
A proof of the Hardy-Ramanujan formulaDan Romik1. IntrodutionLet p(n) be the number of unordered partitions of n. Our aim in this note is toprove the Hardy-Ramanujan formula(1) p(n) � 14p3ne�p2n=3where an � bn means limn!1 an=bn = 1. Our method, like most existingproofs of this formula, uses ontour integration in the omplex plane. However,we will show that the proof of (1) redues to proving a loal limit theorem in aprobabilisti model for random partitions introdued by Fristedt [1℄. This willresult in a proof that is niely strutured and oneptually quite simple.Throughout, we use the following notation:F (z) = 1Xn=0 p(n)zn = 1Yk=1 11� zk (jzj < 1)is the generating funtion for p(n). Denote = �p6 ; sn = pn ; xn = e�sn = 1� pn +O� 1n�We now desribe Fristedt's probabilisti model for partitions: Let 0 < x < 1.De�ne independent random variables R1; R2; R3; ::: suh that Rk + 1 has geo-metri distribution with parameter 1� xk. More preisely:Px(Rk = j) = (1� xk)xkj j = 0; 1; 2; :::where Px denotes probability (the subsript x denotes the hoie of parameter).Let N =P1k=1 kRk. Then (R1; R2; R3; :::) an be thought of as the frequentialoding of a random partition of the (random) integer N , i.e. the partition inwhih 1 appears R1 times, 2 appears R2 times et. Then for any (nonrandom)partition n = 1 � r1 + 2 � r2 + 3 � r3 + :::of n, given in frequential oding, the probability of it appearing in the randommodel is Px(R1 = r1; R2 = r2; R3 = r3; :::) = 1Yk=1Px(Rk = rk) =1



= 1Yk=1 �(1� xk)xkrk� = xnF (x)Therefore the probability that N = n is a sum over all p(n) di�erent partitionsof n of this quantity, namelyPx(N = n) = p(n)xnF (x)This is the key observation that we will require for our proof; we have on-struted a random variable whose value probabilities are related to p(n) in asimple way. Furthermore, this random variable is a sum of lattie random vari-ables, and thus we an expet it to be an approximately normal lattie randomvariable and satisfy a loal limit theorem.The proof of (1) will now follow from the following fats:Fat 1. For positive real s, we havelogF �e�s� = �26s + 12 log s� 12 log(2�) + o(1)as s& 0.Fat 2. For hoie of parameter xn, N is a random variable with expetationExn(N) = n(1 +O(1=pn))and variane �2xn(N) � 2p6� n3=2Fat 3. The random variable N \satis�es a loal limit theorem at 0", that isPxn(N = n) � 1p2��xn(N)as n!1.Fat 1 is well-known. Fats 2 and 3 were proved by Fristedt [1℄. We giveomplete proofs below, but �rst, let us show how they imply (1):Dedution of (1) from Fats 1,2,3:p(n) = x�nn � F (xn) � Pxn(N = n) = ensn � F �e�sn� � Pxn(N = n) �� epn ��epnr pn 1p2�� � 1p2� n3=4q2p6=� == 12p2p6 ne2pn = 14p3ne�p2n=32



2. Proof of Fat 1We follow Newman [2,3℄:logF �e�s� = � 1Xk=1 log(1� e�ks) = 1Xk=1 1Xj=1 e�kjsj == 1Xj=1 1j 1Xk=1 e�jks = 1Xj=1 1j 1ejs � 1 == 1Xj=1 1j � 1js � e�js2 �+ 1Xj=1 1j � 1ejs � 1 � 1js + e�js2 � == �26s + 12 log(1� e�s) + 1Xj=1 sjs � 1ejs � 1 � 1js + e�js2 � == �26s + 12 log s+ Z 10 1x � 1ex � 1 � 1x + e�x2 � dx+ o(1)It remains therefore to prove thatZ 10 1x � 1ex � 1 � 1x + e�x2 � dx = �12 log(2�):But this integral is the limit, as m!1, of the integralZ 10 1� e�mxx � 1ex � 1 � 1x + e�x2 � dx == Z 10 1� e�mxx � 1ex � 1 � 1x� dx+ 12 Z 10 1� e�mxx e�xdx == mXk=1 Z 10 e�kx 1 + x� exx2 dx+ 12 Z 10 e�x � e�(m+1)xx dxThese integrals an be evaluated by notiing thate�x � e�(m+1)xx = Z m+11 e�uxdu1 + x� exx2 = Z 10 �ue(1�u)xduand then interhanging the order of integration, to getmXk=1 Z 10 �uk + u� 1du+ 12 Z m+11 duu == mXk=1�(k � 1) log� kk � 1�� 1�+ 12 log(m+ 1) == m logm� log(m!)�m+ 12 log(m+ 1);whih by Stirling's formula indeed onverges to � log(2�)=2.3



3. Proof of Fat 2We use the simple probabilisti fats that if X is a random variable suh thatX + 1 has geometri distribution with parameter 0 < p < 1, that isP (X = j) = p(1� p)j j = 0; 1; 2; 3; :::then E(X) = 1Xj=0 jp(1� p)j = 1� pp�2(X) = 1Xj=0 j2p(1� p)j ��1� pp �2 = 1� pp2Now N =P1k=1 kRk, soExn(N) = 1Xk=1 k xkn1� xkn = n 1Xk=1 1pn kpn e�k=pn1� e�k=pnThe sum is a Riemann sum, with �u = 1=pn, for the integralZ 10 ue�u1� e�u du = Li2(1)2 = �2=62 = 1;where Li2(x) = � R x0 log(1� t)dt=t =P1m=1 xm=m2 is the dilogarithm funtion.The di�erene between the Riemann sum and the integral is easily seen to beO(1=pn), so Exn(N) = n(1 +O(1=pn))Similarly, the variane�2xn(N) = 1Xk=1 k2 xkn(1� xkn)2 = n3=2 1Xk=1 1pn � kpn�2 e�k=pn(1� e�k=pn)2 �� n3=2 Z 10 u2e�u(1� e�u)2 duThe integral an be evaluated to beZ 10 u2e�u(1� e�u)2 du = 13 Z 10 log2(1� x)x2 dx == 13 �2Li2(x)� 1� xx log2(1� x)�����x=1x=0 = �2=33 = 2p6�
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4. Proof of Fat 3We now reah the \deliate" part of the analysis, namely the proof of thelaim that N satis�es a loal limit theorem at 0. We proeed by the stan-dard methodology of probability theory, whih is to represent the probabilitiesas inverse Fourier integrals of the harateristi funtion. But this is exatly aparametrized ontour integral! So the probabilisti approah leads to the sameanalyti ideas that appear in the traditional proofs of (1). However, the prob-abilisti thinking assigns meanings to the various quantities that appear in theanalysis. This puts the analysis on a solid oneptual framework, and makes iteasier to �nd the orret estimates and manipulations, as well as enabling oneto \guess" formula (1) before atually proving it.Denote by �x(t) = Ex(eitN ) the harateristi funtion of N for parameterhoie x. Then�x(t) = 1Xn=0Px(N = n)eint = 1Xn=0 p(n)xnF (x) eint = F (xeit)F (x)And using Fourier inversion we get the disguised ontour integralPxn(N = n) = 12� Z ��� �xn(t)e�intdt == 12��xn(N) Z ��xn (N)���xn (N) �xn(u=�xn(N))e�inu=�xn (N)duSo it is enough to prove that(2) Z ��xn (N)���xn (N) �xn(u=�xn(N))e�inu=�xn (N)du ����!n!1 p2�Indeed, probabilisti thinking leads us to expet that for any u 2 R,(3) �xn(u=�xn(N))e�inu=�xn (N) ����!n!1 e�u2=2;whih will give us (2) if we an prove some additional boundedness estimates.Note that (3) is equivalent to the laim that N satis�es a (non-loal) entrallimit theorem, i.e. that (N � n)=�xn(N) ! N(0; 1) in distribution as n ! 1.This an be dedued e.g. by using the Lindeberg entral limit theorem fortriangular arrays. Instead, we give a diret proof. First, we need a tehniallemma:Lemma. For 0 < x < 1; t 2 R, letfx(t) = log� 1� x1� eitx�� i x1� xt+ 12 x(1� x)2 t2Then there exists a onstant C > 0 suh that(4) jfx(t)j � C xjtj3(1� x)3 (0 < x < 1; t 2 R)5



Proof. First, onsider the ase jtj � (1� x)=2:log� 1� x1� eitx� = 1Xj=1 xjj (eijt � 1) = 1Xj=1 xjj 1Xk=1 ikjktkk! == 1Xk=1 ikk! 0� 1Xj=1 jk�1xj1A tk = i x1� xt� 12 x(1� x)2 t2+ 1Xk=3 ik0� 1k! 1Xj=1 jk�1xj1A tkSo thatjfx(t)j � 1Xk=30� 1k! 1Xj=1 jk�1xj1A jtjk � 1Xk=30� 1k! 1Xj=1 j(j + 1):::(j + k � 2)xj1A jtjk == 1Xk=3 xk jtjk(1� x)k � 1Xk=3 x3 � jtj1� x�k = x3 jtj3=(1� x)31� t=(1� x)When jtj � (1 � x)=2 this gives us jfx(t)j � 2xjtj3=3(1 � x)3. Next, for jtj >(1� x)=2 we have�����i x1� xt+ 12 x(1� x)2 t2���� � xjtj31� x 1t2 + xjtj3(1� x)2 1jtj � (4 + 2) xjtj3(1� x)3 ;so it remains to prove����log� 1� x1� xeit����� � C xjtj3(1� x)3 (jtj > (1� x)=2)For jtj � 1=4, learly����log� 1� x1� xeit����� � 1Xj=1 1j jeijt � 1j � �2 log(1� x) �� C 0 x(1� x)3 � 64 C 0 xjtj3(1� x)3Finally, for 0 � (1� x)=2 � jtj � 1=4 (whih means in partiular 1=2 � x � 1,)log� 1� x1� xeit� = � log�1 + x1� x (eit � 1)� == � log�1 + x1� x2ieit=2 sin(t=2)� = � log(1 + ieit=2T );where we denote T = 2 sin(t=2)x=(1� x). We have140 � x1� x jtj10 � jT j � x1� x jtjand therefore, sine �=2� 1=8 � arg(iT eit=2) � �=2 + 1=8,����log� 1� x1� xeit����� = j log(1 + iT eit=2)j � C 00jT j3 � C 00� jtj1� x�3 � 2C 00 xjtj3(1� x)36



Proof of (3).log��xn(u=�xn(N))e�inu=�xn (N)� = logF (xeit)� logF (x)� inu�xn(N) == 1Xk=1 log� 1� xkn1� xkneiku=�xn (N)�� inu�xn(N) == 1Xk=1 fxkn(ku=�xn(N))+i 1Xk=1 kxkn1� xkn � n! u�xn(N)�12  1Xk=1 k2xkn(1� xkn)2! u2�2xn(N) == i(Exn(N)� n) u�xn(N) � u22 +Rn(u) = O(n�1=4)u� u22 +Rn(u);wherejRn(u)j = ����� 1Xk=1 fxkn(ku=�xn(N))����� � C juj3�3xn(N) 1Xk=1 k3xkn(1� xkn)3 = juj3O(n�1=4);sine 1Xk=1 k3xkn(1� xkn)3 = 1n2 1Xk=1 1pn � kpn�3 e�k=pn(1� e�k=pn)3 �� n�2 Z 10 v3e�v(1� e�v)3 dvso altogether we have shown that for all u 2 Rlog��xn(u=�xn(N))e�inu=�xn (N)� ����!n!1 �u22Proof of (2). To prove that (2) follows from (3), note �rst that for z = xeit,F (z) = exp � 1Xk=1 log(1� zk)! = exp0� 1Xk=1 1Xj=1 zkjj 1A = exp0� 1Xj=1 1j zj1� zj1A ;so ����F (z)F (x) ���� = exp0�Re 11� z � 11� x + 1Xj=2 1j �Re zj1� zj � xj1� xj�1A �� exp� 1j1� zj � 11� x� � exp0� 1q(1� x)2 + sin2 t � 11� x1A7



This implies that for j sin tj > 1� x, we have the estimatej�x(t)j � exp�� 1p2 � 1� 11� x�And for j sin tj � 1� x,j�x(t)j � exp0� 11� x 0� 1q1 + sin2 t=(1� x)2 � 11A1A � exp�� 116 t2(1� x)3� ;where we have used the elementary inequalitiessin t � t2 (0 � t � 1); 1p1 + u � 1� u4 (0 � u � 1)Now (2) follows immediately, beauseZ ��xn (N)���xn (N) �xn(u=�xn(N))e�inu=�xn (N)du == Zj sin(u=�xn (N))j�1�xn �xn(u=�xn(N))e�inu=�xn (N)du++ Zj sin(u=�xn (N))j>1�xn �xn(u=�xn(N))e�inu=�xn (N)duIn the �rst term, the integrand is bounded in absolute value by exp(�O(u2)),therefore this term onverges to p2� by the dominated onvergene theorem(note that �xn(N) arsin(1� xn) � An1=4 !1). The seond term is boundedin absolute value by2��xn(N) exp ��1� 1p2� p6n� ! ����!n!1 0
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