. In [1], remark 3.30, H. Attouch has proved that (5.13) is true for the

subdifferentials of convex functions.
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6. Equivalence between Mosco-epi/hypo convergence of closed
convex-concave saddle functions and graph convergence of

their subdifferentials

In [1] H. Attouch has established the following equivalence for sequences of
closed convex proper functions defined on a reflexive Banach space with value
in R U +o0, (see also [29]):

FrMF (6.1)

is equivalent to
8F™ <5 3F + some normalization condition, (6.2)

where OF is the subdifferential of the closed convex proper function F.

The normalisation condition comes from the fact that F is determined by
OF up to an additive constant and is described below
I(z,2*) € 8F, I(zn,z)) € OF™ for every n € N
(N.C)

such that z, >z, z¥ —— z* and F"(z,) — F(z).
The code letter G means graph convergence that is:
(i) Y(=,z*) € F Iz, —> =z, 2% —z* with (z,,z%) belonging to dF™ for
every n € N;

(i) for every sequence (zk,z}) € AF™ such that z; — z, z} — z*, we have
(z,2*) € OF.

In fact (ii) is implied by (i) thanks to the maximal monotonicity of the
subdifferential operator. Moreover (ii) can be replaced by a weaker assumption

in which one of the two strong limits is in fact a weak limit (see (1], 3.7).

Let us return to convex-concave functions. In [38], R.T. Rockafellar has
introduced the notion of subdifferential of closed convex-concave function L

by the formula

0L(z,y") = 81L(2,y*) X (-82(~L)(2,y")) (6-3)
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where 9, L and 05(— L) denote the partial convex subdifferentials with respect
to the first and second variable. He proved that dom (0L) and AL itself is
independent of L € [L,f] and that the graph of JL is related to the graph of

the subdifferential  F of the convex parent F via the relation
(u*,v) € 0L(z,y") < (u*,y") € F(z,—v). (6.4)
It is clear that
(z,y*) is a saddle point of L < (0,0) € 9L(=z,y*). (6.5)
From (6.4), and the definition of graph convergence, it follows
oF" - 9F & oL™ -5, 9L, (6.6)

Putting together (6.6), the equivalence between (6.1) and (6.2) and Theo-

rem 2.4 provides

Theorem 6.1. Let {L™: X x Y* — R} be a sequence of closed
convex-concave functions (X and Y are reflexive Banach spaces)
whose convex parents (F") verify (N.C). Then the following are

equivalent:

(i) L=,

(i) oL™ -5 AL

Theorem 6.1 points out the fact that extended Mosco epi/hypo-conver-
gence is the notion of convergence for classes of closed convex-concave func-
tions associated with graph convergence of subdifferentials. This graph con-
vergence makes precise the variational properties of extended Mosco epi/hypo-
convergence in order to obtain strong stability of saddle points (see [42] and [8]

for applications in Convex Programming).

Theorem 6.2. Let {L", L:X x Y* — R} be a collection of
closed convex-concave functions (X and Y are reflexive Banach
spaces) such that

J AL S
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Then
for every sequence (Z4,¥;)

of saddle points of L™,
which is (w x w) relatively compact, (6.7)
each (w X w) limit (z,y*) of a subsequence
is a saddle point of L;
for every saddle point (z,y*) of L, there exist sequences
Tn—>z, Yyt -y, uk -0, Vp — 0, (6.8)
such that (u},v,) € OL™(zn,yy).

The sequence (z,,y;,) is then a saddle point of the convex-concave

functions
Kn(x,y*) = L™(z,y) — (up, | z) - (Un | y*> ’
whose convex parent is

9" (z,y) = F"(z,y — va) — (up | 7).

Proof. Since L™ M—_—e(hL, we derive, from Theorem 6.1 that
oL <. 8L

If (z,y*) is a saddle point of L, we derive (0,0) € dL(z,y*).

Using the definition of graph convergence it follows (6.8), the calculation

of K™ and ®" being straightforward.

In order to prove (6.7), let us consider (£,7) € X x Y and &, ¢,
fn — 1 such that F(€,79) = limy— 40 F™(&n,nn); such sequences exist since
F X, F, thanks to the assumption that L™ Mzefhp (see Theorem 2.4).

From the fact that (z,,y}) is a saddle point of L™, we derive
(0,0) € L™ (24,¥;,),
(0,y)) € 8F"(z,,0) (see (6.4) and (6.5)).
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It follows that
Fn(fm’?n) - Fn(zna 0) > (y: I Wn) .

Taking the lim sup on both sides and still denoting by z, and y;, the sequences

such that z, — z and y* — y*, we obtain
F(&,n)— F(z,0) > (y* | n) ,that is (0,y") € 8F(z,0),

and (z,y*) is a saddle point of L, which proves 6.7. i

Let us conclude this work by giving another characterization of the ex-
tended Mosco epi/hypo-convergence in terms of the resolvents and Yosida

approximates of the maximal monotone operator
Az, y*) = {(v",v) € X* x Y ; (u*,—v) € 0L(z,y")}

associated with every closed convex-concave function L.

Let us return to (4.2) and consider z,» and yj , defined in (4.2); it follows

T— T * y*—y;,k *
(H(—A )H(——A ))eA(ac,y),

which yields the following formulae:

(:I:A,)‘, y;)‘) = Jf(:c,y*) resolvent of index M),

(H (.’ZJ—;JA,A) : H* (y —Ay)\,,\)) =A>\(x,y*)

(Yosida approximate of index ).

and

Theorem 6.3. Let X, Y be two reflexive Banach spaces which
verify (4.1), and {L", L: X x Y* — R} be a collection of closed

convex-concave functions. Then are equivalent

(i) L=
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(ii) Jf"(x,y*) ndpe J{(z,y*) strongly, for every A > 0,

(iii) Af\‘(m,y*)n——'iooAf\‘(z,y*) strongly, for every A > 0,
(z,y*) € X x Y™,

Proof. From Theorem 6.1, we obtain

"ML s e Saal,

and from the definitions of A™ and A, we derive

aL" S, 9L & A" 5. 4.

Then apply Proposition 3.60 of [1], and Theorem 6.3 follows. §

Let us summarize the preceding results with the following diagram

Left-hand side:

n pointwise
F A
Fr Mosco-epi
9F™ Graph conv.

Right-hand side:

pointwise
—_—

HThm. 5.2

Mosco-epi/hypo
—

HThm. 6.1

Graph conv.
—

HThm. 6.3

pointwise
—

Lk,u

L

oL

Jx

F)

<~ g

A
Thm. 2.4
F < L»
oF <= oL™
J3
Thm. 4.2 .
= *yY)

pointwise
—_—

Ly,

ﬁThm. 5.2

Mosco-epi/hypo
—

L

ﬂThm. 6.1

Graph conv.
—

oL

]IThm. 6.3

pointwise
—_

Mosco-epi
—_

Ja

L. (', y*)vyrev-
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