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Preface

“Good mathematics has an air of economy and an element of
surprise.”

— lan Stewart, From Here to Infinity

As many students of mathematics know, mathematical problems that are
simple to state fall into several classes: there are those whose solutions are
equally simple; those that seem practically impossible to solve despite their
apparent simplicity; those that are solvable but whose solutions nonethe-
less end up being too complicated to provide much real insight; and finally,
there are those rare and magical problems that turn out to have rich so-
lutions that reveal a fascinating and unexpected structure, with surprising
connections to other areas that lie well beyond the scope of the original
problem. Such problems are hard, but in the most interesting and reward-
ing kind of way.

The problems that grew out of the study of longest increasing subse-
quences, which are the subject of this book, belong decidedly in the lat-
ter class. As readers will see, starting from an innocent-sounding question
about random permutations we will be led on a journey touching on many
areas of mathematics: combinatorics, probability, analysis, linear algebra
and operator theory, differential equations, special functions, representa-
tion theory, and more. Techniques of random matrix theory, a sub-branch of
probability theory whose development was originally motivated by prob-
lems in nuclear physics, will play a key role. In later chapters, connec-
tions to interacting particle systems, which are random processes used to
model complicated systems with many interacting elements, will also sur-
face. Thus, in this journey we will have the pleasure of tapping into a rich
vein of mathematical knowledge, giving novices and experts alike fruitful
avenues for exploration. And although the developments presented in this

vii



viii Preface

book are fairly modern, dating from the last 40 years, some of the tools we
will need are based on classical 19th century mathematics. The fact that
such old mathematics can be repurposed for use in new ways that could
never have been imagined by its original discoverers is a delightful demon-
stration of what the physicist Eugene P. Wigner [146] (and later Hamming
[55] and others) once famously described as the “unreasonable effective-
ness” of mathematics.

Because the subject matter of this book involves such a diverse range
of areas, rather than stick to a traditional textbook format I chose a style
of presentation a bit similar in spirit to that of a travel guide. Each chap-
ter is meant to take readers on an exploration of ideas covering a certain
mathematical landscape, with the main goal being to prove some deep and
difficult result that is the main “tourist attraction” of the subject being cov-
ered. Along the way, tools are developed, and sights and points of interest
of less immediate importance are pointed out to give context and to inform
readers where they might go exploring on their next visit.

Again because of the large number of topics touched upon, I have also
made an effort to assume the minimum amount of background, giving
quick overviews of relevant concepts, with pointers to more comprehen-
sive literature when the need arises. The book should be accessible to any
graduate student whose background includes graduate courses in proba-
bility theory and analysis and a modest amount of previous exposure to
basic concepts from combinatorics and linear algebra. In a few isolated in-
stances, a bit of patience and willingness to consult outside sources may be
required by most readers to understand the finer points of the discussion.
The dependencies between chapters are shown in the following diagram:

2

5
1 $--4

3
(Chapter 4 is only minimally dependent on Chapter 1 for some notation
and definitions.)

The book is suitable for self-study or can be covered in a class setting
in roughly two semester-long courses. Exercises at many levels of diffi-
culty, including research problems of the “do not try this at home” kind,
are included at the end of each chapter.

The subjects covered in the different chapters are as follows. Chapter 1
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presents the Ulam-Hammersley problem of understanding the asymp-
totic behavior of the maximal length of an increasing subsequence in a
uniformly random permutation as the permutation order grows. After de-
veloping the necessary tools the chapter culminates in the first solution
of the problem by Vershik—Kerov and Logan—Shepp. Chapter 2 covers
the beautiful Baik-Deift-Johansson theorem and its extension due to
Borodin—Okounkov—Olshanski and Johansson — a major refinement of the
picture revealed by Vershik—Kerov and Logan—Shepp that ties the problem
of longest increasing subsequences to the Tracy—Widom distribution from
random matrix theory and to other important concepts like determinan-
tal point processes. Chapter 3 discusses Erd6s—Szekeres permutations,
a class of permutations possessing extremal behavior with respect to their
maximal monotone subsequence lengths, which are analyzed by applying
and extending the techniques developed in Chapter 1.

Chapters 4 and 5 are devoted to the study of the corner growth process,
a random walk on Young diagrams that bears an important conceptual re-
semblance to another process introduced in Chapter 1. In Chapter 4 we
prove the well-known limiting shape result of Rost and its extension to the
case of corner growth in discrete time. Chapter 5 then develops a new ap-
proach to the problem, due to Johansson, that enables proving a much more
precise fluctuation result, again involving the Tracy—Widom distribution.

I am grateful to the people and organizations who helped make this book
possible. My work was supported by the National Science Foundation un-
der grant DMS-0955584; by grant 228524 from the Simons Foundation;
and of course by my excellent employer of the last 5 years, the University
of California, Davis. I also received advice, suggestions, error reports, and
encouragement from Arvind Ayyer, Eric Brattain-Morrin, Peter Chang,
Alexander Coward, Ira Gessel, Geoffrey Grimmett, Indrajit Jana, Donald
Knuth, Christian Krattenthaler, Greg Kuperberg, Isaac Lambert, Liron Mor
Yosef, Vladimir Pchelin, Yuval Peres, Amir Sarid, Sasha Soshnikov, Perla
Sousi, Mike Steele, and Peter Winkler. Ron Peled outdid everyone by send-
ing me so many insightful suggestions for improvement that I had to beg
him to stop, and deserves special thanks.

D. Romik
Davis
May 2014
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A few things you need to know

0.1 Probability notation and prerequisites

The book assumes knowledge of the basic concepts of probability theory at
the level of a first graduate course. For readers’ convenience, we recall here
a few standard definitions and notational conventions: first, throughout the
book we use the following notation and abbreviations.

P(-) Probability of an event
E(-) Expectation of a random variable
1;;  The indicator (a.k.a. characteristic function) of an event/set
r.v. random variable
ii.d. independent and identically distributed
a.s.  almost surely
2 equality in distribution

~ [a random variable] is distributed as [a distribution]
(see below for examples)

Second, we make occasional use of the standard terminology regarding
modes of convergence for sequences of random variables and probability
distributions, which are defined as follows.

Almost sure convergence. We say that a sequence (X)), of random vari-
ables converges almost surely to a limiting random variable X, and denote
X, LX,ifP(Xn — Xasn — o) =1.

n—oo
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Convergence in probability. We say that X, converges in probability to X,
and denote X, L, X, if for any € > 0, P(|X,, — X| > €) > 0 as n — oo.

n—oo

In a few places, the term “convergence in probability” is used in a broader
sense that applies to convergence of random objects taking value in a more
general space than the real line. In such cases, the meaning of the conver-
gence statement is spelled out explicitly.

Convergence in distribution. We say that a sequence of distribution func-
tions F, converges in distribution to a limiting distribution function F,
and denote F, AN F,if F,(x) — F(x) for any x € R that is a con-
tinuity point of rll*"—zoothe same definition applies in the case when F, and
F are d-dimensional joint distribution functions. Similarly, we say that a
sequence (X,).”, of r.v.s (or, more generally, d-dimensional random vec-
tors) converges in distribution to F (a one-dimensional, or more generally
d-dimensional, distribution function), and denote X, L> F, if Fy, con-
verges in distribution to F, where for each n, Fy, dengg; the distribution
function of X,,.

We will repeatedly encounter a few of the special distributions of prob-
ability theory, namely the geometric, exponential and Poisson distribu-
tions. The ubiquitous Gaussian (a.k.a. normal) distribution will also make
a couple of brief appearances. For easy reference, here are their definitions.

The geometric distribution. If 0 < p < 1, we say that an r.v. X has the
geometric distribution with parameter p, and denote X ~ Geom(p), if

P(X = k) = p(1 — p), k=1,2,...).

The exponential distribution. If « > 0, we say that an r.v. X has the
exponential distribution with parameter @, and denote X ~ Exp(«), if

PX>t)=e™, (t=0).

The Poisson distribution. If 2 > 0, we say that an r.v. X has the Poisson
distribution with parameter a, and denote X ~ Poi(A), if

k

A
P(X =k) = e’AF, (k=0,1,2,..)).
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The Gaussian distribution. If © € R and o > 0, we say that an r.v. X
has the Gaussian distribution with mean u and variance ¢, and denote
X ~ N(u,0?), if

Pla<X<b)=

b
f e K20 dx, (a < b).
a

2no

0.2 Little-o and big-O notation

Throughout the book, we are frequently concerned with asymptotic es-
timates for various quantities as a parameter (usually, but not always, a
discrete parameter n) converges to a limit (usually co). We use the standard
o(-) (“little-0”’) and O(:) (“big-O”) notation conventions. In the typical case
of a discrete parameter n converging to oo these are defined as follows. If
a, and b, are functions of n, the statement

a, =o(b,) asn— oo
means that lim,,_,., a,/b, = 0. The statement
a, =00, asn—

means that there exists a constant M > 0 such that |a, /b,| < M for all large
enough values of xn. Similarly, one can define statements such as “f(x) =
O(g(x)) as x — L” and “f(x) = o(g(x)) as x — L”; we leave this variation
to the reader to define precisely. Big-O and little-o notation can also be
used more liberally in equations such as

a, = Vn+ O(1) + O(logn) + o(c,) asn — oo,

whose precise meaning is “a, — /1 can be represented as a sum of three
quantities x,, y, and z, such that x, = O(1), y, = O(logn) and z, = o(c,).”
Usually such statements are derived from an earlier explicit description of
the x,, y,, and z,, involved in such a representation. Frequently several big-
O and little-o expressions can be combined into one, as in the equation

O(1) + O(logn) + o(1/n) = O(logn) asn — co.

As illustrated previously, asymptotic statements are usually accompanied
by a qualifier like “as n — oo indicating the parameter and limiting value
with respect to which they apply. However, in cases when this specification
is clear from the context it may on occasion be omitted.
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More information regarding asymptotic estimation methods, along with
many examples of the use of little-o and big-O notation, can be found in
[49], [93].

0.3 Stirling’s approximation

The canonical example of an interesting asymptotic relation is Stirling’s
approximation for n!. In the above notation it is written as

n! = (1 +o0(1)) V2rn(n/e)" asn — oo. (0.1)

We make use of (0.1) on a few occasions. In some cases it is sufficient to
use the more elementary (nonasymptotic) lower bound

n! > (n/e)" n=1), 0.2)

which is proved by substituting x = #n in the trivial inequality e* > x"/n!
valid for all x > 0. The relation (0.1) is harder (but not especially hard)
to prove. A few different proofs can be found in [35, Section 6.3], [40],
Sections I1.9 and VII.3 of [41], [49, Section 9.6], [106], and p. 312 of this
book.



Longest increasing subsequences in random
permutations

Chapter summary. If o is a permutation of n numbers, we consider the
maximal length L(o) of an increasing subsequence of o-. For a permutation
chosen uniformly at random from among all permutations of order n, how
large can we expect L(0) to be? The goal of this chapter is to answer this
question. The solution turns out to be rather complicated and will take us on
a journey through a fascinating mathematical landscape of concepts such as
integer partitions, Young tableaux, hook walks, Plancherel measures,
large deviation principles, Hilbert transforms, and more.

1.1 The Ulam-Hammersley problem

We begin with a question about the asymptotic behavior of a sequence of
real numbers. Let S, denote the group of permutations of order n. If o € S,
is a permutation, a subsequence of o is a sequence (o(i1), 0(i2), . . . , 0°(ix)),
where 1 <i; < i < ... < i < n. The subsequence is called an increasing
subsequence if o(i1) < 0(iy) < ... < 0(i;), a decreasing subsequence
if o(iy) > o(iy) > ... > 0(i;), and a monotone subsequence if it is ei-
ther increasing or decreasing. Define L(o) to be the maximal length of an
increasing subsequence of ¢. That is,

L(o) = max {1 < k < n: o has an increasing subsequence of length k}.

Similarly, define D(o) to be the maximal length of a decreasing subse-
quence of 7, i.e.,

D(0) = max {1 < k < n: o has a decreasing subsequence of length k}.
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For example, if o = (3,1,6,7,2,5,4), then L(o) = 3, since it has (sev-
eral) increasing subsequences of length 3, but no increasing subsequence
of length 4. Similarly, one can verify easily that D(o) = 3.

Now define the sequence of numbers

b = % Do), (=12
T€S,

That is, ¢, is the average of L(o) over all permutations of order n. For ex-
ample, the first few values in the sequence are ¢, = 1, £, = 3/2, {3 = 2,
€y = 29/12, {5 = 67/24. We are interested in the problem of determining
the asymptotic behavior of £, as n grows large. A version of the problem
was first mentioned in a 1961 paper by Stanistaw Ulam [138], a Polish-
American mathematician better known for his work on the hydrogen bomb.
In his paper, which concerned the Monte Carlo method for numerical com-
putation (which Ulam pioneered), he discussed briefly the idea of studying
the statistical distribution of the maximal monotone subsequence length
in a random permutation; this was brought up as an example of the kinds
of problems that can be attacked using Monte Carlo calculations. Subse-
quently, the question came to be referred to as “Ulam’s problem” by some
authors—starting with John M. Hammersley, who undertook (with some
success) the first serious study of the problem, which he presented in a
1970 lecture and accompanying article [54].! To honor Hammersley’s con-
tribution to analyzing and popularizing Ulam’s question, we refer to the
problem here as the Ulam—-Hammersley problem.

In this chapter and the next one we describe the developments leading
up to a rather complete solution of Ulam and Hammersley’s problem. The
techniques developed along the way to finding this solution did much more
than solve the original problem; in fact, they paved the way to many other
interesting developments, some of which are described later in the book.

To avoid unnecessary suspense, one form of the “final answer,” obtained
in 1998 by Jinho Baik, Percy A. Deift, and Kurt Johansson [11], is as fol-
lows: as n — oo, we have

£, = 2\n + cn'’® + o(n''®), (1.1)

where ¢ = —1.77108... is a constant having a complicated definition in
terms of the solution to a certain differential equation, the Painlevé equation
of type II. We shall have to wait until Chapter 2 to see where this more
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exotic part of the asymptotics comes from. In this chapter our goal is to
prove a first major result in this direction, which identifies only the leading
asymptotic term 2 v/n. The result, proved by Anatoly Vershik and Sergei
Kerov [142], [143] and independently by Benjamin F. Logan and Lawrence
A. Shepp [79] in 1977.? is the following.

Theorem 1.1 (The asymptotics of £,) We have the limit

ty

-2
\n

as n — oo. Furthermore, the limit is the same for the “typical” permu-
tation of order n. That is, if for each n, o, denotes a uniformly random
permutation in S,, then L(c,)/ \/n — 2 in probability as n — oo.

1.2 The Erdos—Szekeres theorem

To gain an initial understanding of the problem, let us turn to a classical
result in combinatorics dating from 1935, the Erd6s—Szekeres theorem.?
Paul Erd6s and George Szekeres observed that if a permutation has no
long increasing subsequence, its elements must in some sense be arranged
in a somewhat decreasing fashion, so it must have a commensurately long
decreasing subsequence. The precise result is as follows.

Theorem 1.2 (Erd6s—Szekeres theorem) If o € S, and n > rs for some
integers r, s € N, then either L(o) > r or D(0) > s.

Proof We introduce the following variation on the permutation statistics
L(-) and D(-): foreach 1 < k < n, let L; (o) denote the maximal length of an
increasing subsequence of o that ends with o(k), and similarly let Dy (o)
denote the maximal length of a decreasing subsequence of o that ends with
o(k).

Now consider the n pairs (Di(0), Li(07)), 1 < k < n. The key observation
is that they are all distinct. Indeed, for any 1 < j < k < n, if 0(j) < o(k)
then Lj(o) < Li(o), since we can take an increasing subsequence of o
that ends with o(j) and has length L;(c), and append o (k) to it. If, on the
other hand, o(j) > o(k), then similarly we get that D;(c)) < Dy(0), since
any decreasing subsequence that ends with o(j) can be made longer by
appending o(j) to it.
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The conclusion from this observation is that for some 1 < k < n, either
Ly(0) > r or Di(0) > s, since otherwise the n distinct pairs (Di(0), Ly(07))
would all be in the set {1,2,...,r} X {1,2,...,s}, in contradiction to the
assumption that n > rs. This proves the theorem. O

It is also interesting to note that the condition n > rs in the theorem
cannot be weakened. Indeed, it is easy to construct a permutation o of
order exactly rs for which L(c) = r and D(o) = s; for example, define
o(si+j)=si—j+s+1for0 <i<r 1< j< s (this permutation
has r “blocks,” each comprising a decreasing s-tuple of numbers, with the
ranges of successive blocks being increasing). In fact, it turns out that the
set of permutations that demonstrate the sharpness of the condition has a
very interesting structure; this topic is explored further in Chapter 3.

1.3 First bounds

From here on and throughout this chapter, o, denotes a uniformly random
permutation of order n, so that in probabilistic notation we can write £, =
EL(0,). We can now use Theorem 1.2 to obtain a lower bound for £,.

Lemma 1.3 Foralln > 1 we have

£, > \n. (1.2)

Proof Rephrasing Theorem 1.2 slightly, we can say that for each permu-
tation o € S, we have L(o)D(0) > n. Now, ¢, is defined as the average
value of L(o) over all o € §,,. However, by symmetry, clearly it is also the
average value of D(o). By linearity of expectations of random variables,
this is also equal to

_ I L(o)+ D(o)  (L(oy) + D(oy)
t=— Z . = E( 5 )

© €S,

By the inequality of the arithmetic and geometric means, we get that

l, > IE(\/L(O',,)D(O',,)) > V. O

Comparing (1.2) with (1.1), we see that the bound gives the correct order
of magnitude, namely \/n, for ¢,, but with a wrong constant. What about
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an upper bound? As the following lemma shows, we can also fairly easily
get an upper bound of a constant times +/n, and thus establish that /n is
the correct order of magnitude for £,. This will give us a coarse, but still
interesting, understanding of ¢,.

Lemma 1.4 Asn — oo we have

&y
limsup —= < e. (1.3)

n—oo n
Proof Foreach 1 < k < n, let X,,; denote the number of increasing sub-
sequences of the random permutation o, that have length k. Now compute
the expected value of X, ;, noting that this is equal to the sum, over all
(Z) subsequences of length k, of the probability for that subsequence to be
increasing, which is 1/k!. This gives

1
E(X,x) = F(Z)

This can be used to bound the probability that L(c,) is at least k, by noting
(using (0.2)) that

P(L(on) 2 k) = P(Xop 2 1) < E(Xp) = %(n)

"k
nn-1..n—k+1) nk
- )y St Y

Fixing some ¢ > 0 and taking k = [(1 + 6)e v/n], we therefore get that

I’lk 1 2k 1 2(1+68)en
P(L < < <
(Lo 28 < G —(1+5) —(1+5) ’

a bound that converges to 0 at a rate exponential in vn asn — co. It follows
(noting the fact that L(0") < n for all o € §,,) that

¢, = B(L(c) < P(L(c,) < k)(1 + 8)e Vi + P(L(c,) > k)n
<(1+8)evn+ 0@V,

where ¢ is some positive constant that depends on 8. This proves the claim,
since 6 was an arbitrary positive number. m|

Note that the proof of Lemma 1.4 actually gave slightly more infor-
mation than what was claimed, establishing the quantity (1 + §)e v as a
bound not just for the average value of L(o,), but also for the typical value,
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namely the value that is attained with a probability close to 1 for large n.
Furthermore, the bounds we derived also yielded the fact (which will be
useful later on) that the probability of large fluctuations of L(c,) from its
typical value decays like an exponential function of /n. We record these
observations in the following lemma.

Lemma 1.5 For any @ > e we have for all n that
P(L(o,) > @ Vi) < Ce™ V"
for some constants C, c > 0 that depend on a but not on n.

It is interesting to compare this with the argument that was used to prove
Lemma 1.3, which really only bounds the average value of L(c,) and not
the typical value, since it does not rule out a situation in which (for ex-
ample) approximately half of all permutations might have a value of L(o)
close to 0 and the other half have a value close to 2 +/n. However, as we
shall see in the next section, in fact the behavior of L(c,) for a typical
permutation o, is asymptotically the same as that of its average value.

1.4 Hammersley’s theorem

Our goal in this section is to prove the following result, originally due to
Hammersley [54].

Theorem 1.6 (Hammersley’s convergence theorem for the maximal in-
fﬂ
n
more, we have the convergence L(c,)/ \Jn — A in probability as n — oo.

creasing subsequence length) The limit A = lim,_,., == exists. Further-

Hammersley’s idea was to reformulate the problem of studying longest
increasing subsequences in permutations in a more geometric way. Denote
by < a partial order on R? where the relation (x;,y;) < (x2,y,) holds pre-
cisely if x; < x; and y; < y;. For a set A = ((xz,));_, of n points in
the plane, an increasing subset of A is a subset any two of whose ele-
ments are comparable in the order < (in the context of partially ordered
sets such a subset of A would be called a chain). See Fig. 1.1. Denote by
L(A) the maximal length of an increasing subset of A. Note that this gen-
eralizes the definition of L(o) for a permutation o € §,, since in that case
L(o) = L(G,), where G, = {(i,0(i)) : | <i < n}is the graph of 0.
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Figure 1.1 Points in the plane and an increasing subset (a.k.a.
chain).

With this geometric outlook, a second natural step is to replace the ran-
dom permutation by random points chosen independently in some square,
or more generally rectangular, region. To understand why this works, first
recall that a convenient way to sample a uniformly random permutation
o, in §, is to start with a sequence Xi,..., X, of independent and iden-
tically distributed random variables distributed according to the uniform
distribution Ula, b] on some interval [a, b], and to let o, encode the rela-
tive rankings of X1, ..., X,; that is, defining o,(j) foreach 1 < j < nto be
the number & such that X is the kth smallest among X, ..., X,, (this is well
defined as long as the X; take distinct values, which happens with proba-
bility 1). The permutation o, defined in this way is sometimes referred to
as the order structure associated with X, ..., X,. It is an easy exercise to
check that o, defined in this way is indeed uniformly distributed in S,,.

Now, let A, (s,?) denote a random set of n points chosen independently
and uniformly at random from a rectangle [0, s] X [0, f], where s, > O.
We claim that the maximal increasing subset size L(A,(s,t)) is a random
variable with the same distribution as L(c7,,). Indeed, we can represent such
asetas A,(s,1) = {(Xi, YOl_,» where Xy,...,X,,Yy,..., Y, are indepen-
dent random variables, with the X; being uniformly distributed in [0, s]
and the Y; being uniform in [0, ¢]. Denoting by m, and 7, the permutations
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representing the respective order structures associated with the sequences
Xi,...,X, and Yy,...,Y,, and denoting o, = m, o1, (clearly also a uni-
formly random permutation of order n), we leave to readers to verify that
L(An(s, 1) = (o).

The next step is to recall that probabilists have a clever way of con-
structing a single probability space that contains many random sets of the
form A,(s,t) as defined previously, coupled together for all possible val-
ues of s, > 0. This is called the Poisson point process (see box on
the opposite page). If we take a Poisson point process of unit intensity
in ]R%r = [0, 00) X [0, c0), which can be represented as a random discrete
countable subset IT of R2, one of its defining properties is that for any
s,t > 0, the random variable N(s,1) = [IT N ([0, s] x [0, f])| (where | - | de-
notes the cardinality of a set) has the Poisson distribution with mean s-¢. A
well-known, and easy to prove, property of the Poisson point process (see
[29], Exercise 2.1.6, p. 24) is that, conditioned on the event N(s, t) = n, the
distribution of the set IT N ([0, s] X [0, #]) is exactly that of the random set
A, (s, t) discussed previously.

Now, for any ¢ > s > 0, consider the random variable

Yoo = LAIN ([5,1) X [5,1))). (1.5)
It is easy to see directly from the definitions that we have
YO,m+Ym,n < YO,m O<m<n,

since the left-hand side represents the maximal length of a possible increas-
ing subset in ITN ([0, n] X [0, n]) that is formed by combining an increasing
subset in IT N ([0, m] X [0, m]) of length Y, with an increasing subset in
I N ([m, n] X [m, n]) of length Y,, .. This superadditivity property brings to
mind a well-known result in probability theory, Kingman’s subadditive
ergodic theorem, discussed in the Appendix. In particular, condition 1 of
Theorem A.3 from the Appendix is satisfied for the r.v.’s (=Y,)ma- It is
straightforward to verify (Exercise 1.2) that the other conditions of that
theorem are satisfied as well. Therefore we get that, almost surely,

Yo — A = sup E(¥o.n)

n m>1 m

as n — oo, (1.6)

Note that we only deduced convergence along integer values of n, but
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The Poisson point process

Physicists once hypothesized that the universe is infinite, with stars dis-
tributed more or less at random with a uniform large-scale density through-
out all of space. Aside from the fact that this turns out not to be a realistic
model of the universe, it is interesting to ask how one might construct a rig-
orous mathematical model that would describe such a hypothetical universe.
The Poisson point process is just such a concept: it models how points can
be spread at random with uniform density throughout d-dimensional space
(or some given subset of it) in the “most random” or “most independent”
way. This is suitable for describing all kinds of phenomena, such as: the
distribution of impurities in a material; times of decay events in a chunk of
radioactive material; times of service requests to a customer call center; and
many others.

Formally, the d-dimensional Poisson point process can be defined as the
unique distribution of points in R? with constant mean density A > 0 per unit
of volume, such that for any disjoint measurable sets A, ...,A; ¢ RY with
finite volumes, the numbers of random points falling in each of the sets A; are
independent random variables, each having the Poisson distribution whose
mean is A times the volume of the corresponding A;. For more details, see
[29], [33].

since Y, is monotone nondecreasing in ¢, we also have this convergence if
n is considered as a real-valued parameter.

Next, we relate this limit back to the behavior of L(c,) using two key
observations. First, for each n > 1, define a random variable T, by

T, =inf{t > 0 : [TLN ([0,7] x [0,1])] = n}, (1.7)

and consider the scaled set T%l MN[0, T,s1) X [0, Tys1)). This is a random
set of n points in the unit square [0, 1] X [0, 1], and it is easy to check (us-
ing the conditioning property of Poisson processes mentioned previously)
that its joint distribution is exactly that of n independent uniformly random
points in [0, 1]%. In particular, the random variable

Yor

n+l1

= LT N ([0, T1) X [0, Ti1)

is equal in distribution to L(c,).
The second observation concerns the asymptotic behavior of T),. Denote
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So=0and §, = T,% for n > 1, and rewrite (1.7) as

S, =inf{s >0 : |[ILN ([0, Vs] X [0, Vs])| = n}
=inf{s >0 : M(s) = n},

where M(s) = [II N ([0, 4/s] x [0, 4/s])|. It is immediate from the def-
inition of the Poisson point process that (M(s))ss is a one-dimensional
Poisson process of unit intensity on [0, o). (For one-dimensional Poisson
processes, instead of denoting the process as a random set it is customary to
denote it by a family of random variables (M(s));»o such that M(s) denotes
the number of points from the process in the interval [0, s].) Therefore, by
a standard fact from probability theory (see [33], pp. 133—134), the incre-
ments Wy, = §, — S, of the sequence S, are i.i.d. random variables with
the exponential distribution Exp(1). It follows using the strong law of large
numbers that almost surely

1 1 ¢
=Sy == E W, — lasn — oo,
n n &

or equivalently that T,/ v/n — 1 almost surely as n — oo. Combining this
with (1.6), we get that

YO»TrH-l _ T"H'l YOan+]

% a \/ﬁ Tn+l

Since Yy 1,,, is equal in distribution to L(c7,), and almost sure convergence

— A almost surely as n — oo.

implies convergence in probability, it follows that L(c-,)/ 4/n converges in
probability to A.

We have proved convergence in probability of L(c,)/ v/n to a constant
limit A, which was the second claim of Theorem 1.6. We can now de-
duce the first claim regarding the convergence to A of the expected values
.,/ \/n. Intuitively, convergence in probability of a sequence of random
variables to a limiting constant implies convergence of the expected val-
ues to the same limit, as long as one can bound the “tail behavior” of the
random variables to rule out a situation in which large fluctuations from
the typical value, which occur with low probability, can still have a non-
negligible effect on the expected values. In our case, the knowledge that
L(o,) is always at most n (which is only a polynomial factor larger than the
typical scale of /n), together with the exponential bound of Lemma 1.5,
will be enough to prove the claim.
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To make the idea more precise, fix some ¢ > 0. We have
ty
\n

- A’ = | PEL(0,) - Al < Bl P Lio) - A
= IE( |n""?L(c) - A lrn-‘/2L<an>—Al<6l)
+ E( ’n*” 2L(0' w) — A| 1{|n-'/ZL(a,,)—A\>6,L(a—n)s3 Wl)

-1/2
+ E( |2 L(0) = AL iesi,y-onion-3 \m:)’

where the notation 1, is used to denote the indicator random variable of an
event A. The first summand in the last expression is at most §. The second
summand satisfies

E( ‘nfl/zL(O'n) - A|1{|n’]/ZL(O'n)fA|>6,L(0',l)S3 \/ﬁ})
<GB+ ANP(n"'?L(o,) — A > 6),

which converges to 0 as n — oo by the result we proved on convergence in
probability. The third summand satisfies

]E( L YR TN | PR \/m) < C(Vn+ AV

by Lemma 1.5. Combining the three bounds we see that

2
limsup |[— — A| < 6.
=00 P Vn
Since § was an arbitrary positive number, the claim follows. O

An alternative approach to proving Theorem 1.6, which does not rely
on knowledge of Kingman’s subadditive ergodic theorem, is outlined in
Exercises 1.3 and 1.4. This approach is based on deriving an upper bound
on the variance of L(o,), which is also of independent interest, since it
provides an explicit measure of the concentration of L(c-,) around its mean.

1.5 Patience sorting

We continue our pursuit of an understanding of the numbers £, and the
permutation statistic L(o"). Looking back at the results in the previous sec-
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tions, we see that the proofs, both of the concrete bounds (1.2) and (1.3)
and of the convergence result, Theorem 1.6, used only relatively general
and not very detailed information about the behavior of L(o") as input for
the proofs. It is therefore not so surprising that the knowledge we gained
was in turn relatively meager.

We now turn to the task of developing a more detailed understanding
of the statistic L(-) at the combinatorial level. We start in this section by
answering perhaps the most fundamental question of all: given a permu-
tation o, how may one compute L(c)? It turns out that this can be done
using a simple algorithm called patience sorting, invented by A.S.C. Ross
around 1960 and named by Colin L. Mallows [84], who further analyzed
its behavior in [85] (see also [3]). The name of the algorithm alludes to its
application to sorting a deck of cards. It consists of scanning sequentially
through the permutation values in order, and piling them in a linear array
of “stacks,” according to the following rules:

1. Each new value x will be placed at the top of an existing stack, or will
form a new stack by itself positioned to the right of all existing stacks.

2. The stack on which each new value x is placed is the leftmost stack
from among those whose current top number is bigger than x. If there
are no such stacks, x forms a new stack.

As an example, consider the permutation (4,1,2,7,6,5, 8,9, 3); running
the algorithm with this permutation as input leads to the sequence of stack
arrays shown in Fig. 1.2. Note that the different stacks are aligned at their
tops — in other words, imagine each stack as being “pushed down” when-
ever a new number is added to it.

Lemma 1.7 When patience sorting is applied to a permutation o € S,
the number of stacks at the end is equal to L(0).

Proof Denote by s the number of stacks at the end of the run, and let
(o(iy),0(iz),...,0()) be an increasing subsequence of o of maximal
length k = L(0). It is a simple observation that the values o(iy), ..., o (i)
must all be in different stacks, since each successive value o-(i;,;) must be
placed in a stack to the right of the stacks containing the existing values
o(i1),...,o(i;). This shows that s > L(o). Conversely, one can form an

increasing subsequence of length s by judiciously choosing one number
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4 4 4 4
- 125 = 1258
4 6 4 6
7 7
> 12589 > 1232809
4 6 5
7 6
7

Figure 1.2 The patience sorting algorithm applied to the
permutation (4, 1,2,7,6,5,8,9,3).

from each stack. This is done as follows: start with the top number x = x;
in the rightmost stack, and now repeatedly go to the value in the stack to its
left that was at the top of that stack at the time that x was added, to obtain
Xs-1, Xs—2 and so on down to x;. It is easy to see that xi,..., x, forms an
increasing subsequence. O

1.6 The Robinson-Schensted algorithm

Although the patience sorting algorithm of the previous section gives us a
practical way of computing L(0), it does not seem to offer any immedi-
ate help in analyzing the probabilistic behavior of the permutation statistic
L(o,), where o, is chosen uniformly at random in S,. We have simply
traded one question, about the behavior of L(c,), for another, about the
behavior of the number of stacks in patience sorting applied to a random
permutation. But how is the latter problem approached?

In fact, the combinatorial power of the algorithm is truly unleashed when
it is applied recursively, leading to a remarkable procedure known as the
Robinson-Schensted algorithm.

To understand this idea, first note that the array of stacks formed during
the application of patience sorting actually contains much more informa-
tion than we need to simply compute L(o), the number of stacks. To that
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end, it is only the top numbers of the stacks (the first row of the array
of stacks in our visualization scheme) that are important at any point in
the execution, since only they enter into the decision of where to place a
new number. What we shall do is take the additional “useless” informa-
tion in the rows below the first row, and package it in an aesthetically more
pleasing (and mathematically more revealing) form, by taking the numbers
pushed, or “bumped,” down to the second row and using them as input for
an additional patience sorting algorithm, and so on recursively for the third
row, fourth row, and so on.

To make this more precise, consider what happens whenever a new num-
ber is inserted. The number settles down into the first row at the top of
one of the stacks (now more appropriately considered simply as abstract
columns of numbers). As it does so, it either starts its own new column to
the right of the existing ones, in which case the process ends there and we
move on to the next permutation value; or, if it settles down at the top of
an existing column, instead of pushing the entire column down as we did
before, we simply “bump” the previous top entry from that column down to
the second row, where it now itself searches for a column to settle down in,
following similar rules to the standard patience sorting algorithm: namely,
either it settles in an empty space to the right of all other second-row num-
bers if it is bigger than all the numbers currently in the second row, or
otherwise it settles down in the leftmost column having a second-row entry
bigger than itself.

In the event that the number settling down in the second row replaces
an existing number, that number now gets bumped down to the third row,
and the same patience sorting-like process gets repeated in that row. This
continues until the bumping stops when one of the bumped numbers finally
settles down in a previously unoccupied space. When this happens, we
move on to the next value of the permutation and repeat the procedure.
We call each such cycle consisting of an insertion of a new value and the
resulting cascade of bumped values an insertion step.

To illustrate this, Fig. 1.3 shows the sequence of arrays formed by run-
ning this procedure on our previous sample permutation. For example, dur-
ing the sixth insertion step the number 5 was inserted into the first row. This
bumped the number 6 down to the second row, where it took the place of
the number 7, which in turn was bumped down to the third row.
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4 > 1 -5 12 =5 127 = 126
4 4 4 4 7
S 125 = 1258
4 6 4 6
7 7
> 12589 — 1232809
4 6 4 5
7 6
7

Figure 1.3 The “recursive patience sorting” algorithm
(essentially the Robinson—Schensted algorithm) applied to the
permutation (4,1,2,7,6,5,8,9,3).

For a reason that will be made clear in the next section, it is useful to note
that such an insertion step can be reversed: by starting from the last value in
the bumping sequence (in the preceding example, the number 7 now sitting
in the third row), we can undo the sequence of bumping events to recover
the array of numbers as it existed before the insertion, and separately the
number that was inserted that is now “bumped out” of the array. It is easy
to see that the position of each “reverse bumping” operation is uniquely
determined. Such an inverse operation is called a deletion step.

To summarize, we have defined a computational procedure that refines
the patience sorting algorithm by applying patience sorting recursively to
the rows below the first row. Its input is a permutation and its output is an
interesting-looking two-dimensional array of numbers, where in particular
the length of the first row in the array is exactly L(c). The array also has
some useful monotonicity properties that are not present in the output of
simple patience sorting. This is almost the Robinson—Schensted algorithm
in its final form. One more refinement is needed, to make the algorithm
reversible. We describe it in the next section after introducing some useful
new terminology, and then study some of its remarkable properties.
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Figure 1.4 The Young diagram (4,4,3,1, 1).

1.7 Young diagrams and Young tableaux

At this point we introduce some important terminology. Let n € N. A
partition (also called integer partition, or unordered partition) of n
is, loosely speaking, a way to represent n as the sum of positive inte-
gers, without consideration for the order of the summands. More precisely,
we say that A is a partition of n, and denote this A + n, if A is a vec-
tor of the form A = (4, A, ..., Ax), where 44,..., 4, are positive integers,
A2 >...2 A, andn = A; +...+ 4. The integers A4, ..., 4; are called
the parts of the partition. We also call n the size of A, and denote n = |1|.
We denote the set of partitions of n by P(n).

The relevance of this to our discussion is that the row lengths in the
two-dimensional array of numbers produced by the algorithm we defined
form the parts of a partition of n (with n being the order of the permuta-
tion). Next, for a partition A + n, define the Young diagram of A (named
after Alfred Young, an early 20th-century English mathematician) to be a
graphical diagram representing the partition A as a two-dimensional array
of boxes, or cells, where the jth row (counting from the top down) has 4;
cells, and the rows are left-justified. The cells of the diagram will serve
as placeholders for the array of numbers produced by the algorithm. For
example, Fig. 1.4 shows the Young diagram corresponding to the partition
4,4,3,1,1).

Since Young diagrams are simply schematic devices representing inte-
ger partitions, we shall often identify a Young diagram with its associated
partition and refer to a given A interchangeably as either a partition or a
Young diagram.

If A + n, the conjugate partition of A, denoted A’, is the partition ob-
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tained by reading the lengths of the columns of the Young diagram of A,
instead of the rows. In other words, the Young diagram of A’ is obtained by
reflecting the Young diagram of A along its principal diagonal. For exam-
ple, the partition conjugate to 4 = (4,4,3,1,1)is 2’ = (5,3, 3,2).

Finally, a Young tableau* (often referred to as a standard Young
tableau, or standard tableau) consists of a Young diagram A + n to-
gether with a filling of the cells of A with the numbers 1,2,...,n, such
that the numbers in each row and each column are arranged in increasing
order. Note that this is a property possessed by the array of numbers that
is output by the algorithm we defined. We call the diagram A the shape of
the tableau. If P denotes a Young tableau of shape A, its transpose is the
Young tableau PT of shape A’ obtained by reflecting P along the principal
diagonal.

We are now ready to finish the definition of the Robinson—Schensted
algorithm. The algorithm we defined so far can be thought of as taking a
permutation o € §,,, and computing a partition A + n together with a Young
tableau P of shape A. We call P the insertion tableau. Now note that there
is a nice way to obtain from the algorithm another Young tableau Q of
shape A, by recording in each cell of the Young diagram A the number &k
if that cell first became occupied in P during the kth insertion step during
the execution of the algorithm (that is, after inserting the number o(k)). In
other words, Q records the order in which different cells were added to the
shape A as it “grew” from an empty diagram into its final form during the
execution of the algorithm. It is trivial to see that Q is also a Young tableau.
We call it the recording tableau. The Robinson—Schensted algorithm is
defined as the mapping taking a permutation o to the triple (4, P, Q). See
Fig. 1.5 for an illustration.

Why is the recording tableau interesting? A crucial fact is that knowing
it allows us to reverse the action of the algorithm to reproduce from the
insertion tableau P the original permutation o. To see this, consider how
we can recover just the last value o(n). When we inserted o(n) into the
tableau-in-progress P, this resulted in a sequence of bumping operations
(o(n) settling down in the first row and possibly bumping another number
to the second row, that number settling down in the second row and bump-
ing another number to the third row, and so on). If we knew the last place
where a number being bumped down a row ended up settling, we would



22 Longest increasing subsequences in random permutations
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Figure 1.5 The insertion and recording tableaux generated by the
Robinson—Schensted algorithm for the permutation
4,1,2,7,6,5,8,9,3).

be able to perform a deletion step (as described in the previous section),
and recover the state of the tableau P before this last insertion. But this is
exactly the information encoded in the recording tableau Q — specifically,
this position is exactly the cell where Q has its maximal entry. So, to re-
cover o(n) we look for that cell, perform a deletion step starting at that cell,
and recover the previous state of P, together with the value o(n) which is
the entry that was “bumped out” of the tableau P at the end of the deletion
step.

We can now proceed by induction, by deleting the maximal entry from
0, and repeating the same procedure to recover o(n — 1), followed by
o(n — 2), and so on all the way down to o(1). This is sometimes referred
to as applying the inverse Robinson—Schensted algorithm.

We summarize this last discussion in a formal statement that will be
extremely important in what follows.

Theorem 1.8 The Robinson—Schensted algorithm (also called the
Robinson—-Schensted correspondence) is a mapping that takes a permu-
tation o € S,, and returns a triple (A, P, Q), where: A + n, and P, Q are two
Young tableaux of shape A. This mapping is a bijection between S, and the
set of such triples. Under this bijection, we have the identity

L(o) = A, (the length of the first row of A). (1.8)

It is recommended to apply the algorithm by hand in a couple of exam-
ples to get a sense of how it works; see Exercises 1.7 and 1.8.

If 2 + n, denote by d, the number of Young tableaux of shape A. Be-
cause of a connection to representation theory that is not important for our
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Robinson, Schensted, Knuth, and RSK

The Robinson—Schensted algorithm is named after Gilbert de Beauregard
Robinson and Craige E. Schensted. Robinson described an equivalent but
less explicit version of the algorithm in a 1938 paper [104] in connection with
a problem in representation theory. Schensted [113] rediscovered it in 1961,
described it in a purely combinatorial way, and — importantly — pointed out
the connection to longest increasing subsequences.

In 1970, Donald E. Knuth discovered [70] a significant additional gen-
eralization of the algorithm, which we will discuss in Chapter 5. This has
become known as the Robinson-Schensted—Knuth algorithm, or RSK
for short. In the literature the RSK acronym is often used even in reference
to the more restricted Robinson—Schensted algorithm.

purposes but is explained later (see p. 63), the number d, is sometimes re-
ferred to as the dimension of A, and denoted dim A or f*. Pay attention to
this definition: the mapping A — d, is extremely important in the combina-
torics of Young diagrams and longest increasing subsequences, and plays
a central role in many of the developments in the book.

As a corollary to Theorem 1.8, we get a curious fact involving the enu-
meration of Young tableaux of various shapes, by simply comparing the
cardinalities of the two sets that the bijection maps between.

Corollary 1.9 For eachn > 1 we have

Zdz =nl, (1.9)

Arn

where the sum is over all partitions of n.

Note that our definition of the Robinson—Schensted algorithm treats rows
and columns differently. Another apparent asymmetry of the algorithm is
that the tableaux P and Q play very different roles. It is therefore surpris-
ing that the algorithm does have a symmetry property corresponding to
the interchange of rows and columns and another symmetry related to in-
terchanging P and Q. This is explained in the following theorem,’ whose
proof is outlined in Exercises 1.9 and 1.10.
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Theorem 1.10 Let o = (0(1),...,0(n)) € S, be a permutation, and let
(4, P, Q) be the triple associated to o by the Robinson—Schensted algo-
rithm. Then:

(a) If (u, P’, Q') is the triple associated by the Robinson—Schensted algo-
rithm with the permutation (o-(n),...,o (1)) (“the reverse of ”) then
u= A" and P’ = P (the transpose of P).°

(b) The triple associated by the Robinson—Schensted algorithm with o~
is (4,0, P).

As a corollary, we get that the shape A also encodes information about
the maximal decreasing subsequence length of o.

Corollary 1.11  If (A, P, Q) is the triple associated to a permutation o € S,
by the Robinson—Schensted algorithm, then in addition to the relation (1.8)
we have the symmetric relation

D(o) = 4, (1.10)

between the maximal decreasing subsequence length of o and the length
of the first column of A.

Proof 1If we denote o’ = (o (n),...,o(1)), then clearly D(o) = L(c”), so
the claim follows from part (a) of Theorem 1.10. O

Another corollary of Theorem 1.10 is an elegant formula for the total
number of Young tableaux of order n; see Exercise 1.11.

1.8 Plancherel measure

The Robinson—Schensted algorithm finally allows us to reformulate our
original question on the asymptotic behavior of the permutation statistic
L(0) in a way that is truly useful. It does so by giving us an alternative way
of looking at permutations (replacing them with the triples (4, P, Q) com-
puted by the algorithm), where the statistic L(o) appears as a natural quan-
tity: the length of the first row of the Robinson—Schensted shape A. In fact,
note that for the purposes of computing 4;, the tableaux P and Q don’t ac-
tually play any role. It therefore seems natural to simply forget about them,
and to focus on the random Young diagram A" obtained when applying
the Robinson—Schensted algorithm to the random permutation .
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How does this random 1™ behave, probabilistically speaking? Clearly,
for any A + n, the probability that A™ = 1 is 1/n! times the number of per-
mutations o~ € S, whose Robinson—Schensted shape is A. By the properties
of the algorithm, this can be written as

d2
PQ™ = 1) = —j (1.11)
n!

Note that the fact that these probabilities all sum to 1 is simply a re-
statement of equation (1.9). The probability measure on the set of inte-
ger partitions of n that assigns measure d3/n! to any partition A is known
as Plancherel measure (of order n). Historically, it has its origins in the
work of the Swiss mathematician Michel Plancherel in representation the-
ory, dating to the early 20th century, but here we see that it appears natu-
rally in connection with the purely combinatorial problem of understanding
L(0): to understand how L(o,) behaves for a uniformly random permuta-
tion in §,,, we can look instead at the random variable /l(l”) (the length of the
first row) for a random Young diagram A" chosen according to Plancherel
measure. Equation (1.11), together with Theorem 1.8, implies that these
two random variables are equal in distribution.

1.9 The hook-length formula

All of the foregoing analysis would be in vain if we did not have a good way
of analyzing Plancherel measure. Fortunately, we do. A key element is the
existence of a remarkable formula, known as the hook-length formula,
for computing d,, the number of Young tableaux of shape A + n. It was
proved in 1954 by Frame, Thrall, and Robinson [43], who deduced it from
an earlier and less convenient formula due to Frobenius.

If (i, j) is a cell in the Young diagram of A + n (where i is the row index
and j is the column index, as in matrix notation in linear algebra), define
the arm of (i, j) to be the collection of cells in A of the form (i, x) where
Jj < x < A; —that is, the cell (i, j) together with the cells in the same row
that lie to its right. Define the leg of (i, j) to be the collection of cells in A
of the form (y, /) for i <y < A’ ((, /) and the cells in its column that lie
below it). Define the hook of (i, j) to be the union of its arm and its leg,
and denote this set of cells by H,(i, j).

Define the hook-length of (i, j) as the number of cells in the hook, and
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Figure 1.6 A hook-length tableau.

denote it by &,(i, j). Formally, it is easy to see that we can write

(i, j) = [HyG Pl = A= j+ 45— i+ L.

Theorem 1.12 (The hook-length formula) If A + n, then we have
n!
)

where the product is over all cells (i, j) in A.

d, (1.12)

As an illustration, given A = (4,4, 3,1, 1), a Young diagram of order 13,
to compute d, we start by tabulating the hook-lengths in the diagram shown
in Fig. 1.6. (Call the resulting array of numbers a hook-length tableau.)
The number of Young tableaux d, can then be computed as
3 13!

S 1-1-1-2-2-2-3-4-4-5.5-7-8
Theorem 1.12 has many proofs, including some that are “bijective,” that

d, = 11583.

is, are based on establishing a combinatorial bijection between two sets
that immediately implies (1.12); see [44], [71, Section 5.1.4], [92], [96].
Here, we give a beautiful probabilistic proof due to Greene, Nijenhuis, and
Wilf [50]. This proof has the added advantage of producing an elegant
and efficient algorithm for sampling a uniformly random Young tableau of
shape A. This sampling algorithm is described in the next section.

Proof of Theorem 1.12  To start the proof, denote the right-hand side of
(1.12) by e,. Our goal is to show that d, = e, for all integer partitions A.
Note that d, satisfies a simple recurrence relation, namely

di=>d,

n/a
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Figure 1.7 The corners of the Young diagram (4,4, 3,1, 1).

where the notation ¢ ' A indicates that the Young diagram of A can be
obtained from the Young diagram of u by the addition of a single cell (and
the summation is over all u such that ug " ). This is explained by the
fact that, starting from any Young tableau of shape A, by deleting the cell
containing the maximal entry we are left with a Young tableau of shape
u for some u 7 A. This recurrence, together with the “initial condition”
dyp = 1 (for the “empty” diagram of size 0), determines all values of d,
uniquely. Since e, trivially satisfies ey = 1, it will be enough to show that
it also satisfies the same recurrence, that is, that

e/l=Ze,,, Arn, n=1,2,...).
n/a

To recast this in a more probabilistic form, we rewrite it in the form

>E=1
oA
This seems to hint that for each Young diagram A, there ought to exist
a “natural” probability measure on the diagrams u that satisfy u * A4,
assigning probability exactly e, /e, to each such u. The proof consists in
constructively defining a random process leading to just such a measure.
First, let us examine the set of u such that u ,” A. These are clearly
in bijection with cells (i, j) that can be removed from A to obtain a new
valid Young diagram p. We refer to such cells as the corners of A; they are
cells that are simultaneously the last in their row and in their column, as
illustrated in Fig. 1.7.
Fix the diagram A. We now define a probabilistic process — a kind of
random walk, dubbed the hook walk by the authors of [50] — that leads
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to a random choice of corner. First, we choose an initial cell for the walk
to be a uniformly random cell in A, out of the |1| possibilities. Next, we
perform a random walk, successively replacing the current cell with a new
one until we reach a corner, according to the following rule: given the cur-
rent cell (i, j), its successor is chosen uniformly at random from the hook
H,(i, j) \ {(i, j)} (the current cell is excluded to avoid staying in the same
place, although allowing it as a possible choice will only make the walk
last longer, but will not change the probability distribution of its terminal
point). Of course, the corners are exactly the cells that are the only elements
of their hook, so once we reach a corner there is nowhere else to move to,
and the process terminates.

Denote by c the terminating corner of the hook walk. From the forego-
ing discussion, we see that the proof of the hook-length formula has been
reduced to proving the following claim.

Proposition 1.13  For any corner cell (a, b) of A, we have

Ble = (a,b) = £, (1.13)

€)
where u = A\ {(a, b)}.
Letting n = |A|, we can compute the right-hand side of (1.13) as

ey (n=DYTlaph)) 11,

e TaphGp nt G

In this product of hook-length ratios, all the terms cancel out except those
in the same row or column as the corner cell (a, b), so this can be rewritten
as

e _ 177 _mG.b) 17 hia.))
Z_;[Iaﬂm—IKLM%D—I

b-1
h,l(z b)—l)l_[( ha(a, 1)—1)

J=

1l
S| =
T s
T r
- >~ S
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This last expression can be further expanded in the form

1 1 1
N Z Z (ghﬂ(i,b)—lghl(a,j)—l)

Ac{l,...,a—-1} B<(l,...,b-1}

> o@4B, (114
}

1
" aciima-1) Belibo1

where for sets A C {1,...,a— 1} and B C {l,...,b — 1} we denote
O(A, B) = TTiea 71 [jes oy We now show that Q(A, B) itself
can be given a probabilistic interpretation. For a possible trajectory

(x1,y1) = ... = (x, yx) of cells visited by a hook walk, define its hor-
izontal and vertical projections to be the sets {yi,..., ¥}, {x1,..., X}, re-
spectively. Now for the sets A and B as earlier define a quantity P(A, B) to
be the conditional probability for a hook walk, conditioned to start from
the initial cell (min(A U {a}), min(B U {b})), to eventually reach the corner
(a, b), while passing through a trajectory (x;,y;) = ... = (X, yx) = (a,b)
whose vertical projection is A U {a} and whose horizontal projection is
B U {b} = {y1,y2,...,yx}. We claim that P(A, B) = Q(A, B). If we prove
this, the theorem will follow, since the probability P(c = (a, b)) on the
left-hand side of (1.13) can be expanded using the total probability for-
mula as a sum of conditional probabilities given the initial cell (x;,y;) and
the vertical and horizontal projection sets V and H of the walk, times the
probability 1/n for each initial position. This gives

%Zi 3 S P\ al VA ),

x=1y=1
0C HC(xy,....a} Vciyi,....b},

min(H)=x;,max(H)=a min(V)=y;,max(V)=b

% Z zb: S oH\ () v\ (b,

xi=1ly=1
OCHC(xy,....a} Viyi,....b},

min(H)=x;,max(H)=a min(V)=y;,max(V)=b

IP’(c = (a, b))

which can then be easily seen to equal the right-hand side of (1.14).

To prove that P(A, B) = Q(A, B), use induction on k. The induction base
k = 1 (corresponding to A = B = 0) is trivial. For the inductive step,
assume that both A and B are nonempty (the case when only one of them
is empty is similar and is left to the reader) and denote i; = min(A) and
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Jj1 = min(B). By the definition of the hook walk, we have that

P(A,B) = ————(P(A\ (i}, B) + P(A, B\ {j1}).
ONTE

By induction, this is equal to

m (QAN\ (i1}, B) + Q(A, B\ {ji})

G- 1 m {l;[ G, b) 11_[;“(61 -1

I I
+1_A[ =1 | hA(a,j)—l]

JEB\{j1}

_ (i, b) = 1) + (ha(a, j1) — 1)
B ha(iy, ji) =1 [1—[ hi(i,b) -1 l—lha(a J)—l]

But, fortuitously, we have that (h,(i1, b)— 1)+ (ha(a, j1)—1) = h(iy, j1)—1,
so the last expression in the above chain of equalities is equal to Q(A, B).

This completes the proof of Proposition 1.13, and hence of the hook-length
formula. m|

1.10 An algorithm for sampling random Young tableaux

The proof of Theorem 1.12 gives a probabilistic interpretation to the ratio
e, /e, as the probability distribution of the terminal cell of a hook walk on
the Young diagram of A. However, the ratio d,/d, (which we now know
is equal to e,/e,) also has a fairly obvious, but different, probabilistic in-
terpretation: it is the probability for a Young tableau chosen uniformly at
random from the set of Young tableaux of shape A (out of the d, possible
tableaux), to have its maximal entry (namely, n, the size of the diagram A1)
located in the corner cell which is the difference between A and p. This is
so because Young tableaux of shape A having their maximal entry in this
corner cell are in obvious correspondence with Young tableaux of shape p.

This observation gives rise to a simple algorithm to sample a uniformly
random Young tableau of shape A: First, choose the cell that will contain
the maximal entry n, by performing a hook walk (which by the preceding
observation leads to the correct probability distribution for the location of
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the maximal entry corner). Write # in this cell, and then delete it to obtain
a smaller Young diagram y; then repeat the process with p by performing
another hook walk to choose where to write n — 1, then repeat to choose
where to write n — 2, and so on, until all the cells of the original diagram
are filled with the numbers 1,...,n. By induction it follows immediately
that the Young tableau thus generated is uniformly random in the set of
tableaux of shape A.

As an exercise, I suggest that readers write a computer program to per-
form this algorithm, and run entertaining simulations, perhaps discovering
new facts about random Young tableaux.

1.11 Plancherel measure and limit shapes

With the combinatorial theory in the preceding sections, we have paved
the way for an analysis of the asymptotic behavior of random partitions of
n chosen according to Plancherel measure, as n — oo. This analysis will
use tools of a more, well, analytical, nature, since we are now interested
in asymptotic results. In particular, as we shall see, the problem of under-
standing the asymptotic behavior of Plancherel-random partitions will lead
us to a certain minimization problem in the calculus of variations, whose
solution will ultimately require the use of some techniques of harmonic
analysis.

Before starting the rigorous analysis, it is worthwhile to look at a com-
puter simulation to develop some intuition. And why not, really? It is easy
to generate a Plancherel-random partition A of size n, by simply apply-
ing the Robinson—Schensted algorithm to a uniformly random permutation
o, € S, (another nice algorithm based on a variant of the hook walk is
outlined in Exercise 1.23). The results for two different partition sizes are
shown in Fig. 1.8.

As we can see, for a large value of n the random partition, a discrete ob-
ject, takes on a nearly continuous (maybe even smooth) shape. One can run
the simulation many times and still get a shape that looks approximately
the same as in the figure. It turns out that this is not a coincidence, and in
fact this is our first instance of a limit shape phenomenon — namely, the
phenomenon of some geometric object defined on a class of random dis-
crete objects converging to a limiting continuous shape as a size parameter
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(@) (b)

Figure 1.8 Random Young diagrams sampled from Plancherel
measures of orders (a) n = 100 and (b) n = 1000.

tends to infinity. We will see more examples of limit shapes later in the
book.

It therefore seems that our goal should be to rigorously prove the ex-
istence of this limit shape, in an appropriate limiting sense. With a bit of
luck, we might even find a precise formula for it. Note that such a result
will give us much more information than what we originally bargained for,
which concerned only the length of the first row of the random partition
A™_ (This illustrates the principle that in mathematics, when one is trying
to solve a difficult problem, the right thing to do is often to try to solve a
much harder problem.)

To begin, our problem involves a probability measure on the set P(n)
of partitions of 7, so it will be useful to know roughly how big this set is.
Define

p(n) = [Pn)].

The function p(n) (called the partition function) is an important special
function of number theory. Its first few values are 1,2,3,5,7,11,15,.... It
has many remarkable arithmetic properties and deep connections to many
branches of mathematics, but for our purposes we are interested only in its
rate of growth. It is easy to derive some rough estimates for this, namely
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that there are constants C, ¢ > 0 such that the bounds
ce"WSp(n)SCeC‘”’ (1.15)

hold for all n > 1; see Exercises 1.13 and 1.15. In qualitative terms, this
means that p(n) is roughly of exponential order in the square root of n. This
will be sufficient for our needs, but for the curious-minded, a more precise
answer was derived by G. H. Hardy and S. Ramanujan, who showed in

1918 [56] (see also [91]) that’

mm:a+mn§$§f@“ asn — oo. (1.16)
(Exercise 1.16 describes a simple method for proving an upper bound for
p(n) that gives some of indication of where the constant 72/3 comes
from. A proof of (1.16) and additional related results is sketched in Exer-
cises 4.9 and 4.10 in Chapter 4.)

Next, since we will be talking about the convergence of a sequence of
Young diagrams to a limiting shape, we need to define the space of shapes
on which our analysis will take place, and the notion of convergence (i.e.,
a topology or metric structure) on the space. Since integer partitions are
described by a nonincreasing sequence of nonnegative integers that sum
to a given integer n, we can describe the analogous limiting objects as
nonnegative nonincreasing functions on the positive real line that integrate
to a given real number. Define ¥ to be the space of functions f: [0, c0) —
[0, o0) such that:

1. f is nonincreasing;
2. [T fdx=1;
3. f has compact support, that is, sup{x > 0 : f(x) > 0} < oco.

The requirement for f to integrate to 1 is arbitrary and is made for obvious
reasons of convenience. Condition 3 is also added for convenience, and al-
though it is not a priori obvious that it should be included, we will see later
that adding it simplifies the analysis and does not restrict the generality of
the results. We refer to elements of # as continual Young diagrams.

If 1 € P(n), we can embed A in F by associating with it a function
¢ € T, defined by

¢/l(x) — n—l/2 /l/

e (X20). (1.17)
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O L i I I I
o L + X 4 5 6
VI3 VI3 VI3 VI3 VI3 VI3
Figure 1.9 An illustration of the function ¢, encoding a Young
diagram (4,4,3,1,1).

In other words, we represent the graph of the Young diagram as a nonin-
creasing function, and scale both the horizontal and positive axes by a fac-
tor of /n each, to scale the area of the Young diagram from n down to 1.
The use of the conjugate partition A, rather than A, is not essential, but is
designed to reconcile the two somewhat incompatible coordinate systems
used in the combinatorics of Young diagrams and in calculus (see box on
the next page). Fig. 1.9 illustrates the function ¢,.

We defer for the moment the decision about the topology on ¥ ; the
correct notion of convergence will become apparent in the course of the
analysis. The important thing to remember is that as n — oo, we expect the
scaled graph of the typical Plancherel-random partition A of order n to
become, with asymptotically high probability, close (in some limiting sense
that is yet to be determined) to a certain fixed and nonrandom function
inF.

In the next section we take a closer look at the term dﬁ that appears in
the formula (1.11) for Plancherel measure, and show that it can be approx-
imated by a certain analytic expression involving the function ¢,.

1.12 An asymptotic hook-length formula

The product of hook-lengths of the cells of A that is incorporated within
the term dﬁ in (1.11) is clearly the most interesting part of the formula
for Plancherel measure, so getting a better understanding of this product is
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English, French, and Russian coordinates

The literature on Young diagrams and Young tableaux uses several different
coordinate systems to represent Young diagrams and Young tableaux. The
standard way of depicting them, sometimes referred to as “English” nota-
tion, is the one we have used earlier, where the diagram rows (in order of
decreasing size) are drawn from top to bottom. The reference to England
may allude to the legacy of the English mathematicians Alfred Young and
Norman Macleod Ferrers (after whom are named the so-called Ferrers dia-
grams, an earlier variant of Young diagrams using disks instead of squares)
who pioneered the use of these diagrams. In the work of some French au-
thors a different convention has taken root in which the diagrams are drawn
from the bottom up. This “French” coordinate system leads to drawings that
are more compatible with the standard Cartesian coordinate system used in
calculus and much of the rest of mathematics. (Well, Descartes was French
after all...)

A third coordinate system, which we refer to as “Russian coordinates”
(a.k.a. “rotated coordinates”), has emerged in which diagrams are presented
rotated counterclockwise by 45 degrees with respect to the French conven-
tion. This turns out to be a useful trick that simplifies their analysis for many
purposes (including ours). The use of this coordinate system was especially
popularized in the 1980s and 1990s through the works of the Russian math-
ematician Sergei Kerov and other authors building on his work.

English French Russian

an obvious goal on the way to proving a limit shape result. Because of the
simple form of the product, it turns out that we can, without much difficulty,
define an analogous analytical expression that appears in connection with
functions f € 7, and that can be used to get a very good approximation of
the hook-length product for large Young diagrams.

Let f € 7, and let (x, y) € [0, 00) X [0, co) be some point that is bounded
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under the graph of f; that is, we have y < f(x) (if f is thought of as a
limiting notion of a Young diagram, then (x, y) corresponds to the limiting
location of a cell). We define the arm of (x,y) to be the set {(x",y) : x <
x' < f~1(y)}. We define the leg of (x, y) to be the set {(x,y") : y <y’ < f(x)}.
Let the hook of (x, y), denoted H(x, y), be the union of the arm and the leg
of (x,y). Define the hook-length of (x, y), denoted s /(x, y), to be the length
of H¢(x,y), namely

hy(x,y) = f() =y + ') - x,
where f~(y) is defined by

1y =inf{x >0 : f(x) <y}

Define the hook integral of f by the expression

0o ~f(x)
b = [ [ toghytndyx (1.18)
0 0

It is not too difficult to verify that the integral converges absolutely (Ex-
ercise 1.17). We also see this later as a consequence of a different way of
writing the hook integral.

The precise connection of the hook integral to the hook-length formula
and to Plancherel measure is explained in the following result.

Theorem 1.14 (Asymptotic hook-length formula) Asn — oo, we have,
uniformly over all partitions A € P(n), that

2
% = exp [—n(l + 2 Looi(b) + 0(105’7”))] . (1.19)

Proof First, by elementary manipulations and Stirling’s approximation
(0.1), we can bring the formula for Plancherel measure to a form more
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suitable for doing asymptotics, as follows:

& 1 n!y?
R ]
' ’ (H(i,j) ha(i, J)) ()
= exp ((n + %)logn -n+ % log(2m) — 2 Z log h, (i, j) + 0(1))
(%))

exp( 2310 (hﬂ( J)) +%10g(27rn)+0(1))

(@@.))

exp[—n(l+2 —Zl (h”(’ ’))—%mg(zm)m(l/n))}.

(%))

Here, the products and sums are over all cells (i, j) of 4. As a consequence
of this, we see that to prove (1.19), it will be enough to show that

1 ha(i, j) logn
OZJ)I ( )—Ihook(m)w( \/ﬁ) (1.20)

This already starts to look reasonable, since we can decompose the hook
integral too as a sum over the cells (i, j) of 4, namely

jlvn i/ \n .
Thoox(d2) = f f log(éa(x) + ¢7'(3) — x — y) dy dx.
(, ) Y U=D/Nr =D/ Vn

Fix a cell (i, j), and denote & = h,(i, j). We estimate the error in the ap-
proximation arising from the cell (i, j), namely

J/Nn i/ \Nn . 1 h
[ toe@uo + 670 - x-pyayas log(—).
(=1 Ji=D/Nn n \n

Note that from the definition of ¢, it follows that when x ranges over the
interval [(j — 1)/ +/n, j/ \/n], the value of ¢,(x) is constant and equal to
. /l' Similarly, when y ranges over [(i — 1)/ vn, i/ v/n], the value of ¢7'(y)

is constant and equal to 1”/1 Therefore E; j can be rewritten as

jl v i/ A+ A h
f f log( -x- y) dydx - —log( )
=1/ Vi JGi=1)/ v \n

Noting that & = 4; + A—i—j+1, by a simple change of variable we see
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that this can be rewritten in the form
1

1/2 1/2
Eij=- f (log(h — x —y) —logh) dydx
172 J-1/2

1/2 1/2
f f 1 - —) dydx.
-12 J-112
When h > 2, this can be easily bounded: since |log(1 — #)| < 2|t for ¢t €
[-1/2,1/2], we have
2
E | <—-. 1.21
Bl < —— (121)

When & = 1, on the other hand, E; ; is exactly equal to
12,12 0. 11
—f f log(l —x—-y)dydx = —(210g2 3/2) x ——
-1/2 J-172 n

and in particular the bound (1.21) also holds in this case.
Finally, the total approximation error that we were trying to bound is

haGi, j) !
Ihook(¢/l)__zl ( )‘ 'ZE’J Z'E”l (lZ’j;h/l(i,j)’

) (5} (@@.))

so (1.20) reduces to showing that for any partition A € P(n) we have

Z = O(Vnlogn), (1.22)
5 hﬁ(l )
with a constant concealed by the big-O symbol that is uniform over all
partitions of n. To prove this claim, fix 1 < m < n, and note that the cells
(i, j) of A with a given hook-length %,(i, j) = m all lie on different rows and
different columns. This implies that there are at most V2n of them, since
otherwise the sum of their column indices (which are all distinct) would be
greater than n — in contradiction to the fact that, because their row indices
are all distinct, this sum represents the number of cells that are directly to
the left of such an “m-hook” cell, and is therefore < n.

Since this is true for each m, it follows that the sum of the hook-length
reciprocals is at most what it would be if the hook-lengths were crowded
down to the smallest possible values under this constraint, namely

L]

|- \/2n-| |_ \/2n-| |- \/Zn-l
USSR SR U —
1 1 1 1 1 1
T+"'+T+§+"'+§+§+"‘+§+"
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where we terminate the sum as soon as » summands have been included.
This clearly results in a bound of order +/nlog n, proving (1.22). O

1.13 A variational problem for hook integrals

Theorem 1.14 can be interpreted qualitatively as giving us a means of com-
puting, for each given shape f € ¥, how unlikely this shape (or one ap-
proximating it) is to be observed in a Plancherel-random partition of high
order. The measure of unlikelihood for this event is given by the expres-
sion 1 + 21,0k(f) involving the hook integral, which is the main term in the
exponent in (1.19). More precisely, this quantity is an exponential measure
of unlikelihood, since the integral appears in the exponent; that is, each
change of f that leads to an increase of I, (f) by an additive constant
translates to a decrease in probability by a multiplicative constant. The
factor of n appearing in front of this expression in the exponent magnifies
the effect so that it becomes more and more pronounced as n grows larger.

In probability theory one often encounters results of similar nature con-
cerning an exponential measure of unlikelihood of an event. They are called
large deviation principles (since they measure probabilities of extremely
unlikely events, i.e., large deviations from the typical behavior). A gen-
eral theory of large deviations has been developed that facilitates proving
and using such theorems (see box on the next page). This theory becomes
useful in relatively abstract situations. Here, since the setting involves a
fairly concrete combinatorial structure, we can accomplish our goals with
more transparent ad hoc arguments, so there will be no need to develop the
general theory.

An important idea in the theory of large deviations is that in many cases
when we have a large deviation principle, the behavior of the random model
that is observed typically (i.e., with asymptotically high probability) is sim-
ilar to the behavior that is the most likely — that is, the behavior where
the “exponential measure of unlikelihood” (usually referred to as the rate
function, or rate functional) is at its minimum. This favorable state of
affairs does not occur in all situations,’ but for our problem we shall see
later that it does. Thus, the key to the limit shape result will be to identify
the element f € ¥ for which the hook integral I,,o(f) takes its minimal
value. For an integral functional such as the hook integral defined on some
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Large deviations

The theory of large deviations studies probabilities of extremely rare events.
For example, what can be said about the probability that a sequence of
10,000 tosses of a fair coin will yield the result “heads” 6000 times? To be
sure, “almost 0” would be a pretty good answer, but often it is desirable
to have more accurate answers, since such “exponentially unlikely” events,
if they have an exponentially large influence on the outcome of an experi-
ment, can have a significant effect on the average result. For this reason,
the Swedish actuary Frederick Esscher was among the first people to study
such problems in the 1930s, motivated by questions of risk analysis for the
insurance industry [139].

The theory of large deviations was later extensively developed in the
second half of the 20th century with the works of notable mathematicians
such as Cramér, Donsker, Sanov, and especially Srinivasa S. R. Varadhan,
who formalized and unified the theory?®; see [31], [139]. The theory has found
many applications. One particularly useful idea (which we use here) is that
the analysis of the large deviation properties of a system can often give
insight into its typical behavior. This is somewhat counterintuitive, since un-
derstanding the typical behavior requires one to identify events that are very
likely to happen, whereas the large deviation analysis is concerned with
measuring the probabilities of extremely unlikely events. But, to paraphrase
Sherlock Holmes, once you have eliminated the exponentially improbable,
whatever remains must be the truth!

(generally infinite-dimensional) space of functions, the problem of finding
its minimum (or more generally its stationary points) is known as a vari-
ational problem. The area of mathematics that concerns the systematic
study of such problems is called the calculus of variations (see the box
opposite).

The variational problem for hook integrals. Find the function f € F for
which Lo (f) is minimized, and compute the value I,,,(f) at the minimiz-
ing function.

Our goal for the next few sections will be to solve this variational prob-
lem. This will proceed through several stages of simplification and analy-
sis, culminating in an explicit formula for the minimizer. Finally, once the
problem is solved, we will deduce from its solution our limit shape theo-
rem for Plancherel-random partitions. From there, the way will be paved
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The calculus of variations

The calculus of variations is concerned with problems involving the mini-
mization or maximization of real-valued “functions of functions” (which are
often called functionals, to avoid an obvious source of confusion). Such
numerical quantities depending on an entire function (e.g., the length of a
curve or energy of a vibrating string) usually involve integration of some local
parameter along the graph of the function.

Historically, the first examples motivating the development of the general
theory came from physics; some famous ones are the tautochrone prob-
lem of finding a curve along which a ball rolling under the influence of gravity
will oscillate around the minimum point of the curve with a period indepen-
dent of its starting position, and the related brachistochrone problem of
finding a curve connecting two given points such that a ball rolling from the
top point to the bottom will make the descent in the fastest time. The former
question was solved in 1657 by Christiaan Huygens (who then unsuccess-
fully attempted to use the solution to construct a more precise version of
his famous pendulum clock). The latter was solved by Johann Bernoulli in
1696. The solutions to both problems are curves known as cycloids. Later,
in 1755, Leonhard Euler and Joseph-Louis Lagrange generalized the tech-
niques originating in the tautochrone problem to derive a much more general
principle for finding stationary points of integral functionals, which became
known as the Euler-Lagrange equation. This laid the foundation for the
emerging field of the calculus of variations.

To this day, the calculus of variations is of fundamental importance in
physics. One reason for this is the fact that many physical laws, though
usually derived as differential equations, have equivalent formulations as
variational principles — namely, statements to the effect that the physical
system “chooses” its behavior so as to minimize the integral of a certain
quantity over the entire history of the system.

for solving our original problem of determining the first-order asymptotics
of ¢,, the average length of a longest increasing subsequence of a uniformly
random permutation.

1.14 Transformation to hook coordinates

The hook integral is rather messy as it involves the expression /,(x,y) for
the hook-lengths (which, annoyingly, involves both the function f and its
inverse), and is therefore difficult to analyze. It turns out that it can be
simplified and brought to a much cleaner form that will give us consider-
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Figure 1.10 A continual Young diagram in standard and rotated
coordinates.

able insight into its behavior, using several clever transformations. First, we
change our coordinate system from the “standard” or “English” coordinate
system to the “Russian” coordinates
X — X+
u=""0 " =22 (1.23)
V2 V2

The u—v coordinates are simply an orthogonal coordinate system rotated by
45 degrees relative to the standard x—y coordinates. Note that some authors
divide by 2 instead of V2, which results in the change of variables being

a nonorthogonal transformation. This results in some cleaner formulas but
seems a bit less intuitive, so we prefer the convention given here.

Having changed the coordinate system, we can define a new space of
functions G that describe the limiting shapes of Young diagrams in this
new coordinate system. More precisely, to each continual Young diagram
f € F there corresponds a unique function g € G whose graph is the graph
of f drawn in the new coordinate system. We still refer to g as a continual
Young diagram, leaving the coordinate system to be understood from the
context. For example, Fig. 1.10 shows a continual Young diagram f € F
and its associated rotated version g € G. Formally, f and g are related to
each other by

V= gu) — V\;;:f(v%“). (1.24)

What exactly is the new space of functions G obtained by transforming



1.14 Transformation to hook coordinates 43

Figure 1.11 Hook coordinates.

functions in f in this way? It is not hard to see that G is exactly the space
of functions g: R — [0, oo) satisfying the following conditions:

1. gis 1-Lipschitz, that is, |g(s) — g(#)] < |s — ¢| for all 5,7 € R;
2. g(u) > |u| for all u € R;

3. [(8Cw) ~ lulydu = 1

4. g(u) — |u| is supported on a compact interval [—1, I].

Note that in particular, in this new coordinate system the functions being
considered as candidates to be the limit shape are now continuous, and in
fact also (being Lipschitz functions) almost everywhere differentiable. This
is already somewhat of an advantage over the previous coordinate system.

Fix f € 7, and let g € G be the function corresponding to f in the new
coordinate system. The hook integral is defined as a double integral over
the region bounded under the graph of f — or, in terms of u—v coordinates,
over the region bounded between the graph of g and the graph of the ab-
solute value function v = |u|. We now define a second transformation that
parametrizes this region in terms of yet another set of coordinates, which
we call the hook coordinates. These are defined as follows: if (u,v) is a
point such that |u| < v < g(u), consider the arm and the leg which together
form the hook of the point (i, v). In the Russian coordinate system, the arm
and the leg extend from (u,v) in the northeast and northwest directions,
respectively, until they intersect the graph of g. Denote the points of inter-
section with the graph of g by (s, g(s)) and (z, g(¢)). The hook coordinates
are simply the pair (z, s); see Fig. 1.11
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Formally, ¢ and s can be defined using the equations
gs)—s=v—u, gy +t=v+u. (1.25)

The hook coordinates can be thought of as a system of nonlinear coordi-
nates, mapping the region bounded between the graphs of g and || to some
region A in the t—s plane. This allows us to rewrite the hook integral as a
double integral over the region A. The integrand log i¢(x, y) simply trans-
forms to log ( \/E(s - t)), so the integral will be

D(u,
Ihook(f) = ff log ( \/E(S a t)) D((l: :))
A b

where D(u,v)/D(t, s) is the Jacobian of the transformation (¢, s) — (u, v).

ds dt,

Let us compute this Jacobian, or rather (since this is a bit more convenient)
its reciprocal, D(t, s)/D(u,v), which is the Jacobian of the inverse trans-
formation (u,v) — (¢, s). To do this, take partial derivatives with respect to
both the variables « and v of both equations in (1.25), and solve for the four
partial derivatives ds/du, ds/dv, dt/du, 0t/dv, to get easily that

oo o 1
du v 1+g®)’
(9s_ 6s_ 1
du v 1-g(s)

Therefore we get that
D(1, s) ( & o ] 2
=det| ¥ 9 |= . (1.26)
D(u,v) e & (g'(s) =D+ 1)

ou  Ov
So, we have shown so far that the hook integral from (1.18) can be ex-
pressed as

hoak(f) = 4 f f log (V2(s =) (1 +g' ()1 - g'(s)) dr ds
A

f f log (V2(s = 1) (1 + g/ (0)(1 - ¢'(s))drds,
S (1.27)

=

where the last equality comes from the observation that outside of A we
always have that either 1 + g’(r) = 0 (when ¢ becomes sufficiently negative
so that g(r) = —t) or 1 — g’(s) = 0 (when s is sufficiently positive so that
g(s) = 1), so the integrand vanishes.
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Figure 1.12 Perturbing the hook coordinates as a geometric way
to compute the Jacobian of the transformation to hook
coordinates.

As a side remark, note that there is another, more geometric, way to un-
derstand the Jacobian factor of the transformation (u,v) — (s,7). This is
illustrated in Fig. 1.12, which shows the effect of perturbing the ¢ and s
coordinates slightly. When At and As become small, the Jacobian (ignor-
ing its sign) emerges as the approximate ratio of the area of the rotated
rectangle with opposite corners (u, v) and (u# + Au, v + Av) shown in the fig-
ure, to the differential Az As. It is not hard to see by elementary geometric
considerations that this is approximately equal to %(1 - g () + g'(0)).

To simplify (1.27) some more, first note that the V2 term in the loga-
rithm can be handled separately, and adds a constant contribution of % log(2)
(since the constant is integrated against a weight function that integrates
to 1); second, define

h(u) = g(u) = |ul, (1.28)

so that we have (1) = g’(u) — sgn(u) (where sgn(u) is the signum func-
tion), and observe that it is convenient to represent the integral

ff log(s — (1 + g'())(1 — g'(s))dtds (1.29)
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as a sum of two terms, the first one of which being
f f log(s — 1)(g'(t) — sgn(1))(sgn(s) — g'(s)) dtds
<s

= f f log(s — I (I (s) dt ds, (1.30)

and the second being the difference of (1.29) and this last integral. This dif-
ference can be computed by splitting the domain of integration into several
parts according to the signs of # and s. The part where t < 0 < s disappears
because of cancellation, and we are left with

ff log(s — ) W' (H)(1 — (=1))dtds
—oo<t<s5<0
+ ff log(s — )(1 — (=D))(=H'(s))dtds
O<tr<s<oco

0 0 00 s
= 2[ (1) (f log(s — 1) ds) dt — 2f W (s) (f log(s — 1) dt) ds
—0o t 0 0

=-2 fm R (u) (ulog|u| — u) du.

00

We can now write our integral functional /o (f) in the final form that
we will need for our analysis. Define

B(hy, hy) = —%f f log|s — t| K| (DR, (s) dt ds,
Q(h) = B(h,h) = —% f f log|s — t| W ()W (s) dt dss,

L(h) = -2 fw W (u) (ulog u| — u) du.

o

Then combining (1.27) with the computations above, and noting that Q(h)
is a symmetrized form of (1.30), we have shown that

26hook(f) = log2 + Q(h) + L(h) =: J(h). (1.31)

Note that B(hy, h) is a bilinear form in 4] and h}; Q(h) is a quadratic form
in A’'; and L(h) is a linear functional of 4’. The representation (1.31) pro-
vides an alternative method of showing that the hook integral converges
absolutely; see Exercise 1.17.

The function £, by its definition in (1.28) as a transformed version of
g, now ranges over a new space of functions, which we denote by . By



1.15 Analysis of the functional 47

the connection between the Lipschitz property and the notion of absolute
continuity, this can be described as the space of functions #: R — [0, c0)
satisfying:

1. h is absolutely continuous (that is, almost everywhere differentiable
and satisfies the Newton—Leibniz formula h(x) = h(0) + fox (1) du
for all x);

2. [T h(uydu = 1;

3. sgn(u) - h'(u) € [-2,0] wherever 1’ (u) is defined;

4. his supported on a compact interval [, I].

The problem of minimizing /.. (f) on the function space 7 has thus been
reformulated to that of minimizing J(%) on the new space . This is ad-
dressed in the next section.

1.15 Analysis of the functional

Our new representation of the hook integral in the form J(h) = Q(h) +
L(h) +log(2), consisting of a constant, a linear term, and a quadratic term,
should give us hope that the minimization problem that we are trying to
solve should actually not be too difficult. (To be sure, many clever steps
were already required just to get to this point in the analysis!) In fact, it is
interesting to note that our minimization problem is similar to variational
problems that appear in several other branches of mathematics — notably
in the analysis of stationary distributions of electrostatic charges in certain
physical systems, in potential theory, and in random matrix theory; see
[58], Section 5.3. In other words, we are in fairly well-charted territory and
can use more or less standard techniques, although this will require using
some nontrivial facts from analysis, and in particular some of the properties
of the Hilbert transform (see box on the next page).

We start by examining the quadratic part Q(h) of the hook integral func-
tional. A key property is that it is positive-definite.

Proposition 1.15 For any Lipschitz function h: R — R with compact
support, we have that Q(h) > 0, with equality if and only if h = 0.

Proof Let h be a function satisfying the assumptions of the proposition.
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The Hilbert transform

The Hilbert transform, named after David Hilbert, is an important analytic
transform that maps a function f: R — R to the function f defined by

Lo,

TJ wX=Y

fx) = :
where the integral is required to converge almost everywhere in the sense
of the Cauchy principal value (i.e., the limit as € | 0 of the integrals where
an e-neighborhood centered around the singularity point y = x is removed
from the domain of integration). When the Hilbert transform exists (e.g., if
f € L*(R)), we have the inversion relation

"I,

—0 XY

1
J)=--—
b

(i.e., f(x) = —f(x)), and we say that f and £ are a Hilbert transform pair.
This concept is closely related to the notion of conjugate harmonic func-
tions in complex analysis: it can be shown that if F(z) = u(z) + iv(z) is a
complex analytic function in the upper half-plane H = {z € C : Imz > 0}
(so that u and v are a pair of conjugate harmonic functions on H) such that
lim,ep - F(2) = 0, then, under some additional integrability conditions, the
limits
f(x) = lim u(x + iy), g(x) = limv(x + iy)
10 10

exist for almost every x € R, and g(x) = f(x).

Another interesting way of looking at the Hilbert transform is in terms
of how it acts in the frequency domain. It is known that f can be obtained
from f by shifting the phase of all positive frequencies by —n/2 and shifting
the phase of all negative frequencies by /2. More precisely, we have the
equation

f(s) = =i sgn(s)f(s),
where ¢ denotes the Fourier transform of g. This fact is roughly equivalent
to the identities

si~n(x) = —cos(x), c0os(x) = sin(x),

which can be checked without too much difficulty, and also offers an easy
way to see that the Hilbert transform is an isometry of L?(R) onto itself. For
more details, refer to [68].

Recall that the Fourier transform of 7 is defined by

h(x) = f ) h(u)e ™ du

00
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(where i = V—1). The Hilbert transform of % is defined by

o = L f RO

T wX—U

where the integral is interpreted in the sense of the Cauchy principal value
(see box). Given our assumptions on # it is easy to see that this integral
converges for every x € R. By integration by parts (which is also easy to
justify under our assumptions), (x) can also be expressed as

- 1 0
h(x) = —f K (u)log|x — u| du.
T J_

00

It follows that Q(%) can in turn be written as

Oh) = —g f " ) ) d = —g f " () e s

o o

where an overline is used to denote the complex conjugate (note that since &
is real-valued, so is its Hilbert transform). The integral is the inner product
in L*(R) of the derivative of % and its Hilbert transform, so, by Parseval’s
theorem in Fourier analysis, we have that

o) = -1 f I (0)h(x) dx. (1.32)

Here, the Fourier transforms of /" and % are given by'”
R (x) = (i x)h(x), (1.33)
h(x) = (=i sen(x))h(x). (1.34)

These relations correspond to the well-known facts that in the frequency
domain the derivative operation and Hilbert transform both appear as sim-
ple operations of multiplication by the functions i x and —i sgn(x), respec-
tively. So we get from (1.32) that

* A2
o) = ; f Il - ()| dx. (1.35)
This immediately implies our claim. O

Next, we prove an explicit computational criterion that will allow us to
deduce that a given element of # is a minimizer for J(-).
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Theorem 1.16 Let hy € H. Assume that for some constant A € R, the
Sfunction p: R — R defined by

p(u) = —f hi(s)log|s —ulds — 2 (ulog |u| — u) + Au (1.36)
has the property that, for almost every u € R,

=0, if sgn(u) - hy(u) € (-2,0),
pw)is ¢ <0, ifhy(u)+sgn(u) =1, (1.37)
>0, ifhj(u)+sgn(u) =—1.
Then for any h € H we have that
J(h) = J(hy) + Q(h — hy). (1.38)

In particular (since Q(h—hgy) > 0), it follows that hy is the unique minimizer

Jor J(-) on H.

Proof Let h € H. Because we know that £ satisfies |h’(«) + sgn(u)| < 1,
the condition (1.37) implies that

(W' (1) = ho()p(1) = 0

holds almost everywhere. It follows by integration that
f W (t)p(t)dt > f hy(@®p(@) dt.

By the definition of p, this translates to

00 00

2B(h, hy) + L(h) + /lf uh'(u) du > 2B(hg, hy) + L(ho) + /lf uhi(u) du.

—00 —0o0

Equivalently, because we know that [ uh’(wydu = — [ h(u)du = -1
and similarly for &y, we can write this as 2B(h — hy, hy) > L(hg — h). It
follows that

J(h) = Q(h) + L(h) + log2 = Q(hy + (h — hy)) + L(h) + log 2
= Q(ho) + Q(h — ho) + 2B(ho, h — ho) + L(h) + log 2
2 Q(ho) + Q(h = ho) + L(ho) +log2 = J(ho) + Q(h = ho),

as claimed. O
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It is worth mentioning that there is some methodology involved in for-
mulating the condition (1.37). It is a version of the so-called complemen-
tary slackness condition from the theory of convex optimization — essen-
tially a fancy application of the standard technique of Lagrange multipliers
from calculus. The constant A plays the role of the Lagrange multiplier.

It now remains to exhibit a function hy € H for which the assumptions
of Theorem 1.16 are satisfied. We follow a slightly simplified version of
the argument from Logan and Shepp’s paper [79].

First, we make an informed guess about the form of the solution /. Re-
member that the variational problem originally arose out of the problem of
finding the asymptotic shape of a typical Young diagram chosen accord-
ing to Plancherel measure of high order. Specifically, sy(u) is of the form
go(u) — |ul, where gy represents the limit shape in the Russian coordinate
system. Looking back at the simulations from p. 32, we see that we should
expect hy to have compact support, and to be symmetric about the origin
(i.e., an even function). In particular, we should have that

hy(u) =0 if and only if |u| > 83,

for some value 8 > 0. In fact, the value 8 = V2 isa strong candidate to be
the correct value, since, after taking the scaling and rotation into account,
that would mean (heuristically, at least) that the graph of the Plancherel-
random Young diagram of order n would have a first row of length approx-
imately 2 +/n for n large. This corresponds, via the Robinson—Schensted al-
gorithm, to the empirical observation that uniformly random permutations
of order n have a longest increasing subsequence of length about 2 /n,
which is the result that we are ultimately aiming to prove. So we assume
that 8 = V2.

Having made these assumptions, note that the first condition in (1.37)
translates to the equation

V2
_f hy(s)logls — ulds = 2(uloglul —w) = du,  (ul < V2);
V2

or, differentiating with respect to u, we get the condition

, V2 h(s)
—n(ly)(u) = — f ds = 2logul - A (1.39)

N

that should hold for |u] < V2. In other words, we need at the very least to
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find a function that is supported on [— V2, V2] and whose Hilbert trans-
form coincides up to an additive constant with (—=2/7) log |u| on the interval
[— V2, V2]. This is accomplished using the following lemma.

Lemma 1.17 Define functions f,g: R — R by

Fo) = {sin"(x) — 7 sgn(x) z:flxl <1,
0 if |x| > 1,

@ —log (2x]) iflxl <1,
X) =
§ —~log (2lx) — log (x| = Va2 =T) iflxl > 1.

Then g is the Hilbert transform of f.

Proof We use the notion of a Hilbert transform pair (see box on p. 48).
The claim will follow by showing that the pointwise limit

f(x) +ig(x) = ligl F(x+1iy) (1.40)
y

holds for almost all x € R, where F(z) is a suitable analytic function defined
on the upper half-plane H = {z € C : Imz > 0}.

Consider the following simple computations. Let G(z) = Log(—iz),
where Log(w) denotes the principal value of the complex logarithm func-
tion (whose imaginary value is defined to be in (-, ]). Then G(z) is ana-
Iytic on H., and for all x € R \ {0} we have

lim G(x + iy) = log|x| — - sgn(x). (1.41)
»10 2

Next, let H(z) = arcsin(z), a branch of the arcsine function considered as an
analytic function on H. Formally, H(z) = —i Log(iz + V1 — z2), where \w
is the branch of the square root function defined as yw = exp(% Logw). It
is easy to verify that

V1 - x2 if [x| < 1,

lim /1 = (x + iy)?> =
10 —isgn(x) Va2 —1 if|x|>1,

from which it follows that

sin~!(x) if [x| < 1,

(1.42)
Zsgn(x) — ilog(lx| - Va2 = 1) if x| > 1.

lim H(x + iy) =
im (x +1iy) {
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Finally, define
F(z) = H(z) - iG(2) — ilog(2) = arcsin(z) — i Log(—iz) — ilog(2). (1.43)

By combining (1.41) and (1.42) we get exactly (1.40).

Finally, according to the theory of the Hilbert transform, to conclude
from (1.40) that f and g are a Hilbert transform pair, it is still necessary
to check that F(z) is a “good” function; for example, knowing that it is in
the Hardy space H*(H) of the upper half-plane would suffice. This requires
checking that

sup f |F(x + iy)* dx < oo,

y€(0,00) J —00

whereupon Theorem 95 of [135] (a version of a result known as the Paley—
Wiener theorem) implies our claim. An alternative and perhaps easier
method is to show first that lim ey 0o F(z) = 0, and then follow the
derivation in [68], Section 3.4, which produces the desired result as long as
one separately verifies a slightly modified version of the convergence we
claimed, namely the fact that

b
f F e+ i) — (f0) + ig()] dx — 0
a N0

for any —co < a < b < oo. Either of these claims are straightforward and
left as exercises for readers with an affinity for complex analysis. |

Theorem 1.18 The function

o = |2 0 () VEm) N2
0 iflul > V2,

is the unique minimizer of the functional J(-) on H.

Proof Note that hy is continuous and piecewise differentiable, with its
derivative given by

2 -1 u .
o () = = sin (%) —sgn(u) if Ju| < V2,
if ul > V2.

First, we verify that hy € H. Trivially, 0 < hj(u) < 1 for u < 0 and
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—1 < hy(u) < 0 for u > 0, so also hy(u) > O for all u. Furthermore,

= v v
f ho(ue) du = f ho(ue) du = — f uhy(u) du
—0o _ ﬁ _ ‘E

N 5 V2
=f |u|du——f usin™'(u/ V2) du
-\3 nJ_ vz

4 ! 4
=2——fxsin1(x)dx:2——-’1:1,
T J T 4

where the last integral is evaluated using the indefinite integral evaluation

fxsin_l(x) dx = (%x2 - i) sin”'(x) + Jx VI - x2 + C.

So hg is indeed in H.
Next, we verify that the conditions in (1.37) are satisfied for a suitable
choice of constant A. Differentiating (1.36), we get that

) V2 i (s) s
p'(w) = —f ——ds —2loglul + A = —n(hy)(u) — 210g |u| + A.
U=
But the Hilbert transform of A (u) is given by Lemma 1.17, up to a small
scaling operation (recall that the Hilbert transform is linear and commutes
with dilations, or simply manipulate the integral to bring it to the form of
the lemma). So we get after a short computation that

log(2) + A if jul < V2,
p'(u) = l : :
10g(2)+/l+210g(ﬁ— %—1) il > V2,
or, now choosing A = —log(2),
0 if jul < V2,
pu) = . .
21og (4 - 5 1) iflul> V2

In particular, p(u) is constant on [— V2, \/5], and it is easy to check that
p’'(u) < 0 for all u. Finally, p(0) = 0, since for u = 0O the integrand in
(1.36) is an odd function. Combining these facts gives that (1.37) is indeed
satisfied, which completes the proof. O
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1.16 Computation of J(h)

We proved that the function /g given in (1.44) is the minimizer for the func-
tional J(-), but we do not yet know the actual minimum value J(h). This
is not a very difficult computation, given the results we already derived.

Theorem 1.19 J(hy) = —1.

Proof First, we compute L(hy), as follows. We already saw that h satis-
fies [ myoudu = —1, so

V2
L(hg) = —2f hy(u)(ulog lul — u) du
-z
V2
=-2- 4f hi(uyulog(u) du
0

V2 8 V2
=-2+ 4f ulog(u) du — - f ulog(u) sin~!(u/ \5) du
0 0
= -2+ (2log(2) —2) + (2 - 310g(2)) = -2 — log(2),

where we make use of the definite integral evaluation

1
f xlog(x) sin”! (x) dx = %(log(Z) 1, (1.45)
0

(a proof of this slightly nontrivial evaluation is sketched in Exercise 1.18).
Next, note that the fact that p(«) = 0 on [— \/5 \/5] implies that

V2
0= f{p(u)%(u) du = 2Q(ho) + L(ho) — A = 20Q(ho) - 2,
-V2
so Q(hy) = 1. From this we get finally that

J(ho) = Q(ho) + L(ho) +10g(2) = —1. m

1.17 The limit shape theorem

We now go back to the problem of the limit shape of Plancherel-random
partitions. As before, for each n > 1 we let A" denote a random partition
of n chosen according to Plancherel measure of order n. Let ¢,(x) be the
function in the function space ¥ corresponding to A as in (1.17). Since
it will be natural to formulate our results in terms of the rotated coordinate
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system, let i, be the element of the function space G corresponding to ¢,
in the rotated coordinate system, with ¢, and ¥, being related as f and g
in (1.24).

Our first formulation of the limit shape theorem will be in terms of a
certain nonstandard topology on G related to the quadratic functional Q(-).
For any compactly supported Lipschitz function z: R — [0, c0), denote

likllo = Q(m)'"2. (1.46)

Because Q is positive-definite (Proposition 1.15), this norm-like function
induces a metric dy on G, defined by

do(g1,82) = llg1 — 2llo = Qg1 — 8" (81,82 € 9.
Theorem 1.20 As n — oo, the random function r, converges in proba-
bility in the metric d to the limiting shape given by

2(usin”' (L) + V2 —u?) iflul < V2,
Qu) = g (@) ) il (1.47)
lul if lul > V2.
That is, for all € > 0 we have

Py, — Qllp > €) —2 0.

Proof For each partition A € P(n), denote by g, the element of G corre-
sponding to the function ¢, € 7, and denote h,(u) = g,(«) — |u|. Denote by
M, the set of partitions A € P(n) for which ||g, — Qllp > €. By (1.38), for
each A € M, we have

J(hy) = J(ho) + O(hy — ho) = =1 + Q(hy — hy) > —1 + €.
By Theorem 1.14 and (1.31), this implies that
P(A™ = 1) < exp(— €n + O(Vnlogn)),

where the O-term is uniform over all partitions of 7.
Note that we also know that [M,| < [P(n)] < eV, by (1.15). So alto-
gether we get that

P™ e M,) = Z P(A™ = 1) < Cexp(—€’n + C vn + O(log nvn)),
AeM,

which indeed converges to 0 as n — oo. O
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One problem with Theorem 1.20 is that it proves the convergence to
the limit shape in an exotic topology whose connection to more standard
notions of convergence in function spaces is unclear. In addition to being
an aesthetic flaw, this makes it difficult to apply the theorem to our needs.
However, with a bit more work this flaw can be corrected, and in fact we
can get convergence in the more familiar uniform norm (a.k.a. supremum
norm or L* norm), defined by

Iflleo = sup|f(u)l.
ueR

The necessary tool is the following lemma.'!

Lemma 1.21 Let A, L > 0, and let Lip(L, A) denote the space of all func-
tions f: R — R which are Lipschitz with constant L and are supported on
the interval [-A, A]. For any f € Lip(L, A) we have

Iflle < C QN (1.48)
where C > 0 is some constant that depends on A and L.

Proof We prove this using standard facts from the fractional calculus.
For completeness, we include a self-contained argument, but for more back-
ground and motivation see the box on the next page.

First, to see why the fractional calculus may prove useful in this context,
note that, by (1.35) and the Plancherel theorem from Fourier analysis, the
quantity Q(f)'/? can be thought of, somewhat speculatively, as being pro-
portional to the L?>-norm of a function g: R — C whose Fourier transform
satisfies |(s)| = |s]"/ 2) f (s)|. Indeed, such a function exists and is exactly the
half-derivative, or derivative of order 1/2, a well-understood object from
the fractional calculus. We can construct it explicitly as

) = 1 mf(x)—f(x—t)dtz 1 )= f)
SV 0w, T en 27w -

It is easy to see using the Lipschitz property and the fact that f is supported

dy. (1.49)

on [—A, A] that the integral converges absolutely for any x, and furthermore
that we can represent g(x) more explicitly as

0 if x < —A,

— fx) 0 Y A €9 60 e
gx) = “om t 2ﬁf—A oo dy if —A<x<A,

R R (0)) .
-5 f_A T=TRe dy if x > A.
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Fractional calculus

The fractional calculus studies the various senses in which differentiation
and integration operations can be applied to an arbitrary fractional (real or
complex) order a. For example, a half-derivative operator D, should sat-
isfy the property that D,,,Di,,f = f’ in the appropriate function space. In
contrast to the usual calculus operations of differentiation and integration
applied an integer number of times, there is no unique way to define such
an operation, and the meaning that it can be given, as well as the sense
in which the fractional integral operator is inverse to the fractional derivative
operator of the same order, will depend on the particular space of functions
and type of fractional differential and integral operators used. One popular
approach starts with the Riemann-Liouville integral, which is the fractional
integral operator of order « taking a function f to

_L * _ - lra
(Iaf)(x)—r(a)fof(l)(x n= T de,

where I'(-) denotes the Euler gamma function. This operator is defined and
well-behaved if Re(a) > 0. It can be shown that under certain conditions, the
inverse operation is given by the Marchaud fractional derivative operator

D,, defined by
o (Y f@-fa-0
o) = i [ d

t1+a

For more details, refer to [89].

From this representation it follows easily that g is bounded and for large
positive x satisfies a bound of the form [g(x)] < Cx~*? where C is some
positive constant. In particular, g is in L'(R) (and also in L?(R)) and there-
fore has a Fourier transform, which can be computed as follows:

©0 ) 1 <1 0 .
§(S)=f g(X)e_”"dX=ﬁf0 t37f (f(x) = flx—1)e™™ dxdt
1 1 . N ,
=5 fo m(f(s)— F(s)e™™) dt
_ e—isgn(x)u

1 2 =1 —ni s 7
= SR [ I du = o e s,

where we use the integral evaluation

00 1-— iu )
“ZC du=2eTM T (1.50)
0 u3/2
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(Exercise 1.19). This was exactly the property we wanted, since it implies
that [lgl} = lIgll3/27 = 2/m)Q(f).

Next, to compare ||f|l. wWith Q(f) = (/2)l|gl|?>, we need to know how
to recover f from g. This is done by performing a fractional integration of
order 1/2, defined by

1 X g(f) 0 if x < —A,
h(x) = —f dt = : (1.51)
VI Jow Vx—1 #L; j%dt if x > -A.

The properties of g ensure that the integral defining A(x) converges abso-
lutely for all x. The Fourier transform of 4 is

h(s)

00 » 1 00 » X g(t)
h ISX d — 1SX d d
I (x)e X —\/_ f e \/x_

—IS)C i 00 e—isu
\/_f g(t)f dxdt— \/_f g)e dtf 7 du

—zsgn(s)x . R
_lsl 1/24 (S)f dx = |s|—1/267rtsgn(s)/4§(s) — f(S),

for all s # 0, where we use another integral evaluation (actually equivalent
to (1.50) — see Exercise 1.19)

¢ du=e (1.52)
0 ul/Z

This result ought to imply that 4 = f almost everywhere, that is, that the
half-integral operation (1.51) is indeed inverse to the half-differentiation
in (1.49). Note, however, that this is merely a formal computation, since a
priori we do not know that 4 € L'(R) and therefore the integral defining
its Fourier transform may not be defined, and the change in the order of
integration we performed is also unjustified. Nonetheless, the conclusion
that & = f a.e. is correct and is not hard to justify (Exercise 1.20).
Equipped with these latest observations, we can now bound the L'-norm
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of fin terms of ||gll, = V2/7Q(f)'/?, as follows:

_ L sl
IIflll—fAlf(x)ldxs ﬁfAfA L aras

1 . S| 1 A
r L 'g(t)'(ft T "’C) Y= f Ig0R VA dr

224 ™ A [, 1/2
- L (o)l di < W(L o) dz)

M 442
= n 8l = 7
Finally, we convert this bound to a bound on the uniform norm of f. If

Xo € [-A, A] is such that |f(xg)| = || fll, then by the Lipschitz property we
get that

A 00
1Al = f OOl dx = f )l dx
-A —00

<

AQ(N'. (1.53)

2 2
> f max (0, | f(xo)| — LIx — xo|) dx = @ = % (1.54)
Combining (1.53) and (1.54) we get the claim of the lemma. ]

As a consequence, we can finally prove the celebrated 1977 theorem of
Vershik, Kerov, Logan, and Shepp.

Theorem 1.22 (Limit shape theorem for Plancherel-random partitions) As
n — oo, the random function y,, converges in probability in the norm |||~
to the limiting shape Q defined in (1.47). That is, for all € > 0 we have

P(sup |y, (u) — Q)| > e) — 0.
ueR n—oo
Proof ByLemma 1.5, combined with the Robinson—Schensted algorithm,
we see that, with probability that converges to 1 as n — oo, the partition
A™ has a first row of length < 3 4/n, and by the symmetry between rows
and columns this bound also applies with high probability to the length of
its first column. These bounds imply that the corresponding function ¥,
is supported on the compact interval [-3 V2,3 V2]. Therefore the conver-
gence in the metric dy given in Theorem 1.20 immediately translates, via
Lemma 1.21, to a convergence in the uniform norm. O



1.17 The limit shape theorem 61

2 -1 -05 0 05 1 NEY

SRR

e sete%s

e TS RIREEERIRRKKS

R SIGIIIIILIIKIEKEKKK,

JSRILIIIEIKLEKS
R XK

(b)

Figure 1.13 (a) The Logan—Shepp—Vershik—Kerov limit shape Q.
(b) The limit shape superposed for comparison (after correct
scaling) on a simulated Plancherel-random Young diagram of
order n = 1000.

Theorem 1.22 is a landmark achievement in the development of the
mathematics of longest increasing subsequences; the result, and the ideas
used in its proof, have had a considerable impact on research in the field
beyond their immediate applicability to the Ulam—Hammersley problem.
Take a moment to appreciate this beautiful result with a look at Fig. 1.13.

As a first application of Theorem 1.22, we can prove a first asymptoti-
cally sharp bound on ¢, the average maximal length of a longest increasing
subsequence of a random permutation of order n.
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Theorem 1.23 If A = lim,_,., £,/ \/n is the constant whose existence is
proved in Theorem 1.6, then we have

A>2.

Proof As we already noted, the Robinson—Schensted algorithm implies
that the random variable L(c-,), where o, is a uniformly random element of
S,., is equal in distribution to the length /1(1") of the first row of a Plancherel-
random partition A" of order n. But by Theorem 1.22, with asymptotically
high probability A must have a first row of length at least (2 — o(1)) Vn:
for, if this were not the case, then for infinitely many values of n the corre-
sponding function i, encoding its diagram in the Russian coordinate sys-
tem would coincide with the absolute value function |u#| on some interval
[— V2, - V2 + €], for some fixed € > 0 that does not depend on n. Clearly
this would prevent i, from converging uniformly to the limit shape €, in
contradiction to Theorem 1.22. O

It is instructive to try to similarly prove the matching upper bound A < 2
using the limit shape theorem. Such an attempt will not succeed. Indeed,
while the assumption that A > 2 would lead to the conclusion that y,
differs from the absolute value function (and hence from the limit shape
Q(u)) on some interval [— V2 -—¢, - \/z], this does not contradict the limit
shape theorem, nor does it even imply that J(i,, — |u|) > J(ho) + 6 for some
fixed § > 0 (which was the more fundamental fact that we used to prove
the limit shape theorem). Thus, proving the upper bound A < 2 in order
to conclude our proof of Theorem 1.1 requires a new idea. However, this
part turns out to be quite easy and will be done in Section 1.19 after a brief
digression into representation theory.

1.18 Irreducible representations of S, with maximal dimension

The limit shape theorem for Plancherel measure is a powerful and elegant
result in combinatorial probability. In the next section we shall use it to
prove Theorem 1.1, which will finish the first main part of our analysis of
the maximal length of increasing subsequences of random permutations.
In this section, we digress briefly from this original motivation to note that
Theorem 1.22, or more precisely the analysis leading to it, actually pro-
vides the answer to another question in pure mathematics concerning the
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Representation theory and the representations of S,

Representation theory aims to understand algebraic structures, for ex-
ample (in the simplest case) finite groups, by studying their representa-
tions. The representations of a finite group G are homomorphisms ¢: G —
GL(n, C), where GL(n, C) is the group of invertible matrices of order n over
C. The number n is called the dimension of the representation. A given
finite group will have infinitely many representations, but only a finite hum-
ber (in fact, equal to the number of conjugacy classes of G) of irreducible
representations, which are special representations that cannot be decom-
posed (in some natural sense) into a sum of smaller representations. Each
representation can itself be decomposed in a unique way into a sum of irre-
ducible representations. The irreducible representations thus play a role in
representation theory somewhat akin to that of the prime numbers in multi-
plicative arithmetic.

The representations of complicated groups can be complicated to un-
derstand. It is therefore no surprise that the representation theory of the
symmetric group S,,, developed in the works of Frobenius, Young, Weyl, von
Neumann, and others, is rich and nontrivial. A few fundamental facts, how-
ever, are simple to state: it is known that the irreducible representations of S,
are in canonical bijection with partitions of n, and that the dimension of the
irreducible representation corresponding to a given partition 2 € P(n) is ex-
actly d,, the number of standard Young tableaux of shape A. In fact, this was
the original motivation for studying Young tableaux, and many combinatorial
facts about Young tableaux find an expression in terms of representations of
S,. For more details, see [24], [112].

representations of the symmetric group. Specifically, the question is to
identify (approximately, or precisely if possible) the irreducible represen-
tation of the symmetric group of order n having the largest dimension. For
readers unfamiliar with representation theory, see the box for a summary
of the relevant background facts.

The question of finding the irreducible representation of maximal di-
mension of a given group is natural and simple to state,'? but (it turns out)
can be difficult to answer. In the case of the symmetric group S, since the
dimension of the irreducible representation corresponding to a Young dia-
gram A € P(n) is equal to d,, the number of standard Young tableaux of
shape A, the question is equivalent to finding the Young diagram A € P(n)
for which d, is maximized. This is exactly where Theorem 1.14 comes
in: what we interpreted probabilistically as a large deviation principle for
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the behavior of Plancherel measure can be thought of alternatively as a
first-order asymptotic expansion for the mapping A +— d,. Using our iden-
tification of the minimizer for the hook functional 7}, it is an easy matter
to deduce that the asymptotic shape of the Young diagram corresponding
to the irreducible representation of maximal dimension is the same limiting
shape as the one we found for Plancherel-random partitions. The precise
result is as follows.

Theorem 1.24 For each n > 1, let u™” € P(n) be the Young diagram
corresponding to the maximal dimension irreducible representation of S,
(if there is more than one such, we take ™ to denote an arbitrary choice
of one among them). Let ¢,(x) be the function in the function space F
corresponding to u™. Let s, be the element of the function space G corre-

sponding to ¢, in the rotated coordinate system. Then we have
mzﬂle W, (1) — Q(u)] — O.
ue. n—oo0

Note that the theorem gives only an approximate answer to the question
that is valid in the limit of large n. More detailed results have been derived
on the irreducible representation of maximal dimension and on its dimen-
sion, and on the related question of better understanding the asymptotics
of the typical dimension of a Plancherel-random Young diagram (see [23],
[140], [143]), but these results are still of an asymptotic nature. Some in-
teresting open problems in this context would be to say anything precise
(that is, nonasymptotic) about the maximal dimension shape for finite val-
ues of n (e.g., in the form of some kind of explicit description or even just
an efficient algorithm for computing this shape); to prove that the maximal
dimension shape is unique; and to improve the asymptotic bounds in the
papers cited earlier.

1.19 The Plancherel growth process

We now want to prove that A < 2 and thereby finish the proof of Theo-
rem 1.1. This will involve introducing a new and interesting way to think
about the family of Plancherel measures. First, observe that it will be enough
to prove that

1

gn _fn— < =
R

(nx1), (1.55)
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which by induction will imply that the bound

6, <2+n
holds for all n > 1. The left-hand side of (1.55) is the difference of the

expectations of /1(1") and /1(1"_1). Note that until now we considered each of
the random partitions 1™ as existing in its own probability space, but an
elegant new idea that enters here, and has clear relevance to the discussion,
is to consider the sequence of Plancherel-random partitions as a random
process (1) . That is, if we had a natural coupling of all the A for all
values of n simultaneously on a single probability space, we would have a
potential way of approaching inequalities such as (1.55). Fortunately, there
is a natural such coupling that emerges directly from the combinatorial in-
terpretation of the A in terms of the Robinson—Schensted correspondence.
Recall that we originally obtained Plancherel measure, the distribution of
A™_ as the distribution of the Young diagram that is output (along with two
standard Young tableaux, which we discarded, whose shape is the Young
diagram) by the Robinson—Schensted algorithm applied to a uniformly ran-
dom permutation o, of order n. But it is well known that there is a simple
way to couple all the uniform measures on the symmetric groups (S,))”,.
Perhaps the most convenient way to describe it is by taking a sequence
X1, X5, X3, ... of independent and identically distributed random variables
with the uniform distribution U[O0, 1], and defining o, for each n to be the
order structure of the finite sequence X|, ..., X,. (See the related discussion
on p. 11.) Alternatively, one can give an algorithm that, given the random
permutation o, in S,, modifies it (adding some new randomness) to pro-
duce the random permutation o, that is distributed uniformly in S,,,;. The
algorithm chooses a random integer k uniformly from {1,...,n + 1}, then
returns the new permutation

o) ifj<nand o)) <k,
0-n+1(j) = O-n(j) +1 lf.] <n and O-n(j) > k’
k ifj=n+l.

It is a simple matter to check that this produces a uniformly random ele-
ment of S, 1, and that this construction is equivalent to the previous one, in

00

the sense that the joint distribution of the sequence (c7,);- |

generated using
this construction is the same as for the first construction.
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Having defined a process version (c,),., of the sequence of uniformly
random permutations, by applying the Robinson—Schensted algorithm to
each permutation in the sequence (and discarding the Young tableaux, keep-

(o9
n=1’

ing just their shape) we now have a process of random partitions (1)
where for each n, 1™ is distributed according to Plancherel measure of
order n. This process is called the Plancherel growth process. '

To understand this process, note that by the construction, the Robinson—
Schensted shape 1™ of the permutation o, is obtained from A"~V by
attaching an additional cell in one of the positions where a cell may be
added to the Young diagram 1~V to result in a new Young diagram (such
positions may be called external corners, in analogy with the internal cor-
ners discussed in Section 1.9 in connection with the hook-length formula).
In the notation of Section 1.9, we have that @D 7 1™ If we define
the Young graph (also called the Young lattice) to be the directed graph
whose vertex set is the set Uy P(n) of all nonempty integer partitions, and
whose edges are the ordered pairs (i, 1) with g A, then the Plancherel
growth process defines a random infinite path on this graph, starting from
the trivial partition AV = (1) € P(1). The first few levels of the Young
graph are shown in Fig. 1.14.

As it turns out, the Plancherel growth process has a simple description
as a Markov chain, or in other words a kind of weighted random walk on
the Young graph. This is explored in Exercise 1.22. For our purposes, we
need only the following simple lemma on conditional probabilities.

Lemma 1.25 Forany u € P(n — 1) and A € P(n) satisfying u /, A, we

have

d
]P)(/l(”) — /l|/l(n_l) — 'u) - ﬁ (156)
u

Proof By definition, we have
P((A" = g} 0 (A" = A)
PQ"D = p)
P(IA") = p} 0 (A" = A)
dl%/(n - !

PA™ = 24" = ) =

In this expression, the numerator is given by 1/n! times the number of per-
mutations o € S, such that after applying the first n — 1 insertion steps
in the Robinson—Schensted algorithm to the sequence (o(1),...,0(n — 1))
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Figure 1.14 The Young graph.

the resulting pair of Young tableaux has shape y, and after in addition per-
forming the last insertion step where the value o-(n) is inserted, the result-
ing shape is A. Note that for such a permutation, if we denote the output
of the Robinson—Schensted algorithm by (4, P, Q), where P is the insertion
tableau and Q is the recording tableau, then Q has its maximal entry ex-
actly in the corner cell ¢ of A such that {c} = 1\ u, since before inserting the
last value o(n) the shape was p. The number of standard Young tableaux
of shape 4 whose maximal entry is in position ¢ is trivially equal to d,,.
Therefore, the number of permutations we are trying to count is exactly the
product d,d,, and we get that

d d/l/n' d/l
P J(n) =1 A(h—l) — — H =
( | W= B nd,
as claimed. O
Proof of (1.55) We identify the left-hand side of (1.55) with the expected

value E(A" — A7), where A~ and A™ are now coupled according
to the Plancherel growth process. In this realization, the random variable
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/1(1") — /l(l"_l) is the indicator function of the event
E,= {/l(”) = growl(ﬂ(”"))},

where for a diagram u € P(n — 1) we denote by grow,(u) the diagram
obtained from yu by adding a square at the end of the first row of u. To
bound the probability of this event, we use Lemma 1.25 to write

d2
P(E)= Yy —P(E,12"" = p)

prn—1 (I’l - 1)'
d2
= 3 P = grow, ()| A" = )
prn—1 (”l - 1)'
_ Z d; dgrow,
ot n-1D!  nd,

This is an average of the quantity dgow,(,)/nd, With respect to Plancherel
measure, so we can apply the Cauchy—Schwarz inequality to this average,
and deduce that

P(E,) <

d; (dgrow,w )2
(n-=D!'\ nd,

12 2 12
L (5 G
\n n! '

Fn—1

prn—1

In this last expression, the sum inside the square root represents the prob-
ability that A™ is of the form grow,(u) for some u + n — 1, and hence is
at most 1. So we have shown that P(E,) = E(/l(]") - /1(1"71)) < 1/4/n, as
claimed. O

1.20 Final version of the limit shape theorem

We have achieved our goal of proving Theorem 1.1, the main result of this
chapter. We conclude the chapter by reformulating one of our other main
results, the limit shape theorem for Plancherel-random Young diagrams
(Theorem 1.22), in a way that incorporates the observations of the last sec-
tion. This will result in a stronger version of the theorem. The new form is
also more suitable for comparison with an important analogous result we
will prove in Chapter 4.
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;
2

Figure 1.15 The limit shape Apjancherel Of Plancherel-random
Young diagrams, in x—y coordinates.

Let w = (wy, wy) : [-/2,7/2] — R? be the planar curve defined by

20 ) 2
w (@) =|— +1]sinf + —cosb,
b T

20 2
wy(0) = (; - l)sin9 + ;cos@.

It is straightforward to check that this is a parametric form of the Logan—
Shepp—Vershik—Kerov limit shape Q from (1.47), translated via (1.23) to
the original x—y coordinate system whose axes are aligned with the Young
diagram axes.

Next, given a Young diagram A = (4,,..., d;), associate with A the set
set; C R? defined by

set, = U (i - 11 x [ = 1, ]1). (1.57)

1<i<k
1<j<d;

We will refer to set; as the planar set of A.
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Theorem 1.26 (Limit shape theorem for Plancherel-random partitions; strong
version) Define a set Apjancherel C R? by

Aptancherer = {1 @(8) : 1 €[0,1], 6 € [-7/2,7/2]}.

For each n > 1 let A denote a random Young diagram chosen according
to Plancherel measure of order n. Then the planar set set» converges in
probability to Apiancherel @S 1 — o0, in the following precise sense: for any
0 < e < 1, we have that

1
P((l — €)Aplancherel C TSet/l(”) c(l+ E)APlanchere]) — lasn — co.
n

The connection of Theorem 1.26 to Theorem 1.22 together with the new
information about the convergence of the scaled length n~'/2A\" of the first
row of A to 2 should be fairly obvious, so we leave it to readers to work
out the (easy) details of the proof. The set Apjacherel 1S Shown in Fig. 1.15.

Exercises

Note on exercise difficulty levels. The unit of difficulty for exercises is the coffee
(IR L) el e

cup (“s¢”), with the difficulty scale ranging from s (easy) to s s s % % (research
problem).

1.1 (s%) If A = lim, e £,/ 1 as in Theorem 1.6, show that the bounds
1 < A < e that follow from Lemmas 1.3 and 1.4 can be improved using
elementary arguments, as follows:

(a) Given a Poisson point process of unit intensity in [0, co) X [0, c0), con-
struct an increasing subset (X1, Y1), (X2, Y2), (X3, Y3), ... of points by let-
ting (X1,Y;) be the Poisson point that minimizes the coordinate sum
x +y, and then by inductively letting (Xk, Yx) be the Poisson point in
(Xk-1,00) X (Yk—1,00) that minimizes the coordinate sum x + y. Analyze
the asymptotic behavior of this sequence, and deduce that A > (8/71)!/2 ~
1.595.

(b) In the proof of Lemma 1.4 observe that if L(c,) > ¢ then X, > (,’() )
the bound in (1.4) can be improved. Take k ~ @ +n and t ~ S+/n and
optimize over @ < 8 to show that A < 2.49.

1.2 (=) Verify that the random variables —Y,,, defined in (1.5) satisfy the con-
ditions of Theorem A.3. (Hint: Use Lemma 1.4.)
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Exercises 71

(Steele [129]) The goal of this exercise is to prove the following explicit
variance bound for L(o,).

Theorem 1.27 For some constant C > 0 and all n > 1, we have
Var(L(c,)) < C Vn. (1.58)

We make use of the following version of a general probabilistic concentra-
tion inequality due to Efron—Stein [36] and Steele [128].

Theorem 1.28 (Efron—Stein—Steele inequality) Let Xy, ..., X, be indepen-
dent random variables. Let g : R" — Rand g; : R SR (j=1,...,n),
be measurable functions. Denote Z = g(X1,...,Xp), and forany 1 < j<n
denote Z; = g(Xi, ... ,Xj, ..., Xy), where )A(j means that X; is omitted from
the list. Then we have

Var(2) < Y B(Z - 2. (1.59)
j=1

See [20], Section 2, for the (easy) proof of Theorem 1.28.

(a) (spse)If xq,...,x, are distinct real numbers, denote by L(xy, ..., x,) the
maximal length of an increasing subsequence in the sequence xi, ..., X,.
Take Xq, ..., X, to be i.i.d. random variables with the uniform distribution

on [0,1]. Let Z = L(X),...,X,), and let Z; = L(Xy,...,X},...,X,) for
1 < j < n. Note that, as discussed on p. 11, Z is equal in distribution to
L(o).
Prove that the random variable Z — Z; takes on only the values 0 or 1,
that is, it is an indicator random variable Z - Z; = 1 E;» and show that the
event E; is precisely the event that X; participates in all maximal-length
increasing subsequences in X1, ..., Xj,.

(b) (sese) Prove that 3/,_(Z - Z)? = i 1g <Z

(c) (%) Apply Theorem 1.28, to conclude that Var(Z) < E(Z).

(d) (=) Finally, use (1.3) to deduce (1.58). (Note that C can be taken as any
number greater than e if n is assumed large enough.)

(wewewp) Using Theorem 1.27, give an alternative proof of Theorem 1.6 that
avoids the use of Kingman’s subadditive ergodic theorem. Note that you will
still need to use the geometric ideas discussed in Section 1.4 relating L(c7,)
to the Poisson point process, and Fekete’s subadditive lemma (Lemma A.1

in the Appendix).
(a) (despdp) (Bollobas—Winkler [17]) Let d > 2. Given two points
X = (x1,...,%9), X = (x’l,...,xl’i) in R?, denote x < x’ if x; < x} for

all j. A set of points in R? is called a chain if any two of its elements are
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comparable in the partial order <. For a set A ¢ RY, denote by L(A) the
maximal size of a subset of A that is a chain.

Let X, X, . .. denote a sequence of independent and identically distributed
random points chosen uniformly at random from the unit cube [0, 114,
and for any n denote A,, = {Xi,...,X,} (a random n-element subset of
[0, 1]%). Prove the following generalization of Theorem 1.6: there exists a
constant 0 < ¢ < e such that we have the convergence in probability

P
n_l/dL(A,,) — ¢cg asn — oo,

(b) (sp) Translate the above result into purely combinatorial language as a
statement about random permutations. (For d = 2 it would be the claim

from Theorem 1.6 that L(c7,,)/ ¥n — A in probability as n — 0.)
(c) (spspwpwrwr) Find a formula (or even a good numerical estimate) for c3.
1.6  (Lifschitz—Pittel [75]) Let X,, denote the total number of increasing subse-
quences (of any length) in the uniformly random permutation o-,. For conve-
nience, we include the empty subsequence of length 0, so that X}, can be writ-
ten as
X, =1+ 22:1 X,k where the random variables X,, ; are defined in the proof

of Lemma 1.4 (p. 9).

(a) (sespwp) Prove the identities

ol
o=l

k=1

4 _
EXC = Z k4€’(kn1)((k+1)/§+€ 1).
k,£>0, k+{<n ( +ONk+

(b) (sspsp) Use the above identities to prove the asymptotic estimates

1
EX, =+ 0(1))W exp(2 \/ﬁ) asn — oo,

exp(2 2+ V5. \/ﬁ)
Var X, = (1 + o(1)) asn — oo,

\/207r (2 + \/5) exp (2 + \/g)n'/“

(c) (@ spdpep) Prove that there is a constant y > 0 such that we have the

convergence in probability

P
—logX, — y asn — co.
n
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(d) (sspsesedk) Find the value of y.

1.7 (w) Compute the Young diagram A and Young tableaux (P, Q) obtained by
applying the Robinson—Schensted algorithm to the permutation

o =(13,8,3,10,2,15,7,1,5,6,11,12,14,9,4).

1.8 (=) Apply the inverse Robinson—Schensted algorithm to the pair of Young

tableaux
14610|11‘ 1358|9‘
P=[2[5]7 o=[24]10
3089 6711

to recover the associated permutation o € Sy;.

1.9 (a) (wweup) (Schensted [113]) Given a Young diagram A, define an increas-
ing tableau of shape A to be a filling of the cells of A with distinct
numbers such that all rows and columns are arranged in increasing or-
der. The insertion steps of the Robinson—Schensted algorithm, defined in
Section 1.6, can be formalized as a mapping taking a number x and an
increasing tableau P of shape A whose entries are all distinct from x, and
returning a new increasing tableau, denoted R, (P), obtained by the appli-
cation to P of an insertion step with the number x as input. We call the
operator R, a row-insertion operator. By analogy, define now a column-
insertion operator C, that, when applied to the tableau P, will produce
a new increasing tableau C,(P) by performing an insertion step in which
the roles of rows and columns are reversed.

Prove that the operators R, and C, commute. That is, if x, y are distinct
numbers and P is an increasing tableau with entries distinct from x and y,
then we have that

CyR.P = R,CyP.

Hint: Divide into cases according to whether the maximum among x, y
and the entries of P is x, y or one of the entries of P.
(b) (sesk) Deduce the claim of Theorem 1.10(a) from part (a) above.
1.10 (s sese) This exercise presents an outline of the steps needed to prove Theo-
rem 1.10(b), based on the exposition of Knuth [71, Section 5.1.4]. Start with
a definition: a planar permutation of order 7 is a two-line array of the form
o= (g‘l a ), where g1 < ... < g, and py, ..., p,. We say that (g;, p;) is
the ith element of 0. The inverse of ¢ is the planar permutation o~ obtained
by switching the top and bottom rows of the array and sorting the columns
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to bring the top row to increasing order. Note that an ordinary permutation
would correspond to the usual two-line notation for permutations, and in this

case o

! corresponds to the usual notion of an inverse permutation. It is help-

ful to visualize o~ simply as a set of points in the plane with distinct x- and

y-coordinates, which emphasizes the symmetry between the ¢’s and the p’s.
With such an interpretation, the operation of taking the inverse corresponds
to reflection of the set of points along the diagonal y = x.

(@)

(b)

(©

(@

(e)

®

(2)

()

Convince yourself that in this setting the Robinson—Schensted algorithm
generalizes to a mapping that takes a planar permutation o = (;1,', T ) of
order n and returns a triple (4, P, Q) where A € P(n) and P, Q are increas-
ing tableaux of shape A (see Exercise 1.9 above for the definition) with the
entries of P being p1, ..., p, and the entries of Q being ¢y, . . ., g,. Denote
the sequence of intermediate insertion and recording tableaux obtained
during the computation by P, Q). j = 0,1...,n (so that P = P® and
0=0").

For an integer ¢ > 1, say that the element (g;, p;) is in the class 7 of o if
P(I’)t = p; (where P(j'])( denotes the entry of P? in row i, column j), and
denote this relation by y,(g;, pi) = t.

As a warm-up problem, show that y,(g;, p;) = 1 if and only if p; =
min(py, ..., pi)-

Ifo’ = (ql‘ q’:" ) denotes o with the columns corresponding to class 1

P1 - Pm
elements removed, show that for any ¢ and 7, ¥, (g}, p;) = t if and only if

Yo(q,, p}) =t + 1.

Show that for any ¢, the class ¢ elements can be labeled (g;,, p;,), . . .
(qi,» Piy)» where i, < ... < g, and p;, > ...> p;,.

With the notation of part (d) above for the class ¢ elements, show that
Py, = pi, and Q1 = g;,, and that the planar permutation ¢’ associated
with the “decapitated” tableaux P’ and Q’, obtained from P and Q respec-
tively by deleting their first rows, is the union over all class numbers ¢ of
the columns (Zf - ,,?k’f] )

Show that for an element (g, p) of o, ys(g,p) = t if and only if ¢ is
the largest number of indices iy,...,i; such that p; < ... < p; = and
qi, < ... < gq; = q. (That is, the class number of (g, p) is the maximal
length of an increasing subsequence of o that ends in (g, p).)

Deduce from (f) that class number is symmetric in the ¢’s and p’s, in the
sense that Yo (g, p) = Yo 1 (P, @)-

Let P~! and Q7! denote the insertion and recording tableaux associated

by the Robinson—Schensted algorithm with the inverse permutation o

Conclude from the observations in (d), the first part of (e) and (g) that
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for all class numbers ¢ we have Py, = Qi} and Q;; = P1_,;~ That is,
Theorem 1.10(b) is true at least for the first row of P and Q.

(i) Combine this with the second part of (e) to conclude by induction that the
analogous statement is true for all the rows of P and Q and thus finish the
proof of Theorem 1.10(b).

1.11 (a) (%) A permutation o € S, is called an involution if > = id (the identity
permutation). Show that the number of Young tableaux with n cells is
equal to the number of involutions in S,,.
(b) (we#) Denote the number of involutions in S,, by I,. Show that
n/2] !
= £ 21 (n — 24! (160

(c) (d%) Show that the exponential generating function of the sequence I,

is
(]
Z Inxn — ex+x2/2
T .
o n.

(d) (%) Show that I, = E(X") where X is a random variable with a normal
distribution X ~ N(1,1).

(e) (e up) (Chowla—Herstein—-Moore [25]) Use (1.60) to show that I, has
the asymptotic behavior

n/2
I=(+ 0(1))% (g) V14 a5 n 5 o (1.61)

1.12 (sesewe) If A, u are two partitions such that the Young diagram of yu is con-
tained in the Young diagram of A, the difference between the two Young
diagrams is called a skew Young diagram and denoted A \ u. A skew Young
tableau of shape A \ y is a filling on the integers 1,2,...,[2\ y| = || — |u| in
the cells of the skew diagram A \ u following the same monotonicity rules as
for an ordinary Young tableau, that is, the entries along each row and column
are increasing.

Prove the fact, first proved by Aitken [1] (then rediscovered by Feit [39]; see
also [71, Exercise 19, pp. 67, 609] and [125, Corollary 7.16.3, p. 344]), that
the number d\, of skew Young tableaux of shape A \ u is given by

K 1
dpy =4\ ! det | ———
e = 1K i,ﬁl((/li—i—yj+j)!)

where k is the number of parts of A, y; is interpreted as O for j greater than
the number of parts of u and 1/r! is defined as O for r < 0.
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1.13 (=) Let p(n) be the number of partitions of n. Show that there exists a con-
stant ¢ > 0 such that the inequality p(n) > ¢V holds for all n > 1.

1.14 (#) Forn € N, let c¢(n) denote the number of ordered partitions (also called
compositions) of n, that is, ways of expressing n as a sum of positive inte-
gers, where different orders are considered distinct representations. Prove
that ¢(n) = 2!, and deduce trivially that p(n) < 2"7!.

1.15 A strict partition of 7 is a partition into parts that are distinct. Define

q(n, k) = number of strict partitions of n into k parts,

|

q(n) = Z q(n, k) = number of strict partitions of n,
k=1

o) = q(n).
k=1

(a) (d%) Prove that g(n,k) < ("*}") for all n, k.

(b) (we#) Deduce that there exist constants Cy, C; > 0 such that the inequal-
ity Q(n) < C1e€2 V" holds for all n > 1.

(c) (se%) Prove that p(n) < Q(n)?, and therefore by part (b) above p(n)
satisfies the upper bound p(n) < €222 V7 forall n > 1.
Hint: Find a way to dissect the Young diagram of a partition of # into two
diagrams encoding strict partitions.

1.16 (a) (#) Define the generating function F(z) = 1+, p(n)z". Itis traditional
to define p(0) = 1, so this can also be written as F(z) = 77, p(n)z".
Deduce from the previous problem that the power series converges in the
region |z| < 1. Prove that in this range Euler’s product formula holds:

F(Z)zﬁl_lzk'

k=1

(b) (sesk) Show that if 0 < x < 1 then we have log F(x) < %2%6 (You may
need to use the fact that 3> n~2 = 72/6; see Exercise 1.18.)

(c) (%) Show that for real x satisfying 0 < x < 1 we have p(n) < x " F(x).
Using the bound above for F(x), find a value of x (as a function of n)
that makes this a particularly good bound, and deduce that the bound
p(n) < V273 holds for all n > 1.

1.17 (a) (=) Prove that the integral (1.18) converges absolutely for any f € F.

(b) (=) Prove thatif 4: R — R is a Lipschitz function with compact support
then the integral

oh) = _% fw foo log|s — t| ' ()R (s) dt ds
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converges absolutely.
(e w) Verify (1.45) by reducing it, via integration by parts, a substitution
and some additional massaging, to the integral evaluation

T/2
- f log(sin(t)) dt = 3mlog(2), (1.62)
0

which can then be verified by expanding the function —log (1 -2l ) in pow-

ers of ¢
(1.62), obtain the famous identity ¥,°°, n~> = x%/6, first proved by Euler in
1735.

(a) (%) Prove (1.50) and (1.52). Note that (1.52) is an improper integral.

(b) (wese) If you are familiar with the Euler gamma function, prove the fol-

and integrating termwise. As a nice corollary to the evaluation

lowing generalizations of (1.50) and (1.52):
foo eiuuaf—l du = enia/2r(a,)’
0

f et = 2@
0 1-a ’

O<a<l).

(wewe) In the notation of the proof of Lemma 1.21, let fi(x) = f(x)e %,
hi(x) = h(x)e™ . Convince yourself that h; € L'(R) (and therefore has a
well-defined Fourier transform), then show, using a modified (and more rig-
orous) version of the computations in the proof, that fz(s) = f (s)forall s € R.
Conclude that h(x) = f(x) almost everywhere, as claimed in the proof.

(wewew) (Romik [107]) For each n > 1, let o, be a uniformly random
permutation in S,, and let X,, denote the number of bumping operations
that are performed when applying the Robinson—Schensted algorithm to o,.
Show that as n — oo we have with asymptotically high probability that
X, = (1 + o(1))xn? for some constant . Find a connection between the

constant « and the limit shape Q of Plancherel-random Young diagrams, and

128
27m2 "
IVt

w %) A Markov chain (more precisely, discrete state-space Markov chain)

use it to show that k =

is a sequence of random variables X;, X, . . . taking values in some countable
set Z (called the state space of the chain), that has the property that for any
n>1andxq,...,x,.1 € Z, the relation

PXp+1 = xpr1 1 X1 = X150, Xy = X) = P(Xp1 = X411 X = x5)

holds, provided the left-hand side makes sense, that is, the conditioning event
has positive probability. The motto to remember for a Markov chain is “con-
ditioned on the present, the future is independent of the past,” that is, if we
are given the value X, of the chain at time » then the conditional probability
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distribution of the next value X,,;; (and, by induction, all subsequent values)
is known and does not depend on the history of the sequence prior to time n.
This conditional distribution is often given a notation such as

Pn(%,y) = P(Xpy1 = y1 X, = x) (x,y € 2),

and referred to as the transition matrix, or transition kernel, of the chain.
(An especially common and well-understood class of Markov chain are the
so-called time-homogeneous ones in which p,(-,-) does not depend on n,
but time-inhomogeneous chains also appear frequently in many situations.)
Prove that the Plancherel growth process defined in Section 1.19 is a Markov
chain. Note that the transition kernel is given explicitly by the right-hand
side of (1.56). In particular this means that one can randomly “grow” a
Plancherel-random partition of order n, without using random permutations
at all, by starting with the trivial diagram of order 1, and then repeatedly re-
placing the current diagram p by a new diagram A such that ¢ A, where A4
is sampled according to the transition probabilities given in (1.56). The next
exercise shows an algorithm for efficiently sampling from the probability
distribution given by these transition probabilities without actually having to
compute these probabilities.

(s s up) (Greene—Nijenhuis—Wilf [51]) Prove that the following “inverse
hook walk” can be used to simulate the “growth” steps of the Plancherel
growth step — that is, given the partition A~ = 4 in the (n — 1)th step
of the process, we can choose randomly a Young diagram A + n such that
u /" A with the transition probabilities being given by (1.56). The inverse
hook walk is defined as follows:

(a) Start from a cell with positive coordinates (i, j) lying outside the Young
diagram of p. It can be any cell as long as i > py and j > uj, so that the
inverse hook walk will have a positive probability of reaching any of the
external corners of p.

(b) Now perform an inverse hook walk, repeatedly replacing the current cell
with a uniformly random cell from the inverse hook of the current cell.
The inverse hook is defined as the set of cells lying to the left of the
current cell, or above it, and being still outside the Young diagram of u.

(c) The walk terminates when it reaches a cell ¢ that is the only one in its
inverse hook. These cells are exactly the external corners of u. Let 4 =

uu{c}.



2

The Baik-Deift—Johansson theorem

Chapter summary. Twenty years after the seminal works of Logan—Shepp
and Vershik—Kerov, who showed that the maximal length L(c,) of an in-
creasing subsequence in a uniformly random permutation of order # is typ-
ically about 2 y/n, Baik, Deift, and Johansson proved a remarkable theorem
concerning the limiting distribution of the fluctuations of L(c,) from this
typical value. One particularly exciting aspect of the result is the appear-
ance of the Tracy—Widom distribution from random matrix theory. In
this chapter we will prove this celebrated result. To this end, we will study
some elegant techniques such as the use of determinantal point processes
—a particularly nice class of random sets — and some interesting facts about
classical special functions, the Bessel functions and the Airy function.

2.1 The fluctuations of L(o,) and the Tracy—Widom distribution

Having proved in the previous chapter that the first-order asymptotic be-
havior of L(o,), the maximal length of an increasing subsequence in a uni-
formly random permutation of order n, is given by (2 + o(1)) v/n (both in
the typical case and on the average), the natural next step is to ask how far
we can expect L(o,) to fluctuate from this asymptotic value, that is, what
exactly is hiding inside the “o(1)” term. Note that these fluctuations can
be separated into two parts: first, the deterministic deviation £, — 2 v/n of
the mean value of L(o,,) from 2 +/n; and second, the random fluctuations
L(o,)—{, of L(0,,) around its mean, whose size can be measured, for exam-
ple, by looking at the standard deviation (Var(L(c,)—£,))'/? of this random
variable. These two sources of fluctuation are conceptually distinct, in the

79
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sense that there seems to be no obvious a priori reason to assume that they
scale similarly with n, although it turns out that in fact they do.

Although the question of the fluctuations of L(c,) is of clear interest, for
a while no further progress in this direction was made following the works
of Logan—Shepp and Vershik—Kerov. Starting in the early 1990s, however,
the problem started attracting a great deal of attention, and over several
years various bounds on the size of the fluctuations were derived by sev-
eral authors' using a variety of ingenious methods. These bounds were not
sharp enough to provide an understanding of how the fluctuations scale as
a function of n. However, some evidence pointed to the correct scale being
of order n'/%: this was put forward as a conjecture by Odlyzko and Rains
[94], based on numerical evidence and a suggestive analytic bound from the
Vershik—Kerov paper. The same conjecture was made independently by J.
H. Kim [67], who in 1996 managed to prove that with high probability the
positive part of the fluctuations L(c,) — 2 4/n could not be of greater mag-
nitude than O(n'/%). Odlyzko and Rains’s computational data also made it
apparent that the distribution of L(o,,) does not become symmetric around
its mean value as n grows large; thus, any naive hope of finding a limiting
Gaussian distribution for L(o,,) seemed unwarranted.

The breakthrough came with the work of Jinho Baik, Percy A. Deift, and
Kurt Johansson [11], who in the late 1990s found a remarkable limiting law
for the fluctuations, thus not only settling the question of the scale of the
fluctuations, which turned out to be indeed of order n'/%, but also proving
a much more precise result concerning their limiting distribution. The ex-
istence and precise nature of this result came as a surprise, as it revealed a
deep structure and a connection between this problem in the combinatorics
of random permutations and the theory of random matrices, integrable sys-
tems, and related topics in probability and mathematical physics.

To formulate Baik, Deift, and Johansson’s result, we need to define the
limiting distribution, called the Tracy—Widom distribution and denoted
F,. This distribution function, along with several closely related random
processes and distribution functions, was studied by Craig A. Tracy and
Harold Widom in the 1990s in connection with the asymptotic behavior
of the largest eigenvalues of random matrices. To define it, first, let Ai(x)
denote the Airy function, an important special function of mathematical
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analysis, defined by

Ai(x) = % fm cos(1f +xt)dr,  (xeR). (2.1)
0

(It is not difficult to see that the integral converges for all real x as an
improper integral, and defines a smooth function; other properties of Ai(x)
are discussed in the following sections.) Next, we define the Airy kernel
A:RxXR — R, by

Ai(x) Ai'(y) — Ai'(x) Ai(y)
X=y

Ai'(x)* - x Ai(x)? if x = y.

ifx#y,

Ax,y) = 2.2)

(The values on the diagonal make A(:,-) continuous, by L’Hopital’s rule
and the differential equation satisfied by Ai(x); see (2.8).) We now define
F, : R — R by the formula

Fz(t)=1+Z(—n1')n f‘” f i ggtl (AGix))dxy...dx,.  (2.3)
n=1 ' ! £

Although the formula defining F, seems complicated at first sight, it has

a more conceptual interpretation as a Fredholm determinant — a kind of
determinant defined for certain linear operators acting on an infinite-
dimensional vector space — which leads to the more compact notation
Fy(t) = det(I - A Lz(t’w)). It is not difficult to show using standard facts
about the Airy function that the integrals and infinite series in (2.3) con-
verge (see Lemma 2.25 on p. 119), but the fact that the expression on the
right-hand side defines a probability distribution function is nontrivial.

Theorem 2.1 The function F, is a distribution function.

We will prove Theorem 2.1 in Section 2.10, as part of a deeper analy-
sis of F, and its properties. The main result of the analysis, which yields
Theorem 2.1 as an easy corollary, is a remarkable structure theorem, due
to Tracy and Widom, that represents F in terms of the solution to a certain
ordinary differential equation, the Painlevé II equation.

We are ready to state the celebrated Baik—Deift—Johansson theorem,
whose proof is our main goal in this chapter.
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z
Figure 2.1 The density function f,(r) = F(¢) associated with the
Tracy—Widom distribution.

Theorem 2.2 (The Baik—Deift-Johansson theorem) For each n > 1, let
o, denote a uniformly random permutation of order n. Then for any x € R
we have that

L(o,) -2
P w <x| > Fyx) asn— oo. (2.4)
n
That is, the scaled fluctuations n~"/%(L(c,) — 2 \/n) converge in distribution

to F,.

Fig. 2.1 shows the graph of the probability density function f,(f) =
Fi(1).2

2.2 The Airy ensemble

The Tracy—Widom distribution originally arose as the limiting distribution
of the largest eigenvalue of a random matrix chosen from the so-called
Gaussian Unitary Ensemble (or GUE), a natural model in random matrix
theory for a random Hermitian matrix (see box on p. 84). Tracy and Widom
also studied the distributions of the second-largest eigenvalue, third-largest,
and so on. Collectively the largest eigenvalues of a GUE random matrix
converge after scaling to a random point process on R called the Airy en-
semble. Baik, Deift and Johansson recognized that Theorem 2.2 can be
generalized to include quantities analogous to the largest eigenvalues of a
GUE matrix other than the maximal one. The correct object to consider
turns out to be random partitions chosen according to Plancherel measure.
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Recall that the length /1(1") of the first row of such a Plancherel-random par-
tition 4™ is equal in distribution to L(c-,). Baik et al. proved also [12] that
the length /1(2”) of the second row of A converges in distribution after scal-
ing to the second-largest element of the Airy ensemble, and conjectured
that more generally, for each k > 1, the joint distribution of the lengths of
the first kK rows of A" converges after scaling to the largest k elements in
the Airy ensemble. This conjecture was given three different proofs soon
afterwards, one by Andrei Okounkov [95],® and two other roughly equiva-
lent ones found independently by Alexei Borodin, Grigori Olshanski, and
Andrei Okounkov [19] and by Kurt Johansson [63].

In this chapter, our primary goals will be to prove Theorems 2.1 and
2.2. However, we will aim higher and actually end up proving the stronger
result on convergence of the scaled lengths of the first rows of a Plancherel-
random partition to the Airy ensemble. This will require a bit more back-
ground and preparatory work, but in this way we will get a better picture
of the mathematical structure that underlies these remarkable asymptotic
phenomena. In particular, a key element in the proof is the use of the con-
cept of a determinantal point process. These processes (which are a type
of random point process, another concept we will define more properly)
have appeared in recent years in connection with an increasing number
of problems in combinatorics, probability, and statistical physics, so it is
worthwhile to add them to our arsenal of mathematical tools.

To state the precise result, we need some additional definitions. The Airy
ensemble is defined in terms of the Airy kernel, defined in (2.2), accord-
ing to the following general recipe. Define a random point process on
R to be any random locally finite subset X of R. (There is a formal way
to define such objects using standard measure-theoretic concepts, but for
our purposes it will be enough to consider X as a kind of random variable
taking values in the set of subsets of R, such that one may ask questions
of the form “what is the probability that exactly k points of X fall in an
interval I € R?” for an arbitrary nonnegative integer k and subinterval / of
R.) For such a random point process, for each n € N we define its n-point

correlation function p()?): R" — [0, ) by

n

P (1, ) = lim [(26)-" P(ﬂ {(xnx;-ex;+ell = 1}]] (2.5)

J=1
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Random matrix theory and the Gaussian Unitary Ensemble

The mapping from a square matrix to its eigenvalues is an interesting func-
tion. Random matrix theory studies the effects that this function has on
matrices chosen at random in some simple or natural way. That is, given
a random matrix whose entries have some given joint distribution, what can
we say about the joint distribution of the eigenvalues, and about their asymp-
totic behavior? Usually the measure on the entries of the matrix is a fairly
simple one, for example, they are taken as i.i.d. samples from some distri-
bution. If one is interested in matrices from one of the well-behaved families
of matrices, such as Hermitian or symmetric matrices, a standard trick is to
condition the matrix of i.i.d. samples to lie in the family; e.g., in the case of
symmetric matrices this means that only the entries on the main diagonal
and above it are taken as i.i.d. samples, and then the values of the entries
below the diagonal are dictated by the symmetry condition.

A particularly nice and well-behaved random matrix model is the
Gaussian Unitary Ensemble, or GUE. In this case, one takes the entries
on the main diagonal to be i.i.d. N(0, 1) (standard Gaussian) random vari-
ables; independently the entries above the diagonal are i.i.d. complex Gaus-
sian random variables of type N(0, %) + IN(0, %) (i.e., each of the real and
imaginary part is an N(0, %) r.v., and they are independent); and each entry
below the diagonal is the complex conjugate of the corresponding entry in
the reflected position above the diagonal. This results in a random Hermitian
matrix, with the nice combination of properties that its entries are indepen-
dent (modulo the Hermitian constraint) and its distribution is invariant under
the action of the unitary group by conjugation.

It can be shown that the vector of real eigenvalues (¢, ...,&,) (consid-
ered with a randomized order) of a random GUE matrix of order n has joint
density function

X1y ooy X)) = ZL 1—1 (x; —xj)zexp(—% inz],

" 1<i<j<n i=1

where Z, = (2x)"? [1¢Z1 (k). An analysis of this explicit formula, and other
techniques, can be used to reveal much information about the asymptotic
behavior of the GUE eigenvalues. See [4] for a good introduction to this
field.

if the limit exists. The correlation function pg?) is similar in nature to a
probability density in that it measures the relative likelihood of finding a
point of the process simultaneously in the vicinity of each of the points
X1,...,%,. The 1-point correlation function pg(l) (or sometimes the asso-
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ciated measure pg(l)(x) dx) is called the intensity of the process. If these
limits exist almost everywhere for all n > 1, then, under some mild tech-
nical conditions, it is known that the correlation functions characterize the
distribution of the random set X (see [121]). In this case we say that X is
an absolutely continuous point process.

An absolutely continuous determinantal point process is a special kind
of absolutely continuous point process for which the correlation functions
can be expressed as determinants of a certain form. More precisely, an
absolutely continuous point process X is called determinantal if there is a
function K: R X R — R (called the correlation kernel of the process)
such that for all n > 1 we have

PG = det (K, x)), (s €R). (26)

The Airy ensemble is the determinantal process X,jy, whose correlation
kernel is the Airy kernel A(x,y). Of course, one must become convinced
that such an object exists and is unique—that is, that the determinants of
the form (2.6) in the case when K(x,y) = A(x,y) are indeed the n-point
correlation functions of a unique random point process; we discuss this in
more detail in Section 2.11. In particular, it can be shown that the Airy
ensemble almost surely has a maximal element. Therefore, for notational
convenience, rather than consider it as a set of unlabeled elements, we label
its (random) elements in decreasing order starting with the largest one, as
follows:

XAiry = {4] > é‘z > 43 > ... } (27)

With this preparation, we are ready to state the strengthened version
of the Baik—Deift—Johansson theorem that was proved by Borodin, Ok-
ounkov, Olshanski, and Johansson.

Theorem 2.3 (Edge statistics for Plancherel measure*) For each n > 1,
let A denote a random partition chosen according to Plancherel mea-
sure of order n, let /l;") denote the length of its jth row, and denote /_l(j") =
n! 6(/1;") — 2+/n). Then for each k > 1, we have the convergence in distri-
bution

{0 3(n d
(/l(),...,A,i))—>(§1,...,§k) as n — oo,

Our approach to the proofs of Theorems 2.2 and 2.3 follows those of
Borodin—Okounkov—Olshanski [19] and Johansson [63]. The Airy function
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The Airy function

The Airy function was introduced to mathematics by Sir George Biddell
Airy, an English 19th century astronomer and mathematician, who is known
among other things for establishing in 1851 the prime meridian (the 0° lon-
gitude line), based at the Royal Observatory in Greenwich, England. He dis-
covered the function while analyzing the mathematics of the phenomenon of
rainbows; the formula he derived and published in an 1838 paper, describing
approximately the oscillations of the intensity of light of a given wavelength
near the caustic (the curve in the rainbow where the light of that wavelength
appears), is essentially the square of the Airy function, Ai(x)?, in an appro-
priate coordinate system. The Airy function has many other applications in
mathematical analysis, the theory of differential equations, optics, quantum
physics, and other fields. Its fundamental property is the relation

Ai”(x) = x Ai(x). (2.8)

That is, Ai(x) is a solution of the second-order ordinary differential equation
¥’ (x) = xy(x), known as the Airy differential equation (see Exercise 2.15).

LA
VY-

04

The behavior of the Airy function near x = 0 George Airy

and kernel will play a crucial role in the analysis. We discuss some of
the properties of these functions in the following sections. See the box for
some additional background on the history of the Airy function and its
importance in mathematics.

2.3 Poissonized Plancherel measure

Theorems 2.2 and 2.3 are asymptotic results, but the first key element in
their proof is an exact identity relating Plancherel measure to determinan-
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tal point processes. To formulate this identity, we need to first replace the
family of finite-order Plancherel measures with an averaged-out version of
them called Poissonized Plancherel measure, which we define as follows.
Let 6 > 0 be a continuous positive parameter (roughly, it will have the same
role as that played by the discrete parameter 7). Denote the set Uy P (n)
of all integer partitions (including the trivial empty partition of order 0) by
#*. The Poissonized Plancherel measure with parameter 6 is a measure Py
on the set P*, assigning to a partition A the probability

0
(ah?

To verify that this is indeed a probability measure, observe that

Pe(/l) =e

00

Py(P") = i;Pe(S"(n)) = Ze’ﬁg [Z ;l_%] = ie"’% = 1.

n=0 "\ Ak =
This computation also illustrates the fact, immediate from the definition,
that Py is simply a “Plancherel measure with a Poisson-random »” (or, in
more technical probabilistic language, it is “a mixture of the Plancherel
measures of all orders with Poisson weights e~?6"/n!”). That is, we can
sample a random partition A with distribution Py in a two-step experi-
ment, by first choosing a random variable N with the Poisson distribution
Poi(#), and then, conditioned on the event that N = n, choosing 1 to
be a Plancherel-random partition of order n. This idea also ties in nicely
with Hammersley’s approach to the study of the maximal increasing sub-
sequence length discussed in Section 1.4 (see Exercise 2.1).

Note also that when 6 is large, the random order N of the partition is
with high probability close to 6 (since N has mean 6 and variance 6). So, at
least intuitively it seems plausible that many reasonably natural asymptotic
results we might prove for the Poissonized Plancherel-random partition ¥
will also hold true for the original Plancherel-random A™. Indeed, for our
context we will be able to make such a deduction using a nice trick of
“de-Poissonization’; see Section 2.9.

It now turns out that the Poissonized Plancherel-random partition A%
can be encoded in terms of a determinantal point process, using the concept
of Frobenius coordinates. Let 1 € P(n) be a partition. Define numbers

Pls--->Pa by
pj=a4;=]



88 The Baik—Deift—Johansson theorem

where d is the largest j > 1 for which 4; — j is nonnegative. Graphically,
p; is the number of cells in the jth row of the Young diagram of A to the
right of the main diagonal. Note that the p; form a decreasing sequence.
Similarly, define another decreasing sequence of numbers g; > ... > g, >
0, where g; is the number of cells in the jth column of A below the diagonal,
formally given by

q;=;-J.

The fact that there are equally many g; as p; is easy to see (the number
d is the size of the so-called Durfee square of A, that is, the maximal k
such that a square of dimensions k X k leaning against the top-left corner
of the Young diagram fits inside it). Together, the p; and g; are called the
Frobenius coordinates of A. It is customary to write the vector of Frobe-
nius coordinates in the form (py,...ps | g1, ..., qq). Clearly the Frobenius
coordinates determine the partition A (see also Exercise 2.13).

For our purposes, it will be more convenient to use the following variant
of the Frobenius coordinates. Denote Z/ = Z — % The set of modified
Frobenius coordinates is defined by

Fr() ={pi+ 4. pa+d—q -4 - - Y ez (2.9)

One rationale for adding % to each of the p; and g; to get half-integer
values is that this has the geometric interpretation of including the Young
diagram cells lying on the main diagonal, each of which is broken up into
two equal halves, one being assigned to p; and the other to g;. Thus for
example we have the identity || = ’le (p_,- + %) + Zf;l (qj + %), which
will play a small role later on. Fig. 2.2 is an illustration of the Frobenius
coordinates for the diagram A = (4,4, 3, 1, 1), whose Frobenius coordinates
are (3,2,014,1,0).

The hook-length formula (Theorem 1.12), which played a crucial role
in our analysis of the asymptotic behavior of Plancherel-random partitions
in the previous chapter, will be essential here as well. What we need is
a different version of it that expresses d,, the number of standard Young
tableaux of shape A, as a determinant involving the Frobenius coordinates.
We derive it as a corollary to two other auxiliary representations for d,.
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p1=3
p2=2
p3=0

X N0
N ()

Figure 2.2 A Young diagram and its Frobenius coordinates.

Lemma 2.4 [f A € P(n) has m parts, then, with the convention that A; = 0
if i > m, for any k > m we have

dy [Th<icjax (i = A+ j—0)
! [Ti<ice(i + k= D)!

(2.10)

Proof First note that it is enough to prove the claim for k& = m, since it
is easy to see that the right-hand side of (2.10) stays constant for k > m.
Therefore, by the hook-length formula, we need to prove that

.. H i<m(/li +m— l),
]_[ ha(i, j) = 1=k Ry — (2.11)
(i, j)el H1§i<j§m( i Ay +J- l)

We claim that for any 1 < i < m, the equality

A .
: . A +m—1)!
haG, j) = — (2.12)
lj:[ e [Ticjem(i = A; + j— 1)

holds; this clearly implies (2.11) by multiplying over i = 1,...,m. To see
why (2.12) is true, note that the largest hook-length in the ith row of A
is A4; + m — i, so that the left-hand side of (2.12) is equal to (4; + m — i)!
divided by the product of the hook-lengths that are missing from that row.
It is not difficult to see that these missing hook-lengths consist exactly of
the numbers (4;+m—i)—A,,, (4;i+m—i)— (A1 +1),...,(Ai+m—i)— (A +
m — j — 1). This list accounts exactly for the denominator in (2.12). ]
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L
: =

Figure 2.3 A Young diagram is broken up into its Durfee square
and two smaller “right” and “bottom” Young diagrams.

Lemma2.5 IfAi=(pi,...,palq1,-..,qq) in Frobenius coordinates, then
we have

dy [Ti<ij<a(Pi = P)(qi — q)
I TThcijea(pi + g+ D TIL (pilgi)

Proof Divide the Young diagram of A into three shapes: the Durfee square

(2.13)

D of size dxd leaning against the top-left corner, and the smaller Young di-
agrams Ag and Ag leaning against D from the right and bottom, respectively
(Fig. 2.3).

Now compute the product of reciprocals of the hook numbers

Y T hati, gy

n
At e

separately over the cells of the three shapes D, Ag and Ag, as follows. The
contribution from D is exactly

[]@i+a+D7,

1<i,j<d
since for 1 < i, j < d we have that h,(i, j) = p; + g; + 1. The contribu-
tion from Ag can be computed by applying (2.10) to that partition, whose
parts satisfy (Ag); = A; — d, and whose hook-lengths are the same as the
corresponding hook-lengths for A. This gives

cicjedPi = D))
]_[ (i, )" = nl‘”jdp ' Py
(i, ))ed [Tz pi!
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In a similar way, the contribution from Ag is given by the analogous ex-

pression
[Ti<i<j<a(qi — q;)
H;l:l gi!
and combining these products gives the claim. O

Next, we need a classical determinant identity from linear algebra. A
proof idea is suggested in Exercise 2.2.

Lemma 2.6 (The Cauchy determinant identity)

( 1 ):H1§i<j§n(xj_xi)(yj_yi)

n
det
Xity;j [Ti<ijen(xi + )

ij=1

(2.14)

By combining Lemmas 2.5 and 2.6, we get the following determinantal
form of the hook-length formula in Frobenius coordinates.

Corollary 2.7 We have

d d 1

P det( .
w=t\(pi + q; + Dpilq;!

I @15

The identity (2.15) has useful implications for Poissonized Plancherel
measure. We will show later that when the Young diagram is encoded us-
ing the modified Frobenius coordinates, the resulting process is a type of
determinantal point process — a discrete version of the “absolutely contin-
uous” determinantal point processes described in the previous section. The
relevant background on determinantal point processes is presented in the
next section. For now, we can formulate a result that already illustrates this
idea to some extent. Define a function Ly: Z’ X Z/ — R by

0 if xy >0,
Lo(x,y) = 1 g+b/2

PV (= 3) (b= 3)!
Proposition 2.8 Ler A € P*. Let Fr(1) = {x{, x2,...,x;} be the modified
Frobenius coordinates of A. Then we have

(2.16)

if xy < 0.

Py(d) = e det (Ly(x,, x))). 2.17)
i,j=1
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Proof Let (p1,...,palq1,---,qq) be the usual Frobenius coordinates of
A, related to the modified coordinates by

{xl’--~9-xs}:{pl+%9---,pd+%9_ql_%,---,_qd_%}

(so in particular s = 2d). By Corollary 2.7 we have

2 d 1 ’
Py(d) = ' —= = ¢ g (det( )) ,
(ZI) L= \(pi + q; + Dpilg;!

so we need to verify the identity

o1 dfat( ! ) _ det (LoCx, x,))
i=I\(p; +q; + Dpilg;t)) — =iV Yoo Xj))-

Since Ly(x,y) = 0 if sgn(x) = sgn(y), we see that the matrix (Ly(x;, x;)); ;
can be written as the block matrix

1 1 d
0 ‘ (—Lﬁ(pfri ,fqrg))ij:]

1y
(La(p,,dri:q;fi))i:j:l ‘ 0
Therefore we can evaluate its determinant, making use of the fact that || =
S (pi+ g; + 1), as follows:

(Le(Xi, xj));.:l =

2
ggtl (L(.)()Ci, x,-)) — (_1)d2+d (det (Le (Pi + % —4q; - %) )jj=1)

ol g (L)

L=I\(pi + q;+ Dpilg;!

d 1 2
=W (det ( )) ,
L=\ (pi + g+ Dpilg;!

which proves the claim. O

2.4 Discrete determinantal point processes

The goal of this section is to define and describe some of the basic proper-
ties of determinantal point processes whose elements lie in some countable
set. The subject can be treated in much greater generality.> We start with the
even simpler case of a process with a finite set of possible values, where the
subject at its most basic level reduces to some elementary linear algebra.
Let Q be a finite set. We consider square matrices with real entries whose
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rows and columns are indexed by elements of €. In contrast to the usual lin-
ear algebra notation, we denote such matrices as functions M: QxQ — R,
so that M(x, y) denotes the entry lying in the row with index x and the
column with index y, and use the word kernel instead of matrix. Kernels
will be denoted with boldface letters, for example, M, L, K, and so on. We
will also think of kernels as linear operators, acting on the space £>(Q)
of complex-valued functions on Q (which are identified with column vec-
tors) in the usual way by matrix multiplication. The notation ML denotes
the product of the kernels M and L, that is, the usual product of matrices,
equivalent to composition of linear operators. We use I to denote the iden-
tity matrix/operator acting either on the space £*(€2) or on an appropriate
subspace of £(Q) that will be clear from the context.

A random point process in Q (or simply point process) is a random
subset X of €, that is, a random variable taking values in the set of subsets
of Q.° We refer to Q as the underlying space of X. Given the point process
X, define its correlation function by

px(A) =P(A C X), (AcCQ). (2.18)

(As a point of terminology, it is sometimes customary to define for each
n > 1, in analogy with (2.5), the function

(n

pX)(xl,---,xn) = P(X],...,xn EX) :px({xl’---$-xn}) (.X],...,.Xn € Q),

referred to as the n-point correlation function of the process, or the cor-
relation function of order n; thus the mapping A — px(A) combines the
correlation functions of all orders.)

We say that X is determinantal if there exists a kernel K: Q X Q — R,
called the correlation kernel of X, such that for any A = {x|,...,x;} C Q,
we have that

px(A) = det (K(x, x))), (2.19)
i,j=1

where we adopt the convention that the determinant of an empty matrix
is 1. Note that the right-hand side does not depend on the labeling of the el-
ements of A. We denote by K, the submatrix (K(x, y)) yea. In the language
of linear operators, if we think of K as a linear operator on £2(Q), then
K, corresponds to its restriction to the copy of £*(A) embedded in £*(Q).
With this notation, the determinant on the right-hand side of (2.19) can be
written simply as det(K,).
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In practice, the distribution of a finite point process is often given not
in terms of its correlation function but in terms of a formula for the prob-
ability of individual configurations. We say that the point process X has a
determinantal configuration kernel if there is a normalization constant
Z > 0and akernel L: Q x Q — R, called the configuration kernel of X,

such that for any subset A = {x1,..., x;} € Q, we have
1 1
P(X = 4) =  det (L(x;, x)) = ~ det(Ly). (2.20)

By summing (2.20) over all subsets of Q, we find that the normalization
constant must satisfy

Z= Z det(L,) = detd + L) (2.21)
ACQ
(the second equality is a trivial, though perhaps not widely known, obser-
vation about determinants). In particular, this implies that det(I + L) must
be nonzero, so I + L is invertible.

It turns out that if a point process has a determinantal configuration ker-
nel, then it is determinantal (the converse is not true — see Exercise 2.3),
and there is a simple relationship between the correlation and configura-
tion kernels. This property is one of the key features that makes the study
of determinantal point processes so fruitful; its precise formulation is as
follows.

Proposition 2.9 [f a point process X has a determinantal configuration
kernel L, then it is determinantal and its correlation kernel is given by

K=LI+L). (2.22)

Proof Let K be given by (2.22), and let (¢,),cq denote a family of indeter-
minate variables indexed by the elements of Q. We will prove the identity

2 M| = da®p| | (2.23)
ACQ X€A ACQ X€eA

equating two polynomials in the set of indeterminates (#,).cq. This will
prove the claim by comparing coefficients. To prove (2.23), observe that
by the definition of px(A), the left-hand side can be rewritten as

Z P(X = B) ]—[(1 1) = Z %det(LB) ]_[(1 +1). (2.24)

BcQ X€B BCQ xeB
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Defining a square matrix D whose rows and columns are indexed by ele-
ments of Q by D(x, x) = ¢, and D(x,y) = 0 for x # y (i.e., D is the diagonal
matrix whose entries are the indeterminates ¢,), and denoting D’ = I + D,
we see that the right-hand side of (2.24) is equal to

~ detd+L)  detd+L) (2.25)

1 det(I + D’'L detI + L + DL
ZZdet((D’L)B)— et + ) detd+L+ )

BcQ

Since K = LI + L)™!, we have that (I + DK)(I + L) = I + L + DL, so,
by the multiplicativity of the determinant, the last expression in (2.25) is
equal to det(I + DK). This in turn can be expanded to give the right-hand
side of (2.23), proving the claim. O

Note that if a configuration kernel L exists, the kernels K and L con-
tain exactly the same information about the process X, since (2.22) can be
inverted to give L = K(I - K)~'. However, in practice K encodes the prob-
abilities of some interesting events associated with X in a more accessible
way. The relation (2.19) is one example of this fact, and we give several
more examples. In Propositions 2.10, 2.11 and 2.12, X will denote a deter-
minantal point process with correlation kernel K. The following formula is
in some sense dual to (2.19) (see Exercises 2.3 and 2.5).

Proposition 2.10 Let A C Q, and denote A° = Q \ A. We have
P(X € A) = det(I — K4).
Proof By the inclusion—exclusion principle, we have that

P(X CA) =1 - P(Uyene{x € X))
=1—ZIP’(xeX)+ Z P({x,y} S X) - ...

xeA€ {x,y}CA°
Q|
=1+Z(—1)’<{ Z det(KB)]
k=1 BCAC, |Bl=k
=1+ Z (=D det(Kp) = det(I — Kyo). o

0C BCA®

More generally, we have the following formula for the distribution of
the number of points of X occurring inside a set A C Q.
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Proposition 2.11 For any A € Q and n > 0, we have that
B (_l)n d"
T oon! dx

P(X NA|=n) det(I — xK,). (2.26)
=1

x=

Proof Letting s = —x, we have

det(T + sK,) = Z det(Kp)s'® = Z P(B C X N A)s'®
BCA BCA
Al

- ZIP’(XOA = E)1 + s)E = qux NAl = n)(1 + s).
ECA n=0

(2.27)

So, we have shown that det(I — xK,) = Z';‘:'O P(X NA| = n)(1 — x)", which
implies (2.26). m|

Continuing in even greater generality, the joint distribution of the num-
bers of points of X falling in several disjoint sets can also be expressed in
terms of K. First, we introduce a small bit of additional notation: if A C Q,
letP,: Q x Q — R denote the kernel given by

{1 ifx=y€eA,
Pu(x,y) = _ (2.28)
0 otherwise.
That is, P, is a projection operator to the subspace of £2(Q) spanned by the
coordinates in A.

The following result is an easy generalization of Proposition 2.11 and its

proof is left to the reader (Exercise 2.6).

Proposition 2.12 Let k > 1. For any disjoint subsets Ay, ..., Ay € Q and
integers ny, ..., n; > 0, we have

P(|X0A1| =ng, ..., | XNA = nk)
k
3 (_I)N K LIRS
B N! axlll1 e axzk X)=..=x=1 det o ; XjPAJ' K- PAIU--~UAk s

where N = ny + ...+ ny.

This concludes our summary of the basic facts regarding determinantal
point processes in the simplest case of a finite underlying space. Next, we
consider determinantal point processes that are random subsets of a count-
able set Q. In this case a kernel M: Q X Q — R can be thought of as an
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infinite matrix. As before, we say that X is a random point process in Q if
X is a random subset of Q (i.e., a random variable taking values in {0, 1},
or equivalently a collection of random variables (Y,),cqo where Y, = 1 if
and only if x € X). If X is a point process, we define the correlation func-
tion px(-) of X by px(A) = P(A C X) as before (where A is any finite subset
of Q), and say that X is determinantal if there exists a kernel K: QxQ — R
such that (2.19) holds for any finite subset A = {xi,..., x;} C Q. As before,
we say that X has a determinantal configuration kernel if there is a normal-
ization constant Z > 0 and a kernel L.: Q X Q — R such that (2.20) holds
for any finite subset A = {xi,...,x;} C Q, except that in this defintion we
make the added requirement that X be almost surely a finite set, so that we
can still express the normalization constant as Z = 4o jaj<co det(Ly).

Fortunately for us, much of the theory presented in the foregoing discus-
sion remains valid, but some care must be taken when interpreting some of
the standard linear-algebraic concepts in this infinite-dimensional setting.
In particular, for the second equality in (2.21) to make sense (where the
summation is now understood to range over finite subsets of (2), one must
have a well-defined notion of the determinant of an infinite matrix. One
possible solution is to take this equality as the definition of the determinant
of I + L, and to keep the notation det(I + L) for this new determinant con-
cept. This may seem a bit contrived, but it turns out that it is in fact quite
natural and leads to the elegant and extremely useful theory of Fredholm
determinants. The full theory of these determinants is subtle and relies on
deep ideas from operator theory, but we present here a minimal discussion
of Fredholm determinants that is adequate for our relatively limited needs.”

One elementary result we need is Hadamard’s inequality, a basic in-
equality from linear algebra.

Lemma 2.13 (Hadamard’s inequality) (a) If M = (m; j)lflj:1 is a Hermi-

5

tian positive-semidefinite matrix, then

det(M) < [ [ mis. (2.29)

i=1

(b) If M is any n X n square matrix whose column vectors are denoted
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Vi,...,Vy, then
|det()] < [ [Iville < n”2 ] [l (2.30)
j=1 j=1
Proof (a)Fori = 1,...,n, let ¢; denote the ith standard basis vector in

C". Note that m;; = e] Me; > 0. In particular, if M is singular then (2.29)
holds, since det(M) = 0. Next, assume that M is nonsingular. In this case
M is positive-definite and m;; > 0 for i = 1,...,n. Let D be the diagonal
matrix with entries 1/ y/m;;, i =1,...,n. Let M’ = DMD. Then M is also
Hermitian and positive-definite (in particular, it is diagonalizable and has
positive eigenvalues), and its diagonal entries are m;l =1.LetA,...,4,be
the eigenvalues of M’. We have }; 4; = tr M’ = 3}, m;; = n. It follows that

, n 1 n n 1 , n
det(M’) = l;[/l,- < [;;/u] = (;trM) =1,
On the other hand, det(M’) = det(D)? det(M) = det(M)/ [1; mi;, so we get
(2.29).
(b) Defining P = M*M, we have that P is Hermitian and positive-
semidefinite, and its diagonal entries are p;; = ||v,-||§. The inequality (2.29)
applied to P now gives

|det(M)P? = det(P) < | [ pui = [ 1M1,

i=1 i=1

which gives (2.30). O

Fix some ordering w;, w,, . . . of the elements of Q. We consider the class
& of kernels T: Q x Q — C (we shall see that there is some advantage to
considering complex-valued kernels) whose entries satisfy the bound

IT(wi, w))| < Ce ) (2.31)

for some constants C,c > 0 (which may depend on T but not on i, j). If
T is in the class &, we say it has exponential decay. Trivially, kernels in
& are bounded linear operators on the Hilbert space Q). IfS, T € &, it
is immediate to check that the operators S + T, ST and AS (where A is an
arbitrary complex number) also have exponential decay.
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For a kernel T € &, we define the Fredholm determinant of I + T by
det(I+T) = Z det(Ty), (2.32)
ACX, [Al<co

provided that the sum converges absolutely, which we claim it does. This
can be written equivalently as

(e

det(I+T)=Z Z det(T},)

k=0 AcX, [Al=k

i kl lz >y dgt] (T(xi,xj))l
=0 " e me  mea T
2

k=0

00

li g% (T(a)m‘.,a)mj))l. (2.33)
my=1 me=1" B

To see that for a kernel with exponential decay the Fredholm determinant
is well-defined, note that by (2.31) and Hadamard’s inequality (2.30) we
have

|-

k A
det (™ T(x;, x))
ij=1

k n
det (T(wm’_, wm,f))‘ = e_zc Zj:] mj
i,j=1

< kk/zcke—zcz*/t:l m;

so that
> hai b 00 00 k
2 _'{ ) |det (T<wmpwm,->)} <y S (Z ] -
= K ol w1 ekl

which shows that we indeed have absolute convergence.

If T is a kernel with no nonzero entries outside of the first n rows and
columns, then the sum on the right-hand side of (2.32) is a finite sum, and
by standard linear algebra it coincides with the ordinary matrix determi-
nant det; = 100;+ T(w;, wj)) (where 6;; is the Kronecker delta symbol). This
shows that the Fredholm determinant is a natural extension of the familiar
determinant from linear algebra. Note that some authors define the Fred-
holm determinant to be the quantity that in our notation would be written
as det(I — T), and, to add further potential for confusion, may refer to this
quantity (inconsistently) as the “Fredholm determinant of T” or “Fredholm
determinant associated with T.”

In the proof of Proposition 2.9, we used the multiplicativity property
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of ordinary determinants. We will need the analogue of this property for

Fredholm determinants.

Lemma 2.14 (Multiplicativity of Fredholm determinants) IfS,T € &

then we have
detd+S + T+ ST) = detI + S)det(d + T). (2.34)

Proof For each n > 1 denote by P, the projection operator Py, (in
the notation of (2.28)). Then P,SP,, is the matrix obtained from S by zero-
ing out all entries except in the first n rows and columns. Denote

E={8S¢&:S=P,SP,}.

We start by noting that if S, T € &, for some m > 1 then (2.34) holds by
the multiplicativity of ordinary matrix determinants.
Next, assume that S € &,,, T € E. Denote T,, = P, TP,,. We have

detd +T,) = Z det(T,) —— det(I + T),

and similarly

detd+S + T, +ST,) = Z det((S+ T, + ST,)4)

Alwy,....wy}
= Z det((S + T + ST),) — det(I+ S + T + ST)

Al{wy ..y}

where the second equality is valid for n > m. Combining these facts with
the observation that (again due to the multiplicativity of finite matrix deter-
minants)

detd+S+ T, +ST,) =detd+S)detdI + T,)

gives (2.34).
Finally, to prove (2.34) in the general case S, T € &, denote S,, = P, SP,,.
Then S,, € &,, so by the case proved above we have

detd+S,, + T+S,T) =det(I+S,,) det(I + T) — det(I + S) det(I + T).
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On the other hand, we can write
detd+S,,+T+S,T)
= > det((Sy+T+8,T)y)

ACN, |Al<co

= > det(S+T+S, D)+ >, det((S, +T+8,T))
AC(l,...,m} ACN, |A|<co
AZ{L,...m}

= Dl det((S+T+ST)+ > det(S, + T+8,T)y).
AC(L,...,m} ACN, |A|<co
AZ(1,..m)
In the last expression, the first sum converges to det(I + S + T + ST) as
m — oo, so if we can show that the second sum tends to O the result will
follow. Indeed, the kernels S,, + T +S,, T have exponential decay uniformly
in m, that is, there exist constants C,c > 0 such that for any 7, j > 1, the
(w;, wj)-entry of this kernel is bounded in absolute value by Ce /. It
therefore follows using Hadamard’s inequality as before that

DT 1det(Sy + T+ S, T)y)

ACN, |A|<eo
AZ{L,...m}
d kk/2
S 5 ce
k=1 T iEm] o=l
s kk/2+l x k=1 &
- A ¢t Ze_zcj ' Z e,
k=1 . Jj=1 Jj=m+1

The summation over k is a convergent sum, and it is multiplied by an ex-
pression that tends to 0 as m — oo, as claimed. O

We can now extend Proposition 2.9 to the countable setting.

Proposition 2.15 If X is a point process in a countable set Q with a
determinantal configuration kernel L: Q X Q — R, L has exponential
decay, and 1 + L is an invertible operator in £2(Q), then X is determinantal
and its correlation kernel is given by (2.22).

Before starting the proof, note that the assumption that I + L is invertible
is unnecessary, since it can be shown that (as with ordinary determinants)
that already follows from the fact that Z = det(I + L) is nonzero. However,
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we did not prove such an implication in the context of Fredholm determi-
nants, and for our purposes the extra assumption will not be an impediment.

Proof We follow the same reasoning that was used in the proof of Propo-
sition 2.9, except that rather than take (z,),cq to be a set of indeterminates,
welets, = 1 forx € Eandt, = 0 for x € Q\ E, where E is an arbi-
trary finite subset of . All the steps of the proof remain valid, with the
only modification being that the summation in (2.24) is taken over all finite
subsets B C Q. In that case the algebraic manipulations of the proof all
involve sums that are easily seen to be absolutely convergent, and we can
use Lemma 2.14 in the last step (with S = DK, a kernel with only finitely
many nonzero entries, and T = L) where previously the multiplicativity of
the determinant was used. This establishes that (2.23) holds for the substi-
tution ¢, = yg(x), or in other words that

2, px(A) = ) det(K,)

ACE ACE

for any finite E C Q. It is easy to see that this implies that px(E) = det(Kg)
for all finite £ C Q, by induction on |E|. O

Propositions 2.10, 2.11, and 2.12 also have analogues that hold in the
case of determinantal processes on a countable space. Note that if T € &
then we have

det@+xT) = > ¥ det(Ty),
AcX, |Al<co
so the fact that this sum converges absolutely for any complex x implies
that det(I + xT) is an entire function of x.

Proposition 2.16 If X is a determinantal point process in a countable set
Q with correlation kernel K, and K has exponential decay, then for any
A C Q we have the identity of entire functions

det(I - xK,) = Z P(X N Al =n)(1 —x)",  (xeC).

n=0
Consequently, we have for all n > 0 that

B (_l)n d’

P(X NA| =
( l=n=—"7

det(T — xKy).
=1

X
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Proof The proof consists simply of going through the computation in
Proposition 2.11 carefully and checking that all the steps are meaningful
and valid in the present context. O

The following analogue of Proposition 2.12 is proved using similar rea-
soning to that used in the proof above, starting from the proof of Proposi-
tion 2.12 that you will construct in Exercise 2.6. The details are omitted.

Proposition 2.17 Let k > 1, and let Ay, ...,A; C Q be disjoint. Under
the assumptions of Proposition 2.16 above, the expression

k
det [I - Z xiPy - K- PAIU...UAk] )

=1
defines an entire function of the complex variables x,, ..., x,, and we have
the identity

k
det (I— Z ijA/. ‘K- PAlu..AUAA.)

=), P

k
(X najl=n) ](l—xl)”‘...(l—xk)”k.

ny,e.,n; >0 Jj=1
Consequently, for any integers ny, . ..,n, = 0 we have that
P(IX N Al =n, ..., XN Al =n)

(—I)N 6n1+"'+"k
© N ox) Lo

k
det {I - Z X_]‘PA]. ‘K- PA]U...UAk s
X1=...=X 1

J=1

where N = ny + ...+ ny.

2.5 The discrete Bessel kernel

We now consider Proposition 2.8 again in light of the discussion in the
previous section. The set {xy, ..., x;} on the right-hand side of (2.17) has
equally many positive and negative elements, since it is the set of modi-
fied Frobenius coordinates of a Young diagram. It is easy to see that for
any set {x,...,x;} C Z’ without this property, the determinant in (2.17)
will be equal to 0. It follows that the set of modified Frobenius coordinates
Fr(19) of a random Young diagram A’ chosen according to Poissonized
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Plancherel measure with parameter 8 forms a point process in Z’ with de-
terminantal configuration kernel Ly(-, ) given by (2.16). Note that Ly is
trivially seen to have exponential decay (with respect to the ordering of the
elements of Z’ according to increasing distance from 0). In particular, the
Fredholm determinant det(I + L) is well defined, and, by (2.17) and the
preceding comments, is given by

det@+Lg)= > det(Lya) = ¢’.
ACZ/,|Al<co

So, considering the general theory we developed in the previous section,
we see that to gain better insight into the behavior of this point process,
we need to identify the corresponding kernel Ky = Ly(I + Ly)~! whose de-
terminants will describe the correlation function of this process, in accor-
dance with Proposition 2.15. This family of kernels was found by Borodin,
Okounkov, and Olshanski, and a variant of it was found independently by
Johansson. It is defined in terms of Bessel functions J,(z), so we begin by
recalling the definition of these classical special functions; see the box on
p. 106 for additional background.

Let I'(#) denote the Euler gamma function (for readers unfamiliar with
this function, its definition and basic properties are reviewed in Exercise 2.7).
Let @ € R. The Bessel function of order « is the analytic function of a
complex variable z defined by the power series expansion

00

L@ =3 Y CDCRT ey as)

m!Tm+a+1)

m=0

We will care only about values of z that are positive real numbers, but
in fact it is easy to see that with the standard interpretation of the power
function z°%, J,(z) is analytic on the complex plane with a branch cut at the
negative real line.

Recall that for n € N we have I'(n) = (n — 1)!, so in the case when @ = n
is an integer we can write (2.35) as

4 )" i (=D"(z/2)™

In@) = (_ m! (m + n)!

3 . (zeO). (236

m=max(—n,0)

It follows in particular that we have the identity

J(2) = (=1)"J,(2), (zeC,ne?), (2.37)
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relating the Bessel functions of positive and negative integer orders.

Note that J,(z) is in fact a function of two variables, @ and z, although
because of how it often arises in applications it is more common to think
of it as a one-parameter family (J,(z)).cr of functions of one variable. For
our purposes actually the dependence on « will be equally important to
the dependence on z. We denote J/,(z) = %Ja(z) and J,(z) = 0%](,(2) (the
analytic dependence of J,(z) on « is also not difficult to establish). As a
further notational shortcut, in what follows we denote J, = J.(2 V6), and
similarly J, = J.(2 V), J, = J.(2 V).

Define the discrete Bessel kernel with parameter 6 > 0 as the function
Jo: Z X Z — R given by

@ijng:-t]nl]t if s # 1,
Jo(s, 1) = (2.38)
VO(Jogr = Ton) ifs =t

It will be convenient to consider Jy(-, ) to be defined also for noninteger
real arguments. With such a definition Jy becomes a continuous function
on R x R, by L’Hbpital’s rule.

Next, we define another variant of the discrete Bessel kernel, denoted
Ky: Z' x7Z' — R, by

1 1
Ko(x,y) = sgn(x)" 2 sgn(»)* 2 Jp(x — 1,y - D). (2.39)

A short computation using (2.37) gives the more explicit expression

Tt gt =1
g2 Mo ity Py if xy >0, x#,
Vo X[ = Db Bzt rsy
Ky(x,y)= \/@sgn(x)(jlxlilj‘m_ ~J 1 J'lel) if x =y, (2.40)
2 2 2 2
URR AR NN
Vo—2— = 5 z__ 2 if xy <0.

The following claim is easy, and we will verify it shortly after recalling
some standard facts about the Bessel functions.

Lemma 2.18 For each 0 > 0, the kernel Ky has exponential decay.

We are now ready to state one of the most important results of this
chapter.
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The Bessel functions

The family of Bessel functions J,(z) was defined in the 18th century by
Daniel Bernoulli — son of Johann Bernoulli, mentioned in the previous chap-
ter in connection with the brachistochrone problem — and generalized and
studied systematically by the German 19th century astronomer and math-
ematician Friedrich Wilhelm Bessel (who is also remembered today as the
first person to accurately estimate the distance of Earth to a star other than
the Sun).

The Bessel functions are solutions of the second-order linear differential
equation
2y +xy +(x* —aP)y =0, (2.41)
and are more precisely called Bessel functions of the first kind, since
in the literature there are actually several families of Bessel functions, de-
noted J,(2), Y, (2), 1,(z), and K,(z). Bessel functions appear prominently in
several places in mathematical physics and the theories of ordinary and par-
tial differential equations. In particular, they arise perhaps most naturally in
the study of several of the well-known second-order linear partial differential

equations (the Laplace equation, the wave equation and the heat equation)
on a cylindrical domain. For more information, see [22], [73], [145].

10
08
06l
04l
02

-0.2

-04

The Bessel functions Jy(1), J1(¢), and J,(r) Friedrich Bessel

Theorem 2.19 For each 6 > 0, we have the operator relation
Ky = LoI+Ly™". (2.42)

Consequently, the point process Fr(A?) is determinantal with correlation
kernel Ky and its correlation function is given by

pran(A) = det (Ky(x.y)). (A CZ, Al < o). (2.43)

The proof of Theorem 2.19 is a somewhat involved computation that
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reduces to well-known identities satisfied by the Bessel functions. We re-
call the relevant facts we need from the theory of the Bessel functions in
the following lemma.

Lemma 2.20 The Bessel functions J,(2) satisfy the following relations:

0
24 (20) = 210 (20) + %J(,(zz) = 2J,1(22) - %Ja(zz), (2.44)
o1 (22) = guzz) — Jaur(22), (2.45)
J.(22) = (1 + o(1)) F(;+ D as @ — oo with z > 0 fixed, (2.46)
. el .
J.22) =0 (m) as @ — oo with z > 0 fixed, (2.47)
Smga) = Jo QD) 1-0(22) + J -0 (2001 (22), (2.48)
1,22 = — i L& 20 (z20), (2.49)
¢ Z_I“(a)mzom+a ml T . ’ ’
Za/—l 1 L 1 Zm+ck
Joo1(22) = - Jnr1(22), 0), 2.50
129 = fos F(a)mzzomw —Tun(2), @#0). (250)

Proof The equality of the left-hand side of (2.44) to the other two ex-
pressions in that equation follows easily by equating coefficients of z in
the power series expansions of the respective expressions. Equating these
two expressions for é%J(,(ZZ) yields the recurrence relation (2.45). Rela-
tion (2.46) is simply the claim that the first summand in the infinite series
defining J,(2z7) is asymptotically the dominant term when z is a fixed posi-
tive number and @ — oo; this follows from the fact that

I'm+a+D)=(@+D@+2)...(a+m(a+1)>o"T(ax+1),

so the contribution to J,(2z) from the summands corresponding to values
m > 11in (2.35) is bounded by the initial term corresponding to m = 0, mul-
tiplied by Yo, (z%/a)" = Z Similarly, to investigate the asymptotics of

a2

J,(27), differentiate the series in (2.35) termwise with respect to & (which
is easily justified due to the rapid convergence of both the original series
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and of the series of derivatives), to obtain that

[e]

, IM(a + m+ 1)
Jo(22) = log zJ,(22) — 2° T2
Zo m!l'(a+m+1)

> 2m

@ 2z
= longa(2z) —Z Z mlﬂ(a’ +m+ 1),

m=0
where ¥(x) = I"(x)/I'(x) is the logarithmic derivative of the gamma func-
tion. Now recall that ¥(x) = logx + O(1) as x — oo (Exercise 2.7), to
conclude easily (using similar reasoning to that used above) that the term
log zJ,(2z) and the first term corresponding to m = 0 in the infinite sum,
both growing as O(z*/T'(a + 1)) as a function of @, are the dominant con-
tributions in the limit as @ — oo, which proves (2.47).
Next, identity (2.48) can be seen using (2.44) to be equivalent to

B sin(ra)

= Jo(22)J",(22) = J,(22)Jo-1(22) (2.51)

A proof of this is outlined in Exercise 2.8.
Next, to verify (2.49), rewrite the right-hand side by expanding each
term J,,(27) into a power series, to get
ZG/

i i (_ l)k Zz(m+k)
I'(@) (m+ a)k!m!(m + k)!

m=0 k=0

Za i & (_ 1 )l’l+m o
e
@) n=0 \m=0 (m + a)m!(n — m)!n!
Comparing this to the power series expansion of the left-hand side of (2.49),

we see that it is enough to prove for each n > 0 the finite summation iden-
tity

S (=1 'T !
=D (”) @ & . (2.52)
m+a\m INa+n+1) ala+1)...(a+n)
This is not difficult to prove and is left to the reader (Exercise 2.9).
Finally, to prove (2.50), first prove the much simpler identity
[e] Zn
Z ;Jn(zz) =1, (2.53)

n=0 "

(Exercise 2.10). Next, multiply the right-hand side of (2.50) by I'(«) and
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rewrite it as

_ ol (1 _ Z i—l:Jn(2z) + Jo(2Z))

n=0 "
+ (@ -1z} i ;ij (22) - Jo(22)
Lin+(@-Tn™" a-1""7)
Applying (2.49) and (2.53), we get (2.50). ]

Proof of Lemma 2.18  As with the case of Ly, the claim that K4 has ex-
ponential decay refers to an ordering of the elements of Z’ according to
increasing distance from 0, so we need to show that

[Kq(x,y)] < Ceme 0

for all x,y € Z' and constants C, ¢ > 0 (that may depend on 6). This is easy
to check using the formulas for L, and Ky, the asymptotic relations (2.46),
(2.47) and the rapid growth of the gamma function. O

Proof of Theorem 2.19  Throughout the proof, we denote z = V@ and for
simplicity omit the subscript 6 from various quantities, for example, writing
K instead of K, and L in place of Ly. Our goal is to prove that K = L(I +
L)', or, equivalently that

K+KL-L=0=K+LK-L. (2.54)
It is not difficult to check that these two equations are equivalent (see Ex-
ercise 2.14; note that for infinite-dimensional operators the relation ST =1
does not generally imply that TS = I, but here one can use the symmetries

of L and K), so we prove the first one. Whenz =0 (i.e.,6 =0), K=L =0
(the zero kernel), so this holds. Therefore, it is enough to verify that

(K+KL-L)Y =K +KL+KL -L"=0, (2.55)

where a prime denotes differentiation with respect to z. (The concept of
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differentiating an operator may be slightly confusing, so some clarification
is in order. Here, we think of K and L as matrices, and differentiation acts
on each entry; it is easy to convince oneself that the rule for differentiating
a product of matrices is (KL)" = KL’ + KL, in analogy with the usual rule
for differentiating a product of functions.)

We therefore have to compute each of the quantities appearing in (2.55).
This is a straightforward but somewhat tedious computation, relying heav-
ily on Lemma 2.20. We include it for completeness, but the impatient
reader should not feel too bad about skipping ahead. For L, we have im-
mediately that

0 if xy > 0,
L'(x,y) = it : (2.56)
Sgn(X) (lxl _ %)' (|y| ~ %)' if Xy < 0.

Next, for K, consider first the case when xy > 0. Making use of the rela-
tions (2.44) (and recalling also that J, is shorthand for J,(2 Vo) = J1,(22)),
we have that

d et Tyt
K(xy) = = |2 M2 | > b3
dz x| = [yl

Iyl + 4 x| + 3
+J 1[2] 1—y 2] i 2J 1——2.1 1 1d
Ixl-5 -5 z bl+3 IxI-5 z 5 ) bi=3

(2.57)

In the case when xy < 0, using a similar computation one may verify that

K'(x,y) = sgn(x) (Jlx—zjly—% - Jlxl+%"yl+%) . (2.58)

Next, using (2.57) and (2.58) we proceed to evaluate K'L, a matrix whose
entries are given by

(K'L)(x,y) = ) K (x )L, Y).

(54
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Again we divide into cases according to whether x and y have the same
sign. Assume that xy > 0, then

) ~ sgn(x) Z\l|+|y|
(K L)(X, y) = Z r—y _ 1Y 1 J|x\—l‘]|t|fl - Jlxl+lJ\tl+l
12/ x>0 (|f| 2)‘ (lyl 2) S o

1
Z|y|+2

___ N 1 4
CEN! (J'*'-% 2 b+ Lml”

-J 1J .
‘XHZ |,\|*2

(K'L)(x,y) = IZI—J L= (2.59)
y

Assume now that xy < 0; in this case we can write in a similar fashion that

1 th\+ly\

K'L)(x,y) = (J 1o+ 1 l)
ZEZ'Z;C>O =y (ltl - %)‘ (|Y| - %)' =3 I+ b+3 =3

m

1
b3 =
72 sgn(x) z
z_(J LG
o gt &g+ o

. m=0

+J 1 Z Sgn(x} 1 Z_Jm
W3 £dm + |y + 5 m!

m=0

-
Z 2
J

J 1t —J 1
yl=3 (|y| _ %)y =3

-J

1 1 1
|X|+2 ‘y|+2 ‘-xlfz

= sgn(x) [J ] (2.60)

Finally, the last quantity to compute in (2.55) is KL'. Again, if xy > 0, we
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have
Jl+1yl
(KL)(x,y) = - Z sgn(x) Iz : (Jlx_ I g )
t:tx<0 x—t1 (|l|—§)'(|y|—§)' 2 2 2 2
1
Iyi+3 m
sy (J i UM
(Iyl - %)' M=3 Sm + |x| + 5 m!
o osgn(x) "
+J —_Jm
I3 mZ:O m+ |x| + 3 m! +1]
1
P (|x| - %)v

I
(v l)yJ\le' 26D
yi—3) 2

In the other case when xy < 0, we have

[¢l+1yl
sen(x) (J o+ 1T 1),
= |.X| - |l| (|t| _ %)1 (lyl _ %)| -5 li+3 Ixl+5 -5

(KL)(x,y) =

with the understanding that for the term corresponding to ¢t = x, the sin-
gularity that appears is resolved by replacing m(‘lmf 1 J\z|+ 1+ Jle 1 Jmf 1)
with the limit of this expression as t — x. This is jzustiﬁzed by tfle fazct
that K(x, x) = lim,,, K(x, t), a consequence of the continuity of Jy(-, -) that
was noted earlier. In other words, we can write (KL')(x,y) as a limit of

perturbed values of the form
1
Iyl+5
(vl - 3)!

) 1 z
xlim|J 1 ) ———————Ji
=0 lxl_ZkZ_(;k—(lxl—%)+€k' N

(KL)(x,y) = - sgn(x)
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This can now be evaluated using (2.49) and (2.50), to give

(KL')(x,y)
1
yi+5 1 1
- sl (corle-me 2t )
y — E ! €
1
1\ lxl-5-€
_J\xl+%r<6_|x|+ 1) J—x|+%]
s [
= —sgn(x) | =J 1 — lim (T(~a) Uatoomt + Jadarn) )|
(b= 3) [z "2 op-t

To evaluate the limit, note that, by (2.48), we have
r(_a’) (Ja]—w—l + J—on(t+l)
1
=I'(—a)— sin(—na)
nz

I o B B
Tl a+1) T(e+1) (|x| _ %)yz

asa/—>|x|—%.

(Actually, the full power of (2.48) isn’t really used here, but rather the fact
that the right-hand side of (2.48) is equal to (mzI'(@)['(1 — @))~', which can
be proved without reference to the identity I'(a)['(1 — @) = 7 sin(ra)™!; see
Exercise 2.8.) So we get finally that

/ M3 M3
(KL)(x, y) = =sgn(x)7———=|J 1 = 7=+~ (2.62)
(=52 (- 4)
To conclude the proof, it is now straightforward to combine the results of
our computation above, namely, (2.56), (2.59), (2.60), (2.61), and (2.62),
and verify that (2.55) holds. m]

It is worth taking a short pause at this point to look back at the results
we proved and appreciate their significance. Theorem 2.19, and in partic-
ular (2.43), is the main exact (as opposed to asymptotic) result that, when
combined with the tools that we developed for working with determinantal
point processes, enables us to launch an attack on Theorems 2.2 and 2.3.
The next part of the proof, which we undertake in the next few sections,
is a detailed asymptotic analysis of the quantities appearing in these exact
results.
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We conclude this section by proving an infinite sum representation of
the kernel J, that will be useful later on. Although the “original” discrete
Bessel kernel J, defined in (2.38) played no role until now except in being
used to define its (somewhat less elegant) variant Ky, it will be more con-
venient to work with for the purpose of the asymptotic analysis. The kernel
Jy also has a more direct combinatorial significance, which is not needed
for our purposes but is discussed in Exercise 2.13.

Proposition 2.21 For s,t € R we have
Jo(s.0) = ) Jsndiom (2.63)
m=1

Proof Ttis easy to check (with the help of (2.47)) that the right-hand side
of (2.63) is, like the left-hand side, continuous on the diagonal s = #; so
it is enough to prove the identity under the assumption s # t. Using the
recurrence (2.45), we have

Jo(s+ 1,1+ 1) = Jo(s,1) (2.64)
Z Z
= (Js+1~]r+2 - Js+2-]z+1) - (Js-]t+1 - Js+l~]z)
s—1 s—1

Z t+1 s+ 1
= _[JsH (_Jz+1 _Jt)_( Jx+1 _JS)JI+I
s—1 Z Z

= Jo S + Js+lJlj| = —JoJis1 (2.65)

Consequently, we have that

Jo(s, 1) = Jpi 1 + Jo(s+ Lt + 1)
= Joid + Jgodin + Jo(s + 2,1+ 2)

N
= ... = > Jumdron + Jo(s + N;t + N) (forany N > 1) (2.66)

m=1

The asymptotics of the term Jo(s + N, ¢+ N) as N — oo can be determined
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using (2.46), which gives that

Z
Jo(s + N,t+ N) = P (Jsindrenst = Joans1Jian)

—t
B ZSHHIN+2 1+o0(1) 1+0(1)
T os—1t \(+NIGE+N+1D! (s+N+ DI+ N)!
Zx+t+2N+2
= (1 +o(1))

S+N+DIE+N+ DY

This last quantity tends to 0 as N — oo, so we get (2.63). O

2.6 Asymptotics for the Airy function and kernel

In what follows, we will need some results on the asymptotic behavior of
the Airy function Ai(x), its derivative Ai’(x), and the Airy kernel A(x, y) for
large positive arguments. Recall that we defined the Airy function in terms
of the integral representation (2.1); this representation involves a condi-
tionally convergent integral that is somewhat difficult to work with, so we
start by proving another more convenient representation.

Lemma 2.22 The integral on the right-hand side of (2.1) converges as
an improper integral for any x € R. The function Ai(x) it defines has the
equivalent representation

Ai(x) = % f ) exp (%(a —it)} + x(—a + it)) dt (2.67)

—00

where i = V-1 and a > 0 is an arbitrary positive number. Furthermore,
Ai(x) is a smooth function and for any j > 1 its jth derivative Ai¥(x) is
given by

AiP(x) = L f m(—a + it)) exp (l(a —it)® + x(—a + it)) dt.  (2.68)
21 J_oo 3

Proof Considering x € R as a fixed number, define an analytic function
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f(2) = exp (xz - %z3). For any M > 0 we have that

M
f cos (%IS + xt) dt
0
1 f ! exp (—1(it)* + x(in)) dt + 1 f : exp (—3(=in)* + x(=ir)) dt
2 Jo 3 2 Jo 3
1
=5 f(@)dz,
2i [—iM,iM]
where the last integral is a complex contour integral and where [¢, (] de-
notes the line segment connecting two complex numbers & and {. Thus, the
right-hand side of (2.1) can be rewritten as

%fow cos(%t3 + xt) dt

I 1
o f(@)dz = Nl!lilgo 3 fl_ o f(2)dz, (2.69)

270 Jieo)

provided that the limit exists. It is also immediate to see that the right-hand
side of (2.67) can be similarly written as the contour integral

1o 1
— f exp|=(a - i) + x(~a + it) | dt
2 J o 3

1 —a-+ico

= — f(2)dz :=

T 2ni

im ZL f(@dz, (2.70)

1
M—eo ZTL J|—a—itd,—a+iM]

again provided that the limit exists. But note that if z = s + it then
|f(2)] = expRe (xz - %z3) =exp (xs -1+ stz), (2.71)

which in the case s = —a < 0 immediately implies that the integral in
(2.70) converges absolutely. Furthermore, by applying Cauchy’s theorem
to the contour integral of f(z) over the rectangular contour with corners
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—a + iM, +iM, we see that

lf f(z)dz—f f(@)dz
[~iM,iM] [~a—iM,~a+iM)
0
Sfﬂlf(s—iM)lds+f |f(s+iM)|ds
0
:2f exp[s(x—%sz+M2)] ds

Y R s | e ——

This implies that the limit in (2.69) exists and is equal to (2.70). Finally,
since it can be seen using (2.71) that for any j > 1 the partial derivative

o’ 1.3 j 1.3
%exp(xz— 32 ) = z’exp(xz— 32 )
is absolutely integrable on the contour {Imz = —a}, the dominated con-

vergence theorem justifies differentiation under the integral sign in (2.67),
proving (2.68). |

Lemma 2.23 (Asymptotics of the Airy function and its derivative) The
Airy function Ai(x) and its derivative Ai’'(x) have the following asymptotics

as x — oo
1 2 3/2
Ai(x) = (1 + o(1))—=x"14e737, (2.72)
2r
-/ 1 1/4 ~Zpn
Ai'(x) = (1 +0(1))Fx e 3", (2.73)
T

Proof Since we are interested in large values of x, assume x > 0. Start by
rewriting the integral (2.67) (interpreted as a contour integral as in (2.69))
in a way that highlights the way the integrand scales as x grows; by making
the substitution z = /xw we see that

) 1 —a+ico
Ai(x) = %f o oexp (xz - §Z3) dz

\/} —ax~
== exp (x3/2w - %x3/2w3) dw

27i —ax-12—jco

\/} —1+ico

= exp (x*2g(w)) dw, (2.74)
L J-1-ico

12 +ic0

where in the last step we define g(w) = w — %w3 and choose the value of a
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(which up to now was allowed to be an arbitrary positive number) to be
a = +/x. The reason this choice makes sense is that g(w) has a critical point
at w = —1, and choosing the contour of integration so as to pass through
this point results in an integral that can be easily estimated for large x;
indeed, g(w) can be expanded in a (finite) power series around the critical
point as

gw)==2+w+1>-1w+1)y.

Substituting this into (2.74) results in the improved (for asymptotic pur-
poses) representation

Ai(x) ‘/j (-2x77) f " exp (x2((i0? - Lny?) ar

x “ .
= £exp (—%xm) x"3/4f exp (—u2 + %lx 3/4u3) du.

Il
)
]

o

2

By the dominated convergence theorem, the last integral converges as
X — oo to f_ 0; e du = /7, so we get that the Airy function behaves
asymptotically as
1
1 +o(1)=—=x""*,
(1 +o(1)) Ve

as claimed in (2.72). The proof of (2.73) is similar and is left to the reader
(Exercise 2.16). o

Lemma 2.24 For some constant C > 0 the bound
A(x,y) < Cexp (™0™ 2.75)
holds for all x,y > 0.

Proof Since A(-,) is continuous, it is enough to verify (2.75) for x # y.
If [x — y| > 1 then this follows immediately from the definition of A(x,y)
together with the relations (2.72) and (2.73). If |[x — y| < 1, use the mean-
value theorem to write

Amw=Am%ﬂQE§ﬂﬂ

_Mu%mw—mm)

x=y
= Ai(x) Ai” (%) — Ai'(x) Ai’ (%),

where X = ax+ (1 — @)y, X = Bx+ (1 — B)y for some 0 < @, 8 < 1. Because
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of the Airy differential equation (2.8), this can be written as
X Ai(x) Ai(X) — Al (x) Ai'(%).

Now again use (2.72) and (2.73) to conclude that (2.75) holds for a suitable
constant C. m]

As a first application of (2.75), we can now justify an important claim
we made at the beginning of the chapter.

Lemma 2.25 The series of integrals defining F»(t) in (2.3) converges ab-
solutely.

Proof Note that for any fixed t € R the bound (2.75) actually holds, pos-
sibly with a larger constant C depending on ¢, for all x,y > ¢. This implies
that for x1, ..., x, >t we have (using also (2.30)) that

= exp [—2 Z xi/z]
=1

< n"*C" exp {—2 Z xi/z] , (2.76)

J=1

,S}%E (A )

" 24532
'd'et1 (e' j A(x,-,xj))
ij=

and therefore that, for some C; > 0 (again depending on ¢), we have

ff d,ét (A(x,-,xj))dxl coodx,
t ¢ b=l

for all n > 1. Since n! > (n/e)", that proves absolute convergence of the
series on the right-hand side of (2.3). ]

n/2 ~n
<n"C]

2.7 Asymptotics for Jy

The goal of this section is to prove the following asymptotic result, which
will be another key ingredient in the proof of Theorem 2.3.

Theorem 2.26 (Asymptotics for the discrete Bessel kernel)
(a) Let z = VO as before. For x,y € R we have
2 BJz + x2'3, 22 + y7'?) = A(x,y) as z — oo, .77)

where the converegence is uniform as x,y range over a compact subset

of R.
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(b) There exist constants Z, C,c > 0 such that for all x,y > 0 and 7z > Z we
have

2B\ Je(2z + x2'3, 27 + y7'13)| < Ce™ ), (2.78)

For the proof, we rely on the following version of a classical result,
sometimes referred to as Nicholson’s approximation (although its rigor-
ous formulation is due to G. N. Watson), relating the Airy function to the
asymptotics of a Bessel function J,(z) where the order « is close to the
argument z. The proof of this asymptotic result requires an elaborate study
of integral representations of the Bessel functions, so we do not include it
here. See [19, Section 4] and [145] for the details.?

Theorem 2.27 (Nicholson’s approximation for Bessel functions)

(a) For x € R, we have
2P T (22) > Ai(x)  asz — oo,

uniformly as x ranges over a compact subset of R.

(b) There exist constants Z,C,c > 0 such that for all z > Z and x > 0 we
have

z1/3|JZZ+xzus(2z)‘ < Ce ™.

We also need the following integral representation of the Airy kernel,’
analogous to the representation (2.63) for the kernel Jy.

Lemma 2.28 Forany x,y € R we have

Ax,y) = f:o Ai(x + 1) Ai(y + 1) dt. (2.79)

Proof By continuity arguments it is clearly enough to prove the claim
when x # y. In this case, using the Airy differential equation Ai”(u) =
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u Ai(u) we have

1
ﬁA(x +hy+1) = —Q(Ai(x + 1) Ay + 1) = AT'(x + 1) Ai(y + 1))
ot x—yot

- L(Ai(x FDAT G+ 1) - A" (x + 1) Al +1)
Xy

x—_y((y + DA+ DAY +1) — (x + 1) Ai(x + 1) Ai(+t))
= — Ai(x + ) Ai(y + 1), (2.80)

(compare with (2.65)). Therefore we can write

T
A(x,y) = A(x+T,y+T)—f (%A(x+t,y+t)dt
0

T
=A(x+T,y+T)+f Ai(x + 1) Ai(y + 1) dt,
0

and letting 7 — oo (in analogy with the limit argument N — oo applied to
(2.66)) gives the claim, using (2.75). m]

Proof of Theorem 2.26  Throughout the proof we denote ¥ = 2z + xz'/3

and § = 2z + yz!/3. We first prove (2.78). Let Z, C, ¢ be the constants in
Theorem 2.27(b). Then we have

0 9| =

m=1

13 i (Z1/3J)?+m) (Z1/3]y+m)

<z Z (C e‘c(”"’f]ﬂ)) (Ce‘c(y’rmf”"))

m=1

= Qe Oty 173 Z q", (2.81)

m=1

where ¢ = exp(—2cz™'?). Since g = 1 — 2¢z7'* + O(z7?/?), we have that
> q" = q/(1 —q) = (2¢)7'7'? + O(1), and hence (2.78) follows from
(2.81) after relabelling C.

Next, we prove (2.77). Fix a large number 7 > 0 whose value will be
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specified later, and denote 7 = | Tz'/3]. We have

¢ 30(%.5) - ACx, )|

P (k) (2 5m) f A+ D) Ay + 1)
0

m=1

<E| +E,+E;+E,4, (282)

where E|, E,, E5 and E,4 are quantities defined by

E, = f Ai(x + 1) Ai(y + t)dt’ =|Ax+T,y+T),
T
Ey=2"| 3" Femdsin| = 2 [JoG+ T, 5+ 7).,
m=T+1

b}

T T
E; = z_1/3z Ai(x+mz“/3)Ai(y+mz-”3)—f Ai(x + D Ai(y + T) dt
0

m=1

T
E, = Z_l/3 Z (Z1/3J)"c+m) (Zl/3jy+m)

m=1

T
—2 " A+ mz ) Ay + mz 1)

m=1

Each of the E; can now be bounded in a fairly straightforward manner. For
E|, by (2.75) we have

Ey < Cexp(-(x+T)"? - (y + T)*?),

which, under the assumption that z7 — oo as x, y range over a compact set,
can be made arbitrarily small by picking T to be a sufficiently large number.
For E, we can use (2.78) to get the bound

E, < Cexp[-c(x+y+2T)]

which has similar properties. Next, the sum in E5 is a Riemann sum for the
integral fOT Ai(x + 1) Ai(y + ) dt, so E; — 0 as z — oo with T fixed, and it
is easy to see that the convergence is uniform as x, y range over a compact
set. Finally, Theorem 2.27(i) implies that E4 — 0 as z — oo with T fixed,
again with the required uniformity.

Combining the preceding estimates we see that given any € > 0, by
fixing T to be a large enough number we get a bound for the left-hand side
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of (2.82) of the form € + E5 + E4, where E5 + E, — 0 as z — oo uniformly
on compacts in x and y. This proves (2.77). O

2.8 The Tracy—Widom limit law for Poissonized Plancherel
measure

In this section we prove the following version of Theorem 2.2 for the length
of the first row of a random Young diagram chosen according to Pois-
sonized Plancherel measure.

Theorem 2.29 For each 6 > 0, let A denote a random partition chosen
according to Poissonized Plancherel measure with parameter 6, let /l<lg>
denote the length of its first row. Then for any t € R we have

P(A” <2V8 +16'°) - F(t) as 6 — oo, (2.83)

where F, is the Tracy—Widom distribution defined in (2.3). That is, the
family of random variables 6~"/°(2" — 2 V@) converges in distribution to

Fras 6 — .

Recall that we still do not know the fact, claimed in Theorem 2.1, that
F, is a distribution function. What we prove here is the relation (2.83). The
separate claim about convergence in distribution will follow once we prove
Theorem 2.1 in Section 2.10, using unrelated methods.

Note that /1<19> is equal in distribution to L(oy), the maximal length of an
increasing subsequence in a permutation oy that was chosen in a two-step
experiment, where we first choose a Poisson random variable N ~ Poi(6),
and then draw a uniformly random permutation of order N. Thus, the state-
ment of Theorem 2.29 comes very close to explaining Theorem 2.2, and
indeed in the next section we will show how Theorem 2.2 can be de-
duced from it using a relatively simple “de-Poissonization” trick. Simi-
larly, later we will formulate and prove an analogue of Theorem 2.3 for
Poissonized Plancherel measure, and deduce Theorem 2.3 from it using
de-Poissonization.

To start our attack on Theorem 2.29, observe that, by Theorem 2.19
and Proposition 2.16, the probability on the left-hand side of (2.83) can be
written as a Fredholm determinant. More precisely, fixing ¢ € R and letting
(Ag)ss0 be the family of subintervals of R given by Ay = (2 V6 + 16'/%, co0),
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we have that

B 24+ ) = B(Fr{) £ 2\ )
= det (I - (KQ)Z'nAﬁ)

ﬂ*i% Z Z g,'étl(Ke(x,-,xj)). (2.84)

n=1 t o X€EZNAyg X,€Z'NAg

We want to prove that this expression converges to F(f), whose definition
in (2.3) is finally starting to make sense. It is convenient to replace Ky(x, y)
by its simpler variant J4(x,y), noting that by (2.39), we have Ky(x,y) =
Jo(x — %,y - %) for positive x,y (which is the range we are considering,
since, for any fixed ¢, Ay C (0, o) if 6 is large enough). So the Fredholm
determinant in (2.84) can be replaced by

DY %Stl (Tt ), (285)

X1€EZNAy X, EZNAg

=D
|

n:

det(I= (Jo)zn,) = 1+
n=1

with negligible asymptotic effect. Furthermore, by Theorem 2.26, the fam-
ily of kernels Jy(:, -) converges to the Airy kernel A(:, ), after appropriate
scaling, as 8 — oo. So, it seems intuitively plausible that the n-dimensional
sums appearing in the Fredholm determinant in (2.85) should behave like
Riemann sums that converge to the n-dimensional integrals in the definition
of F,(t), and that the infinite series of such convergent Riemann-like sums
should also converge to the corresponding infinite series of integrals. In-
deed, we shall soon confirm this intuition rigorously by making careful use
of the asymptotic bounds and estimates that were derived in the previous
section.
The following continuity estimate for determinants will be useful.

Lemma 2.30  For a square matrix M = (m; )} ,_, of real numbers, denote
IMllco = maxi <<y lmijl. If M = (m; )7 ,_, M" = (m] )} ._, are two square
matrices of order n, then we have

det(M) — det(M")| < n"*"? max(||M||, [|M'[lo)" ' IM = M||.  (2.86)

Proof Denote by r; and r} the jth column vector of M and M’, respec-
tively. Define a sequence of matrices A, A,,...,A, by writing each A; as
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a list of column vectors, namely

A = (rn-n 12 3 e o),
Ay = ( r = r3 ... o),
Az = ( r r r=ry ... o),
A, = ( T r r_g cee K1)

By the additivity property of the determinant with respect to columns, we
see that

det(M) — det(M’) = Z det(A,),

J=1

since the right-hand side becomes a telescopic sum. By Hadamard’s in-
equality (2.30), for each 1 < j < n we have

2
|detap| < w2l =il [ maxqirles I77l)

1<i<n, i+j

< "M = Ml max(IMl, 1M’ ll)" ™",
and this yields (2.86) on summing over 1 < j < n. O

Proof of Theorem 2.29 Fix t € R. Denote 7 = 2V6 + 16'/°, and for any
numbers v < w with v € R and w € R U {oo}, denote

= Y %Etl (To(xis x)), (2.87)

v<x<w V<X, <W

an(v,w)zf...f Sétl (Ae(xi,xj))d)ﬂ ... dx,,

where the sums in (2.87) are over integer values, and for convenience we
suppress the dependence on @ of the quantities 7, j,(v, w) and a, (v, w). From
the discussion so far, we see that the theorem will follow if we show that
Yoty Eljn(F, 00) = a,(t, 00)] > 0 as 6 — oo. As a first step, fixing n > 1, we
will derive a bound for |j,(7, o) — a,(t, )|, being careful to keep track of
the dependence on n of the various quantities.

The computation is structurally similar to the one in the proof of Theo-
rem 2.26 in the previous section. Fix a number 7 > max(#, 0) that will be
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specified later, and denote 7 = 2 V@ + T6'/°. We then have that

|jn(fa OO) - an([, OO)|
< lan(T, )| + |ju(T, 00)| + | jul@, T) = a(2, T)|. (2.88)

For the first summand in this expression, (2.75) gives using Hadamard’s
inequality that

|a, (T, o) <f f Cre2Zh " det ( 545 A(x,,xj))dxl . dx,

i,j=1

< (c f 2002 dx) n'? < Cre 2, (2.89)
T

Next, for | j,(T', 00)|, using (2.78) gives in a similar fashion that

n(T,00) < Y. 670 " exp (—2c9-1/6 D -2 \/Z))]

xi>T  x>T J=1
_ _npp-116
< Cnnn/Z [0 1/6 E e 2c0 m] ,
m>T'/o

and it can be readily checked that as 6 grows large this is also bounded by
an expression of the form Cje>"" n"/? for some constant C, > 0.

Next, to bound | j,(7, T) — a,(t, T)|, which is where the approximation of
an integral by a sum comes into play, decompose this quantity further by
writing

1jnET) = an(t, T < |juE, T) = 1ot I+ 1ra(t, T) — an(t, T, (2.90)
where we denote

x—2V0 x;—26
ra(t,T) = 67"° Z Z S?t[ ( 91/6\/_’)6] g1/6 ]]

f<xi <T f<x,<T

Note that 7,(t,T) is a true Riemann sum for the n-dimensional integral
a,(t, T), where on each axis the interval [#, T'] is partitioned into intervals
of length #-'/%. Thus, we have that

11 (1, T) = @, T < (T = 1)’
x max {|[D®) ~ DY) : x.y € [, T, [x ~ yll, < Vno~"°},

where we use the notation D(x) = det; =1 (A(xi, xj)). This can be made
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more explicit by using (2.86), which translates this into the bound
a6, T) = @, (6, T < M (T = 1" 02 (Vi g7/¢) A 2.91)

where M = max, e 7 |A(x,y)| and A = max, e, 1 [VA(x, y)|. The impor-
tant thing to note is that M and A depend on ¢ and T but not on n.

The last term to bound is |j,(7, T) — r,(t, T)|. This is where the conver-
gence of the Bessel kernel to the Airy kernel comes in; Theorem 2.26 gives

Lju (5, T) = ru(t, T)| < C"(T — 1)"n"**1€(6), (2.92)

where €(0) — 0 as § — oo (and does not depend on n).
Combining the bounds we derived in (2.88)—(2.92), and tidying up by
combining the various constants, we get the bound

| jn(F, 00) = a,(t, 00)|
<C@W'e™ ™ + B M@, TY'07V + M(t, T)"€(0), (2.93)

where €() — 0 as 8 — oo, C(¢) > 0 depends on ¢ but not on 7, n or 4, and
M(t, T) > 0 depends on ¢ and T but not on »n or 6.
Now multiply (2.93) by 1/n! and sum over n > 1, to get

oo

3 L1 09 — antt, 00) < (exp (Ce ) = 1) + 0, 1O + €(6)),
n!

n=1
for some Q(t,T) > 0. Choosing T > 0 to be a sufficiently large number,
the first summand can be made arbitrarily small — smaller than some ¢ > 0,
say. Letting 6 go to oo then shows that

= 1 .
limsup )7 —1j,(7, ) — a (1, 00)| < &
n=1 :

f—c0

Since ¢ was arbitrary, this proves our claim that

00

1 -
Z —jn(f, 00) = @, (, )] = 0 as  — oo,
n!

n=1

and therefore finishes the proof. |

2.9 A de-Poissonization lemma

For each 0 > 0, let Ny denote a random variable with the Poisson distribu-
tion Poi(6). Recall that Ny has mean 6 and variance 6. Therefore we have
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that
£(0) :=P(INy — 6] 2 3/010g6) - 0 as § — o, (2.94)

since, for example, by Chebyshev’s inequality this probability is bounded
by (9log#)~! (the rate of convergence is immaterial for our purposes, but
in case you care, Exercise 2.19 suggests an improved bound).

To deduce Theorem 2.2 from Theorem 2.29, we use the following simple
de-Poissonization lemma due to Johansson [63].

Lemma 2.31 Let P, > P, > P3 > ... be a nonincreasing sequence of
numbers in [0, 1]. Denote

0, =n—4+/nlogn, ¢,=n+4+/nlogn.

Then for any n > 1 we have that

00

o m o
Y b =[G < Py <Y R f0). (29

m=0

Proof 1t is easy to check that n < ¢, — 3 /¢, log ¢,. Therefore we have
that

& ¢m ¢m m
e"lﬁn Z ;n'Pm — e*@l _an + e"lﬁn Z ;"'Pm
m=0 " :

O<ms<n m>n

<e Z i—”m'-l+[e¢”2fl—"m']Pn

0<ms<n m>n
< f(é) + (e_% Z %)Pn = f(¢n) + P,
m>0 :

which proves the first inequality in the chain (2.95). Similarly, for the sec-
ond inequality, observe that n > 6, + 3 /6, log 6,, and that therefore we can

write
= O o o
e Z 2P, = Z 2P, e Z -P,
m! m! m!

m=0 0<m<n m>n
o
6, “n_
>e Z oy P,
0<m<n

(i
Z[e_anz_n_f(en) Pn =Pn_Pnf(0n)

— m!

ZPn_f(gn)s
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which proves the claim. |

Lemma 2.32 Let 0, denote for each n > 1 a uniformly random permuta-
tion in S,,. For any t € R we have

P(L(oy) <) 2 P(L(0441) £ 8). (2.96)

Proof One can obtain o,,; by starting with o, and inserting the value
n + 1 at a uniformly random position with respect to the existing values
o,(1),...,0,(n). Such an insertion can only create longer increasing sub-
sequences than the ones already present in o, which means that under
this coupling of o, and o,,; we have that L(0,,;) > L(o,). This implies
the event inclusion {L(0,+;) <t} C {L(0,) < t}, which immediately gives
(2.96). O

Proof of Theorem 2.2 As with the analogous claim we showed for Pois-
sonized Plancherel measure, we prove (2.4), which will prove the theorem
modulo Theorem 2.1, which is proved separately in the next section.

Let 2™ denote as before a random Young diagram chosen according to
Plancherel measure of order n, and let 1’ denote a random Young diagram
chosen according to Poissonized Plancherel measure with parameter 6. For
t € R, denote P,(t) = ]P’(/l(ln) < t) (the distribution function of /l(]”) ), and
denote Qy(t) = P (/l<19> < t) (the distribution function of /1<19>). By the defi-
nition of Poissonized Plancherel measure as a Poisson mixture of ordinary
Plancherel measures, we have

o)

- g
0u(1) = e )" =P (0). (2.97)
£ n!
By Lemma 2.32, for fixed ¢ the sequence P;(¢), P,(t), ... is nonincreasing.
Therefore we can deduce from Lemma 2.31 that

0y, (D = f($) < Pu(D) < Qp, (D) + f(60), (2.98)

where we denote 7 = 2 v/n + tn'/®. But by Theorem 2.47, both of the terms
Qy, and Q,, sandwiching the P,-term in (2.98) converge to F,(¢) asn — oo
(one can check easily that the fact that n is used for the scaling of the
arguments rather than 6, and ¢,, does not matter). So, we get the same limit
for P,(f), and the theorem is proved. ]
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2.10 An analysis of F»

Having proved (2.4), the main claim of Theorem 2.2, we now take a closer
look at the function F,, since no treatment of this important result concern-
ing the limiting fluctuations of L(o,) would be complete without a deeper
understanding of the function describing these limiting fluctuations and its
properties. First and most importantly, we need to prove the assertion from
Theorem 2.1 that F, is a distribution function; without this knowledge, the
convergence in Theorem 2.2 is not equivalent to convergence in distribution
of the scaled fluctuations n~'/®(L(c,) — 2 v/n), and in particular this leaves
room for the possibility that the unscaled fluctuations L(c,) — 2 v/n are of

1/6_ Note that it is easy to see from the

an order of magnitude bigger than n
definition of F, that it is a smooth function, and that F»(f) —» 1 ast — o
(see Lemma 2.34). It also follows from Theorem 2.2 that 0 < F»(¢) < 1 for
all t and that F, is a nondecreasing function of ¢, but for these facts too it
would be preferable to have a direct and shorter proof that does not rely on
the complicated algebraic, analytic, and combinatorial investigations that
went into proving Theorem 2.2. The missing fact required to deduce that
F, is a distribution function is that F»(r) —» 0 as t —» —oo.

In addition to this immediate and clearly formulated goal, the analysis is
also driven by a more vague desire to better understand how to fit this new
function F, into the taxonomy of the various special functions of mathe-
matical analysis. Can it be expressed in some simple way in terms of known
functions? (Here, “simple” is used as a subjective term that is not precisely
defined. For example, F, is defined in terms of the Airy function, but the
definition involves an infinite summation of multidimensional integrals, so
one can reasonably argue it is not very simple — in particular, from a com-
putational standpoint.) This question is of theoretical and also of practical
significance, since, for example, it has a bearing on the important problem
of evaluating F, numerically to high precision.

To answer these questions, we prove the following result, due to Tracy
and Widom [136], that represents F, in terms of a certain special function
that arises in the theory of differential equations, the Painlevé II transcen-
dent (see box on the opposite page for some background related to this
terminology). This representation implies Theorem 2.1 as an immediate
corollary.
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The Painlevé transcendents

The theory of Painlevé transcendents was developed around the year 1900
by Paul Painlevé, a French mathematician and human rights activist, who
later went on to other notable achievements, entering his country’s politics
and going on to hold various ministerial positions in the French government
including two short terms as prime minister of France in 1917 and 1925. The
problem leading to the Painlevé transcendents concerned the classification
of solutions to second-order differential equations of the form y” = R(y,y’, 1),
where R is a rational function. Painlevé showed that the elements of a nat-
ural class of solutions of this equation, consisting of those solutions whose
only movable singularities are poles, could each be transformed into one of
fifty different canonical forms. He was further able to show that 44 of these
canonical forms consisted of functions that could be expressed in terms
of known special functions, leaving six whose solutions required the intro-
duction of new functions. These six “fundamentally new” solutions became
known as the Painlevé transcendents, and have since made occasional
appearances in various areas of analysis, mathematical physics and other
fields. The equations giving rise to them are known as the Painlevé I-VI
equations.

@) y'=6y%+x

Pr) Y/ =2y +xy+a

Pm) y"—l(wz Ly s @0 3,0

Pry)  y'=5 02 +33 +4xy?42(x —a>y+’§

B0 =gty Jot by s O ()

+7‘+Oy(>jl)

®v = (bt o (be re s

Y-

Bx D, (v—]))

+)<v DHO—x)
2o 1)2 -2

2 (a5 +
2 (=12

The six Painlevé equations Paul Painlevé

Theorem 2.33 Let g: R — R be the unique solution of the Painlevé 11
equation

q" (1) = 1q(t) + 2q(t)’ (2.99)
that has the asymptotic behavior

g =1 +0(1)Ai(®)  ast— oo. (2.100)
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Then we have the representation
F»(f) = exp (— f (x — Hg(x) dx), (teR). (2.101)
t

Note that the theorem contains the statement that a function ¢() satis-
fying (2.99) and (2.100) is unique. We shall define ¢(¢) using an explicit
expression and prove that it satisfies these conditions, but the fact that they
determine it uniquely is a known result from the theory of Painlevé equa-
tions (see [57]) that we will not prove. Furthermore, it should be noted that
the general form of the Painlevé II equation is

¥/ (x) = 29(x)° + xy(x) + @,

where « is an arbitrary constant, so that (2.99) represents the special case
a = 0 of the equation.

Proof of Theorem 2.1 Write (2.101) as Fy() = exp (~ [ U(x, 0)q(x)* dx),
where U(x,t) = (x — H)1};)(x). The fact that U(x,7) > 0 implies that
0 < Fy(¢) < 1 for all ¢. The fact that U(x, t) is nonincreasing in ¢ implies
that F,(¢) is nondecreasing. To check that F,(f) — 0 as t — —oo, ob-
serve that for t < 0 we have that F,(f) < exp (—Itl fooo q(x)? dx). By (2.100),
j;xj q(x)* dx > 0, so the result follows. O

The analysis required for the proof of Theorem 2.33 will consist of a
sequence of claims about a set of auxiliary functions that we now define.
Our exposition follows that of [4]. Introduce the notation

X1 ... Xy n
det = det (A(x;,y1)).
A[yl yn) i,j:l( ( yj))

We make the following definitions (including F, again for easy reference):

Fa(t) = 1 +i
n=1

-yt ey
cl ff detA(xl ¥ ]dxl...dxn,
— nl ‘ X1 ool Xy
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(=D 0
H(x,y,1) = A(x,y) + E ( ,) f f detA( H n ] dx...dx,
R ' 1 Yy X1 ... X

=HQ®, x,1),

H(x, y,
R(x,y,t):%

0(x.1) = Ai(x) + f " Rxy, 1) AiG) dy,

=R, x, 1),

P(x,1) = Ai'(x) + j: ) R(x,y, 1) Ai'(y) dy,
q(n) = Q(1,1) = Ai(r) + f i R(1,y, 1) Ai(y) dy,
p(t) = P(t,1) = Ai'(1) + f TR 1) AT () dy,
u(t) = f, ) O(x, 1) Ai(x) dx
= ft ) Ai(x)* dx + I ) f, ) R(x, v, 1) Ai(x) Ai(y) dx dy,
v(t) = f, ) Q(x, 1) Ai'(x) dx
= f, ) Ai(x) Ai’ (x) dx + ft ) f, ) R(x, y, 1) Ai(x) Ai'(y) dx dy

= f‘” P(x, 1) Ai(x)dx.

Fix t € R. If K: R xR — R is a kernel decaying sufficiently fast as
its arguments tend to +oo, we can think of it as a linear operator acting on
functions f € L2[t, o) by

Kf)() = f K(x. ) f () dy.

We shall use this interpretation for the Airy kernel A(-,-), and denote the
corresponding operator on L*[t, ) by A,, to emphasize the dependence
on t. As we will see later, for fixed ¢ the functions H; = H(,-,#) and R, =
R(., -, #) also have a natural interpretation as linear operators on L?*[t, o), so
it makes sense to think of them as kernels, similarly to A(:, -), and denote
them using boldface letters. Note that operators K,M: R X R — R on
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L?([t, ) can be multiplied according to the usual formula

(KM)(x,y) = f ) K(x, 2)M(z,y) dz,

and that this multiplication has the usual properties of matrix multiplica-
tion.

Lemma 2.34 The sums and integrals in the preceding definitions all con-
verge absolutely, and uniformly on compacts, as do all of their partial
derivatives. Consequently, they are smooth functions where they are de-
fined and partial differentiation operators can be applied termwise and
under the integral sign. Furthermore, we have the following bounds which
hold asymptotically as t — oo:

F()=1-0(e™),
H(x,y,1) = A(x,y) + O (e777) (uniformly for x,y > 0),
q(®) = (1+0(e™)) Ai(®).

Proof The convergence claims follow using Lemma 2.30 in combination
with Hadamard’s inequality (2.30) and the bound (2.75), in a similar way
to how we showed that the series defining F,(#) converges (Lemma 2.25).
To get the asymptotic bounds one looks also at the dependence of each of
the terms on ¢. For example, for F,(¢) we have using (2.76) that

Cnnn/Z 00 o n s Creh . B
|F2(t)—1|SZ . (f, e dx) Szme = 0(e™).

n=1 n=1

Similarly, for H(x, y, f) we have that

00

+1 (n+1)/2Cn+l ; ; 00 ; n
Hx,y, 0 - AGey) < Y U C0 oo ( f o du)
t

— n!
. d (n+ 1)(n+l)/2cn+l ~
X=y nt
sem ) e
and this is O(e™*?7") uniformly for x,y > 0. The estimate for |g(¢) — Ai(?)]
is proved similarly and is omitted. |
Lemma 2.35

d _FN _H(, 1)
pr (log Fy(1)) = 200 R(t,t,1) = 0
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Proof Forn > 1 denote

A(t)—f fdetA( b ]dxl .dx,,
Hn(x,y,t):f f detA(xxl‘”x")dxl...dx,,,
. . VX ... Xy

and denote Ag(t) = 1, Hyo(x,y,1) = Ai(x,y), so that we have F,(t) =
>, LA and Hix, y, 1) = 32 S H,,(x, v, 1). Clearly it will be enough

n=0 " p! n=0 "p!

to prove that A)(f) = —nH,_(t,¢t,t) for n > 1. This is obvious for n = 1.
For n > 2, observe that A/ (¢) is equal to

R U A F S N ¢
—Zﬂ detA LTI L dxgy dx - dx,
[1.00)1-! letxj c Xy

and that each of the integrals in this sum is equal to H,_(z,1, 1). O

Lemma 2.36 R(x,y, 1) satisfies the integral equations
R(x,y,0) — A(x,y) = f A(x,2)R(z,y, 1) dz
t

= f R(x,z,)A(z,y) dz. (2.102)

Equivalently, in the language of linear operators we have the operator
identities
R, - A, = AR, =RA. (2.103)

Proof By the symmetries A(y, x) = A(x,y) and R(y, x,1) = R(x, y, 1), the
two equations in (2.102) are equivalent, so we prove the first one, in the
equivalent form

H(x,y, 1) — F2(H)A(x,y) = f A(x,2)H(z,y, 1) dz.

The left-hand side can be written as . - e ——(H,(x,y,t) — A(x, y)A, (1)),

n=0 p!

and the right-hand side as ) c ft A(x,7)H,(z,y, 1) dz, in the notation

m=0 "

of the previous lemma; so it will be enough to show that

H,(x,y,t) — A(x, y)A,(t) = —n f A(x,2)H,_1(z,y,1) dz (2.104)

holds for any n > 1. Note that, by expanding the determinant appearing in
H,(x,y,1) on the left-hand side of (2.104) by minors along the first row, one
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gets a term canceling out A(x, y)A,(¢) from the first column, plus additional
terms, which we can write as

Hn(-x’y9 t) _A(x9y)An(t)
_ Z(_l)jf f A(x,xj)detA( X|Xp e Xj Xjyp "'x")dxl...dx,,
=) t ¢ Y Xt ..o Xjo1 Xjr1 - o0 Xp
_ _Zf f A(x’xj)detA(xjxl e X1 X "'x")dxl...dx,,
= i t Yy Xt ... Xjo1 Xjr1 oo o Xp
=-> f ACx, x)H, 1 (x,y, 1) dx;
=t
= _nf A(x9 xj)Hn—l(Z’ys [) dZ$
t

proving the claim. |

Denote by I the identity operator on L*[¢, c) (omitting the dependence
on f). By elementary manipulations, (2.103) can be rewritten in the equiv-
alent form

I+R)I-A)=T-A)d+R) =1 (2.105)

which means that I + R, and I — A, are two-sided inverses of each other.
Knowing that they are invertible, we can also write

R, =A(0-A)7", A=RIA+R)™"

For this reason, in the theory of Fredholm determinants R, is called the
resolvent of A,. Note also that the proof of Lemma 2.36 only used the way
R(-,-,) was defined in terms of the kernel A(, -) and not any information
about any of its specific properties, so an analogous resolvent relation holds
in much greater generality; see [74], [120] for more details on the general
theory.

Lemma 2.37

%R(x, y,1) = —R(x, t, H)R(, y, 1).

Proof Denote r,(x,y) = (%R(x, v,1). Starting with the first identity in
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(2.102), we have that

r:(x,y) = Bﬁt( f A(x,2)R(z,y,1) dz)

= -A(x, DR, y, 1) + f A(x, 2)r,(z,y) dz,
t
or, in operator notation,

(@ =A)r)(x,y) = Bi(x,y),

where B;(x,y) = —A(x, )R(%,y, t). Now using the relation (2.105), by mul-
tiplying this equation on the left by the operator I + R, we transform it

into
r(x,y) = (I +R)B,)(x, )
= —-A(x,HR(,y,1) - f ) R(x,z,H)A(z, OR(t,y, 1) dz
t
=-R(,y,1) (A(x, 1)+ f ) R(x,z,1)A(z, 1) dz
1

= -R(x, 1, HR(, y, 1),
using (2.102) once again in the last step. |
Lemma 2.38

O, NPy, 1) = O, HP(x, 1) :
R(x,y’t): X—=Yy lfx;ty,
(Z200x.0) Px.1) = QCx.1) (£ P(x, D) ifx=).

Proof 1t is enough to prove the claim for the case x # y, since the case
x =y follows from it by taking the limit as y — x and applying L' Hopital’s
rule. Consider the kernels R,(-, -), A,(-, -) defined by

l~{1‘()@ y) = (X - )’)R(x, Yy, t),
A y) = (x— A, Y) = Ai(x) AT'(y) — Ai'(x) Ai(y),

(the subscript ¢ on A, emphasizes that we consider it as a kernel
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corresponding to an operator acting on L?[¢, c)). We have that

(R,A, + RzAt)(x, y) = f Rz(x’ 2A(z,y) dz + f R,(x, Z)A(Z, y)dz
= f Ri(x, Az, y)(x —z+z—-Yy)dz

=(x— y)f R(x,z,)A(z,y)dz

= (x = )Ry, 1) — Alx,y) = R, — A)(x, ).

In other words, we have the operator identity RA,+RA, =R, - A. Multi-
plying this identity from the left by I+R, rearranging terms and simplifying
using (2.103) yields the relation

R, =A +AR+RA, +ARA, =I+R)AI+R)).
Evaluating this kernel identity for given x, y gives
(- PRGy) =Ry = A0+ [ Rezoends
t

N f A(x, R, y, 1) dz
t

+f f R(x, z, t)A,(z, w)Rw,y, 1) dwdz.
t t

One can now easily verify that this is equal to Q(x, )P(y, 1) — Q(y, ) P(x, 1)
using the definitions of Q(x, ), P(x, ), and A(x, y). ]

Lemma 2.39

0
- 0(x,1) = =R(x, £, H)0(t, 1),

0
8_tP(x’ 1) = —R(x, t,H)P(t,1).
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Proof
0 . * 0 .
—Q0(x,1) = =R(x, t,1) Ai(r) + —(x,y,t) Ai(y) dy
ot . Ot
=>Ru¢nmm—j‘mmemx0mw@f
t
= —-R(x,1,7) (Ai(t) + f R(t,y, 1) Ai(y) dy)
t
= —-R(x,1,1)0(t,1).
The verification for the second equation is similar and is omitted. O
Lemma 2.40

ﬁR(x, v, 1)+ ﬁR(x, v, 1) = R(x, 1, H)R(t, y, 1) — O(x, HO(, 1).
0x ay

Proof Denote by 8., the differential operator % + (%, and let p,(x,y) =
0,+yR(x,y, ). An easy computation, which is equivalent to (2.80), gives that
O0x+yA(x,y) = —Ai(x) Ai(y). This gives, applying 0,., to the first equality
in (2.102), that

pi(x.y) + AICR) Ai() = 8,0y (R(x.3.1) — A, )
= fm (ﬁA(x,z)) R(z,y,t)dz + foo A(X»Z)(QR(Z,y, [)) i
. \Ox t 5
) f, ((5 " 6_z)A(x’ Z)) R(z,y.1)dz

* o 0
+ ft A(x,2) ((5_z + 6—y)R(z,y, f)) dz
“l{o 0
—f [(—A(x,z))R(z,y, t)+A(x,z)(—R(z,y,t))] dz
. |\oz 0z
= f — Ai(x) Ai(9)R(z, y, 1) dz + f A(x, 2)p/(z,y) dz
- f E(A(x,z)R(z,y, 1) dz
¢ 0z

= - Ai(x)(Q(, 1) — Ai(y)) + f A(x, 2)p(z,y)dz + A(x, OR(E, y, ).

Cancelling out the common term Ai(x) Ai(y) and rearranging the remaining
terms, we get in operator notation the relation

I-A)p =C,



140 The Baik—Deift—Johansson theorem

where C,(x,y) = — Ai(x)Q(y, 1) + A(x, 1)R(%, y, t). Multiplying this by I + R,
and using (2.105), we get that

pi(x,y) = (X + RHCy)(x,y)
= - Ai(x)0(, 1) + A(x, HR(, y, 1)

+ f[ " R(x.z 0 - AiR)QY. 1) + Az DR(1, 1)) dz
=R(,y,1) (A(x, 1+ j; ) R(x,z,HA(z, 1) dz)
-0, (Ai(x) + I ) R(x, z,1) Ai(z) dz)
=R(x, 1, HR(, y, 1) = Q(x, DOy, 1),
as claimed. O
Lemma 2.41
%Q(x, 1) = P(x,t) + R(x, 1, ) Q(¢, 1) — O(x, Hu(?),
%P(x, 1) =x0(x, 1) + R(x, 1, )P(t, 1) + P(x, Hu(t) — 20(x, Hv(z).

Proof We use the statement and notation of the previous lemma, and an
integration by parts, and get that

EQ(x, 1 = Ai'(x) + fm (ER(x, v, t)) Ai(y)dy
ox . \0x
a “(d
= Ai'(x) + f pi(x, y) Ai(y) dy - f (6_yR(x’ ¥s f)) Ai(y)dy
= Ai'(x) + f R, 1, HR(,y, 1) = O(x, HQ(y, ) Ai(y) dy

+ R(x, 2, 1) Ai(r) + fw R(x,y,1) Ai'(y) dy

= Ai’'(x) + R(x, 1, )(Q(t, 1) — Ai(r)) — O(x, Hu(t)
+ R(x,1,1) Ai(r) + P(x, 1) — Ai’(x)

= P(x,1) + R(x, 1, )0, 1) — O(x, Hu(?).

For the second claim, we use similar calculations together with the Airy
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differential equation Ai”(x) = x Ai(x), to write

%P(x, 1 = Ai"(x) + fl ) (%R(x, ¥, t)) Al'(y) dy
= x Ai(x) + f, ) p:(x, y) Ai'(y) dy — I ) ((%R(x, Y, t)) Ai'(y)dy
= x Ai(x) + ft ) (R(x,1,1) = R(1,y, 1) — Q(x,)Q(y, 1)) Ai' (y) dy

+R(x, 1,0 Al'(1) + f ) R(x,y,1) Ai”(y) dy
= x Ai(x) + R(x, 1, )(P(1, 1) — AT’ (1)) — Q(x, £)v(F)
+R(x, 1,0 AT (1) + f ) R(x, y, 1) y Ai(y) dy.

To complete the computation, note that the last term can be written in the

form
[ Reyayaimay
—x [ Reunn Ay [ R G- pAG)dy
= x(Q(x, 1) — Ai(x)) — f (Q(x, NPy, 1) = Oy, P(x, 1) Ai(y) dy
= x(Q(x, 1) — Ai(x)) — O(x, Hv(t) + P(x, Hu(r).
Combining these last two computation gives the claim. |
Lemma 2.42

q'(1) = p(t) - q(u(),
p'(0) = 1q(0) + p(u(t) = 2q(D)v(@).
Proof Combining Lemmas 2.39 and 2.41, we have that

(2 + %) Ox, 1) = =0, )R, x,0) + P(x,1) + R(x,1,0)Q(2, 1)

Ox
— Q(x, Hu(t) = P(x,t) — Q(x, Hu(t).

It follows that

d
q'(n= 7,20 = P(t.1) = Q. hu(t) = p(1) — g(Du(?).
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Similarly, we have

(2 + 2) P(x, 1) = —=P(t, DR(t, x, 1) + xO(x, 1) + R(x, 1, ) P(¢, 1)
ox Ot

+ P(x, Hu(t) — 20(x, H)v(t)
= xQ(x,1) + P(x, tHu(t) — 2Q(x, H)v(1),

which implies the claimed formula for p’(f) = %P(t, fyonsettingx =¢. 0O
Lemma 2.43

u'(t) = —q(1)°,
V(1) = —p()q(?).

Proof
=2 ) Ai(x)d
u'(t) = o ft O(x, 1) Ai(x) dx
- -ounai+ [ ) ((%Q(x, t)) AiGx) dx
= —q(t) Ai(?) + f"" -0, HR(t, x, 1) Ai(x) dx
= —q(1) (Ai(t) f ) R(, x, 1) Ai(x) dx) = —q(1)*.
Similarly, we have
v d ([T .,
V(1) = 7 (fl O(x, 1) Ai'(x) dx)
= —q(t) Ai'(r) + f"" (gQ(x, t) Ai'(x)dx
= —q(1) (Ai'(t) + f“’ R(z, x, 1) Ai' (%) dx) = —p(H)q(?). O

Lemma 2.44 ¢(¢) satisfies the Painlevé 11 differential equation (2.99).

Proof Using the results of the last few lemmas we have

% (uz —-2v - qz) =2uu’ -2V —2qq’

= 2u(—q*) + 2pq — 2q(p — qu) = 0,
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so u?> — 2v — ¢* is a constant function, which must be 0 since u, v, g — 0 as
t — oo. It follows that

g =(p—qu =p —qu—qu =tq+pu—2qv—(p-quu-q(-q°)
=tq+q3+q(u2—2v):tq+q3+q3:tq+2q3. O

Lemma 2.45
(log F2(1))” = —q(1)*.

Proof By Lemmas 2.37 and 2.40 we have

0 ad 0
(Ec ¥ % + 0—I)R(x,y, 1) = —0(x, )0y, 1),

so we get that

d
(log F2(1))" = d_tR(t’ 1) =

9 4 a o,
(E(+6_y+a‘)R(x’y’t)} = Q(t)-l:‘

x=y=t

Proof of Theorem 2.33 We defined the function g(f) mentioned in the the-
orem explicitly and proved that it satisfies (2.99) and (2.100), so it remains
to prove the representation (2.101) for F,(f). Letting A(¢) = log F»(¢), since
A(t) = O(e™) and A'(t) = R(¢,1,1) = O(e™) as t — oo we get that

A(r) = —fm Ay)dy = foo (foo /l”(x)dx) dy
t t y
= f ) A (x) ( f ) dy) dx = — f m(x— Hq(x)* dx. o

2.11 Edge statistics of Plancherel measure

Our remaining goal in this chapter is to prove Theorem 2.3. In fact, in our
proof of the weaker Theorem 2.2 we already came very close to proving
Theorem 2.3, without noticing. A bit like the ending of a good detective
story, all that is needed now is a small additional refinement of our senses
(delivered perhaps in a dramatic speech by a colorful French-accented de-
tective), which will enable us to look back at the story so far and finally
make sense of the mystery.

The main missing piece in the picture is a better understanding of the
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Airy ensemble Xairy = ({1, {2, ...), claimed in Theorem 2.3 to be the lim-
iting process to which the scaled largest rows of a Plancherel-random par-
tition A converge as n — oo. We have not proved that it exists, let
alone described its properties. Doing so rigorously would actually require
a more detailed digression into the general theory of random point pro-
cesses, which is beyond the scope of this book. We merely quote the rele-
vant results here without proof and refer the interested reader to Sections
1 and 2 of [121] or Section 4.2 (especially Proposition 4.2.30) of [4] for
more details.'?

To state the result, we use the concept of a Fredholm determinant of the
formI + T, where T is akernel T: E X E — R for some Borel set £ C R.
This is defined by

detI+T) = 1 +Z f f det (T(x; x)dx ... dx,,
i,j=1

provided the integrals and series converge absolutely. This is analogous
to our previous definition of Fredholm determinants for kernels acting on
£*(Q) where Q is a countable set. The general theory of Fredholm deter-
minants provides a unified framework for treating both of these scenarios
simultaneously, but we shall not consider these generalities here.

Theorem 2.46 (a) There exists a unique random point process X airy O
R whose correlation functions p(") : R" — R (as defined by (2.5)) are
given by

O (e, x) = det (A(x,,x,)) (X1s.... %, €R).

Xairy ij=1

(b) For any disjoint Borel sets Ey, ..., E; C R, the function

k
det|I - Z ZjPAj . PElu..‘uEk s

J=1

is defined for any complex numbers z,, . .., z; and is an entire function
of these variables.

() If E\,...,Ex C R are disjoint Borel sets, then for any nonnegative
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integers ny,. . .,n; we have that

k
]P( {|XAiry N EJ| = I’lj})
Jj=1

—1V o :
= 1) det {I —Z ZjPAj -A- PElu,.‘uEk .
: ===l =1

(2.106)
Note that (2.106) implies in particular that
]P)(XAiry c (—OO, t)) = IP)(|A)(Airy N [t, OO)‘ = 0)
= det (I - I.)A) = Fa(0).

The event on the left-hand side is almost surely equal to the event that Xajry
has a maximal element £ that satisfies ; < ¢ (the two events differ in the
zero-probability event that Xai, = 0). So in particular we get that the Airy
ensemble almost surely has a maximal element, whose distribution is the
Tracy—Widom distribution F,(¢).

Our tools are now sufficiently sharpened to prove Theorem 2.3. The
proof will use the same ideas as were used previously for the proof of
Theorem 2.2, with slightly more elaborate continuity arguments.

As before, we first prove an analogous version for Poissonized
Plancherel measure, and then use the de-Poissonization principle from
Lemma 2.31.

Theorem 2.47 For each 6 > 0, let 12 denote a random partition chosen
according to Poissonized Plancherel measure with parameter 0, let /13@
denote the length of its jth row, and denote /_15(» =6V 6(/15.6)) - 26). Then
for each k > 1, we have the convergence in distribution

- - d
A9 AN S (@G, G) as - o,

where {{, > &, > ...} denote the elements of the Airy ensemble arranged
in decreasing order as in (2.7).

Proof Consider the first k of the “positive” Frobenius coordinates of ¥,
namely

P =2"—j =1k
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and define their rescaled counterparts pﬁ‘” =6 6(ij9> - 20). Clearly it
will be enough to prove that

d
PV, P = (b)) asf > oo (2.107)

To do this, we consider events of a specific type associated with the random

process (13<16>, e 1529)). Fix numbers t; > t, > ... > £, in R, and define

—(0 —(0 —(0) —(0
Egz{pz>fl‘k<pl<(_>lStk_l<...<p<2>Sl2<p<1>St1}.

Similarly, let E be the analogous event for the largest elements ({1, .. ., {)
of the Airy ensemble, namely

E:{gkﬁlk<§k_1Stk_1<...<{2§l2<§lﬁt|}.

It is not difficult to see that in order to prove the convergence in distri-
bution (2.107) it will be enough to show that

P(Ey) — P(E) as f — oo. (2.108)

The advantage of working with such events is that they can be expressed
in terms of the underlying determinantal point processes in a way that does
not refer to the labelling of specific elements of the process. More precisely,
if we denote by Y, the process Fr(1?), then we have

k
E = {[Xairy N (11,00)| = 0} 0 [ {1 Xairy 0 (11011 = 1},
=2

Dl

Ey = {|Y9 N (f;, )| = 0} N {|Ye N (&, 1] = 1},

J

||
[}

where as before we denote 7; = 2 V8 + ¢;6'/°. But now we see that such a
representation fits perfectly with the framework that was presented in Sec-
tion 2.4 and with Theorem 2.46, since the probabilities of such events can
be expressed in terms of Fredholm determinants. Define intervals T4, ..., T,
by Ty = (#;,0) and T; = (tj,t;-1] for 2 < j < k. Similarly, denote
T, = (f;, ) and Tj = (f;,f;-1] for2 < j < k. Denote T = U’j‘.lej = (t, o)
and T = Ulj-zlfj = (%, ). Then, by (2.106) and Proposition 2.17, we have
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that
. o1 k
P(E)=(-1)""—— det|I - E z;Py - A7 - Pz |, (2.109)
) ( BZZ---aZkLl:m:Zk:l =1 7 ’ r
. o1 k
P(Ey) = (1) ———— det|I— Pr -Kyg-Pr|. (2.110
(Eg) = (1) P N e jE_l zjPr, - Ko -Pr|. ( )

It will therefore come as no surprise that the same methods and estimates
that we used previously in the proof of Theorem 2.29 will apply to prove
the convergence in this case. Here’s how to make the necessary changes.
Observe that the computations in the proof of Theorem 2.29 can be used
with little modification to show that

k k
det [I - z; szT,KQPT] — det [I - Z;szfjAPT , 2.111)
Jj= Jj=
for any complex numbers z;, . . ., Z, and that in fact the convergence is uni-

form if one assumes that |z;| < & for some fixed £. Note also that, according
to Proposition 2.17 and Theorem 2.46, the convergence is of a family of
entire functions to another entire function. Now use a bit of complex anal-
ysis: if f(zi,...,2z) is an analytic function of several complex variables in
a neighborhood of a point p = (py, ..., p) € CF, it follows by an iterative
use of the well-known Cauchy integral formula that its partial derivatives
at p can be expressed as multidimensional contour integrals, namely

' fp)  lin! f f fOow)
n o Y % P wWi...awy,
9z ... 0z QriY Ji-piime Ji-pii=e [1je1(w; = put

J=1

where € is a small enough positive number and N = Z’j‘-zl n;. Applying
this to our setting gives the desired claim that P(Ey) — P(E) as § — oo,
since the uniform convergence (2.111) implies convergence of the multi-
dimensional contour integrals. m|

Proof of Theorem 2.3 We derive Theorem 2.3 from Theorem 2.47 in a
similar way to how Theorem 2.2 was derived from Theorem 2.29 in the
previous section. Again, we apply Lemma 2.31, but the quantities P, ()
and Qy(¢) are replaced by probabilities of events depending on the first k
rows of the random Young diagrams A® and A9, Let x,,...,x € R, and
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for n > k denote
Py=Py(xi,...,x) =P(A" <x1, A < ;. AP < x). (2.112)

Define P, to be 1 for n < k. Next, denote

oo

"
Qo= Qu(n.ccom) = e’ ) P,

m=0 """

=P(A" <x, 20 <3, ..., A0 <),

Then, similarly to (2.97), we have that Qy = e Yo %I;Pna and, similarly
to (2.96), the sequence Py, P», ... is easily seen to be nonincreasing (Exer-
cise 2.20). Therefore Lemma 2.31 applies and we deduce that

Q(bn(x-l’ LR 956/() _f(¢n) < Pn(jz-l’ LR 956/() < Qe,l(fél’ oo 9)?/() +f(9n)’

where we denote ¥; = 2yn + x;n'/%. Now continue as in the proof of The-
orem 2.2. O

2.12 Epilogue: convergence of moments

We are close to the end of our journey into the study of the permuta-
tion statistic L(o), and are almost ready to declare victory on the Ulam—
Hammersley problem, which has turned out to be quite formidable and
fascinating, in a way probably unsuspected by the story’s original protag-
onists. To close a circle with the discussion at the beginning of Chapter 1,
note, however, that we started out thinking about the average size of L(c,),
where o, is a uniformly random permutation, and only later switched to
thinking about its probability distribution. Looking back, we claimed in
(1.1) that ¢, = EL(0,,) has the asymptotic behavior

£, =2\n+cn'® +o(n'®) asn — co.

In light of our current understanding, it seems clear that the constant c is
none other than the expected value of the Tracy—Widom distribution F5,

that is,
c=f xdF,(x),

which has been numerically evaluated [18] to equal —1.7710868074....
Still, from a rigorous point of view we have not actually proved this claim,



Exercises 149

since (as any probabilist worth her salt knows) convergence in distribution
of a sequence of random of variables does not in general imply convergence
of expectations.

The question is resolved by the following more general result proved by
Baik, Deift, and Johansson [11], which we quote without proof.

Theorem 2.48 (Convergence of moments for L(o,)) For any integer k >
1 we have

k 00
E(M) —>f ¥ dFy(x) asn — oo.

1176

From general facts of probability theory it follows that one can deduce
convergence of moments from convergence in distribution if one has suffi-
ciently uniform control of the decay rate of the tail of the distributions of
the converging sequence. In our case, it would not be too difficult to use
the bound (2.78) to obtain this type of control for the positive part of the
tail. However, it is not clear whether the approach we pursued in this chap-
ter could be used to obtain corresponding bounds for the negative part of
the tail. I leave this as an open problem to stimulate readers’ thinking. It
should be noted that Baik, Deift, and Johansson’s approach to proving The-
orems 2.2 and 2.48 was based on different ideas, starting from another re-
markable identity relating the distribution of the “Poissonization” of L(c,)
to the Bessel functions (see Exercise 2.21). Using advanced asymptotic
analysis techniques they were able to prove the following tail bounds for
the distributions of the scaled random variables X, = n™"/®(L(c,) — 2 Vn):

—c3’

PX,>21)21-Ce (T <t <nd®—2n'l3),
P(X, <1) < Ce'T (=203 < t < =T,

for some constants 7,C,c > 0. Combining this with the convergence in
distribution of X, to F’,, standard techniques can be used to deduce conver-
gence of moments.

Exercises

2.1 (s) If A” denotes a random Young diagram chosen according to Pois-
sonized Plancherel measure Py, show that the length /l<19> of its first row is
equal in distribution to the random variable Y, NG where Y, is defined in

(1.5) (Section 1.4).
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2.2 (wew)Prove the Cauchy determinant identity (2.14). There are many proofs;
one relatively easy one involves performing a simple elementary operation
on columns 2 through n of the matrix, extracting factors common to rows
and columns and then performing another simple elementary operation on
rows 2 through n.

2.3 Let X be a determinantal point process in a finite set Q, and let K: QxQ — R
denote its correlation kernel.

(a) (s) Show that the complementary point process X¢ = Q \ X is determi-
nantal and identify its correlation kernel.

(b) (w#) Show that X has a configuration kernel if and only if I — K is
invertible. In the case when X has a configuration kernel L, identify the
configuration kernel of the complementary process X¢.

24 (=) Let Q be a finite or countable set. Let p: Q — [0, 1] be a function.
Define a point process X on Q by specifying that each x € Q is in X with
probability p(x), or not in X with the complementary probability 1 — p(x),
independently for all x (that is, in measure-theoretic language, the distribu-
tion of X is a product measure on {0, 1}%). Show that X is determinantal and
find its correlation kernel. Identify when X has a configuration kernel and
find its configuration kernel when it has one.

25 (a) (weew) Let M = (m;, j)Z,‘=1 denote a square matrix, and recall that its

adjugate matrix adj(M) is the matrix whose (i, j)th entry is (—1)"*/ times
the (j, i)-minor of M. Let A C {1,...,n}, and denote A° = {1,...,n} \ A.
Prove the following identity due to Jacobi:

det((adj(M))4) = det(M)41=! det(M4c) (2.113)

(where the meaning of the notation Mg is the same as in Section 2.4). In
the case when M is invertible, because of the well-known relation M~! =
(det(M))~! adj(M), this can be written in the equivalent form

det(M,) = det(M) det(M™ ) 4¢).

(b) (wpsksr) Deduce from Jacobi’s identity and Proposition 2.10 a new proof
of Proposition 2.9.
2.6 (@) Prove Proposition 2.12.
27 (sewewp) The Euler gamma function is defined by

() = f ooe_)‘x’_ldx (> 0).
0

Prove or look up (e.g., in [5]) the proofs of the following properties it satis-
fies:
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(@) I'(n + 1) = n! for integer n > 0.

(b) T'(t+ 1) =¢tI'(¢) fort > 0.

(© T(1/2)= .

(d) I'(¢) has the infinite product representation

00

t
(t)™" = e ]_[(1 n -)e*’/",
n

n=1

1 1 1
where y = lim (1 + 5 + 3 +...+——log n) is the Euler—-Mascheroni
n

n—oo

constant.

I (1 1
©) w(n) = F((t’)) _ _“ZO(HI - m)for» 0.

) T'@)=1+o0(1) \[27ﬂ (é)f ast — oo,

(g) w() =logt+ O(l) as t — co. (Hint: Find a formula for (7) when 7 is an
integer).

(h) I'(f) can be analytically continued to a meromorphic function on C with
simple poles at 0, —1, -2, .. and no zeroes.

@) = sin(zt) for all t € C.

T
T(OC(1 - 1)

(wewp) Prove (2.51), by first using the fact that J,(z), J_,(2) are solutions of
the Bessel differential equation (2.41) to show that

0
7212 Ue @420 = 1., 22001 22)) | = 0.

This implies that the left-hand side of (2.51) is of the form g(@)/z for some
function g(a). Then examine the asymptotic behavior of the left-hand side of
(2.51) as z — 0, to infer that for noninteger values of @ (and hence by con-
tinuity also for integer values) g(a) = —(I'(a)I'(1 - @))~!, which is equal to
—% sin(zra) by a classical identity for the gamma function (see Exercise 2.7).

(sewp) Prove (2.52). It is helpful to first prove and then use the following
“binomial inversion principle”: If (a,),>0 and (b, ),>0 are two sequences such
that a, = ZZ:O(—I)k(Z)bk for all n, then (b,), can be obtained from (a,),

using the symmetric expression b, = ZZZO(—I)" (Z)ak.

2.10 (swese) Prove (2.53).
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2 .
J12(2) = 4/ 2 Sz
[2
J_]/z(Z) = ﬂ_—ZCOSZ.

2.12 (sewp) Prove the following identities involving Bessel functions J,,(z) of in-

2.11 (=) Show that

teger order:

exp[g(r— %)] = D Ja1",

n=-—00

cos(zsin6) = Jo(z) +2 Z Jon(2) cos(2nb),

n=1

sin(zsin6) = 2 Z Jons1(2) sin((2n + 1)B),
n=0

cos(zcos @) = Jo(z) +2 Z(_l)nJZn(Z) cos(2n),

n=1

sin(zcos 6) = 2 Z(—l)”]z,m (2)sin((2n + 1)6),
n=0

1 T
Ju(@) = = f cos (zsin @ — nf) do (n € 7Z).
T Jo

2.13 Let A = (4y,...,A;) be an integer partition, with its Frobenius coordinates
being denoted by Fr(1) = {p1 + %, eesPd + %,—ql - %,...,—qd - %} as in
(2.9). Denote

D) ={4;-jlj=12,...},

with the convention that A; = 0 if j > k.

(a) (se%) Show that Fr(d) = (D) + $)a{-1,-3,...}, where AAB = (A \
B) U (B\ A) denotes the symmetric difference of sets.

(b) (spspsede) Show that if 1? denotes a Young diagram chosen according
to Poissonized Plancherel measure Py, then D(1??) is a determinantal
point process and its correlation kernel is Jg(-, ).

2.14 (=) Verify that the two relations in (2.54) are equivalent. Use the fact that L
and K have the symmetries L(x,y) = —L(y, x) = —L(—x, —y) and K(x,y) =
-K(, x) = -K(-x, -y).

2.15 (a) (@) Use (2.67) to show that the Airy function Ai(x) satisfies the Airy

differential equation (2.8).
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2.19

2.20

2.21
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(b) (w) Express Ai(0) and Ai’(0) in terms of the Euler gamma function, and
use these expressions and the Airy differential equation (2.8) to obtain the
power series expansion of Ai(x) around x = 0.

(%) Prove (2.73).
(=) Show that the Airy function has the following representation in terms
of Bessel functions.

At < |3V (GP) = s (3°7) >0,
LT (s (3072) + s (R=02)) it x <.

Here, 1,(z) denotes a modified Bessel function of order « (see Exercise 2.21
for the definition).

(=) Use (2.28) to show that the Airy kernel A(-, -) is a positive-semidefinite
kernel, in the sense that for any xi,...,x; € R, the matrix (A(x;, x j));szl is

a positive-semidefinite matrix.
(s wp @) Show that f(0) defined in (2.94) satisfies

f@<ce”

for some constants C, @ > 0.

(#) Prove that for fixed xi, ..., x,, P, defined in (2.112) is nonincreasing as
a function of n.

sww) The goal of this exercise is to present another remarkable identity
relating the distribution of the maximal increasing subsequence length in a
random permutation and the Bessel functions. This identity, due to Ira M.
Gessel [47], was the starting point of Baik, Deift, and Johansson’s approach
to determining the limiting distribution of L(o") in the seminal paper [11].
To formulate the identity, let o, denote as before a uniformly random per-
mutation of order n. Let

Fu(t) = P(L(oy) £ 1)

denote the cumulative distribution function of L(o,), and for 6 > 0 let

00

1
Go) =Y )
n=0
denote the “Poissonized average” of the distribution functions F,(f). As we
have seen before, Gy(f) can itself be thought of as the distribution function
of /l<19>, the length of the first row of a Young diagram chosen according to
Poissonized Plancherel measure Py.
One other definition we need is that of the modified Bessel functions. For
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a € R, the modified Bessel function of the first kind of order « is defined by
2\ < (z/2)°"
L) = (-) T N
@ ={3 2 m Tm +a+ 1)
m=0
(Trivially, I,(-) is related to J,(-) by I4(z) = (=i)*Jo(iz).)

Theorem 2.49 (The Gessel-Bessel identity) For integer t > 1, the distri-
bution function Gy(t) can be expressed as

t—1
Go(t) = ™ det (12 V0)). (2.114)

Note that the entries of the matrix on the right-hand side are constant along
diagonals. A matrix with this property is called a Toeplitz matrix.

Below we outline the steps required to prove (2.114). This elegant proof is
due to Baik, Deift, and Johansson [11].

(a) Express F,(f) as a sum over Young diagrams, where, crucially, instead of
restricting the length of the first row to be at most ¢, impose the restriction
on the length of the first column (or, which is the same thing, on the
number of rows).

(b) The sum will involve the ubiquituous function d,; enumerating Young
tableaux of given shape. Express this factor using one of the variants
(2.10) we derived for the hook-length formula, and manipulate it to bring
it to the form

Fuy=n!) % > [T G- Sk)zﬁ (s,-l!)z'
i

=1 <j<k<
¥ Sty 1< j<k<r

S1+.ts,=n+r(r-1)/2

(c) Show that in the Poissonized average the annoying constraint in the r-fold
summation disappears, so that we end up with the representation

t
Go(t) = e™? (1 + Z 9—’<’—W2H,(9)) (2.115)
r=1
where
1 < ST 6%
He)=— > ] -5 ]—[(S,,)z.
StyeenSy=1 1< j<ksr j=1 "7

(d) Show that H,(6) can be rewritten as

1 [ ., 8
H,(0) = det Jrk_—__
" j,f;o(z;s (s!)2]

§=



Exercises 155

(e) Prove that if go(x), g1(x), ... is any sequence of monic polynomials such
that degg; = j, then

r—1 ) 0°
H(0) = det [Zl qj(s)qk(mw]

(f) Use the above identity with gg(x) = L and gj(x) = x(x = 1)...(x = j+ 1)
to show that

r—1 r=2
i =002 G (1,4298) - 5 (1-4298) .

and combine this with (2.115) to get (2.114).

2.22 (wesewes) Develop a proof of Nicholson’s approximation for Bessel func-
tions (Theorem 2.27) that does not rely on the difficult (and seemingly in-
complete) details given in Section 8.43 of Watson’s book [145]. Here is a
suggested approach. First, prove that the asymptotic relations

1
I'3) o 1/3
22/331/6 ’

1/67 2
3PTG) 55
2137

Ja(@) = (1 +0o(1))

Jo(@) = (1 + o(1)) ,
hold as @ — oo; this is less difficult — see, for example, Section 8.2 of [145].
Next, observe that in the case @ = 2z + xz!/3, the recurrence relation (2.45)
takes the form

Jar1(22) = 204(22) + Jou1(22) = x27 23 14(22).

The left-hand side is a discrete second derivative, so this relation is imme-
diately seen to be a discrete approximation to the Airy differential equa-
tion (2.8). Combine these observations with the evaluations of Ai(0), Ai’(0)
from Exercise 2.15 to obtain the result (or, at least, a reasonably convinc-
ing heuristic explanation of why one should expect to see the Airy function
emerging in this asymptotic regime).

2.23 (wspsewe ) Find a guess-free proof of Theorem 2.19, that is, a proof which
derives the correct expression for Ky = Lg(I+Lg)~! without having to know
it in advance.

2.24 (sspspw) Prove Theorem 2.48.

225 (a) (=) If M = (m; j)?jzl is a square matrix, define submatrices Mxw, MNE,
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Msw, Msg, Mngsw by

Mnxw = (m; j)a<i j<ns

MNE = (M j)a<isn, 1< j<n-15

Msw = (m; j)1<i<n-1,2<j<n>

Msg = (m; )1<i j<n—1,
Mngsw = (m; j)o<i j<n-1-

Show that a special case of Jacobi’s identity (2.113) from Exercise 2.5
gives the relation

[M] - IMngsw| = [Mnwl - IMsgl — IMNgl - [Msw| (2.116)

(where | - | denotes the determinant of a matrix).

s w) The above identity gives rise to Dodgson’s condensation method,
a method for computing determinants discovered by Charles L. Dodgson
(better known by his nom de plume Lewis Carroll) in 1866. The method

. . . k
works by recursively computing a pyramid of numbers (di,j)1<k<" I<i, j<n+1-k

that has the entries of M at its base k = 1 and the determinant of M at the
apex k = n. The general term dffj of the pyramid is defined by

k
d,"j = det(mp,q)iSpskal, Jj<q<j+k-1-

Prove using (2.116) that the numbers in each successive layer can be com-
puted recursively for k > 2 by
k=1 gk—1 k=1 k-1
d = di, j di+l,j+1 B di+l,_jdi, j+1
e 42

i+1,j+1

il

assuming that no divisions by zero occur and with the convention that
4 =1

Note: Dodgson’s condensation method is not a particularly useful method
for computing determinants, but underlying it is a remarkable structure
involving a family of combinatorial objects known as alternating sign
matrices, discovered by David P. Robbins and Howard Rumsey in the
early 1980s; see [21] for more information.
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Erdos-Szekeres permutations and square
Young tableaux

Chapter summary. We continue our study of longest increasing subse-
quences in permutations by considering a special class of permutations
called Erdos—Szekeres permutations, which have the property that their
longest monotone subsequence is the shortest possible and are thus
extremal cases demonstrating sharpness in the Erd6s—Szekeres theorem.
These permutations are related via the Robinson—Schensted correspon-
dence to an especially well-behaved class of standard Young tableaux, the
square Young tableaux. We use the tools developed in Chapter 1 to an-
alyze the behavior of random square Young tableaux, and this leads us to
an interesting result on the limiting shape of random Erdés—Szekeres per-
mutations. We also find a mysterious arctic circle that appears when we
interpret some of the results as describing the asymptotic behavior of a
certain interacting particle system.

3.1 Erdos-Szekeres permutations

In the previous two chapters we studied the statistical behavior of the per-
mutation statistic L(o") for a typical permutation o chosen at random from
among all permutations of given order. In this chapter we focus our at-
tention instead on those permutations o whose behavior with regard to
longest increasing subsequences, or more precisely longest monotone sub-
sequences, is atypical in the most extreme way possible. We refer to these
permutations as Erdés—-Szekeres permutations,' because of their role as
extremal cases demonstrating the sharpness in the Erd6s—Szekeres theo-
rem (Theorem 1.2). For integers m,n > 1, we call a permutation o € Sy an
(m, n)-Erdos-Szekeres permutation if N = mn, L(o) = n and D(0") = m
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(where D(o) denotes the maximal length of a decreasing subsequence as
in Section 1.1). Denote the set of (m, n)-Erd6s—Szekeres permutations by
ES,,». The most interesting case is when m = n. In this case we call a
permutation o € ES,,,, simply an Erd6s—Szekeres permutation, and denote
the set of such permutations by ES,.. Note that these permutations have a
natural max—min property: they minimize the maximal length of a mono-
tone subsequence. The requirement that the order of the permutation be a
perfect square may seem somewhat arbitrary but gives the set of Erdés—
Szekeres permutations a very nice structure that enables analyzing them in
great detail, as we shall see later.

The fact that ES,,,, is nonempty follows from the example given im-
mediately after the Erdés—Szekeres theorem, but we can say much more
than that. Let o € ES,,,,, and let (4, P, Q) be the Young diagram and pair
of Young tableaux associated to o by the Robinson—Schensted correspon-
dence. By the properties of the Robinson—Schensted algorithm proved in
Section 1.7, we know that A, the length of the first row of 4, is equal
to L(o) = n, and that the length A| of the first column of A is equal to
D(0) = m. Furthermore, since |1| = N = mn = A} 4, is the product of the
lengths of its first row and first column, A must be the m X n rectangular
Young diagram, which we denote by [, ,,.

Conversely, if P and Q are two Young tableaux whose shape is [J,,, ,,, then
the permutation associated with (U, ,, P, Q) via the Robinson—Schensted
correspondence is of size mn, and satisfies L(o") = n, D(0") = m, so it is an
(m, n)-Erdés—Szekeres permutation. We have proved the following.

Theorem 3.1 The Robinson—Schensted algorithm maps the set ES,,,, bi-
jectively onto the set of pairs of Young tableaux (P, Q) of shape U, ,. In
particular, we have

|ES,,, | = d?, = (mn)! ’ G.1)
T e 7;1 l—lﬁzl(i+j—1) ’ ’

The Erdds—Szekeres permutations in ES, are in bijection with the set of
pairs of n X n square Young tableaux, and are enumerated by
(n)!

2
1-22.33.p(n+ 1) "(n+2)2---2n - 1)‘) ’
(3.2)

|ES,|=df = (

A variant of the preceding argument can be used to give an alternative
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proof of the Erd6s—Szekeres theorem. Indeed, if o € Sy where N > mn,
then the Robinson—Schensted shape A associated with o is of size N, so
we must have L(o) = 4; > nor D(o) = A} > m; otherwise 4 would be
contained in the diagram [J,,,,, which is of size mn.

Theorem 3.1 can be thought of as a structure theorem for Erd6s—Szekeres
permutations, in that it gives a computational procedure for generating
these permutations from more familiar objects, namely Young tableaux;
but the insight that it gives us into their structure is somewhat limited,
since this computational procedure involves the Robinson—Schensted al-
gorithm and its inverse, which are in many ways nontrivial and difficult-
to-understand procedures. As it turns out, however, for the special case of
Erd6s—Szekeres permutations the Robinson—Schensted algorithm reduces
to a much simpler mapping. This is explained in the next section.

3.2 The tableau sandwich theorem

For a Young diagram A, denote by 7 (1) the set of standard Young tableaux
of shape A.

Theorem 3.2 (The tableau sandwich theorem) Let m,n > 1. There is a

bijection from T (Uy,) X T (Ony) to ES,.,, described as follows. Given

the tableaux P = (p,-,]-)F;;m,Q = (qi;)isisn € T (Uwn), the permutation
V <jsn YT 1<jgn

o € ES,,, corresponding 1o the pair (P, Q) satisfies
0(qij) = Pm+1-ij> (I<i<m, 1<j<n). (3.3)

In the opposite direction, P,Q € T (U,.,) can be determined from o €
ES,.. by the relations

gij = the unique 1 < k < mn such that Di(c0) = i (3.4
and Li(0) = J,

Dij = the unique 1 < k < mn such that D™ =i 3.5)
and Li(c™) = j,

where Li(0) and Dy(0) refer (as on p. 7) to the maximal length of an in-
creasing (respectively, decreasing) subsequence of o that ends with o (k).
Moreover, this bijection coincides with the bijection induced by the Robinson—
Schensted correspondence as described in Theorem 3.1.
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1145|711

218(9]|10]|15
P =

3 112(13(14|19

6 1617|1820

112]13]|9]16

4168 (13|17
0=

517 (101518
11(12]14|19]|20

Figure 3.1 A “tableau sandwich” producing the permutation
o=(6,16,17,3,2,12,8,13,18,9,1,4, 14,5,10,20,19, 15,7, 11).

There is a nice way to graphically visualize the mapping taking the two
tableaux P, Q to a permutation o € ES,,,, as a sort of “tableau sandwich”
where the two tableaux are placed one on top of the other, with P being
flipped over vertically. The permutation o is the mapping that matches to
each number in Q (which we imagine as the bottom “slice” of the sand-
wich) the number directly above it in P, the top slice of the sandwich. This
is illustrated in Fig. 3.1

What makes the Robinson—Schensted algorithm behave in such a regu-
lar fashion? Trying out the algorithm with some numerical examples such
as the one above, one is led to observe an interesting phenomenon regard-
ing the behavior of the bumping sequences, which turns out to be key to
the proof of Theorem 3.2. Recall that the Robinson—Schensted algorithm
consists of building the tableaux P and Q in a sequence of insertion steps.
At each insertion step one inserts the next value of the permutation ¢ into
P, which results in a cascade of bumping operations. The sequence of po-
sitions where the bumping occurs is referred to as the bumping sequence.

Lemma 3.3 When the Robinson—Schensted algorithm is applied to an
(m, n)-Erdds—Szekeres permutation o, each bumping sequence consists of
a vertical column of cells.

Note that this behavior is in marked contrast to the behavior of the
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Robinson—Schensted algorithm for an arbitrary permutation, where the
bumping sequences can be very erratic.

Proof of Lemma 3.3 'We prove the obviously equivalent claim that when
the inverse Robinson—Schensted algorithm is applied to two rectangular
Young tableaux P,Q € 7 (U,,,), all the bumping sequences are vertical
columns. In this case the bumping sequences are “reverse” bumping se-
quences that arise from a sequence of deletion steps (applied to the inser-
tion tableau P) that are the inverse to the insertion steps we considered be-
fore. The claim is proved by induction on k, the number of deletion steps. In
the kth deletion step, we choose (based on looking at the recording tableau
Q) which corner cell of the tableau P in its current form to start a deletion
from, and start bumping numbers up until we reach the first row. In each
successive bumping, say from position (i, j), the number being bumped
(denote it by x) moves up to row i — 1 and possibly to the right. However,
we claim that it cannot move to the right; for, if it moves to the right that
means it is bigger than the number in the adjacent (i — 1, j + 1) position,
which we denote by y. But, by the inductive hypothesis all bumping se-
quences prior to the kth deletion were vertical columns. This means that
in the original tableau P before any deletions started, x and y occupied re-
spective positions of the form (iy, j) and (i1, j + 1) for some iy < i;; that is,
we have x = p; ;and y = p; ;, so by the fact that P is a Young tableau it
follows that x < y. |

Proof of Theorem 3.2 Lemma 3.3 can be used to prove equation (3.3) as
follows. Consider what happens in the kth insertion step for some 1 < k <
mn. If the cell that was added to the shape of P and Q in that insertion
step was in position (7, j), then we have ¢; ; = k. Because of Lemma 3.3,
that means that the number o-(k) that was inserted into P at that step settled
down in position (1, j), bumping the number in that position one row down
to position (2, j), resulting in the number in that position being bumped
down to (3, j), and so on, all the way down to (i, j). Now consider where in
the final tableau P the number o (k) will end up at the end of the execution
of the algorithm. This is illustrated in Fig. 3.2. Again using the lemma,
any subsequent bumping will push it, along with the column of numbers
below it, directly down. When the algorithm terminates, the number that
was in position (i, j) after the kth insertion step will be at the bottom row
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P 0 P 0
o (k)
a
b cee— (k)
c k a k
b
] ] c
(after kth insertion) (at the end)

Figure 3.2 Considering the state of the insertion and recording
tableaux after the kth insertion and after inserting all elements of
o provides an easy visual explanation of the relation

0(qij) = Pms1-ij-

in position (m, j), exactly m — i positions below where it was after the kth
insertion. Therefore the number o (k) = 0(g; ;) will also be m — i positions
below where it was after the kth insertion, namely in position (m + 1 — i, j).
That gives exactly the relation 0(g; ;) = pm+1-i,; which is (3.3).

Next, turn to proving (3.4), which would also imply (3.5) by switching
the roles of P and Q and using Theorem 1.10(b). Recall from the original
proof of the Erd6s—Szekeres theorem that the pairs (Dy(0), Ly(07)) are all
distinct, and for o € ES,,, they all lie in the discrete rectangle [1,m] X
[1,n]. That proves that for each (i, j) there is indeed a unique k such that
(Di(0), Li(0)) = (i, J)-

Now, if g;; = k, then Lemma 3.3 implies that in the kth insertion step
in the Robinson—Schensted algorithm, the number o-(k) is inserted into po-
sition (1, j) of the insertion tableau, bumping the entries in the jth column
one step down to form a column of height i. This has two implications:
first, reading this column of the insertion tableau from bottom to top gives
a decreasing subsequence of o of length i that ends in o(k), which shows
that Di(o) > i; and second, by repeating the argument used in the proof of
Lemma 1.7 (modified slightly to account for the fact that we are interested
in L(o) rather than L(o)) we can get an increasing subsequence of o of
length j that ends in o(k), so we get that L;(o) > j.

We proved that the inequalities D, (07) > i,L, (o) > j hold for all
1 <i<m1 £ j< n Butsince we noted earlier that the mapping k +—
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(Dy(0), Li(0)) is injective and takes values in [1,m] X [1, n], equality must
hold for all 7, j, which proves (3.4). |

3.3 Random Erdds-Szekeres permutations

Having characterized combinatorially the class of permutations ES,, which
have extremal behavior with regard to their longest monotone subsequences,
we now ask the related question of how a typical such permutation behaves.
By comparing the behavior of a random Erd&s—Szekeres permutation to
that of a typical general permutation (chosen at random from among all
permutations in the symmetric group of the same order, namely n?), we
may gain some further insight into the significance of the constraint of
having only short monotone subsequences.

Thanks to the connection to square Young tableaux, it is easy to sample
a uniformly random Erd&s—Szekeres permutation by sampling two random
square Young tableaux (using the algorithm described in Section 1.10) and
applying the bijection described in the previous section. Fig. 3.3 shows the
result for such a random permutation in ESs, alongside a standard uni-
formly random permutation from S,sg0. In both cases, we represent the per-
mutations graphically as a plot of the set of points ((j, o7( j))’;.i1 (i.e., the
positions of the 1’s in the associated permutation matrix).

The picture of the random S50 permutation in Fig. 3.3(b) has a simple
structure that will be obvious to anyone with a background in elementary
probability: since each value o(j) is uniformly distributed in the discrete
interval [1,n], and pairs of values (o(j),o(j')) for j # j are only very
weakly correlated, what we are observing is a kind of random noise that
fills the square [1, n]* with a uniform density (one can ask questions about
the local structure of this noise, but those too are answered easily and hold
no surprises). The picture in Fig. 3.3(a), however, is much more interesting:
it appears that the defining condition of belonging to the set ES,, leads the
random permutation to exhibit very specific statistical behavior. The pre-
cise statement of what is happening asymptotically as n — oo is described
in the following limit shape theorem, the proof of which is one of the main
goals of this chapter.
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Figure 3.3 (a) A uniformly random permutation in ESs; (b) a
uniformly random permutation in S»s0o.

Theorem 3.4 (Limit shape theorem for random Erd§s—Szekeres permuta-
tions) For each n, let o, denote a permutation chosen uniformly at ran-
dom from ES,, and let A, denote its graph {(j, o,(j)) : 1 < j < n?}. Define
a set A, C R? by

Aw={(y) eR? : (=) +2(< +)") < 3}

:{(x,y)e]RZ:IxISl, |y|£\/x2—1+2\'1—x2}. (3.6)

As n — oo, the scaled random set A, = n%A,, — (1, 1) converges in proba-
bility to A, in the sense that the following two statements hold:

(a) Foranye>0,P(A, C (1 +€)As) = lasn — co.

(b) Forany open setU C Ay, P(A, NU #0) = 1 asn — oo.

The limit shape A, of random Erd&s—Szekeres permutations is illus-
trated in Fig. 3.4. Note that, curiously, the boundary of A, is a quartic
curve, that is, an algebraic curve of degree 4.

In the next section we see how, with the help of Theorem 3.2, Theo-
rem 3.4 can be (easily) deduced from another (difficult) limit shape result
that describes the asymptotic behavior of random square Young tableaux.
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Figure 3.4 The limit shape of random Erd&s—Szekeres
permutations.

3.4 Random square Young tableaux

In view of the connection between Erd6s—Szekeres permutations and square
Young tableaux, the problem of understanding the behavior of random per-
mutations in ES, reduces to the problem of getting a good understand-
ing of the behavior of random square Young tableaux of high order, since
choosing a random Erd6s—Szekeres permutation is equivalent to choosing
two uniformly random square Young tableaux and applying the bijection
of Theorem 3.2. We will formulate a result that answers the question of
how such objects behave in the limit, but once again, before presenting the
precise result it makes sense to look at some simulation results. Fig. 3.5
shows some sample results from such simulations. Square Young tableaux
are visualized in two different ways. First, since the tableau is an array of

numbers (t; ;) we can consider it as the graph of a discrete “stepped

ij=1’
surface,” wheré: for each i, j the number ¢#; ; represents the height of a stack
of unit cubes being placed over the square [i,i + 1] X [j, j + 1] in the x—y
plane. The second representation shows an alternative way of interpreting
a Young tableau. In general, given a Young tableau of shape 1 € P(n), we

can interpret the tableau as an increasing sequence of Young diagrams
0=20 A0 2 A" =2

(or equivalently a path in the Young graph starting from the empty diagram
and ending at A; see Section 1.19). The diagram A® in this path consists
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(@)

Figure 3.5 (a) A random square Young tableau of order 100,
visualized as a growth profile of Young diagrams growing to fill
the square. (b) A 3D plot of a random square Young tableau of
order 25 shown as a stepped surface.

of all cells of 4 where the entry of the tableau is < k. The association
between Young tableaux and such paths is bijective, since we can recover
the tableau from the path by filling in the number k in each cell ¢ of the
diagram if A* \ ¥~ = {¢}, that is, if ¢ was added to 1%~ to obtain A¥.

With this interpretation, we can visualize the square Young tableau by
plotting some of the diagrams in the path encoded by the tableau. This can
be thought of as the growth profile of the tableau, showing the manner in
which one arrives at the final square diagram by successively adding boxes.
Fig. 3.5(a) shows such a visualization of a random square Young tableau.

Note that the relationship between the two pictures is that the shapes in
the growth profile in Fig. 3.5(a) are sublevel sets of the stepped surface in
Fig. 3.5(b).

To formulate the precise results explaining these pictures, we need to
define the functions that describe the limiting shape of the random square
Young tableau. First, define a one-parameter family of curves (g(u))o<r<i
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where foreach0 < 7 < 1, g;: [— V2t(1 = 1), V27(1 — T)] — R and

2 1 (1-27)u V2 _1 | V2Qr(l-1)-u?) . 1
sptan” | —— |+ “tan” | —————| ifO<71< 3,
d ( \/27(1—7)—u2) d ( =27 2

81 =12 ifr=1,

V2 - g1 (u) ifl <7<l

(3.7)
The idea is that the family of curves v = g.(u) for 0 < 7 < 1 rep-
resents the limiting growth profile of the random square Young tableau,
in the rotated (a.k.a. Russian) u—v coordinate system defined in (1.23).
To talk about convergence we will want to consider each g, as belong-
ing to a suitable function space, so we extend it by defining a function
2. [— V2/2, \/5/2] — [0, o0) given by

8-(u) if [u| < V27(1 — 1),
2:(u) = |ul it V2r(1—7) < |ul < V2/2, T < L, (3.8)
V2 —lul if V2e(T—1) < Jul < V2/2, 7> .

Next, if 4 is a Young diagram contained in the square diagram [, ,, we
encode it as a continual Young diagram ¢, by defining

Gua(X)=n"" A, (x20) (3.9)

(compare with (1.17), and note the minor differences in scaling, which
make it more convenient to discuss all subdiagrams of [J,,,, using the same
scale). We can associate with each ¢, , another function ¥, , that describes
the same continual Young diagram in the rotated coordinate system (that
is, ¢n.1 and ¢, are related as f and g in (1.24)). Note that the condition
A € U, means that instead of considering ¢, as a function on R, we can
restrict it to the interval [— V2/2,V2/ 2] with no loss of information.

Theorem 3.5 (Limiting growth profile of random square Young tableaux?)
Foreachn > 1, let T, = (1} Dt be a uniformly random Young tableau of

shape U, ,, and let
0 =AM SAACD p AN A AN =0, (3.10)

denote the growing sequence of random Young diagrams encoded by the
tableau T,. For any 1 < k < n® let ¢, = nnnb denote the continual
Young diagram associated with A™® as defined in (1.17), and let Y, be
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(@) (b)

Figure 3.6 (a) The limiting growth profile. (b) Limit shape of
random square Young tableaux.

associated the function encoding A" in the rotated coordinate system.
Then for any € > 0 we have

P| max sup 182 () — Yy i(u) > €| = 0asn — oo. 3.11)
1<k<n® el V32,4272
Next, we consider the representation of the Young tableau as a discrete
surface. The limiting object in this case will be a surface S : [0,1]* —
[0, 1], which we define as the unique continuous function satisfying for
any0<7<1

[y s Sy =1} ={w gw) : lul < V21 =7}, (3.12)

where we identify each point (u, v) in the u—v plane with the corresponding
point %(x —¥,x+7y) in the x—y plane. Thus S (-, -) is defined in terms of an
implicit equation, but the verification that it is well-defined is straightfor-
ward and left to the readers. It is also easy to verify the following explicit
formulas for the boundary values of S:

S(x,0) = S(0,x) = 1=NI-2 21_’“2 (3.13)
S 1) = S(1x) = LE Y= (3.14)

2



3.4 Random square Young tableaux 169

Theorem 3.6 (Limit shape theorem for random square Young tableaux)
Foreachn > 1, let T, = (1} i :'l,j=1 be a uniformly random Young tableau of
shape UJ,,,,. For any € > 0 we have

P| max |n‘21§1. - S(i/n,j/n)| >e|l—>0asn — oo,
1<i,j<n J

The proofs of Theorems 3.5 and 3.6 will take up most of our efforts in
the rest of this chapter. Before we begin, let us see how we can use these
results to derive Theorem 3.4.

Proof of Theorem 3.4 LetP, = (p;’,j ijl, 0, = (qz_i)zjzl be the two Young
tableaux associated with the uniformly random Erdés—Szekeres permuta-
tion o, via the bijection of Theorem 3.2. By (3.3), the set A, from Theo-

rem 3.4 can also be written as
An =gl i) 1< j<n).

By Theorem 3.6, with high probability as n — oo each point n‘z(qz P D, +1_I.J.)
is uniformly close to the point (S(x,y),S(1 — x,y)), where x = i/n and

y = j/n. It follows that if we define the set
A:x) = {(25()@)’) - 192S(1 _xsy)_ 1) : 0 < X,y < 1}’

then as n — oo the values of the scaled set 2n2A, — (1, 1) will intersect
each open subset of A/, and will be contained in any open set containing
A, with asymptotically high probability; that is exactly the statement of
Theorem 3.4, except for the fact that A, = A/, which we now verify. The
set A/, is the image of the square [0, 1] X [0, 1] under the mapping

O: (x,y) > 2S(x,y) - 1,251 = x,y) = 1).

By (3.13) and (3.14), ® maps the boundary of the square into the four
curves described parametrically by

(— Vi —tz,—‘/Zt—tz)Ogsl, (—Vl -2, V2t—t2)
(Vl —t2,—\/2t—t2) , (Vl—tz, V2t—t2)

Setting x = + V1 — 2,y = = V2r — £2, it is easy to verify that

bl

0<t<1

0<r<1 0<r<1 '’

(=¥ +2(x* +y%) =3,

so these curves parametrize the boundary of the set A.,. Furthermore, since



170 Erdds—Szekeres permutations and square Young tableaux

the function (x,y) — 2S(x,y) — 1 is strictly increasing in x and y and
(x,y) = 2S (1 — x,y) — 1 is strictly increasing in y and decreasing in x, it is
easy to see that @ is one-to-one. Thus the interior of the square [0, 1]> must
be mapped under @ to the interior of A.. This proves that A/, = A, and
completes the proof. O

3.5 An analogue of Plancherel measure

We start our attack on Theorem 3.5 by noting in the following lemma a for-
mula for the probability distribution of the Young diagram A™® in (3.10).
This formula highlights a remarkable similarity between the problem of the
limiting growth profile of a random square Young tableau and the prob-
lem of finding the limit shape of a Young diagram chosen according to
Plancherel measure, which we already solved in Chapter 1. Indeed, the
tools we developed to solve that problem will be directly applicable to the
problem currently under discussion.

Lemma 3.7 Let 0 < k < n?. We have

dd
SO i) € Pk), A € O,
]P(A(”’k) = /l) ={ dn, (3.15)

0 otherwise.

where dn, \a denotes the number of standard Young tableau whose shape
is the Young diagram obtained by taking the difference of the two Young
digrams U,,,, and A and rotating it by 180 degrees.

Proof Assume that 1 € P(k) satisfies 1 C [J,,. The condition A™® = A
means that all the entries in the tableau 7, inside A are < k, and all the
entries outside A are > k. The number of square Young tableau satisfying
this property is exactly the product d,do,,\,, since we have to fill the cells
of A with the numbers 1,...,k in a way that is increasing along both rows
and columns, which has d, possibilities, and independently fill the cells of
[0, \ A with the numbers k+1, ..., n* in a similarly increasing fashion; this
is once again a Young tableau-counting problem in disguise, with dp, \
possibilities. Finally, since T, is uniformly random, to get the probability
one has to divide the expression d,dm,,\, by the total number of Young

n.an

tableau of shape [, ,,, which is dp, . |
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3.6 An asymptotic hook-length formula for square Young tableaux

Since (3.15) represents the probability distribution of the random Young
diagram A" in terms of the Young tableau counting function A > d,, the
asymptotic form of the hook-length formula (Theorem 1.14) we proved in
Chapter 1 will also be useful for the purpose of analyzing this probabil-
ity distribution. We now formulate a variant of that result. For a Young
diagram A € P(k) satisfying A ¢ 0J,,,, let ¢, be defined as in (1.17). As be-
fore, the correspondence A — ¢, embeds the discrete shape A into a bigger
function space, which in this case we define as

Fo ={f:[0,1] > [0,1] : f is monotone nonincreasing

and left-continuous }.

If f € $g and x,y € [0, 1], the hook-length of f at (x,y) is as before
denoted by h(x, y) and defined by h(x,y) = f(x)—y+f~'(y)—x. Note that
this is defined also for (x, y) lying above the graph of f (or “outside” f when
considered as a continuous analogue of a Young diagram). In this case the
hook-length will be a negative number, but we will only be interested in its
magnitude.

Theorem 3.8 Define the quantities

Ko = % —2log2, (3.16)
H(r) = —rlog 7 — (1 = D) log(1 - ), 317

1 1
1) = fo fo loglhy(eyldydx,  (feFm).  (3.18)

Let0 < 7 < 1, and let k = k(n) be a sequence of integers such that k/n* — T
as n — co. Then asymptotically as n — co we have that

P(A = 1) = exp [_nz (1 N 0(10;‘:’”)) (2 (6 + H@) + k)|, (3.19)

uniformly over all diagrams A € P(k) satisfying A C L, .

Proof This can be proved directly by a computation analogous to that
used in the proof of Theorem 1.14. However, since we already proved that
result, we can deduce the present claim as an easy consequence. The idea is
that the product of hook-lengths in the expression d, on the right-hand side
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of (3.15) contributes an exponential factor approximating the hook integral

L rda(x)
f f log hs(x,y) dy dx.
o Jo

Similarly, the product of hook-lengths in dm,,\, contributes the comple-
mentary hook-type integral

1 1
f f log(=hs(x,y)) dydx,
0 ()

so that the two integrals combine to give exactly the expression Igok(qb )
inside the exponent (note that the factor 2 in front of the hook integral in
(1.19) disappears, since on the left-hand side of that equation we have the
square of d, so we need to take a square root). The other factors H(f) and «y
appear by taking into account the various numerical factors involving fac-
torials, and the denominator dp,, of (3.15). The details are straightforward
and left to the reader (Exercise 3.3). ]

3.7 A family of variational problems

We proceed using the same methods and ideas we developed in Chapter 1.
Viewing the right-hand side of (3.19) as a first-order asymptotic expansion
for the probabilities on the left-hand side, we see that it is reasonable to
expect (and, as we have seen already in the case of Plancherel measure,
not too hard to justify rigorously) that the typical behavior of the scaled
diagram ¢,u» for k ~ n? will be close to the most likely behavior, which
is related to the shape f € # that minimizes the functional Igok(-) from
among all candidate shapes for any given 7. In other words, we have arrived
at a new variational problem — or rather, in this case, a family of variational
problems indexed by the parameter 7.

The variational problem for square Young tableaux. For 0 < T < 1 denote
1
Elz{feﬁtu : f f(x)dxz‘r}.
0
Find the function f; € ¥ that minimizes the functional Ionk(')'

As in the case of Plancherel measure, it turns out that the form of the
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functional simplifies, and further analysis becomes possible, once we trans-
form the coordinate system — first to the Russian coordinates, and then to a
variant of the hook coordinates introduced in Section 1.14.
As before, if f € 0, let v = g(u) denote the representation of the curve
y = f(x) in the rotated coordinate system. The association f — g maps the
function space o to a new space, which we denote by G.,, consisting of
V2 A2

functions g: [—7, 7] - [O, \/5] satisfying the following conditions:

1. gis 1-Lipschitz;
V2 _ V2

2. g(iT) ==
If f € 7, then g satisfies the further property

3.

V2

|, - du=r, (3.20)

2

and we denote g € G:.

To derive the new form of the functional IEO

(f) in terms of the rotated
function g, we separate it into two parts, namely

12 = L(f) + L(f)

1 f(x) 1 1
= f f log hs(x,y) dy dx + f f log(—hf(x,y)> dydx,
o Jo ' 0 Jrw
and set

Ji(g) = Il(f), Jr(g) = Iz(f), J(g) = Ji(g) + J2(g) = I}Fook(f)- (3.21)

Each of J;(g), J2(g), can be represented in terms of a separate system of
hook coordinates — the “lower” hook coordinates (coinciding with the hook
coordinates defined previously in (1.25)) for J;(g) and the “upper” hook
coordinates for J,(g). The meaning of these terms is explained in Fig. 3.7.
Consider first J,(g). By elementary geometry this can be written as

£ V2
Ji(g) = f{ f log hy(x,y) dudv.
- Js(

u)

Transforming to the lower hook coordinates (z, s) we get

_ 0| P, v)
Ji(g) = fﬁlog(\/z(s t)) DG ' dsdt,
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N A~

Figure 3.7 Lower hook coordinates and upper hook coordinates.

where A = {%ﬁ <t<s< g} and D(u,v)/D(s,t) is the Jacobian of the
change of variables, whose magnitude we previously computed to be equal
to %( 1+ g'(®))(1 - g'(s)) (see (1.26)). Therefore we get that

Ji(g) =% f fA log (V2(s =) (1 + ' (D)1 = g'(s)) ds dt.

Now perform a similar computation for J,(g). Here we use the upper hook
coordinates (which we still denote by (¢, s5)), for which the absolute value
of the Jacobian can be computed in a similar manner to be %(1 +g' () -
g'(1)), and find that

OEE: f f log (V2(s =) (1 + g'(9))(1 - g' () ds .
A

Adding the two expressions and symmetrizing the integration region, we
find after a short computation that

J(g) =1 f f log (V2(s = 1) (2 - 2¢' (g (s)) ds dt
A

= _1 B ’ ’ 3
__Ef?f?10g|5—f|'g(t)g(S)dsdt+log2—E

= 0(g) +log2 - 3, (3.22)

where Q(-) is the quadratic functional from Section 1.14.
Thus, we get the following reformulation of the original family of vari-
ational problems, which is directly analogous to the variational problem
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from Chapter 1: for each 0 < 7 < 1, we need to find the function that
minimizes the functional Q(-) on the space G7.

3.8 Minimizing the functional

The solution of the family of variational problems presented above is given
by the following result, whose proof is the focus of the next few sections.

Theorem 3.9 (Solution of the variational problem) Foreach0 <7 < 1,
the function g, defined in (3.8) is the unique minimizer of the functional
Q() on G:, and the value of the minimum is

0(&.) = —H(7) +log 2, (3.23)
where H(T) is defined in (3.17).

Note that for T = 1/2, since g, = 0 we have Q(g;) = 0, so it is a global
minimizer of Q(-) on all of G., and in particular on glf 2 Fort>1 /2, since
O(h) = Q(V2 —h) and V2 — h € G'7, the minimizer h, over G: is related
to the minimizer over G! =7 via h, = V2 - hi_.. Since the functions g, also
satisfy g, = V2 - g1-7, we see that it will be enough to prove the theorem
in the case T < 1/2, and for the rest of the section we assume that 7 is in
this range.

We start by formulating a sufficient condition, analogous to (1.36), for
determining when a given function is the desired minimizer.

Theorem 3.10 Let h, € G.. Assume that for some constant A € R, the
Sfunction p: R — R defined by

v =0 if-1<h@m<l,
plu) = —fﬁ n.(s)logls — ulds + Au is 120 ifh(u) = ~1,
i <0 ifi@u)=1.
(3.24)
Then for any h € G-, we have that

Q(h) = Q(hr) + Q(h — hy). (3.25)

In particular, since Q(h—h.) > 0 by Proposition 1.15, with equality holding
iff h — h, = 0, it follows that h, is the unique minimizer for Q(-) on Gz,
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Proof As in the proof of Theorem 1.16, from the assumption on p(u) we
get that

(W (1) = H.()p(t) = 0

for all # for which A’ (¢), h..(¢) exist. By integration we get, in the notation of
Section 1.14, that

V2 V2

2

2B(h, h,) - /lf; th'(t)dt > 2B(h, h;) — /lf( thi.(t) dt.

2 2

Since
fth'(t)dt:fth;(t)dt:%—‘r (3.26)

(an equivalent form of the condition (3.20)), this implies that B(h—h., h;) >
0, whence we arrive at (3.25) via the relation

Q(h) = Q(hr + (h = hy)) = Q(he) + Q(h = hy) + 2B(h — hr, he). O

Our goal is now to find a function %, for which (3.24) holds. We shall do
this in a constructive way that does not assume prior knowledge of the so-
Iution. Instead, we make only the following reasonable assumption (which
can be guessed just by looking at the simulated growth profile of a random
square Young tableau): for some 8 = B(1) € (O, V2/ 2), the function /A,
satisfies the condition

-1 if -2 <u<-p,
I(u) is e (=1,1) if —=B<u<§p, (3.27)
=1 if<u<L.

Substituting this into the equality in the first case of (3.24) gives that for -5 <
u < 3, we must have

vl

B —B
—f h.(s)log|s —ulds = —Au — f( log(u — s)ds + f log(s —u)ds
” - i

=—Au— ﬁ—ulo ﬁ—u+£+ulo £+u
N 2 812 2 8172
+ (B + u)log(B + u) — (8 — u) log(B — u). (3.28)
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Differentiating, we get

B I 2 2
—f B g = 1 s 108221 (3.29)

pS—u %—Lﬂ

The problem of finding /. (from which we can recover k) therefore
reduces, as in the analysis of Section 1.15, to the problem of finding a
function whose Hilbert transform coincides with the function on the right-
hand side of (3.29) on the interval (-3, 8) (compare with (1.39)). In other
words, we need to invert a Hilbert transform, except that it is a Hilbert
transform on an interval instead of on the entire real line where we would
have been able to use the usual inversion formula (1.15).

One possibility would be to look for a result analogous to Lemma 1.17
that would identify the solution. Finding such a result seems like a difficult
problem in complex analysis, which in particular requires highly nontriv-
ial intuition that would allow us to “guess” the required analytic function
without knowing it in advance. Another approach, which is the one we will
use, is to invoke another result from the theory of Hilbert transforms, that
solves the general problem of inverting a Hilbert transform on an interval.
The result, whose proof can be found in [38], Section 3.2, is as follows.

Theorem 3.11 (Inversion formula for Hilbert transforms on a finite inter-
val) Givenafunctiong: [-1,1] — R, the general solution of the equation

1 1
—f S = 8(x),
TJ4y—Xx

where the integral is taken in the sense of the Cauchy principal value, is of
the form

flx) = f L=y g(y) L (-1<x<1)

‘Vl—xz’ -

(again in the sense of the Cauchy principal value), where C € R is an

vVl —x2

arbitrary constant.

Applying Theorem 3.11, we see that on the interval (£, 8), i, must be
of the form

, 1 s B —u*) du C
o) = T2 (B — u?)\/? f (/l +log 1 —u?)s—u " (B2 —ur)l/2’

where C is an arbitrary constant. This integral evaluation is rather tedious,
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but it can be done; we note it as a lemma and postpone its proof to the next
section.

Lemma 3.12 On (-4, ), k. is given by

1+ J1-28
¢ “ CA—2log r VL=

he(u) = B —w)2 " 2B )" NG
1 —2p2)12
¢ 2 (3.30)

Now recall that both A and C were arbitrary; we are merely looking for
a function &, € G} whose derivative has the form above. Setting C = 0 and

1= -2log 1+4/1-28

Vo5 therefore leads to

(1-26)"u
-y

which, at the very least, is bounded between —1 and 1, as we would expect

H.(u) = %tan‘l ( ) (B < u<p), (3.31)

for the derivative of a function in G7.

We are getting close to finding the minimizer. Two additional compu-
tational results that we will need, whose proofs are also postponed to the
next section, are contained in the following lemma.

Lemma 3.13 We have

Y. N (N, Y7)
fz uhl(u)du = 1-28 3 1-28 , (3.32)
and, for - <u <,
h(u) =B+ fu h.(s)ds =
-B
2 ~ (1 _ 2ﬁ2)1/2u \/E ~ \/E(ﬂZ _ M2)1/2
= —utan ! (W) + 7 tan ! W . (333)

Note that the value of the parameter  is still unknown, but we can now
deduce it from the requirement that 4, must satisfy the condition (3.26),
which we rewrite as

B
f uh,(uydu=r .y
-B
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Combining this with (3.32) we get the relation

L 1-+1-28% — p= m

2
Substituting this value of 8 in (3.33), we get the expression
hT(u) = zutan71 {M]
T V27(1 — 7) — u?

+

B \/f
ﬁtan 1( 2071 - ) ~ w) (lul < y21(1 —‘r)),

T 1-27

and, because of the assumption (3.27), for V2r(I —-7) < |u| < V2/2
we have the values h.(u) = |u| (note that h.(—8) = S by assumption and
h.(B) = B+ f_[; h.(u)du = (3 since the right-hand side of (3.31) is an odd
function). Thus, we conclude that our candidate minimizer 4, coincides
with the function g, defined in (3.8) (see also (3.7)). We have seen that A,
is 1-Lipschitz, satisfies A.(+ V2/2) = V2/2, and satisfies (3.26) (which is
equivalent to (3.20)), so h, € G:. From the way we obtained /., we also
know that p’(u) = 0 for u € (—8,0), and furthermore p(0) = O since /. is
odd, so also p(u#) = 0 on (-8, ). To conclude that 4, minimizes the func-
tional Q(-) on G, it will be enough to check the second and third cases of
(3.24), namely the inequalities p(u) > 0 and p(u) < 0 when u < —8 and
u > —f3, respectively.

By symmetry, it is enough to prove that the second condition is satisfied.
Interestingly, the proof consists of looking how the function p(u) changes
as a function of the parameter 7. Relabel it by p(u,7) to emphasize its
dependence on 7, and denote similarly the constant A defined above by
A(1), its value being

A(r) = —210g[

1+ y1-282 (1—7)
S e ) SRV i 3.34
T ] og|— (3.34)

Fix0<u< g, andlet ¥ = (1 — V1 —2u?)/2, so that B(F) = u. Because
of the first condition in (3.24), which we already verified, p(u,7) = 0. To
finish the proof, we will now show that dp(u, 7)/dt > 0 for 0 < 7 < 7. By
(3.28),

5 ’
6%2’7) - —f M) o — sl ds — ud2D). (3.35)

s OB g
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Using (3.31) and simplifying gives
Oh.(s) 3 2 s

B - _ﬂﬁ(l - 2,82)1/2 ’ (B - s2)l/2 (3.36)
It is easy to check that S satisfies the equation
B0 =(1-28)"/p, (337)

so (3.35) becomes

opu,t)y 2 f”sloglu—slds_i_ u
or  ap? 5 (B —sH)!? (1-1)
In this expression, the integral can be evaluated, using a result (3.38) that
will proved in the next section, as

ds =]~ B~ ~loglu - s|]|s !

5=

B (g2 _ 2\1/2
—f %ds=—ﬂ(u—(u2 —,82)1/2).
_:3 -

s log |u — s|
5 (B2 =)

Therefore we get that

3P(M,T)__£ P NY) u
or ﬁz(u W =5 )+T(1—T)
_ 1 2\ 2 5 aan
4ﬂb¢)ﬁJ+WW A

:éw%ﬁwﬂ>a
which was our claim.

Summarizing the discussion in this section, we proved the main claim
of Theorem 3.9, namely that g, is the unique minimizer of the functional
Q(-) on G7, except for a few integral evaluations that were deferred until
the next section. In Section 3.10 we also prove (3.23) and thereby finish
the proof of Theorem 3.9.

3.9 Some integral evaluations

Here, we collect the integral evaluations that were used in the previous sec-
tion. Readers who has no interest in such computational wizardry will be
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forgiven for skipping to the next section (or even going directly to Sec-
tion 3.11, since Section 3.10 contains additional computations of a some-
what similar nature).

Lemma 3.14 For x > —1 we have the integral evaluations

dy = (3.38)

fl 1—y? nx if —1<x<l,
-1 X=y ax—naVx2—-1 ifx>1,

where in the case —1 < x < 1 the left-hand side is defined as a principal

value integral.

Proof Using the substitutions y = sinz and w = tan(z/2), we get

/1_ /2 T/2 1- 2
f cos’ 2 dz=f (x+sinz+ al )dz

_xj2 X—8inz /2 —sinzg
T/2 1
- x?
=X+ —dz=nx+2(1 - x%) 2—
_nj2 X —Sing 1 aw? =2w+x

(where all integrals are in the principal value sense if —1 < x < 1). The

denominator in the last integral xw? — 2w + x vanishes when w = w, =
x (1 £ V1 = x2). In the case —1 < x < 1, the root w_ will be in (-1, 1)
(leading to a singularity in the integral) and w, will not; in this case one can
show using a simple computation that the principal value integral f_ 11 [xw? —
2w + x]~" dw is O (see Exercise 3.4). In the second case x > 1, both roots
wy lie off the real line, in which case the integrand has no singularities and
can be evaluated simply as

fl dw _ fl dw
o2 =2wH+x  Jx(w—x1)2+(x2-1)

[tan_l Vx—-1 o1 Vx+1 B by

+ tan

Vx+1 Vi-1] 2ve-1

x2 -1

(since tan~' ¢ + tan™' ! = 7/2). Therefore the left-hand side of (3.38) is
equal to rx — 7 V1 — x2, as claimed. O
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Lemma 3.15 Forx € [-1,1] and a > 1 we have

fdl—_

dy=7r[1—a+ az—l—xlog(a+ az—l)
_ (a-—1)(A-x)
21 — 2 L I Seera Sl
2VI1 — x?*tan (a+1)(1+x)]' (3.39)

Proof Denote the left-hand side of (3.39) by F(x, a). Note that F(x, 1) =
0, and for a > 1, using both evaluations in (3.38), we have that

(9F()c,a)__~f1 V1-=y?

Oa 1 (x=y)a+y)
— 1
(1+)Cfv 1_ ( a+y)dy
a+x a+x a+y
_ T V __ +L2—1
a+ x a+ x a+ x

Integrating over a, we get that

a aA[y2 _
F(x,a)zf OF (x.) dr=—7r(a—1)+7rf "l 340)
1 or . r+x

The integral can be computed using a variant of the substitutions used in

the proof of the previous lemma. Setting r = coshz and later w = ¢*, we

cosh™ (a) Sll’lh2
dr = ——dz
r+x X + coshz z

cosh™ (a) 2
x -1
:f coshz—x+ —|dz
0 x+coshz

cosh™ (a) 2
h~!(a) _ x -1
= sinh |Cos “ _ xcosh Ya) + —dz
0 X+ coshz

have

osh™ (a) 2 _1
= Va2—1—x10g<a+ \'az—l)+‘fc &
0

X + coshz
= Va? -1 —xlog(a+ a - 1)

a+ Va“ dW
+2(x* -1 - 3.41
*x )j(: w2+ 2xw + 1 (341)
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and the last integral equals

w=a+ Va?-1

1 tan”! W+ X
V1 - x2 V1 — 22,2
1 0 (a—1+ Va2 -1)V1 - x2

= tan

Vi-x 1-X2+x+a+ Va2 =11 +x)

B 1 an-! a-1+Va2-1 [1+x
V1 — x2 a+1+Va2-1V1-x

B 1 4 /(a— (1 —x)
= Npay tan —(a D) (3.42)
Combining (3.40), (3.41) and (3.42) gives (3.39). |

Proof of Lemma 3.12  Using (3.38), we have
1 » B —u*) du C
_ A+1 +
(B — )12 fﬁ( 0og % 2 )s—u B~

_ Au ﬂ s \/E s \/z
= _ﬂ(ﬁz —u)l2 + 2B — )2 [F (E %] _ F(_E’ %)]
C

where as before F(x, a) denotes the left-hand side of (3.39). By (3.39) this
evaluates to

A1 —-2log

u 1+ +/1-28%
(@-Dl+x)

2 . @-hi-v) ¢
A Nar o ™ Na+rDd+n | FE-w)r

(3.43)

where x = u/B,a = \/E/ (2B8), which then further simplifies to the right-
hand side of (3.30) using the arctangent addition formula tan™' s+tan™' ¢ =
tan~! ((s + 1)/(1 — s1)). o

Proof of Lemma 3.13 Tt is more convenient to work with the representa-
tion of A, in which the arctangent addition formula isn’t used after (3.43),
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namely,

1 e (e N RS
h’(”)_n[tan @rDi-xn ™ (a+1)(1+x)]’ (344

where x and a are defined after (3.43). The claims of the lemma therefore
reduce to performing the indefinite integrations

-1 /(a—l)(1+x) » f(a—l)(1+x)
ftan —(a D - dx, fxtan —(a ThHi - dx (3.45)

(note that the second arctangent term in (3.44) is obtained from the first by
substituting —x for x). These integral evaluations aren’t as difficult as they
seem: for the first, perform an integration by parts to get that

! (a—1)(1+x) = rtan! (a—1)(1+x)
(a+ DA =-x) (a+ (1 -x)

VT [ =

¢ (a-x)V1 —x2

(Here and below, C denotes a generic integration constant.) The integral on
the right-hand side can then be evaluated using the substitutions x = sinz
and w = tan(z/2), which gives

f xd sinz B +f dz L C
(a—x)‘/l—xz —s1nz - a—sinz

) +2f v
- TS 1+w?-2w/a ’

which is an elementary integral. The same technique will work for the sec-

ond integral in (3.45). We leave it to readers to complete the details. O

3.10 Evaluation of Q(g;)

In the last two sections we showed that the minimizer A, of Q(-) on G}
coincides with the function g, defined in (3.8). We now compute the mini-
mum value Q(g;) = Q(h,). For convenience, denote & = h, throughout the
computation. Start with the observation that the function p(#)(h’(¢) — sgnt)
(where p(t) was defined in (3.24)) vanishes on the interval [— V2/2,V2/ 2],
since p(u) = 0 on (—B,0) (that condition was the starting point of our
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derivation of /.) and /#'(f) — sgnt = 0 when 8 < |f] < V2/2. Thus we have
(making use of (3.26)) that

V2/2
0= f p)(H'(t) — sgnt)
-V2/2

V2/2 V2/2
= f (ﬂt - f W (s)log|s — ds] (W' (t) — sgnt)
-V2/2 -V2/2

V2/2 1
=A (f th' (1) dt — —] +20(h)
_\ﬁ/z 2

V2/2 V2/2
+ f K (s) f sgnt-log|t— s|dt| ds
-V2/2 -V2/2

V2/2
=-At+20(h) + f W ($)Z(s)ds, (3.46)

-V2/2
where A = —log((1 — 7)/7) as in (3.34), and where we denote
V2/2
Z(s) = f sgnt-log|t — s|dt,
-V2/2

an integral that evaluates to

Z(s) = 2slog|s| — (V2/2 + s)log(V2/2 + 5) + (V2/2 — 5) log( V2/2 — s).

Denote W = ﬁ g; W ($)Z(s)ds. Remembering that W = W is a function

of 7, we differentiate, involving 8 = 2 v/7(1 — 7) as an intermediate variable
and making use of (3.36) and (3.37). This gives

Z(s)ds

dw _ dBdw _ \/1—2/32 f” o' (s)

dT dT dﬁ V2/2

7

- 2 7(s5)ds
ﬁnﬁ\/l 282 B - s2

-2 B

=7rﬁzf VB2 = 52 (2log|s| - log(\/_/2+s) log(V2/2 - s)) ds.

(3.47)



186 Erdds—Szekeres permutations and square Young tableaux

Now denote
B
Ep(u) = f VB2 - s2log|s — ulds,
-B
so that (3.47) can be rewritten as

aw -2
e (2E50) - B (V2/2) - E5(- V2/2))

2 V272 0 4 V22
= @(fo Egz(x)dx — f@z Eﬁ(x)dx) ﬁzf Ej(x)dx,

and observe that E[’g(x) can be evaluated via a simple rescaling of (3.38),
which gives

B 2 _ 2 3
E[’g(x) _ VB — s ds = {ﬂx if |x| < B,
-5 UuU=-Ss ax —mA/x2 =B ifx>p.
This leads to
V2/2 V2/2
%:%(I xdx - xz—ﬂzdx)
0 B
4 (1 ) > x=V2/2
IB—(Z 5 [)C VX ﬁ ﬁ 10g (x+ VX )] )
4 (1 1(1-27 1-71
- glam 5[ )))

[\

1-71
= m(‘("FT(] —T)log(T))

1
= —— —log7 +log(l — 7).
1-7

Finally, since /] _, n = 0, we have that W, , = 0, and therefore we get that

T 1
W= (1 —logv+log(1—v)) dv
-V
=—-2log2 —log(l —7) —7logt — (1 — 7)log(1 — 7).

Combining this with the relation Q(h) = %(/l‘r — W), which follows from
(3.46), gives the result that

Q(h) =log2 +tlogt+ (1 —1)log(l — 1),

which confirms (3.23). The proof of Theorem 3.9 is complete. O



3.11 The limiting growth profile 187

3.11 The limiting growth profile

We can now prove Theorem 3.5. We start by proving a slightly weaker
result without uniformity in k; later we show how this easily implies the
claim of Theorem 3.5 by simple monotonicity considerations.

Proposition 3.16 Let 0 < 7 < 1, and let k = k(n) be a sequence such that
1 <k <n*andk/n* — T asn — oo. For any € > 0 we have

P sup 8/ () — Wnp (W) > €] = 0 asn — co. (3.48)
ue[-v2/2,v2/2|

Proof Let € > 0 be given. As in the proof of Theorem 1.20, denote by
M, the set of Young diagrams A € P(k) that are contained in the square
diagram [, ,, and for which
W2 — &r/m2llo > €,
where ||hllp = Q(h)'/? as in (1.46) and i, , is defined in the paragraph after
(3.9). For 2 € M, ;, by Theorem 3.9 and (3.25) we have that
QWn) = Q@) + Wi — Biywlly > —H(k/n?) +log2 + €,

so that (using (3.21) and (3.22)) I}, (¢,1) > —H(k/n?) + 2log2 - 3 + €

(where ¢, , is defined in (3.9)). Therefore by (3.19),
P (A(”’k) = /l) < exp (—62n2 + O(nlog n)),

uniformly over all 1 € M, 4. Since |[M,;| < |Pk)| = p(k) < €™ for some
constant C > 0, we get that

Plgns—gillo > €] = P[A™0 € M,y
<exp (—62n2 + Ctn + O(nlog n)) — 0asn — oo.

This implies (3.48) by using Lemma 1.21 to replace the Q-norm bound by
a bound on the uniform ||-||c norm. ]

Proof of Theorem 3.5 The idea is to apply simultaneously for several se-
quences k; = kj(n) and then use the fact that both ¢, x and g/, are mono-
tone nondecreasing in k to deduce a uniform estimate. Fix an integer m > 1,
and set

k,~=k]-(n)=1+{i(n2—l)J, ji=0,1,....m.
’ ’ m
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Define an event
En = {max||lr[’n,k - gkz/n”m < 6/2} .
0<j<m

By Theorem 3.16, P(E,) — 1 as n — oo. Assume that E, occurred. Given

2

some k satisfying 1 < k < n°, we have k; < k < kj, for some 0 <

Jj < m. By the monotonicity properties mentioned earlier, we have for all
u € [~ V2/2, V2/2| the chain of inequalities

. € 5 €
8i;ym>(u) — 5 s Unge, () < Yn (W) < gy, () < Zipyyym2 () + 7

and furthermore, by continuity of g.(«) as a function of 7 it is easy to see
that if m is fixed to be large enough (as a function of € but not depending

on n), we will have for large n the inequalities g, (1) < g2 + €/2 and

J+1

Zim2 — €/2 < i, (u), so we get that

Brpe(u) — € S Y i(u) < Zrym2(u) + €,

or equivalently that [|,,x — &n2lle < €. This shows that occurrence of
E, (which has asymptotically high probability) implies occurrence of the
event

max - sup g (u) = Yus()l < €,

1sk<n® e[ V22,212
(the event complementary to the one that appears in (3.11)), and therefore
finishes the proof. O

3.12 Growth of the first row of A

Our next major goal is to prove Theorem 3.6. When trying to deduce it
from Theorem 3.5, we run into a difficulty that is similar to the one we had
in Chapter 1 when we tried to derive the result A = 2 from the limit shape
theorem for Plancherel-random partitions. The problem is that because the
limit shape result proves proximity to the limiting shape in the Russian
coordinate system, it does not guarantee that the length A(I"’k) of the first row
of the Young diagram A®® is asymptotically close to the value predicted
by the limiting shape. To proceed we need to separately prove the following
result.
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Theorem 3.17 For any € > 0 we have

]P’[max |n*1A(1”’k) - q(k/nz)) > e] — 0 asn — oo, (3.49)

1<k<n?

where ¢(-) is defined by

2V 1) if0<t<i,
q(t) = : . X

Note that since A(I"‘k) is increasing in k, it is enough to consider the values
1 < k < n?/2 in (3.49). Theorem 3.5 implies half of this result, namely a
lower bound for A"

Lemma 3.18 Forany € > 0,
P [n"A(l"’k) > q(k/n*) —eforall 1 <k < n2/2] — 1 asn— co. (3.50)

Proof Fix € > 0. We claim that there is a 6 > 0 such that if the event

{max su]g |8k/n2 () = Yrnp(u)] < 5}

1<k<n? 4,

occurs then for any 1 < k < n?/2, the inequality
n AP > qk/n?) - € 3.51)

must hold; if true, this implies the result by (3.11). The fact that the claim
is true, and the relationship between ¢ and ¢, are illustrated in Fig. 3.8. One
can see immediately that the fact that the graph of i, is constrained to lie
above the graph of max(g.(u)—6, |u|) (where we denote T = k/n?) forces the
inequality n‘lA(l"’k) > g(7) — € to hold. We leave it to readers to formalize
the dependence between ¢ and €. (In particular, it should be noted that for
a given €, a single § would work for any 1 < k < n%.) O

Corollary 3.19 Denote A, (k) = EA(I"’k). For any € > 0, there is an integer
N > 1 such that for any n > N, we have

n'A, (k) > q(k/n*) — € forall 1 <k < n*/2. (3.52)
Proof Denote by E, . the event

Eye = {n' AU > g(k/n®) - /2 for all 1 <k <n’/2}, (3.53)
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Figure 3.8 Illustration of the proof of Lemma 3.18: proximity of
Yk to the limit shape g;/,» forces a lower bound — but not an
upper bound — on the length of the first row of A®X).

and note that for any 1 < k < n?/2,
AR 2 T B[A 1, | 2 (gk/n®) - €/ 2P(E, ).
By (3.50), the right-hand side is > g(k/n?) — € if n is large enough. O

We now turn to the task of establishing the less obvious matching up-
per bound to (3.51). First, we note an interesting combinatorial identity
involving a product of hook-lengths.

Lemma 3.20 Let 1 < k < n*. Let A / v be a pair of Young diagrams
contained in the square diagram U, ,, such that A is of size k — 1, v is of
size k, and v is obtained from A by adding a new cell to the first row of A.
Then we have
dadp,,\y n* - /l%
do,d, k(R —k+1)

(3.54)

Proof For the duration of the proof denote A = [, \ Aand ¥ = [J,, \ v.
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Figure 3.9 An illustration of the four hook-length products
participating in the identity (3.54).

By the hook-length formula we have
[T haG, ) I1 hG )

dady, (k- DI = k) Gjpel (i.))ev
did, (2 =k+ D! [T maG, ) T1 hsG, j)
(i,))ed (@i.)ev
M A ) T1 b))
B 1 el (i.j)ev
k(n? =k+1)  TT haG, ) T1 hs(i, )
(i, ))ed (@i, ))ev

so it remains to explain how the factor n?> — /l% arises out of the four hook-
length products, with all other factors cancelling out. This phenomenon is
illustrated in Fig. 3.9, which shows the “T”-shaped set of cells contributing
to the four hook-length products, with all other hook-lengths cancelling out
in a trivial manner because the hook-length does not change in the process
of adding the new cell to get from A to v (or, symmetrically, removing a cell
to get from ¥ to A). For each box (i, j) from that set of cells, Fig. 3.9 shows
the ratio of hook-lengths &, (i, j)/ha(i, j) or hi(i, j)/h,; ), so that the product
above is obtained by multiplying all the fractions. By studying the figure,
one can see that now we get further cancellation that arises as follows. In
the “right arm” of the set of cells we simply have the fraction of factorials
(n—A))!

In each of the left arm and the leg of the “T” we have a partial cancel-

=I’l—/11.
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lation along contiguous stretches where the hook-lengths increase by 1,
where the product of fractions is telescoping and leaves only the denomi-
nator of the first cell and the numerator of the last cell in each such stretch
(counting in the direction leading away from the cell v \ 1); for example,
in the leg in the example of Fig. 3.9 we have the product g . % . % = %
Call the remaining hook-lengths after this cancellation the “exceptional”
hook-lengths. However, as can be seen in the example in the figure, the
same numerators and denominators that remain in the product of hook ra-
tios h,(i, j)/ha(i, j) in the left arm appear with inverse powers in the dual
product of ratios h;(i, j)/hy(i, j) in the leg, and vice versa, with only two
hook-lengths remaining, namely the smallest hook-length 1 (in the denom-
inator) and the largest hook-length n+ A; (in the numerator). The reason for
this is that, except for these smallest and largest hook-lengths, the excep-
tional hook-lengths in A are in one-to-one correspondence with identical
exceptional hook-lengths in ¥; and similarly the exceptional hook-lengths
in v can be matched with identical ones in A. Note that in the above exam-
ple, the largest hook-length came from the hook product of hook-lengths
of v, but there is also a separate case in which that hook-length will appear
in the product of hook-lengths of y. This happens when A has less than n
parts, but it is easy to verify that the end result is the same in both cases.
We conclude that the product of hook ratios indeed leaves out exactly
two factors, which combine to give the expression (n—A,)(n+21,) = n’ —/l%.
This was exactly what we needed to finish the proof. O

Using the identity (3.54), we can show that the numbers A, (k) = EA({”]‘)
satisfy an interesting discrete difference inequality.

Lemma 3.21 Denote a,(k) = A (k) — A,(k— 1) (where A,(0) is defined to
be 0). We have

n* — A, (k)

2 —_—
k) < T D)

(3.55)

Proof The “discrete derivative” a,(k) can be interpreted as the probability
that A% was obtained from A®*~D by adding a cell to the first row. Let
L, be the set of pairs (4, v) of Young diagrams contained in [, ,,, where 4
is of size k — 1, v is of size k, and v is obtained from A by adding a cell to
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the first row of 1. We can write

dyd,, dyvdg,,\
o= Y Lo g A d

AL B =

This is an average of the quantity d,/d, (thought of as a function of v) with
Van,n\V
an,,

in (3.15); except that the summation is not over all possible v, since not all

v € U, of size k have a corresponding A such that (1,v) € L, ;. Applying
the Cauchy—Schwarz inequality and then using Lemma 3.20, we therefore
get that

respect to the probability measure v +— , that is, the measure given

a (b < Z ddn,,\, d; dydo, 1 dado,,\
(k) < quri .
Wt W0 4y

whety Bm dDuudy

3 ddg, - n =4
= . —
AV)ELus do,, k(m*—k+1)

- 2 n* — A, (k)?
= (k(n* =k + 1 ‘E[Z—A“’”‘) ]<—".
(ke —k+ D) B[’ = (AM) | < 750
The difference inequality (3.55) is the key to deriving an upper bound
for A, (k) that matches the lower bound in (3.52).

Lemma 3.22 For any € > O, there is an integer N > 1 such that for any
n > N, we have

n A (k) < gk/n*) + € forall 1 <k <n®/2. (3.56)

Proof Note that if (3.55) were an equality rather than an inequality, it
would be a discrete analogue of the differential equation
_1-q@)’

g7 = Py (3.57)
1

which (check!) is satisfied by g(-) for 0 < 7 < 3. Since what we have is
an inequality, it will give an upper bound on the growth of A, (k) (which
is what we want), by a self-referential quantity that can nonetheless be
made explicit by the fact that we already derived a lower bound for A, (k).
To make this argument precise, fix € > 0, and let 6 > 0 depend on €

in a manner that will be determined shortly. Using (3.52) and (3.55), for
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1 < k < n?/2 and n large enough we can write

: o (n2 = AR

Ank = n ) < VTN

=2 () ;xﬂM—J+D)
12

SRR Sl

(1 - (q(t) - 62\
SH[L (W) d[+0(1)

where we denote T = k/n* as before, and where the o(1) is uniform in & as

n — oo, Taking ¢ to be sufficiently small as a function of €, we can further
upper-bound this for large n (making use of the differential equation (3.57))
by

a2
n(fo (It(l Ci(tt)) ) di+ e+ 0(1)] = n(g(@) + 3¢+ o()

= n(q(k/nz) + %e + 0(1)) <n (q(k/nZ) + e) ,

as claimed. |

Proof of Theorem 3.17 Fix 0 < 7 < 1/2, and let k = k(n) be a sequence
such that k(n) < n?/2 and k/n — T as n — oo.

]P’(|n_1A("’k) - q(k/n2)| > 6) < IF’(n_lA(”’k) —q(k/n*) < —e)
+P(n AP — gk/n?) > €)  (3.58)

The first probability on the right goes to 0 as n — co, by Lemma 3.18. The
second probability is bounded from above (using Markov’s inequality) by

e! ( STEAY q(k/nz)), and this goes to 0 as n — oo by Lemma 3.22. It
follows that the right-hand side of (3.58) goes to 0. Consequently, a sim-
ilar statement is true when considering several sequences k;(n), ..., k,(n)
simultaneously, namely that

P(max

1<j<m

n AR — gk /n?)| > e) — 0 asn — oo. (3.59)

(with m fixed). Apply this with k; = L(j/m)n?/2], (j = 1,...,m), and use
the facts that A(l"’k) is monotone nondecreasing in k and g(-) is continuous,
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to deduce that if the event max;;<,2/2 |n’1A(1"’k) —q(k/ nz)( > € occurs, then
we will also have that

max |n TAR) — q(kj/n2)| >e—0,

1<j<m
where

6=06u= sup |g(x)—q)l.
x,y€[0,1/2]
[x—yl<2/m

Since ¢ can be made arbitrarily small by taking m large enough, it follows
that (3.59) implies (3.49). ]

3.13 Proof of the limit shape theorem

We now deduce Theorem 3.6 from Theorems 3.5 and 3.17. First, we prove
a claim about convergence of individual entries of the tableau. Let € > 0
and (x,y) € [0,1]?, and denote i = i(n,x) = 1 + |[(n — Dx], j = j(n,x) =
L+ [(n— 1Dyl

Proposition 3.23 We have
P “n’zt;f = S(i/n, j/n)| > e] > 0asn— . (3.60)

Proof Denote

[ —1/2 7—-1/2
(x',y’):(’ n/ ! n/ ):<x,y)+0(n-1>,
) =(u “y)
: =)
(M/,V/) — (X'\;zy" x/\';iy’) — (M, V) + O(T’l_l).

First, note that it is enough to prove the claim when (x, y) is in the triangle
{x,y > 0, x +y < 1}, since the distribution of the uniformly random square
Young tableau T, is invariant under the reflection transformation that re-
places the entry 7/ i in position (i, j) by n*>+1 i ins1—pp and the limit shape
S (-, ) has a corresponding symmetry property S (x,y) = 1-S(1 —x,1-y).

We now divide into two cases according as whether one of x and y is 0
or both are positive. If x,y > 0, we use the following characterization of
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! ;: recall that if £, = k that means that the cell (i, /) was added to ACHA=D
to obtain A®. Thus, we can write

;= min{l <ks<n®: Vi) > v’}, (3.61)

Denote S (x,y) = s. By the definition of the limit surface S (-, -), this means
that v = g,(u), and therefore also v = g,(u’) + O(n™"). Since (x,y) lies in
the interior of the square, we also have that |u| < v2s(1 — s), that is, (1, v)
lies on the “curved” part of the curve v = g,(u) rather than the “flat” part.
In this regime of the parameters, we have the property
0g(u)
as

which implies that in a neighborhood of (s, 1), g,(x) is increasing in s (and

>0, (3.62)

note that in general g,(«) is nondecreasing in s). Denote s_ = (s —€) V 0,
s, =(s+e€)A1l,and

. (gs(u>—gs<u) g5, (1) = &5(w)
= min . .
2 2

Then we have
gs,(u) + 6 < gs(u) < gs+(u) - 6

and 6 > 0 (in fact, by (3.62) above, ¢ behaves approximately like a constant
times € when € is small, but this is not important for our purposes), and
therefore also

g (W) +6/2 <V <g,,W)—-6/2

when n is sufficiently large. Now denote k_ = [s_n*] and k, = |s,.n*], and
apply Theorem 3.5 with the parameter € in that theorem being set to ¢/2,
to see that the event

lpn,k,(u/) < V, < l//n,k+(u/)

holds with probability that tends to 1 as n — oco. But if this event holds, by
(3.61) this implies that

k. < tffj <k,,

that is, that |n#, - S(x,y)| < e. Since S(i/n, j/n) = S(x,y) + o(1) as
n — oo (by continuity of S (-, -)), we get (3.60).
Next, consider the case when one of x and y is 0, say y = 0. In this case
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J = Jj(n,y) = 1, and we use a different characterization of 7 ; in terms of the
length of the first rows of the sequence of diagrams A%, namely

1
i

= =min{l <k<n’: A" 24} (3.63)

In this case Theorem 3.17 can be invoked and combined with (3.63) using
standard e-d arguments similar to those used above to deduce that the event

|n’2tff] - r(x)| <e€ (3.64)

occurs with asymptotically high probability as n — oo, where we define
the function r: [0, 1] — [0, 1/2] by

r(x) =min{0 <7< 1/2 : g(1) = x}.

The details are left to the reader as an exercise. Finally, it is easy to check
that

1—-V1I-x2
=g = ——5—— = S0,
showing that (3.64) is just what is needed to imply (3.60). ]

Proof of Theorem 3.6 Fix € > 0. By continuity of S(:,-), thereisa d > 0
such that if we take partitions

OZXO<)C|<...<Xk=1, O=y0<y|<...<y[:1
of [0, 1] with a mesh smaller than ¢ then we have
€
max (S (pe1.Yq) = 8 0 ¥ IS (4o yper) = S Cipyp)l) < 7 (3.65)

forall 0 < p < k,0 < g < €. Fix n, fix two such partitions, and assume that
the event

{

b

n n

n=’t"

i(n,xp), j(nyg) ~

S(i(’%xp) j(n,yq))‘ <el4

EMMOSpShOﬁq34 (3.66)

occurred, where the notation i(n, x) and j(n,y) from Proposition 3.23 is
used. Then for any 1 < iy, jo < n, we can find some p,qg with 0 < p <
k,0 < g < ¢, and

i(n, xp) <ip <i(n, Xps1),  Jo < j(,y4) < Jjo < j(1,Yg41).
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Therefore by monotonicity we have that

t <t

i(n,xp), j(n,Xpe1) =

oo ‘
00 = Litnxper),jyge1)?

and thus, using (3.65), (3.66), and the fact that S (x, y) is increasing in x and
v, we deduce that also

)n_zﬂ i — SGo/n, jo/n)( <e

10,

We have shown that occurrence of the event (3.66), which by Proposi-
tion 3.23 has probability that tends to 1 as n — oo, forces the event

{ max
1<iy ,Jo<n
to occur, so this event too has asymptotically high probability, and the proof
is complete. |

i0,Jo

nt = S(io/n, jo/n)| < e}

3.14 Random square Young tableaux as an interacting particle
system

In this section we consider a new way of thinking about random square
Young tableaux as a system of randomly interacting particles. This ties the
study of this probabilistic model to a more general notion of interacting
particle systems, which are random processes consisting of a configura-
tion of particles evolving over time in a random manner according to some
set of rules. Usually the particles occupy a space with some discrete geom-
etry (e.g., a lattice or a graph), and the evolution of each particle depends
primarily on the state of nearby particles. Such systems appear naturally
in connection with many applied and theoretical problems in probability
theory, statistical physics, and other fields. We will encounter another in-
teresting interacting particle system in Chapter 4.

We start by describing the combinatorial structure of the particle system,
without specifying the nature of the probabilistic behavior. Let n > 1. We
consider n particles arranged on the discrete interval [1,2n]. Initially, the
particles occupy the positions 1, ..., n. Subsequently, particles start jump-
ing to the right at discrete times # = 1,2, .. .; at each time step exactly one
particle jumps one step to the right. The jumps are constrained by the rule
that a particle may only jump into a vacant position, and all particles re-
main in the interval [1,2n]. The process continues until all particles have
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Figure 3.10 Particle trajectories in a square Young tableau jump
process with four particles.

moved as far to the right as they can, so no more jumps may occur. At this
point, each particle has moved n steps to the right, so the total number of
jumps is n*, and the particles occupy the lattice positions in [n + 1, 2n].
Fig. 3.10 illustrates a way of visualizing an instance of such a system in
a space—time diagram that shows the trajectories each of the particles goes
through as a function of time. In this example, there are just four particles.
Let Q, be the set of possible ways in which the system can move from
the initial to the final state. It is not so important how this information is
encoded, so we omit a formal definition. Since the set €, is a finite set, we
can now add random behavior to the system by considering for each n an
element of €, drawn uniformly at random. In other words, we equip €,
with the uniform probability measure to get a probability space. Because
the system will turn out to be related to square Young tableaux, we call it
the square Young tableau jump process (or for convenience just jump
process) with n particles. Fig. 3.11 shows a visualization of such a process
of order 100; the trajectories of a few selected particles are highlighted to
give a better feeling as to the overall behavior of the process. The picture is
rather striking, and suggestive of an interesting asymptotic result waiting to
be proved. But in fact, as readers may have guessed, what we are looking at
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)

7

Figure 3.11 A square Young tableau jump process with 100
particles.

is simply a different way of visualizing a uniformly random square Young
tableau, and the asymptotic result will be just an alternative way (though
quite interesting in its own right) of thinking about the limit shape theorem
for those tableaux. To make this precise, we note that the space €, is in
bijection with the set of square Young tableaux of order n. The bijection
works as follows: for each 1 < k < n, the kth row of the tableau lists
the times during which the kth leading particle (i.e., the particle that was
initially in position n + 1 — k) jumps. This works because each particle
needs to jump exactly »n times (and each row of the tableau has » cells), and
the requirement that particles can only jump into vacant spots corresponds
precisely to the fact that the Young tableau encodes a growing sequence of
Young diagrams. For example, Fig. 3.12 shows the square Young tableau
that corresponds to the four-particle jump process from Fig. 3.10. The fact
that the first row of the tableau is (1, 3, 8, 10) corresponds to the fact that
the leading particle in the example jumped at times 1, 3, 8, and 10, which
may be seen in the picture.

We can now translate our knowledge of the asymptotic behavior of ran-
dom square Young tableaux into an interesting result on the limiting be-
havior of the jump process as n — oo.
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Figure 3.12 The square Young tableau associated with the jump
process shown in Fig. 3.10.

Theorem 3.24 (Limiting trajectories in the square Young tableau jump pro-
cess) Foreachn > 1, let X, be a random square Young tableau jump pro-
cess with n particles. For any 1 < j < nand 0 < k < n?, denote by x, (k)
the position of the particle with index j (meaning the particle that starts at
position j and ends in position n + j) at time k. Define the one-parameter
family of curves (f(1)o<v<1 by

b UCOSISI_W,

Yot) ={x+max{0<y<1:S(U-xy) <t} UCI_\/FSIS”‘/ZW,
x+1 =t << 1

(3.67)

Then, as n — oo, the scaled trajectories of the particles in the processes
X, converge uniformly in probability to the curves (W, (t))o<.<1. That is, for
any € > 0, we have that

P| max |n7'x, (k) — ¢uk/n®)| > €] = 0. (3.68)

Before proving Theorem 3.24, let us state another result that will follow
from it. One aspect of the theorem that is not immediately apparent from
looking at the formulas, but is visually obvious from the simulation picture,
is the emergence of a roughly circular curve, or interface, in the scaled
space—time square in which the process acts out its life. The area in the
interior of this curve has a ‘“chaotic” or random look to it, whereas the
behavior of the process outside the curve is deterministic (and is itself of
two types: two connected regions where particles are clustered together
in a “traffic jam” where there is no movement, and two connected regions
which are completely free of particles. In the limit the interface between the
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two types of behavior approaches the shape of the circle inscribed within
the square. We refer to this circle as the arctic circle.’

We can define the interface curve as follows. Given a square Young
tableau jump process of order n, let 7, (k) and 7, (k) denote respectively
the first and last times at which a particle k£ jumped from or to position k.
Clearly, in the time period [0, 7, (k)], nothing happens in position & (i.e., for
1 < k < nitis constantly occupied by a particle, and forn + 1 < k < 2n it
is vacant), and similarly, in the period [7;(k), n*], nothing happens in posi-
tion k. Therefore the discrete “curves” 7 (k) represent the lower and upper
boundaries of the interface. We will prove the following result as an easy
corollary of Theorem 3.24.

Theorem 3.25 (The arctic circle theorem for square Young tableau jump
processes*) Denote

@a(x) = L+ \x(1 - ).

Then for any € > 0, we have

Pl{ max im0 - ¢ (k/20)] < e}

N { max |n*27';(k) - g0+(k/2n)| < e}] —lasn— oo.
1<k<2n
The arctic circle and limiting particle trajectories in the jump process are
shown in Fig. 3.13.

Proof of Theorem 3.24 The proof is based on a representation of the po-
sition x, (k) of the jth particle at time k in terms of the random Young
tableau 7, = (t;fj fim1 corresponding to the jump process. It is easy to see
given the description above of the bijection between the two families of
objects that in terms of the tableau entries, x, ;(k) is given by

J itk <ty p-j

Xn,j(k) = { j + max {O <i<n: t:fn+1—j < k} ity 1o <k Lty e,

j+n if typs-j <k <n?
(3.69)
(the third case in this equation is superfluous and can be unified with the
second, but is added for extra clarity). Note that this is a discrete analogue
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Figure 3.13 Limiting trajectories in the square Young tableau
jump process and the arctic circle.

of (3.67). Indeed, when considering the difference

" %K) = Wk /)|

the “x” term in (3.67) cancels out the “;” term in (3.69), and we are left
with the difference of two maxima
|n*1max{0 <i<n: tffn+,__]- Sk}—max{O <y<1:80-xy <t,

with the convention that the maximum of an empty set is 0, and with the
notation x = j/n,t = k/n>. Now, Theorem 3.6 says that tlffn+1_j is (with
asymptotically high probability) uniformly close to S(1 — x,i/n) — say,
closer in distance than some ¢ > 0. It is easy to see that 6 may be chosen
small enough as a function of € so that, assuming this event, the absolute
value of the difference of the maxima will be smaller than €. We omit the
details of this verification, which are straightforward and similar to many
of the estimates we encountered in previous sections. |

Proof of Theorem 3.25 Tt is enough to note the following simple observa-
tions that express the times 7, (k) and 7, (k) in terms of the random tableau
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- n .
entries (7] j)i’ fuE

I (T
T, (k) = ’
! kn ifn+1<k<2n,
() Iy ifl <k<n,
7 (k) =

Dns1-kn ifn+1<k<2n.

For example, when 1 < k < n, 7,(k) is simply the first time at which

the particle stating at position k (which corresponds to row n + 1 — k in the

tableau) jumps. The three remaining cases are equally simple to verify. The

result now follows easily using (3.13), (3.14) and Theorem 3.6. O
Exercises

3.1 (=) Let o = (0(1),...,0(mn)) be an (m, n)-Erd6s—Szekeres permutation.

Denote o’ = (o-(mn), ...,o(1))and ¢’ = (mn+1-0(1),...,mn+1-o(mn)).

32

33
34

35

3.6

Show that ! € ES,n, 0’ € ES,,, and 0" € ES,,,. What is the effect of
each of these operations on the rectangular Young tableaux P, Q associated
with o?

(%) Show that the limit shape S (x, y) from (3.12) satisfies

S(x,x) = %(1 — cos(mrx)) O<x<).

(=) Fill in the missing details of the proof of Theorem 3.8.
(@0 %) Prove the claim, stated in the proof of Lemma 3.14, that if -1 < x < 1

then
1
PV. f vy
Law? =2w+x

where P.V. denotes an integral in the sense of the principal value.

(sp s dp) (Stanley [126]) Show that the area of the limit shape A, (defined
in (3.6)) of random Erdés—Szekeres permutations is given by 4a, where «,
the fraction between the area of the shape and that of the enclosing square
[-1, 1]%, can be expressed in terms of elliptic integrals as

1 1 _ 2
@=2 f 1 di-3 f VEBE 4y = 09454459,
0 V(1 -2)(1-(t/3)? 2.Jo 11

(sp o up) (Pittel-Romik [100]) Show that the number d,, of n X n square
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Young tableaux has the asymptotic behavior

1
do = n”/lz\/ﬂexp [nz logn + (—210g2 + 5)”2

n.n

1 log2

G 2 —C+0(1)] as n — oo,

where the constant C is given by

[ 1 1 1 1]
C= L
fo [ef—l 172 12] 2

Let A denote a Young diagram. It is easy to see that a filling of the numbers

1,...,]4] in the cells of A is a Young tableau if and only if each entry is the
smallest in its hook. Similarly, define a balanced tableau of shape A to be
a filling of the numbers 1, ..., |4] in the cells of A that satisfies the condition
that the entry in each box (i, j) is the kth largest in its hook, where £ is the
size of the “leg” part of the hook (which consists of (i, j) and the cells below
(i, j) in the same column).

(a) (ss) (Knuth [71], Section 5.1.4) Given a random filling of the numbers
1,...,nin the cells of A chosen uniformly at random from among the |1]!
possibilities, compute for each box (i, j) the probability that the entry in
box (i, j) is the smallest in its hook. Show that if we assume these events
are independent, then the hook-length formula (1.12) would follow easily.
Does this argument give a new proof of the hook-length formula? Why,
or why not?

(b) (sew) Find a bijection between Young tableaux of rectangular shape U, ,
and balanced tableaux of rectangular shape U, .

(c) (Spspsp) (Edelman—Greene [34]) Let A denote the rectangular diagram
O, with the bottom-right corner removed. Find a bijection between
Young tableaux of rectangular shape A and balanced tableaux of rectan-
gular shape A.

(d) (seepsesp) (Edelman—Greene [34]) Prove that for any Young diagram
A, the number b, of balanced tableaux of shape A is equal to d, (and
therefore is also given by the hook-length formula).

For 1 < j <n-1, denote by 7; the permutation in S,, (known as an adjacent
transposition or swap) that exchanges j and j+1 and leaves all other elements
fixed. Denote by rev,, the “reverse permutation,” given (in two-line notation)

by (}l W ’1’) An n-element sorting network is a sequence (sq, ..., sy)

such thatrev, = 74,75, ... 75, and N = (;’) (Sorting networks are also known
as maximal chains in the weak Bruhat order and as reduced decompo-
sitions of the reverse word; see Exercise 185 on pp. 400-401 of [127] and
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1 5
ZX 4
3 3
4 2
5 1

Figure 3.14 The wiring diagram associated with the five-element
sorting network (1,3,4,2,3,4,1,2,1,3). The swaps are shown as
black discs.

Exercise 7.22 on pp. 454—456 of [125].) Graphically, this means that we start
with the list of numbers (1,2, ..., n) in increasing order and successively ap-
ply swaps until arriving at the list arranged in decreasing order, a process that
can be described schematically in a wiring diagram (see Fig. 3.14). Note
that ('21) is the minimum number of swaps required to change the list from
increasing to decreasing order, since one swap is required to exchange any
twoelements 1 <i < j<n.

(a) (#e) Forany n > 1, give an example of an n-element sorting network.

(b) () Given a sorting network (s1, ..., sy) of order n, for any 1 < i <

Jj < nlet 7(i, j) be the unique time when i and j were swapped. More
precisely, let oy = 75, ...7, for 0 < k < N (where oy is the identity
permutation), and define 7(i, j) as the unique number 7 such that o _11 () <
o()and o7 (@) > o7 ()
Show that (7(i, j))1<i<j<n is a balanced tableau (defined in Exercise 3.7
above) of shape Fn =m-1,n-2,...,1) (called the staircase shape).
Conversely, show that any balanced tableau of staircase shape [, arises
in such a way from a unique sorting network.

(c) (Spspspur) (Edelman—Greene [34]) Given a Young tableau 7 of shape
A, denote the coordinates of the cell containing its maximal entry || by
(imax(T), jmax(T)).

Define the Schiitzenberger operator @ as a map that takes the Young
tableau T' = (#; ;) j)ea and returns a new Young tableau ®(T) of shape
A, described as follows. Construct inductively a “sliding sequence” of
cells (ip, jo),--.,(ig, ja) of A, where the sequence begins at (ig, jo) =
(imax(T), Jmax(T)) and ends at (ig, j;) = (1, 1), and for each k for which
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12319 21319 113410
4 |5 |10 1 10 216 |11
slide increment
6 (11 |12 > 14 |6 |12 517 |13
7 (13 |15 7 |11 |13 8 |12 |14
8 |14 8 |14 9 |15
Figure 3.15 The sliding sequence and the Schiitzenberger

operator.

(ix, jx) # (1, 1) we have

G {(ik — 1) i = Lor fr g >ty e
+15 Jk+1) =

(ik,jk —-1) ifi=1or Liclje < lig,ji—1-

Then the tableau 77 = ®(T) = (tlf’ j)(,-, jea is defined by setting

1 if @, ) = (1, 1),
f=18,+1 if (i, j) # (ix, ji) for all k,
lirjon + 11 (G, j) = (i, ja) for 1 <k < d.

In words, we start by removing the maximal entry of 7'; then pull the
cells along the sliding sequence, shifting each cell in the sequence to the
position vacated by the previous one until the cell (1, 1) is left vacant; then
increment all entries of the resulting array of numbers by 1, and finally
fill the still-vacant cell at position (1, 1) with the number 1. It is easy to
see that the result is still a Young tableau; Fig. 3.15 shows an example.
Define a map on the set of Young tableaux of staircase shape m by

EG(T) = (jimax (0®4(D)) _, o
where ®F denotes the kth functional iterate of ®. Prove that EG is a bi-
jection from the set of Young tableaux of shape F:Z to the set of sorting
networks of order n. Deduce the result, first proved by Stanley [124], that
the number of sorting networks of order n is given by

()

1n=13n-25n=3 | (2n - 3)1"

The map EG is known as the Edelman—Greene bijection.
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(s %) (Angel-Holroyd-Romik-Virdg [6]) Let S = (S,...,Sy) beauni-
formly random sorting network of order n. Show that the swap positions
S1,...,Sn are identically distributed random variables, and find a for-
mula for the probability distribution

Pg (m)=P(S1 =m) (1<m<n-1),

of the swap positions.

(#ewe) (Reiner [103]) A triple of successive swaps Sk, Sk+1, Sk+2 in a sort-
ing network is called a Yang—Baxter move if (sk, Sg+1, Sk+2) = (. j= 1, J)
for some j. Show that the number X of Yang—Baxter moves in a uniformly
random n-element sorting network S defined above satisfies E(X) = 1.

39 (ssspsr) (Angel et al. [6]) Let T = (¢ j)i<i<j<n be a uniformly random
Young tableau of staircase shape F,ll (defined in Exercise 3.8 above). State
and prove limit shape theorems analogous to Theorems 3.5 and 3.6 for the
random tableau 7. Hint: Exploit a symmetry property of random square

Young tableaux and a corresponding symmetry of their limit shapes.

3.10 (a)

(b)

(sewp) Let (x;, j):'l,jzl be an array of distinct numbers. Prove that if each
row of the array is sorted in increasing order, and then each column of
the array is sorted in increasing order, the resulting array has the property
that both its rows and columns are arranged in increasing order.

(spspsp) Let (X; J')ijl be the array described above in the case when
X;,j are independent and identically distributed random variables with the
uniform distribution U[0, 1]. Let Y = (Y;, j)Zj= | be the resulting array after
sorting the rows and then the columns in increasing order. Define a new
array T = (T}, j):l,j:l by letting T; ; be the ranking of Y;; in the array Y
(i.e., T;j = 1if Y;; is the smallest number in the array, 2 if Y;; is the
second smallest, and so on). Note that by the result of part (a) above, T is
a square Young tableau.

Investigate the properties of the random square Young tableau 7. Can
you prove an interesting (or uninteresting, for that matter) limit shape
theorem?

3.11 (wesewp) (Thrall [134]) Let 4 = (4y,...,4;) be an integer partition with
all parts distinct. A shifted Young diagram of shape A is a variant of the

ordinary Young diagram of shape A in which for each j, the jth row of A is
indented j — 1 positions to the left. For example, the shifted Young diagram
associated with the partition (10, 6,5,2, 1) is
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Given a shifted Young diagram (which we denote by A, identifying it with the
underlying partition with distinct parts), a shifted Young tableau of shape A

is a filling of the cells of A with the numbers 1, .. ., |4] that is increasing along
rows and columns. The hook of a cell (i, j) in the shifted Young diagram is
the set

HyG@, ) ={G,j)ed: j>jull,pea:i =i
U{G+1,/)ea: j>jh

(The last part of the hook can be interpreted as a reflection of the actual
hook of the cell (i, j) in an augmented Young diagram obtained by glueing A
together with a copy of A reflected along the northwest—southeast diagonal.)
The hook-length of (i, j) in 4, denoted h}(i, j), is defined as the number of
cells in the hook H’(i, j).

Prove the following version of the hook-length formula for shifted Young
tableaux.

Theorem 3.26 (Hook-length formula for shifted Young tableaux) The num-

ber g of shifted Young tableaux of shape A is given by

B !

B [T, pea 156 )

3.12 (a) (#edk)Let ?,, denote the shifted Young diagram (2n—1,2n-3,...,3,1).
Show that the number of shifted Young tableaux of shape W, s equal
to dn,

el

(b) (wewewew) (Haiman [53]) Find an explicit bijection between the set of

81

» the number of n X n square Young tableaux.
shifted Young tableaux of shape %, and the set of 1 X n square Young
tableaux.

3.13 (sesew) (Pittel-Romik [101]) Generalize the limit shape results proved in
this chapter to the case of uniformly random m X n rectangular Young
tableaux, in the case when m,n — oo such that m/n — a for some fixed
a € (0, c0).
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The corner growth process: limit shapes

Chapter summary. In Chapter 1 we discussed the Plancherel growth pro-
cess, which can be thought of as a type of random walk on the Young
graph consisting of all Young diagrams, in which a random Young diagram
is “grown” by starting with a diagram with a single cell and successively
adding new celles in random places chosen according to a certain proba-
bility distribution. In this chapter we consider another natural random walk
on the Young graph defined by an even simpler rule: the new cell is al-
ways added in a position chosen uniformly at random among the available
places. This random walk is called the corner growth process. Our analy-
sis of its asymptotic behavior will lead to many interesting ideas such as the
use of Legendre transforms, a model for traffic jams and hydrodynamic
limits in interacting particle systems.

4.1 A random walk on Young diagrams

In this chapter we study a random process called the corner growth process,'
a natural random walk on the Young graph, which, as you recall from Chap-
ter 1, is the directed graph consisting of all Young diagrams, with the ad-
jacency relation, denoted 4  u, being that of “adding a cell.” For consis-
tency with the existing literature on the subject, throughout this chapter we
will use the “French notation” (see p. 35) for drawing Young diagrams and
Young tableaux (Fig. 4.1).

Let us fix some notation. Throughout this chapter, we identify a Young
diagram A with a subset of N? corresponding to the cell positions in the
diagram, that is, the positions (i, j) that satisfy A; < j, a relation that we
now denote as (i, j) € A. Denote by ext(41) the set of external corners of A,

211
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Figure 4.1 The Young graph, French-style.

which are the positions (i, j) € N> where a new cell may be added to A to
form a new Young diagram (which we’ll denote A U {(i, j)}); and denote
out(d) = |ext(1)|, the number of external corners of A (which is the out-
degree of A considered as a vertex in the Young graph).

The definition of the corner growth process is as follows. Let (/l("))fl":1 be
a sequence of random Young diagrams such that A is the unique diagram
with one cell, and for each n > 2, A is generated from A”~" by adding
a cell in one of the external corners of AV, where the corner is chosen
uniformly at random from the available ones. Formally, the process can be
defined as the Markov chain (see p. 77 for the definition) with transition
rule

P(A" = p, | AV = gy, .20 = ) = (4.1)

1
out(ts,-1)
for any Young diagrams u; ' ... /' u, with |g;| = 1 (compare with
(1.56), and see also Exercise 1.22). Yet another equivalent way of defining
the process, in terms that will be familiar to many students of probability
theory, is that the corner growth process is the usual (nonweighted) random
walk on the Young graph that starts from the one-cell diagram at the “root”
of the graph.
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The problem we initially consider, which will occupy our attention for a
large part of this chapter, is analogous to the one we studied in connection
to the Plancherel growth process in Chapter 1, namely that of understand-
ing the shape of the Young diagram A that is typically observed as n
grows large. Fig. 4.2(a) shows a simulation of 4™ for n = 1000. Once
again, we have an interesting limit shape phenomenon, where as n — oo
the typical shape of the diagram converges to a limiting shape, shown in
Fig. 4.2(b). The precise result, which was proved by Hermann Rost [110]
in 1981, is as follows.

Theorem 4.1 (Limit shape theorem for the corner growth process) Fora
Young diagram A, let set, denote the planar set associated with A, defined
in (1.57). Let (/1(”));’:’:1 denote the corner growth process, and define a set
Acc by

ACG:{(x,y)€R2 cxy>0, Vx+ WS61/4}.

125et,m converges in probability to

As n — oo, the scaled planar set n~
the set Acg, in the same sense as that of Theorem 1.26. That is, for any

0 < € < 1 we have that
1
IP’((I — €)Acg € —set;m C (1 + E)ACC,) — lasn — oo,
\Vn

It is easy to verify that the set Acg has area 1, which is to be expected,
since sety» has area n and we scale both axes by 1/ +/n to get the conver-
gence. The equation Vx + /y = 6!/ for the curved part of the boundary
is symmetric in x and y, which is also not surprising, since the symme-
try is already inherent in the combinatorics of the corner growth process.
Rewriting it in terms of the Russian coordinates (1.23) gives, after a short
computation, the equation

v=§+Lu2 (Iuls \/§)

2V3
which shows that the curve is a parabola.

It is interesting to note that Rost’s motivation for considering the corner
growth process came from his study of a certain interacting particle sys-
tem (which will be discussed in Section 4.7) and was unrelated to longest
increasing subsequences. Indeed, the developments in this chapter will not
make any reference to this subject, which has been our focus in earlier
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() (b)

Figure 4.2 (a) A random Young diagram of order 1000 sampled
from the corner growth process. (b) The limit shape Acg of
Young diagrams in the corner growth process. The curved part of
the boundary is an arc of a parabola, described by the equation

Vit A5 =64

chapters. However, the mathematics that grew out of the analysis of the
corner growth process, aside from being quite interesting in its own right,
turned out to have direct relevance to the study of longest increasing sub-
sequences, in two separate ways. First, the methods developed to prove
Theorem 4.1 inspired a new approach (sometimes referred to as the “hy-
drodynamic” approach) to the study of longest increasing subsequences,
that led to a new proof of Theorem 1.1 on the asymptotics of the max-
imal increasing subsequence length in a random permutation and to ad-
ditional new results. We will not cover these developments here; see [2],
[52], [116], [117], [118] for more information. Second, it turned out that
certain quantities associated with the corner growth process — the so-called
passage times, defined in Section 4.3 below — actually correspond to maxi-
mal increasing subsequence lengths in random words over a finite alphabet
(which differ from permutations in that they can have repetitions). This ob-
servation led to a new and very fruitful avenue for exploration, the results
of which are described in the next chapter.

In the next section we begin the analysis that will ultimately lead us to a
proof of Theorem 4.1. A crucial first step will be to redefine the notion of
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time in the process, replacing the discrete time variable n with a continuous
parameter .

4.2 Corner growth in continuous time

We now define a continuous-time random process (A(?)),»o that takes val-
ues in the set P* of Young diagrams and is equivalent to the original process
(A™)% |, up to the time parametrization. We show two ways of doing this,
and prove that they are equivalent. The first is a general construction that
is simple to define, but will add little to our understanding. The second is a
more elaborate construction that will provide much better insight into the
corner growth process and will play a key role in our subsequent analysis
of it.

We start with the simpler method. There is a general recipe to turn a
random walk on a graph into a continuous-time process such that the se-
quence of sites it visits is a realization of the original random walk, and
such that the new time parametrization is natural in a certain sense (that
is, in technical language, the process is a Markov process). We do not
need the general theory here, so we simply give the construction in our
specific case. Let (1), be the original corner growth process defined
above, where (for reasons of future convenience) we now consider the pro-
cess to start at n = 0 and set A to be the empty partition @ of order 0. Let
(X)) ep+ be a family of independent random variables, independent of the
process (/l(”));‘;o, such that for each A, X, has the exponential distribution
Exp(out(1)). (For the empty partition we define out(Q) = 1.)

Now construct an increasing sequence of random variables (S )", de-
fined inductively by setting Sy = 0, and for each n > 1, letting S, be

defined conditionally on the value of 1™ by
S,=S,1+X, ontheevent{A” =1}, (A1ePm). (4.2)

The idea is that X, represents the time it will take the (n + 1)th cell to be
added to the random partition A" = A, and that the rate of growth (which is
the parameter of the exponential random variable), is equal to the number
of possible corners where growth can occur, rather than being constant
as in the original discrete-time parametrization. The random variable S,
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represents the total time since the beginning of the process until the nth
cell is added to the diagram.

The continuous-time random walk is now defined as the family (A(?)),»0
of random Young diagrams given by

A@) = AP ifS,<t<S,.

Note that A(z) is defined only on the event that ¢ < sup, S,. Since it is not
a priori obvious that the sequence S, is unbounded, set A(¢) to be some
special symbol, say co, if > sup, S, but this is unimportant, since we will
show shortly that in fact sup, S, = co almost surely, which means that A(f)
is a well-defined random Young diagram for all ¢ > 0.

This definition of the continuous-time random walk follows a standard
recipe from probability theory, but the method is so general that it offers
little insight into our specific problem. In particular, it does not explain
why we should expect the continuous-time version of the process to be
any easier to understand or analyze than the original discrete-time process.
Our second construction is better tailored to the problem at hand, and will
make much clearer the benefits to be gained from the transition to continu-
ous time. Before introducing it, we should note that this is an example of a
more general principle at work, which is the notion of replacing a “global”
or “centralized” randomness with a “local” or “decentralized” type of ran-
dom behavior. This comes up frequently in probability theory. For example,
Hammersley’s idea, discussed in Section 1.4, of replacing a set of n uni-
formly random points on a rectangle with a Poisson point process (which is
related to the “Poissonization” concept we also encountered in Chapter 2),
falls broadly into this line of thinking. The problem with a set of n ran-
dom points on a rectangle is that when we restrict the set to a subrectangle,
whose area is some fraction « of the original rectangle, we get a set with a
random number of points, which is only approximately equal to an. Thus,
the original process does not scale nicely. The move to a Poisson point
process made things simpler, since it created a situation in which, in a very
definite sense, each infinitesimal rectangle [x, x+dx] X[y, y+dy], makes an
independent random choice as to whether or not it will contain a Poisson
point. In this sense, the Poisson process has a “local” type of randomness.

We now wish to apply the same philosophy to our current setting, and
replace the corner growth process as we defined it by a variant in which the
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growth of the Young diagram happens in a “local” way. The way to do this
is as follows. We equip each cell position having coordinates (i, j) € N?
with a random “clock” that will tell it when to add itself to the growing

00

sequence (/l(”))n , of Young diagrams. Of course, the rules of growth must

respect the constraints of the process, namely the requirement that a cell
can be added only once it becomes an external corner of the existing Young
diagram (i.e., once the cell to its left is already part of the Young diagram
if j > 1, and the cell below it is part of the Young diagram if i > 1). So, we
will set things up so that each cell’s clock only “starts running” once this
condition is satisfied. Furthermore, we also want the competition between
the different clocks to be “fair” so that the resulting family of growing
Young diagrams grows according to the correct dynamics prescribed by
the growth rule (4.1), with the continuous time parametrization also cor-
responding to our previous construction. The correct way to satisfy these
requirements turns out to involve the use of i.i.d. exponentially distributed
random variables for the clock times.

To make this more precise, let (7; ;); jen be a family of i.i.d. random vari-
ables with the exponential distribution Exp(1). We call 7; ; the clock time
associated with position (i, j).> We define by induction a sequence of ran-
dom Young diagrams (/1(”)):":0 and a sequence of random variables (7)), .
where, analogously to the sequences (1),
ous construction, u™ will represent a randomly growing Young diagram

and (S ), from our previ-

after n growth steps, starting from the empty diagram, and 7, will denote
the time at which the nth growth step occurred. We also denote by (i,, j,)
the position where the growth occurred in the (n + 1)th step, that is, such
that g™V = u™ U {(iy, ju)}.

Set Ty = 0, u© = 0 (the empty diagram), and if 7} and u® are defined
for all k < n, then T,,,; and u"*" are defined as follows. For each cell po-
sition (i, j) € N2, let (i, j) be the minimal index k > 0 for which (i, j) was
an external corner of u®. Given the sequence u©, ..., u™, this is defined
at least for cells that are in u™ or that are external corners of u™. Now set

(ins Ju) = argmin Ty + i) 1 (o j) € ext(u™)}, 4.3)
T,H] = min {Tk(i,j) + Tij : (l, ]) S ext(/x(”))}

imsjn) T Tinjins 4.4)
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w1 =l Uy ) (4.5)

Note that the argmin in the definition of (i,, j,) is almost surely well
defined. For example, it is well-defined on the event that all the sums of
the form 3} ea 7ij, Where A ranges over finite subsets of N2, are distinct,
and this event has probability 1. So (u™)>, and (T, are well-defined
random processes.

Lemma 4.2 The sequence T, is increasing, and almost surely T, — oo

asn — oo,

Proof If k(iy, j,) = nthen T,y = T, + 7;,j, > T,. On the other hand, if
Kk(iy, ju) < n, that is, (i,, j,) was already an external corner of u~V, then
(in, ju) already participated in the minimum defining 7,, so we must have
(ip-1 ju-1) # (in, ju) (otherwise (i,, j,) will have been added to u" and
would have been a cell, not an external corner, of u™), and therefore (by
the definition of (i,_, j,_1))

Tt = Tatinj) + Tinijn > Titinroju) + Tintijur = I

This proves that T, is increasing. To prove the second claim, observe that
we have the lower bound

T, > max E T1,j» g Til]>
1<j<p” 1<i<(u®);

where u(ln) and (,u(”))’1 are the lengths of the first row and first column of
1™, respectively, which is easy to prove by induction. Since either the first
row or the first column of 4™ must be of length at least | v/n], we get that

Z T1,j» Z Ti,l]a

1<j<n 1<i<+n

T, > min

and this implies that 7,, — oo almost surely as n — oo by the law of large
numbers. =

Now, as with the first construction, define a family (®(¢));»o of random
Young diagrams, by setting ®(r) = u™ if T, < t < T,,,. Because of the
lemma, ®(t) is defined for all # > 0. This completes our second construction
of a continuous-time version of the corner growth process.
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We now want to prove the equivalence of the two constructions. The
following lemma will do most of the necessary heavy lifting.

Lemma 43 Letn > 1, and let @ = vO 2y 2 . 2y pe q
deterministic sequence of Young diagrams. Define an event

E=1{u?=y9 j=0,...,n}. (4.6)
Then, conditioned on the event E, the set
{Tk(i,j) — Tn + Ti,j N (l, ]) S eXt(V(n))}

is a family of i.i.d. random variables with distribution Exp(1) which is in-
dependent of the family

{Tpq (P € vy,

Proof Denote K = ext(v™). Start by noting that the occurrence of the
event E can be decided by looking at the family of random variables T =
(7i )i, jevmuk (in measure-theoretic terminology, E is in the o-algebra gen-
erated by 7), which we will think of as being a vector made up of two parts,
Writing T = (Tin, Tou) Where Tiy = (T,.0)(p.pevm and Touw = (Ti )i jrek -

Furthermore, inside the event E, the random variables «(i, j) for any
(i, j) € v™ U K are constant, and the random variables T, ..., T, are de-
termined by the 7;, component (it is easy to see that each T} is a sum of
some subset of the coordinates of 7y, that is determined by the sequence
vO 2 v So, we can represent certain conditional probabilities
given the event E as integrals on the configuration space of T, which is the
space Q = R7"UK = R”” x RX (where R, = [0, c0)), relative to the proba-
bility measure M(dt) = [[; jeymux m(dt; ;) where m(dx) = e *1g, (x) dx is
the Exp(1) probability distribution on R, . The event E itself can be thought
of (with a minimal abuse of notation) as a Borel subset of Q.

Now comes a key observation, which is that, although the occurrence of
E depends on both the parts 7;, and 7, of 7, the dependence on T, is a
fairly weak one, in the following precise sense: if (Tiy, Tour) € E, then we

/

will also have (ti,, 7,,) € E precisely for those 7,

= (T,l'yj)(i,j)el( whose
coordinates satisfy

Tz",j >T,— TK(,',]') for all (i, J) eK

(where T, T ) are evaluated as a function of the first component t,; see
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the comment above). The reason for this is that if these inequalities are
satisfied then by the definitions (4.3)—(4.5) the value of the argmin (i, ji)
will not change for any 1 < k < n — 1, so we remain inside the event E.

It follows from this discussion that E has a kind of “skew-product” struc-
ture; more precisely, there is a Borel set A C Rf") such that

E = {(T ins Tout) = ((Tp.g)(p.gyevos (Ti )i jpek) © Tin € A

and 7;; > T, — Ty for all (i, j) € K}'

This can be immediately applied to our needs. Let B be a Borel subset of
Rf") and let (#; ;) jex € RX. For each (i, j) € K, define a random variable
X;jby X;; = Tuij — Tn + 7ij. Let X denote a random variable with the
Exp(1) distribution. We have

IP;|: ﬂ {Xi,j > ti,j} N {Tin S B}‘E:|

(i.))eK

(tn € BOAYO () (rij > 1+ T - Tm‘,»}]
@i,))eK

1
55 S, [1 e

P.g)ev™

X f . f 1_[ m(dT,;j)
H(i,j)eK[l[.j+Tn_TK(L/)’OO) (i.))ek
= exp (— Z fi,j]

(i.))ek

1
X % f . Lm eXp[ Z (T — T,l)] l_[ m(dt,,)

(i.)ek (p.g)ev®
=[] px>np
(i)ek

1
X @ f . .‘fl;mA exp[ Z (TK(,',J') - Tn)} 1_[ m(dT,,,q).

(i,)eK (p.g)ev™

= @P[

This is exactly what was needed to prove the claim of the lemma, since we
showed that the conditional probability decomposes into the product of two
parts, the first of which is the product of the exponential tail probabilities
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P(X > t; ;), and the second part depending only on the set B and not on the
numbers f; ;. o

Theorem 4.4 The two constructions are equivalent. That is, we have the
equality in distribution of random processes

(AD))z0 = (D)0 -

Proof The claim is clearly equivalent to the statement that
® ¢\ L(,m 17\°
(/l > Sn)n:1 - (,Ll > Tn)n:

and by induction it is easy to see that it will be enough to show that

1,

for each n > 0, the conditional distribution of (u"*",T,,; — T,) given
u®, T)p_, coincides with the conditional distribution of (A™*Y, S, —S,)
given (A%, S 1.

Fix deterministic partitions @ = v® ... 7~ v Asin Lemma 4.3, let
K denote the set of external corners of v and let E be the event defined in
(4.6). Let D be a Borel subset of the set {(#1,...,1,) : 0 <t <t <...<t,}
with positive Lebesgue measure, and denote B = EN{(Ty,...,T,) € D}.
By Lemma 4.3, the conditional distribution of the family of random vari-
ables {T\; ;) — T, + 7 : (i, j) € K} given the event B is that of a family
of i.i.d. Exp(1) random variables. Furthermore, rewriting (4.3) and (4.4) in
the form

(in, jn) = argmin{T ;) — T, + 7ij = (i, J) € ext(u™)},
Tn+l - Tn = min{TK(,"j) - Tn + Ti,j : (l, ]) c eXt(/.t(”))},

we see that the (n + 1)th growth corner (i,,, j,) and the (n + 1)th time incre-
ment T,,; — T, are precisely the argmin and the minimum of this family,
respectively. By a well-known and easy property of exponential random
variables (see Exercise 4.1), the argmin and the minimum are indepen-
dent, the argmin is a uniformly random element of K, and the minimum
has distribution Exp(|K]|). But this is exactly what we needed, since, by the
definitions (4.1) and (4.2), the conditional distribution of (1", S,,1 — S,)
conditioned on the event {1¥ = v j = 0,...,n} N {(S1,...,S,) € D}
analogous to B is also that of the diagram A™ grown by adding a uniformly
random external corner, and an independent time increment that has the
exponential distribution Exp(|K]). This establishes the inductive claim and
finishes the proof. O
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From now on we use just the notation (A(?)),»o (and the related quanti-
ties A, T,) for the corner growth process in continuous time, and think of
A(?) as being defined by the formulas (4.3)—(4.5) of the second construc-
tion. Note that A” and T,, can be recovered from (A(f)),so via the obvious
relations

T, =inf{t >0 : |A(?)| = n}, 4.7)
A" = A(T,). (4.8)

Having reformulated the process, we can now reformulate the limit shape
theorem which will be our main goal.

Theorem 4.5 (Limit shape theorem for the corner growth process in contin-
uous time) Let (A(?))»¢ denote the corner growth process in continuous
time, and define

Aco={(xy) R : x,y20, Vx+ y<1). (4.9)

As t — oo, the scaled planar set t™'sety(, converges in probability to the
set Acg. That is, for any 0 < € < 1 we have that

P((1 - ©)Ac € 1 'seta) € (1 + O)Acg) > last — oo, (4.10)

Since Acg is obtained by scaling the set Acg, which has area 1, by a
factor 1/ V6, the area of Acg is 1/6. So as a trivial corollary to (4.10) we
would get that tlzlA(t)| — % in probability as ¢t — oo. Note that |A(T},)| =
|A®| = n, so if we were allowed to set 1 = T, in the relation |A(f)| ~ +*
we would also get that T, ~ V6n. This argument is made precise in the
following lemma.

Lemma 4.6 T,/ V6n — 1 in probability as n — co.

Proof (assuming Theorem 4.5) Fix some 0 < € < 1. For any ¢ > 0, if the
event

C, = {(1 = ©Acq € 1 'setry C (1 + ©Acc)

occurred, then

2 2
a —6)2% <IAG®) < (1 +e)2%. @.11)
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Given an integer n > 1, define numbers t_ = t_(n), t, = t.(n) by
1
t_ = " Vo(n — 1),
€

1
——/6(n+1),
1-€

Ly

sothatn — 1 = (1 +¢€)?*/6and n+ 1 = (1 — €)*#2/6. We then have that on
the event D, = C,_ N C,,, the inequalities

A | =n—1, Al <n+1

hold. Combining this with (4.7) (and the fact that the 7, are increasing)
gives that # < T, < t,. In other words, we have shown that

1 n-—1 T, 1 n+1
<

<
l+¢€ n Vvon l-€ n

on the event D,,, for which we also know that P(D,)) — 1 asn — oo. Since €
was an arbitrary number in (0, 1), this clearly implies the claim. |

The next few sections are devoted to the proof of Theorem 4.5. To
conclude this section, we prove that the limit shape theorem for the cor-
ner growth process in continuous time implies the result for the original
discrete-time process.

Proof of Theorem 4.1 assuming Theorem 4.5 Fixan 0 < € < 1. Let0 <

0 < 1 be anumber such that (1+6)> <1+eand(1 -6 >1—-€e.Forn>1
let E, denote the event

T,
E,={1-0<—<1+6
{ Vén }

~ 1
N {(1 —0)Acg C msetl\((l_@@)}

1 ~
n {msetA((Hé)@) c(+ 6)ACG}_

By Lemma 4.6 and Theorem 4.5, P(E,) — 1 as n — co. Furthermore, on



224 The corner growth process: limit shapes

the event E, we have that

1 1
—set;m = —set —set
\/ﬁ A \/— AT, & \/— A((1+6) V6n)
=(+9) \/_—set ”
1+6)\/6_n A((1+6) Vén)

C (146> V6Acg = (1 +6)*Acg € (1 + €)Acq.

By similar reasoning, we also have that %set 1 2 (1 — €)Acg on the event

E,, so the result is proved. O

4.3 Last-passage percolation

The next step in our analysis will involve yet another way of thinking about
the continuous-time corner growth process, using an elegant formalism
known as last-passage percolation (also known as directed last-passage
percolation; see the box opposite for a discussion of this terminology and
its connection to a more general family of stochastic growth models). The
idea is that instead of focusing on the shape of the diagram A(¢) at a given
time 7, we look at a particular position (i, j) € N? and ask at which point
in time the cell at that position was added to the growing family of shapes.
That is, we define random variables

GG, j)=inf(t>0: (L) e A®)  (.j= D),

and call G(i, j) the passage time to (i, j).
One of the benefits of working with the passage times G(i, j) is that they
satisfy a nice recurrence relation.

Lemma 4.7 The array (G(, j))i j»1 satisfies the recurrence
G, )=7i;+GGi-1,) VGG j-1), (4.12)
with the convention that G(i, j) = 0ifi =0or j = 0.

Proof The quantity G(i— 1, j) V G(i, j— 1) represents the first time  when
both the cell positions (i — 1, j) and (i, j — 1) belong to the growing shape.
Equivalently, this is the first time at which (i, j) becomes an external corner
of A(r). That is, in our earlier notation, we have

G(l—l,])VG(l,_] 1)_ k(i,j)+
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Last-passage percolation and stochastic growth models

Last-passage percolation belongs to a family of stochastic growth models
that are widely studied in probability theory. One can consider such models
on a lattice such as 72,73, and so on, or more generally on any graph. For
illustration purposes we focus on Z? here. The idea is that an “infection”
starts out occupying some of the sites in the lattice, and proceeds to infect
other nearby sites over time according to some probabilistic rules. Thus, the
set of infected sites at any given time forms a random “shape” that evolves
over time.

The models vary according to the specifics of how the infection spreads.
In first-passage percolation, each site of the lattice has a random clock,
independent of all other clocks — formally, a nonnegative random variable
drawn from some distribution — telling it when to become infected, and the
clock starts ticking as soon as one of the neighboring sites becomes in-
fected (in some versions of the process, the clock times are associated with
the edges rather than sites of the lattice). In directed first-passage perco-
lation, the infection spreads only in two directions, east and north, so the
rule is that a site’s clock starts ticking as soon as the site below it or the
site to its left is infected. In last-passage percolation — the growth model
we are considering, which is defined only in the directed setting — the site
can become infected only once both the site to its left and the site below it
have become infected (the directed models are usually considered as taking
place in N2, with the sites in Z? \ N? being initially infected).

Another degree of freedom involves the choice of probability distribu-
tion for the clock times. Although it is most natural to consider exponential
or geometric clock times, due to the “lack of memory” property of these
distributions, one can consider arbitrary distributions. Many other variations
and generalizations (to other graphs, different infection rules etc.) have been
considered in the literature. For more details, see [15], [86].

Similarly, by the definition of G(i, j) we can write
GG, J) = Ty

where (i, j) is defined as the minimal index n > 0 for which (i, j) € A"
when i, j> 1,oras 0ifi < 0 or j < 0. So (4.12) reduces to the claim that
Tyij = Tuij + 7ij. That this is true can be seen by conditioning on the
value of y(i, j): for any n > 0, the equality holds on the event

{Gn-15 Ju-1) = (G DY = {y(Q, ) = n},
by (4.4). This finishes the proof. O
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The recurrence (4.12) will be one of the main tools in our analysis
of the corner growth process. There is yet another useful way of look-
ing at the passage times. It turns out that the recurrence can be solved,
leading to a more explicit, nonrecursive expression for the passage times.
In fact, this expression also suggests defining a larger family of random
variables G(a, b; i, j) that generalize the passage times G(i, j). The idea
is as follows. Given two lattice positions (a, b), (i, j) € N?, denote the
partial order (a,b) < (i,j) if a < i and b < j, as in Section 1.4. If
(a,b) < (i, )), let Z(a,b;i, j) denote the family of lattice paths of the
form (po, qo), (P1,41), - - . » (Pr» qx) Where (po,qo) = (a,b), (pr,qr) = (i, j)
and (pes+1,9e+1) — (Pe-qe) € {(1,0),(0, 1)} for all ¢ (and necessarily k =
i—a+ j—b). We refer to the elements of Z(a, b; i, j) as up-right paths
from (a, b) to (i, j) (see Fig. 4.3 for an illustration). Now define

k
G(a, b3 i, j) = max {Z Tpae © (o0 € Z(a, b3, j)}. (4.13)
=0
We will refer to G(a, b; i, j) as the passage time from (a, b) to (i, j). We
also define G(a, b, i, j) as 0 if i < a or j < b. The similarity in notation
and terminology to the earlier passage times, and the connection to the
recurrence (4.12), are explained in the folowing lemma.

Lemma 4.8 For all (i, j) € N*> we have G(i, j) = G(1, 1; 1, j).

Proof Itis enough to observe that the family (G(1, 1; 1, j)); j»1 satisfies the
recurrence (4.12) (with a similar convention that G(1, 1;i, j) = 0ifi = 0 or
j = 0). The reason for this is that the sum Y5_, 7, ,, in the maximum defin-
ing G(1, 1; i, j) always contains 7; ; as its last term, and after removing 7; ;
one is left with a maximum of sums Y};_) 7,4, over all up-right paths from
(1, 1) to either of the two positions (i — 1, j) or (i, j — 1). This corresponds
exactly to the maximum G(i — 1, j) V G(i, j — 1) in (4.12). m|

Note that for any initial and end positions (a, b) < (i, j), G(a, b; i, j) is
equal in distribution to the “simple” passage time G(i—a+ 1,j—-b + 1),
so the generalization may not seem particularly far-reaching; however, we
shall see that considering the more general passage times is nonetheless
helpful.

Another observation that we will use is the trivial fact that G(a, b; i, j)
is monotone nonincreasing in (a, b) and nondecreasing in (i, j), that is, we
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o—»~0(6,5)

(1,1) e—>0—»o

Figure 4.3 An up-right path from (1, 1) to (6, 5).

have
G, b';i,j) =2 Ga,b;i, j) <Ga,b;i', j) (4.14)

whenever (a’,b’) < (a,b) < (i, j) < (@, J).

The process of passage times (G(i, j)); j>1 has many remarkable proper-
ties. One notable result is an explicit formula for the marginal distribution
function of G(i, j) for each (i, j), which we discuss in the next chapter.
This formula relates G(i, j) to maximal eigenvalue distributions from ran-
dom matrix theory and has other useful and surprising consequences. In
this chapter we use other nice properties of the passage times to derive our
limit shape theorem for the corner growth process. A key idea, which we
now introduce, is to compare the passage times with those of a modified
“slowed-down” version of the growth process.

The idea is as follows. Fix a parameter 0 < @ < 1. We augment the array
of clock times (7;); j>1 With additional clock times in the row and column
with index 0, by letting 74, (ti0)i»1, (70,/)j=1 be a family of independent
random variables, independent of the existing 7; ;, whose distributions are

given by
Too =0, (4.15)
7i0 ~ Exp(a@) (iz1), (4.16)
T0;~Exp(l-) (21 (4.17)

With these new clock times, we consider the passage times in (4.13) as
being defined for any a, b, i, j > 0. For i, j > 0, denote

G.(@, j) = G(0,0; 1, j).
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We refer to G,(i, j) as the slowed down passage time to (i, j) with pa-
rameter «. (Note that the value of o will be fixed throughout most of the
discussion, until a crucial moment at which we optimize a certain inequal-
ity over all values of @. To avoid tedious language and notation, we usually
speak of the process of slowed down passage times without explicit men-
tion of the value of @, and similarly omit @ from the notation for various
quantities where there is no risk of confusion.) The terminology is justified
by the fact that

G(, j) < Gu(i, j) (4.18)

(a special case of (4.14)). Another, more precise, connection between the
original and slowed down passage times is given in the relation

Ga(k, 0) = max {G, (i, 0) + G(i. 1:k,0))

v max {Go(0, ) + Go(1, jik,0) (k{2 1), (419)
<Jj<

which follows directly from the definition (4.13), encoding the fact that
an up-right path from (0, 0) to (k, £) must travel a certain number of steps
along either the x- or y-axes before visiting a point of the form (i, 1) or
(1,i) with i > 1. Note that the slowed down passage times (G,(i, j))i j>o
also satisfy the recurrence (4.12) for all 7, j > 0, except of course that the
values along the x- and y-axes are not zero.

Our next goal is to reach a good understanding of the behavior of the
slowed down passage times (G,(i, j))i j=0. We pursue this in the next sec-
tion. When combined with the relations (4.18) and (4.19), these insights
will later allow us to analyze the original passage times and eventually to
prove the limit shape result.

4.4 Analysis of the slowed down passage times

Consider the increments of the slowed down passage times G,(i, j) in the
x- and y-directions, namely

X, j) = Goliy J) = Gali — 1, j),

Y(@Q, ) = Go(i, j) = Go(i, j = 1),

The next lemma recasts the recurrence (4.12) into a new form involving
the arrays (X(i, /)i j»0, (Y (i, /)i js0-

@ j=0).



4.4 Analysis of the slowed down passage times 229

Lemma 4.9 For a real number s denote s* = sV 0. The increments X(i, j)
and Y (i, j) satisfy the recurrence relations

X, p)=1,;+X>Gj-1)-Y0-1,), (4.20)
Y, )=71,;+X0—-1,)—- X4 j-1)". (4.21)

Proof Using (4.12) we can write

X6, ) = 7ij+ Goli = 1, )V Golis j = 1) = Goli = 1, )
=Tij + (Go(i,j = D = Guli = 1, /) VO
=7, +XG@j-D-Yi-1,/) V0
=Tij+ XGj-D-YG@-1)))"

A symmetric computation for Y (i, j) yields (4.21). O

The next lemma states a curious distributional identity that gives a hint
as to why the new recurrences (4.20), (4.21) may be interesting.

Lemma4.10 Let0 < a < 1. Let X, Y, Z be independent random variables
such that X ~ Exp(a), Y ~ Exp(l1 — @) and Z ~ Exp(l). Define three
random variables U, V, W by

U=Z+X-Y),
V=Z+¥-X)",
W=XAY

Then we have the equality in distribution (U, V, W) < X,Y, 7).

Proof The joint density of X, Y,Z is fxyz(x,y,2) = a(l — @)e™ @~ (1=on=,
For the transformed vector (U, V, W) we can write (U,V,W) = T(X,Y,Z)
where T': [0, )3 — [0, 00)? is the transformation

,Z+y—Xx, if x <y,
(u,v,w) = T(x,y,2) = @zty=xx) _ =Y (4.22)
(z+x-y,zy ifx>y.

Note that u < v if and only if x < y, that T is a piecewise linear map,
and that 7 is invertible and satisfies T~! = T (check this separately for
each of the two linear maps). In particular, the Jacobian of 7' (which is the

determinant of the linear maps) is +1. By a standard change of variables
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formula from probability theory ([111], Theorem 7.26), the joint density of
U, V, W is given by

Sxvzow,w+v—u,u) ifu<v,

Sxyzw+u—-v,w,v) ifu>v.

Fovw@,v,w) = fyyz (T (u,v,w)) = {

From this it is easy to check directly that fyvw(u,v,w) = fxyz(u,v,w) for
all u,v,w > 0. m]

A doubly infinite path ((i,, j,))ez in (N U {0})? is called a down-right
path if for any n € Z we have (i, j,) — (i,—1, ju-1) € {(1,0), (0, —1)}. We as-
sociate with every such path a family (W,,),cz of random variables defined
by

(4.23)

W, = X(imjn) if (in’jn) - (in—ly.jn—l) = (lao)a
Y(in—l’ jn—l) if (in’ ]n) - (in—l»jn—l) = (07 _1)

Lemma 4.11 For any down-right path ((i,, ju))nez, the family (W) ez is
a family of independent random variables, and for each n the distribution
of W, is given by

W, ~ Exp(a') if(in’jn) - (in—lajn—l) = (1? 0)’
EXP(I - a) lf(in’ ]n) - (in—lvjn—l) = (Oa =D).

Proof We prove this first for paths which straddle the x- and y-axes, that
is, have the property that for some M > 0,i, = 0if n < -M and j, = 0
if n > M. Such a path can be thought of as tracing out the boundary of a
Young diagram v, as illustrated in Fig. 4.4. The proof will be by induction
on the size of v. For the empty diagram, we have

(Wnez = 1{X(,0),i = 1,2,...3 U{Y(, ), j=1,2,...}.

Since X(i,0) = 7;p and Y(0, j) = 79, the claim is true by the definitions
(4.15)-(4.17).

Next, assume the claim is true for v, and let u be a Young diagram such
that v " u. Since u is obtained from v by adding a cell which has its top-
right corner at some position (i, j) € N2, the lattice path associated with
p will be obtained from the path of v by replacing a triple of successive
points of the form (i — 1,),(i — 1,j — 1),(i,j — 1) with the triple (i —
1, ), (, j), (i, j—1) (see Fig. 4.4). So, in the family (W,,),cz associated with v
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(i1, j=]D)

(0,0) l—»o—»o

Figure 4.4 A down-right path straddling the x- and y-axes traces
out the boundary of a Young diagram. Adding the cell with
top-right corner (i, j) will result in a new Young diagram
associated with a new down-right path.

(which satisfies the inductive hypothesis), the variables Y(i—1, j), X(i, j—1)
will be replaced with X(i, j), Y(i, j) to obtain the new family associated
with u. By the recurrences (4.20), (4.21), the new variables are obtained
from the old ones exactly according to the recipe of Lemma 4.10 (where
the input for the “Z” variable is 7, ;, which is trivially independent of the
family (W,),cz). We conclude using the lemma that the random variables
in the new family are all independent and have the correct distributions.
To conclude, note that for a general down-right path ((i,, j,.))uez, any
finite subpath ((i,, j.))-m<n<y is shared with some path from the class dis-
cussed above. It follows that the claim of the lemma is true for any finite
subset of the variables (W,,),cz, but then it is also true for the entire fam-
ily since the distribution of a random process is determined by its finite-
dimensional marginals. O

From Lemma 4.11 it follows in particular that for any fixed j > 0, the
x-increments along the jth row (X(i, j));2, form a family of i.i.d. random
variables with distribution Exp(«), and similarly, for any fixed i > 0, the y-
increments along the ith column (Y (i, j))j.‘; , form a family of i.i.d. random
variables with distribution Exp(1 — «). This has several important conse-
quences. First, since the slowed down passage time G, (i, j) can be written
as the sum of increments G,(i, j) = 22:1 X(k,0) + Z’::] Y(i,?), it follows
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immediately that its expected value is given by

EG,G, j) = ~ + ——. (4.24)
a l-a
Second, combining (4.24) with the relation (4.18) and setting @ = 1/2 gives

the rough bound
EG(@, j) <23+ ) Gj=1), (4.25)

for the rate of growth of the original passage times, which will also be use-
ful later. Third, we have the following important result about the asymptotic
behavior of the slowed down passage times.

Theorem 4.12  Denote ¥, (x,y) = 5 + ﬁ For any x,y > 0 we have the
almost sure convergence

%Ga(l_nxj, lny]) = Yo(x,y) as n — oo. (4.26)

Proof Use the representation G, (i, j) = 22:1 X(k,0) + Zézl Y (i, ¢) with
i = |nx], j = [ny]. For the first sum, the strong law of large numbers gives
the almost sure convergence ’11 Z;c=1 X(k,0) —» x/a as n — oo. For the re-
maining sum %Zézl Y(i,¢), the strong law of large numbers in its usual
form does not apply, because the variables over which we are summing
change with n. Nonetheless, % é:1 Y(i, ) is an empirical average of i.i.d.
Exp(1) random variables, so we can go “under the hood” of the machin-
ery of probability theory and use standard estimates from one of the proofs
of the strong law of large numbers. According to this estimate (see Exer-
cise 4.3), there is a constant C > 0 such that for any € > 0 we have

1 & y 1 & y
Pl- > Y@, ¢) - - > Y(0,¢) - < 5.
(n; @5 l-a n; ©.9 —a| €|= e

By the Borel-Cantelli lemma this implies that almost surely % Zé:l YGi,¢) —»

>e)=P

y/(1 — @) as n — oo, and completes the proof. m]

4.5 Existence of the limit shape

In this section we prove the existence of the limit shape in the corner growth
process, without yet being able to prove the explicit formula for it. We start
by proving a result on the asymptotic behavior of the passage times G(i, j).
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A main idea is that the passage times satisfy a superadditivity property,
which makes it possible to use Kingman’s subadditive ergodic theorem
(discussed in the Appendix).

Theorem 4.13 (Asymptotics of the passage times) There exists a function
¥: [0, 00)? — [0, 00) such that for all x,y > 0, if ((i,, Jn)he IS a sequence
of positions in N such that %(in, Jn) = (x,¥) as n — oo, then we have the

almost sure convergence
1
=Gy, ju) = Y(x,y) asn — oco. (4.27)
n

Furthermore, ¥ has the following properties:

Continuity: ¥ is continuous.

Monotonicity: ¥ is monotone nondecreasing in both arguments.
Symmetry: ¥(x,y) = ¥(y, x).

Concavity: ¥ satisfies

Ao~

Wla(xi,y) + (1 - )(x2,y2)) 2 @¥(x1,y1) + (1 — )P (x2, y2)
forall0 < a <1, x1,x2,y1,y2 2 0.
5. Superadditivity: ¥ satisfies
Wxr +x2, 31 +y2) 2 Wxi, y1) + Yz, y2) (4.28)

forall xi,x5,y1,y, = 0.
6. Homogeneity: ¥(ax, ay) = a¥(x,y) for all x,y,a > 0.

Proof The proof proceeds in several steps where we initially define ¥ on
a limited range of values (x,y) and then extend its definition, proving the
claimed properties along the way. In steps 1-3 that follow, x, y are assumed
to take positive values, and we prove only a special case of (4.27), namely
the fact that almost surely

%G(I_nxj, lny]) = ¥(x,y) asn — oo 4.29)

(which we then show implies (4.27)).
Step 1: positive integers. Assume that x, y € N. Define a family (V,,,,,)o<m<n
of random variables by

Viun = G(mx + 1,my + 1; nx, ny).

We claim that the array (—=V,,.,)o<m<n satisfies the assumptions of the i.i.d.
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case of Kingman’s subadditive ergodic theorem (Theorem A.3 in the Ap-
pendix). Conditions 2 and 3 of the theorem are obvious. Condition 1 trans-
lates to the discrete superadditivity property

G(1, 1;nx,ny) > G(1, 1;mx,my) + G(mx + 1,my + 1;nx,ny), (4.30)

which is immediate from (4.13), since the right-hand side represents the
maximum of sums of the form }; 74 ., over a family of increasing lattice
paths that start at (1, 1), move north and east until getting to (mx, my), then
jumps to (mx+1, my+1) and then again moves north and east until reaching
(nx,ny). (Compare to the verification of superadditivity in Exercise 1.2.)
Condition 4 follows from (4.25).

The conclusion is that there is a function ¥: N> — [0, o) such that
almost surely, for any x,y € N we have

1 1
-G(nx,ny) = =G(1, 1;nx,ny) = Vy, = P(x,y) as n — oo.
n n

The fact that G(i, j) is symmetric in i, j and monotone nondecreasing in
each implies the analogous symmetry and monotonicity properties for V.
The homogeneity property follows for @ € N by setting x" = ax,y’ = ay
and taking the limit as n — oo of the equation :G(nx’, ny’) = a--G(anx, any).

The superadditivity property (4.28) also follows (for x;, y;, X2, ¥, € N)
by writing its discrete analogue

1
;G(n(xl + x2), n(y1 + ¥2))
1 1
> —G(nxy,ny)) + =G(nx; + 1,ny; + 1;n(x; + x2),n(y1 +y2), (4.31)
n n

which holds for a similar reason as that explained for (4.30), and tak-
ing the limit as n — oo. The left-hand side converges almost surely to
the left-hand side of (4.28). The first summand on the right-hand side of
(4.31) converges almost surely to ¥(xy,y;), the first summand of (4.28).
The second summand on the right-hand side of (4.31) does not necessarily
converge almost surely to W(x,, y,); however, it is equal in distribution to
iG(l, 1; nx,, ny,), which does converge almost surely to ¥(x,,y,). We can
exploit this convergence by arguing that as a consequence, the random vari-
able %G(nxl + 1,ny; + 1;n(x; + x3), n(y; + y2) converges to ¥(x,, y,) in the
weaker sense of convergence in probability (this is true since the limiting
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random variable is a constant). By a standard fact from probability the-
ory (Exercise 4.2), we can also infer that there is almost sure convergence
along a subsequence. In combination with the observations about the other
terms, this is enough to imply (4.28).

Step 2: positive rationals. Assume that x,y € Q N (0, o). In this case,
write xand y as x = s/q,y = t/q where g, s,t € N. We extend the definition
of ¥ to a function ¥: (Q N (0, ))?> — [0, o) by setting

1
Y(x,y) = g‘P(qx, qy).

It is easy to check that this definition is independent of the representation
of x,y as fractions, by the homogeneity we showed for integer a, x and
v, and that the extended function W for rational points also inherits the
monotonicity, symmetry, superadditivity, and homogeneity (with rational
a > 0). The fact that 1G(lnx], lny]) — W¥(x,y) almost surely as n — oo
follows by taking the limit as n — oo in the chain of inequalities

1 1
;G(Ln/qux, [n/qlqy) < ;G(LnXJ, Lny])

1
< ;G((Ln/qJ + gx, (ln/q] + 1)gy).

Step 3: positive reals. Assume that x, y € (0, o). Extend ¥ to a function
¥: (0,00)> — [0, o) by setting for arbitrary real x,y > 0

Y(x,y) =sup{W(u,v) : 0<u<x,0<v<yandu,veQ}

First, note that this definition is consistent with the existing definition,
since, if x,y > 0 are rational, then by the monotonicity property the right-
hand side is bounded from above by ¥(x, y) and (by monotonicity and ho-
mogeneity) bounded from below by W((1 — €)(x,y)) = (1 — €)¥(x,y) for
any (rational!) 0 < € < 1.

It is now straightforward to show that the monotonicity, symmetry, su-
peradditivity, and homogeneity properties hold also for the extended func-
tion. The details are left to the reader.

To conclude the list of claimed properties, note that the superaddivity
and homogeneity properties imply that ¥ is concave, since we can write

Pla(xy,y) + (1 = a)(x2,y2)) 2 Pla(x,y1)) + P((A - a)(x2,y2))
=a¥(x;,y) + (1 - a)¥(x2,y2).
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Continuity follows by a general well-known fact that a concave function
on an open region of R is continuous (see [105], Theorem 10.1).

We now prove the convergence (4.29) for arbitrary real x,y > 0. Fix
some rational € > 0. For any rational u,v > 0 satisfying u < x < (1 +
eu,v <y < (1 + e)v, we have the inequalities

1 1 1
ZG(I_nuJ, lnv]) < ;G(I_nx], lny]) < ;G(I_n(l + eul, n(1 + e)v)).

Taking the limit as n — oo and using the convergence we already know for
rational points, and the homogeneity property, shows that almost surely,

Y(u,v) < liminf %G(Lnxj, [ny]) < lim sup %G(Lnxj, lny])

n—oo

<Y1 +e(u,v) =0+ e)¥(u,v).

Lettingu /" xand v /' y implies that (almost surely)
1
Y(x,y) < liminf —-G(|nx], |nyl)
n—oo n

< limsup %G(I_nxj, lnyl) < (1 + e)¥(x,y).

n—oo

Since € was an arbitrary positive rational number, we get the desired claim
that 1G(Lnx], lny]) — ¥(x, y) almost surely as n — co.

To conclude this part of the proof, we show that (4.29) implies (4.27).
If n'(i,, Jjn) — (x,y) where x,y > 0, then, taking positive real numbers
x',x"”,y,y"” such that X’ < x < x” and y <y <y”, we have that

1 1
;G(I_nx’), lny']) < ZG(in,jn) < G(lnx"], Iny”])

if n is large enough. Letting n — oo shows that almost surely

1 1
Y(x',y") < liminf —=G(i,, j,) < limsup —G(i,, j,) < P(x",y").
n—oo n n

n—oo

Now using homogeneity as we did in an earlier part of the proof (for ex-
ample taking X’ = (1 —e)x,y = (1 —e)y,x” = 1 +e)x,y" = (1 +€)y
for some arbitrary positive €), this implies easily that %G(i,,, Jn) = ¥Y(x,y)
almost surely.

Step 4: extension to the x- and y-axes. To prove that ¥ can be extended
to a continuous function on [0, c0)?, we derive upper and lower bounds
for W(x,y) that become sharp as the point (x,y) approaches the axes. Let
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x,y > 0. Use the relation (4.18) with (i, j)) = (lnx], |ny]). Dividing both
sides by n and letting n — oo gives (using (4.26)) that

P(x,y) < Wo(x,y) = = + —2—.
a 1-a

(4.32)

Now recall that a can take an arbitrary value in (0, 1). Choosing the value
o= x/ ( Vx + \/y) minimizes the right-hand side and gives the bound

Wxy) < (Vi+ VD) (4.33)

(Remarkably, it turns out that the right-hand side is the correct formula

for ¥Y(x,y), but we will prove this only in the next section.) In the other
direction, noting the fact that 1G(lnx], lny]) > 1 ¥\

i=1
oo, using the strong law of large numbers we see that W(x,y) > x. Similar

7,0 and letting n —

reasoning gives W(x,y) > y, so together we have the lower bound
Y(x,y) > xVy. (4.34)

The upper and lower bounds in (4.33) and (4.34) both converge to z as (x, y)
converges to a point (z, 0) on the x-axis or to a point (0, z) on the y-axis. It
follows that if we set W(z,0) = ¥(0, z) = z then ¥ extends to a continuous
function on [0, 0)?. All the properties we claimed for P trivially carry over
to the extended function by continuity.

Finally, we prove that (4.27) holds when n~'(i,, j,) — (x,y) where the
point (x, y) lies on the x- or y-axes. This involves a monotonicity argument
similar to the one used previously. For example, assume that x = 0 (the
case y = 0 is similar). In this case, take arbitrary positive numbers y’, y”
satisfying y' < y < y” and a number x” > 0. For large enough n we have
that

1 1 1
=G(1,ny']) £ =Giy, ja) < —G(Lnx" ], lny" ).
n n n

Letting n — oo gives that almost surely,
1 1
¥y =Y(0,y) < liminf =G(iy, j.) < limsup —=G(iy, ju) < P(x", "),
n—oo n n—00 n

where the limit on the left-hand side follows from the strong law of large
numbers (since G(1, j) = Zizl 71,;). Once again, the limit (4.27) follows by
taking the limit as y* 7 y,y” N\, y and x”" \ x. O

We will now use Theorem 4.13 to prove an existence result about the
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Figure 4.5 Illustration of the claim of Lemma 4.14.

convergence of the corner growth process to a limit shape. The limit shape
is defined in terms of the (still unknown) function ¥(x, y) by

Dcg = {(x.y) € [0,00)> : W(x,y) < 1). (4.35)

Lemma 4.14 For any 0 < € < 1 there exist points (x1,¥1), .- ., (X, Vi)
(U1, 1), ..., (g, ve) € R2 = [0, 00)? such that V(x;,y;) < 1 forall 1 <i<k,
Y(uj,v;) > 1forall1 < j < ¢, and such that the following relations hold:

k
(1= Dcg < (10,1 % [0,1]),
i=1

C -~

RS\ (1+6)Deg € | (), 00) x (v, ).

~.
1l

The claim of the lemma is illustrated in Fig. 4.5.

Proof By the continuity of P, the set (1 — €)Dcg is a compact set, and
by the homogeneity property it can also be written as ¥Y~!([0, 1 — €]). It
follows that the family of sets {[0, x) X [0,y) : ¥(x,y) < 1} is a covering
of (1 — €)D¢g by sets that are (relatively) open in [0, 00)?, so the first claim
follows from the Heine-Borel theorem.

Similarly, to prove the second claim, let M > 0 be a sufficiently large
number so that the set (1 + €)D¢g is contained in [0, M]?. It will be enough
(check this!) to show that there are points (uy, vy),...,(us,v,) € R? such
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that

4
[0,2M1*\ (1 + €)Dcg € | ((u;,2M1 x (v;,2M]).
=1

This follows from a compactness argument similar to the one used in the
proof of the first claim. O

Theorem 4.15 Ast — oo, the scaled planar set t'sety) converges in
probability, in the same sense as before, to the set Dcg.

Proof Fix0 < € < 1. Let the points (x1, 1), - - - s (X, Vi), (U1, V1)s -« -, (Ugs V)
be as in Lemma 4.14 above. By Theorem 4.13, the event

k t
Fo= (G iy <o) 0 () {6l Lovi) > 1)
. =1

i=1 J

has probability that converges to 1 as + — oo. But, note that for any
(a,b) € N?, G(a,b) < t implies that (a, b) is the position of the top-right
corner of a cell in A(z), so the planar set set, ;) contains the set [0, a] X [0, b].
It follows that on the event F, we have

k
%setm) > Ul ([o.e7 rex] x [0, 7'y ) 2 (1 - ©Deg. (4.36)

Similarly, if G(a, b) > t then (a — 1, b — 1) is not the position of the bottom-
left corner of a cell in A(#), which implies the relation R? \ setaq 2 (a —
1,00) X (b — 1, 00). Thus on the event F, we have that

¢
1
Ri \ ?setA(,) 2 U ([t_ll_tujj, 00) X [[_ll_thJ, 00)) b Ri \ (1 + E)DCG,
=1
and therefore that

1
;SetA(f) C 1+ €)Dcg. 4.37)

The fact that for any € > 0, (4.36) and (4.37) hold with asymptotically high
probability as t — co is exactly the claim that was to be shown. O

4.6 Recovering the limit shape

Our remaining goal on the path to proving the limit shape theorem for the
corner growth process is to show that the limit shape D¢g coincides with
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the set Acg defined in (4.9). The idea is to take the limit of the relation
(4.19) as n — oo. This will provide us with a relation between the known
function ¥, (x,y) and the unknown function W¥(x,y). The result is as fol-
lows.

Theorem 4.16 For any x,y > 0 and 0 < @ < 1 we have

W, (x,y) = max {ﬁ W - u,y)} v max { 1 Y Wy — v)} . (438)

O<usx (@ 0<v<x -

Proof Let0 <u < x. Using (4.19) we can write that
Go(1 + [nx],1 + [ny])
= max {Go(i,0) + GG, 15 1 + Lnx), 1 + ny))}

1<i<l+|nx]

v max {G,(0, )+ G(1, j: Lnx. Lny))

1<j<lny]

> Go(1 + [nul,0) + G(1 + |nul, 1; 1 + [nx], 1 + |ny]).

Dividing this inequality by n and letting n — oo, the left-hand side con-
verges almost surely to W,(x,y). On the right-hand side, the first term
%Ga(l + |nu], 0) converges almost surely to ¥, (u,0) = u/a. The second
term %G(l + [nul, 1;1 + [nx], 1 + |ny]) is handled by observing that it is
equal in distribution to %G(l + |nx] — |nul,1 + |ny| — |nv]), and there-
fore converges in probability to W(x — u,y). As before, this implies (Ex-
ercise 4.2) almost sure convergence along a subsequence, so, by looking
at the three almost sure limits along that subsequence, we deduce that
Wo(x,y) = £ + W(x — u,y). Since this is true for any 0 < u < x we get
that

Y,.(x,y) = max {Z +W¥(x - u,y)} .
O<u<x \ (¥

A symmetric argument shows that

1%

W, (x,y) > max{ Wy - v)},
O<v<x

-«
so we conclude that the right-hand side of (4.38) is a lower bound for
Y(x,y).

To establish the same expression as an upper bound for W(x,y), start
with the observation that the maxima on the right-hand side of (4.19) can be
bounded from above by slightly modified maxima where the indices i and j
range over sets whose cardinality does not grow with n. More precisely, for
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any k,£ > 1, givenintegers | <i;j <...<ig<kand1<j <...<j, <¢,
we have that

max (G, (i,0) + G(i, 11k, O} < max {Ga(izn.0) + Glia, 13k, 0,

max {Go(0, ) + G(1, jk, O} < max {Ga(0, jun) + G(1, jus k. 0)}.

I<jst 1<d<t-1

(These relations follow easily from the monotonicity property (4.14).) So,
we have the upper bound

Golk,0) < max {Goligs1,0) + Glig. 1:k.0))

v max {Go(0, jau) + G(1. juik. O). (4.39)

1<d<t-1

Apply this with the parameters
k=1+|nx], €=1+|ny],
iq=1+|nxd/ql, jo=1+|nyd/q] (1<d<q),

where ¢ > 1 is some fixed integer. Dividing both sides of (4.39) by n
and letting n — oo, the same subsequence trick used above implies the

inequality
W, (x,y) < max {M +W¥(x - (dX/q),y)}
1<d<q (0%
v max {("fﬂ Wy - (dy/q))}. (4.40)
<d<q -

(Note that we can get almost sure convergence along the same subse-
quence simultaneously for all the values of i; and j; by taking nested sub-
sequences, since the number of points i; and j; does not grow with n.)

This was true for arbitrary g > 1. Letting g — oo, the continuity of ¥
ensures that the right-hand side of (4.40) converges to the right-hand side
of (4.38), which completes the proof of the upper bound. O

We have reduced the problem of the limit shape in the corner growth
process to the problem of finding (and proving uniqueness of) a function
¥: [0,00)? — [0, o) satisfying the properties listed in Theorem 4.13 and
the relation (4.38). It is helpful to think of (4.38) as an (uncountably in-
finite) system of equations for W(x,y) in terms of ¥,. The information
encoded in this system turns out to be equivalent to a statement about
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Legendre transforms, so we can use well-known properties of these trans-
forms to find V.

Let us start by simplifying (4.38) to bring it to a more tractable form.
First, we will actually need to use it only with the values x = y = 1 (but
arbitrary 0 < @ < 1). In this special case we can write

-+ =¥ (1,1)
a l-a
u u
:max(—+‘I’(l—u,1))Vmax( +‘I’(1,1—u)).
0<u<l \ @@ o<u<i\ 1 —

Because of the symmetry of ¥, the two maxima differ only in the explicit
terms u/a,u/(1 — @), so we see that for @ < 1/2 the first maximum is
the dominant one and for @ > 1/2 the second maximum dominates. Fur-
thermore, both sides of the equation are symmetric in @ and 1 — a, so it
is enough to look at values @ < 1/2. Denoting f(u) = -¥(1 —u,1) and

replacing the variable @ with s = 1/, we therefore have that

2

= max (su — f(u)) (s >2). (4.41)
s—1 osust

Note that f, which we regard as a function on [0, 1], is monotone non-
decreasing, convex, continuous, and satisfies f(1) = —1. As a final step,
extend f to a function f: R — R U {co} in a rather trivial way by setting

Py = fw if0<u<l,

) otherwise,

and noting that (4.41) can be rewritten as the statement that

s2

=sup(su—fw)  (s22). (4.42)
s = ueR
The reason this is useful is that the operation that takes a convex function
g: R = RU {-00, 0o} and returns the function g*(s) = sup,g (su — g(w)) is
a well-known operation, known as the Legendre transform. The function
g"(s) is referred to as the Legendre transform, or convex dual, of g. It is
easy (and recommended as an exercise) to check that g*(s) is also convex.
A fundamental property of the Legendre transform is that it is its own
inverse. Its precise formulation is as follows.
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The Legendre transform

The Legendre transform of a convex function g: R — R U {co} is defined
by (4.43). In the simplest case when g is differentiable and strictly convex, g*
can be computed by solving a maximization problem, leading to an equiva-
lent definition in terms of the implicit pair of equations

g =xp-gx, p=gM®. (4.45)

This gives a recipe for computing g* by solving the equation p = g’(x) for x to
obtain x = x(p) = (g")~'(p), which is then substituted into the first equation
in (4.45). The equations (4.45) also have a simple geometric interpretation,
shown in the figure below. The elegant fact that the same recipe can be used
to recover g from g* was discovered in 1787 by the French mathematician
Adrien-Marie Legendre.

The Legendre transform (and
its higher-dimensional general-
ization of the same name) ap-
pears in several places in math-
ematics and physics. Perhaps
most notably, it is of funda- P~ - B
mental importance in mechan- < slope=p
ics, where it is used to show the g(x) - ‘ g
equivalence of the Lagrangian
and Hamiltonian formulations |
of the laws of mechanics. For x
more details, see [9], [105]. The geometric meaning of ¢g*(p)

v =8(x)

Theorem 4.17 Let g: R — R U {—00, 0} be a convex function that is
lower-semicontinuous (that is, g~'((¢,o0]) is an open set for any t € R).
Denote
h(s) = g"(s) = sup {su — g(u)} (s € R). (4.43)
ueR
Then we have that
g(w) = h*(u) = sup {su — h(s)} (u € R). (4.44)
seR
For the proof of this easy result, see [115, Appendix C] or [105, Sec-
tion 12]. See the box for some additional background on the Legendre
transform, its geometric meaning and its importance in mathematics.
By the properties of f mentioned previously, the extended function £ is
convex and lower-semicontinuous. Let h(s) = £*(s) = sup{us — fu) :ue
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R}. We know from (4.42) that A(s) = s*/(s — 1) for s > 2, but in order to
make use of Theorem 4.17 to recover f , we need to know A(s) for all real
values of s. We claim that 4(s) = h(2) = 4 for all s < 2. To see this, first
note that in the particular case g = f, the supremum in the definition (4.43)

nondecreasing, and this implies that s(s) < h(2) = 4 for all s < 2. On the
other hand, since # is convex, it satisfies the inequality

hQy) — h(x) _ h(z) — h()
y=x z=y
for any real numbers x < y < z. Taking y = 2 and letting z \, 2 gives

4_h(x) < mh(Z)_4 zh/(2+):_

d s
1 =0
2—-x _11\.2 z—2 dSS=2(S—1)

of h can be taken over u > 0. It follows immediately that 4 is monotone

that is, i(x) > 4, for all x < 2. Thus, we have shown that

4 if s <2,
h(s) =1 ,

ﬁ if s >2.

We can now compute f (or, rather, £, which is the only part of f that

interests us) using (4.44). We have

f(u) = sup {us — h(s)} = sup {us — h(s)} O<u<l),
seR 5§22
where the second equality holds since /(s) is constant on (—oo, 2]. Foru = 1
we already know f(u#) = —1. For O < u < 1, the function g,(s) = us — h(s)
has a stationary point (which, it is easy to check, is a global maximum) at
the point s, = s5.(u) satisfying
0=g/(s.)=1 !
=g(s)=1-u———.
This gives s, = 1 + 1/ V1 — u and therefore, after a quick computation,
f(u) = us, —h(s,) = —(1 + VI —u)>.

We have found an explicit formula for f. From here, it it a short step to the
following important result.

Theorem 4.18 For x,y > 0 we have

P(x,y) = (Va+ V)% (4.46)
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Proof If ®(x,y) = (Vx+ )% then @(x,1) = (1 + Vx)? = —f(1 -
x) = Y(x,1) for all x € [0,1]. By the symmetry of ® and ¥ we also
have ®(1,y) = ¥(1,y) for all y € [0, 1]. Both ® and ¥ are homogeneous
functions, so, since they coincide on the set {(x,0) : 0 < x < 1} U{(0,y) :
0 <y < 1}, they are equal everywhere. O

Using (4.46) we see that the sets Acg and Dcg defined in (4.9) and (4.35)
are equal. This was the last missing piece of the puzzle, so the proof of
Theorem 4.5 (and therefore also of Theorem 4.1) is complete.

4.7 Rost’s particle process

In Chapter 3 we studied random square Young tableaux, which we saw can
also be interpreted as a type of “growth process” for Young diagrams grow-
ing from the empty diagram to the square diagram of given order n. We then
observed that this process can also be interpreted as an interacting particle
system. The corner growth process in continuous time has an analogous
interpretation as a system of interacting particles on a one-dimensional lat-
tice, which is quite natural and interesting in its own right. In the literature
on interacting particle systems this process is known by a somewhat tech-
nical name.’ To simplify the terminology, here we will refer to it as Rost’s
particle process. It can be thought of as a simple model for a traffic jam, or
as a queueing system consisting of a line of customers visiting a succession
of service stations. In his paper [110] in which he proved the limit shape
theorem for the corner growth process, Rost originally proved a result on
the limiting behavior of this particle system and the limit shape theorem
was derived as an application. Here we take the opposite route.

In Rost’s particle process, particles (which can be visualized, for exam-
ple, as cars backed up along a road) move randomly on the sites of the
integer lattice Z as a function of a continuous time parameter ¢t > 0. Each
site can contain at most one particle. Initially, particles occupy the posi-
tions 0,—1, -2, ... of the lattice, and the positions 1,2, ... are vacant; this
is the “infinite traffic jam.” Subsequently, each particle moves one step to
the right at random times. A particle can only move to the right if the space
to its right is vacant. Once a particle has reached a given position and the
space to the right of that position becomes vacant, the time it takes the
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particle to move to the right is an Exp(1)-distributed random variable, in-
dependent of all other sources of randomness.

Label the particles with the labels 1,2,..., as counted from the “front
of the line,” so that the particle with label i is the particle that started in
position —i + 1. Formally, the randomness input into the process is a family
(7 )ij>1 of i.i.d. random variables with distribution Exp(1), where 7;; is
interpreted as the time it took particle number i to make its jth move to the
right (from position j — i to position j — i + 1) once it arrived in position
Jj —iand position j — i + 1 has become vacant.

Given the array (7; ;); j»1 it is possible to compute where any particle is at
any given time. A convenient way to do this, which will immediately reveal
the connection to the corner growth process, is as follows. For i, j > 1
denote by G(i, j) the time (starting from time 0) it will take particle i to
reach position j — i + 1 (i.e., to complete its jth move to the right). By the
rules we specified, the random variables G(i, j) satisfy the recurrence

GG, H)=GU,j-DVGi-1,))+7 (4.47)

since G(i, j — 1) represents the time when particle i arrived in position j — i,
and G(i—1, j) represents the time when particle i— 1 departed from position
j — i+ 1 (leaving it vacant); at the latter of these two times, particle i is
ready to make its jth move to the right and the (i, j)th random clock “starts
ticking.” The recurrence (4.47) holds for all i, j > 1 with the convention
that G(k,0) = G(0, k) = Oforall k£ > 1 (it is easy to see why this convention
is needed). Since this is the same recurrence as (4.12), we have proved the
following result.

Lemma 4.19 Rost’s particle process is equivalent to the corner growth
process in continuous time. More precisely, the array (G(i, j))i > as de-
fined earlier is equal in distribution to the family of passage times in the
corner growth process.

It is worth noting that there is a second, equivalent way of defining Rost’s
particle process that is slightly more elegant and used in much of the litera-
ture on the subject. In this version, each lattice position k is equipped with
a standard Poisson process of random times on [0, co) that dictate when
a particle occupying the position will attempt to move to the right. Each
time this “Poisson clock™ rings, if the position is empty, or if the position
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is occupied by a particle but the position to its right is also occupied, then
nothing happens; if the position is occupied by a particle and the position
to the right is vacant, the particle moves to the right. The different Poisson
processes associated with different lattice positions are all independent.

When defined this way, the process is a special case of a process known
as the totally asymmetric simple exclusion process (usually abbreviated
to TASEP), part of an even larger family of models known as exclusion
processes. We will not go into the more general theory of these processes,
but the box on the next page provides some more background.

It is not hard to check that the definition in terms of Poisson processes
is equivalent to the first one we gave earlier. The equivalence is related
to the standard connection between Poisson processes and the exponential
distribution, and to the fact that it does not matter whether we associate the
random clock times to lattice positions or to individual particle/vacancy
pairs, as long as they are all independent.

Let us now explore some consequences of the equivalence between Rost’s
particle process and the corner growth process. One natural question, con-
sidered by Rost, is how the entire particle configuration, considered as a
bulk mass, evolves over time at the so-called macroscopic scale in which
looks not at individual particles but rather at average densities of particles
over large regions. To formulate this question more precisely, denote by N,
the counting measure of particles at time ¢ (that is, N,(E) is the number of
particles in the set E at time 7). What can we say about the behavior of N,
for large ¢?

First, note that the range of positions over which the interesting part of
the measure N, is spread out is approximately [z, ] (that is, as ¢ grows
larger we want to look at a larger and larger range of positions — time
and space must be scaled similarly). The reason for this is as follows: the
movement of particle number 1 is particularly simple, since the time for it
to make j moves to the right is G(1, j) = Z,{Zl 71, asum of jiid. Exp(l)
random variables. In other words, particle 1 is executing a continuous-time
random walk in which with rate 1 it moves one step to the right. By the
strong law of large numbers we have %G(l, J) = Ery; = 1 almost surely
as j — oco. Equivalently, the position Y;(#) of particle 1 at time ¢, which is
a Poi(¢) random variable, satisfies Y,(¢)/t — 1 almost surely as t — oco. So,
to the right of position (1 + o(1))t we expect to not find any particles — the
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Exclusion processes

The exclusion process is the name given to a family of interacting particle
systems introduced by Frank Spitzer in 1970 [123]. Given a graph G — usu-
ally taken to be a lattice (finite or infinite) such as Z, Z¢ or a cycle graph — an
exclusion process on G consists of an evolving configuration of particles oc-
cupying at any time some subset of the vertices (or “sites” in the probabilistic
parlance) of G and moving from one site to another at random times. The
crucial rule that gives the process its name, known as the exclusion rule, is
that each site can be occupied by at most one particle at a time. In addition,
the assumption is that the process of random times at which each particle
attempts to jump (succeeding if and only if the site it is trying to jump to is
vacant at that time) is a standard Poisson process on [0, ), with processes
associated with different particles being independent. Furthermore, when a
particle decides to jump, it also randomly selects a site to jump to from some
specified distribution (which can depend, usually in a translation-equivariant
way, on the particle’s position).

The different exclusion processes differ in the graph G and in the distri-
bution of positions for jumping. Assume G = Z. In the totally asymmetric
simple exclusion process, or TASEP, all jumps occur one step to the right.
In the partially asymmetric simple exclusion process (PASEP), jumps
occur one step to the right with some fixed probability p € (0, 1), p # 1/2, or
one step to the left with the complementary probability 1 — p. The case when
p = 1/2, that is, when jumps in both directions are equally likely, is known
as the symmetric simple exclusion process. (In all the above cases, the
adjective “simple” refers to the fact that only jumps to adjacent sites are
permitted, in analogy with the classical “simple random walk” of probabil-
ity theory.) These processes along with other nonsimple variants in which
particles jump some random number of units away from their current posi-
tion, and generalizations to higher dimensions and other graphs, have been
studied extensively and are a fertile ground for the interaction of ideas from
probability theory, statistical physics, integrable systems, partial differential
equations and other areas. For more details, see [77, 78]

local density of particles will be 0 with high probability — but in position ¢
and slightly to the left we may find a positive density of particles trailing
the leading particle.

Similarly, we can interpret a vacant position as a type of particle, known
as a hole, and consider the position of the first hole (counting from the left,
that is, the hole that starts in position 0) — analogously and symmetrically
to the first particle, it is traveling fo the left at random times with rate 1.
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In fact, the time for the first hole to move i steps to the left is exactly
G@a,1) = 22:1 Ty,1, SO by a similar reasoning, the position Y (#) of the first
hole at time ¢ satisfies Y7 (¢)/t — —1 almost surely as  — oo. So, to the left
of (—1 + o(1))t we expect to find only particles at time ¢: the “traffic jam”
hasn’t begun to unwind this far to the left, but a bit further to the right we
will find some vacant sites.

Rost’s discovery was that as one travels from position —¢ to position ¢,
the density of particles decreases from 1 to 0 in the simplest way one might
imagine, namely as a linear function. The precise result is as follows.

Theorem 4.20 (Limiting density profile in Rost’s particle process) Define
a function h: R — [0, 1] by

1 if x < -1,
h(x)=1311-x) if-1<x<1, (4.48)
0 ifx>1.

Then h describes the limiting particle density profile in Rost’s particle pro-
cess. More precisely, for any —o0 < a < b < oo we have the almost sure
convergence

1 b
;N,[at, bt] — f h(x)dx ast — oo, (4.49)

Proof Itis easy to see that it is enough to prove (4.49) for arbitrary a € R
and b = co. If a > 1 then, by the preceding comments on the asymptotic
position of the leading particle, with probability 1 we’ll have N,[at, c0) = 0
for large enough #, so indeed (4.49) holds. Similarly, if a < —1 then with
probability 1, for all 7 large enough the relation N,[at, ) = 1 + [ —at] will
hold, since no particle to the left of position |az| will have moved by time
t. So, we get that almost surely,

00

1
;N,[at, 00) —> —q = f h(x) dx.
t—o0

—a

Finally, consider —1 < a < 1. Note that for any k € Z, any given particle
i > 1 is counted in the number N,[k, co) of particles whose position at time
tis > kif and only if G(i, k + i — 1) < t (where G(i, j) is interpreted as O for
Jj < 0); so, N[k, c0) is the maximal i satisfying this condition. The idea is
to translate this into a statement about the corner growth process (A(?));»0
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associated with the passage times (G(i, j)); j>1. The positions (i, j) € N2 for
which G(i, j) < ¢t correspond to the top-right corners of cells in the planar
set seta(), S0, by Theorem 4.5, we have

1 a.s.
;N,[at, 00) — ¢p(a) =max{0 <x<1: ¥Y(x,x+a) <1}
1—0o0
=max{0<x<1:x+as<(l-Vry}

It is now easy to check that for —1 < a < 1 we have ¢(a) = i(l —a) =
[ h(x) dx where i i defined in (4.48). O

There is another interesting way to look at Theorem 4.20. Instead of
looking at the particle density profile at some fixed time, we can look how
the profile evolves over time. That is, fixing some scaling factor n, we con-
sider the family of random measures (vﬁ”)),zo on R defined by

W(E) = Nu(nE).

It can be easily checked (Exercise 4.5) that Theorem 4.20 implies the fol-
lowing result.

Theorem 4.21 (Rost’s hydrodynamic limit theorem) Asn — oo, the ran-
dom process (vi")),zo converges almost surely to the deterministic family of

measures u(x, t) dx, where

1 if x < —t,
X r—x
u(x, r) ; 5 if —t<x<t,
0 if x > t,

in the following precise sense: for any —co < a < b < oo and t > 0 we have

b
vﬁ”)[a, b] — f u(x,t)dx almost surely as n — oo.

Conceptually, the meaning of such a “hydrodynamic” limit is that we
imagine that as the scaling of time and space becomes finer and finer, the
random movement of particles converges to a continuous (and nonrandom)
“flow” and the picture resembles that of a continuous fluid. Furthermore,
the fluid obeys a continuous dynamical law: it can be checked easily that
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the function u(x, r) satisfies the partial differential equation (PDE)

Ju(x, ) = _8 (@(x, (1 — u(x, 1)), (4.50)
ot 0x

a version of a PDE from fluid dynamics known as the inviscid Burgers’
equation. (At least, u satisfies the PDE wherever its partial derivatives ex-
ist. One needs to be careful around the points of nondifferentiability, but
even there one can say the equation (4.50) is satisfied if one assumes the
correct notion of a solution.) Note that u(x, t) satisfies the initial condition
u(x,0) = 1(_w0)(x). In the theory of Burgers’ equation, an initial condition
with this type of jump discontinuity is known as a shock initial condition
— it is the continuous analogue of the front of a traffic jam.

The reason the PDE (4.50) gives a useful way of looking at the hydro-
dynamic limit theorem (which is equivalent to the limit shape theorem in
the corner growth process) is that the preceding results can be generalized
significantly, and in the more general formulation it is the equation (4.50)
which plays the central role. We have focused our attention on Rost’s parti-
cle process, which is an interacting particle system with a particular initial
condition. One can consider more generally the totally asymmetric simple
exclusion process (or TASEP — see the box on p. 248), which is a system of
interacting particles on Z evolving according to the same stochastic rules as
Rost’s process, except with an arbitrary initial state (formally, the config-
uration space from which the initial state can be chosen and in which the
system evolves is {0, 1}?). One can then imagine a scenario in which the
initial state is chosen as a discrete approximation to some real-valued den-
sity profile uy: R — [0, 1]. It turns out that, under mild assumptions, the
subsequent evolution of the system converges to the solution of the equa-
tion (4.50) with initial condition u(x, 0) = ux). The precise formulation of
this elegant result and its proof are beyond the scope of this book; more
details can be found in [115].

We conclude this section by posing another natural question about Rost’s
process which can be easily answered using the tools we developed. This
time we focus our attention on the motion of individual particles: for each
k > 1, let Y,(#) denote the position of particle number £ at time ¢. For fixed
k, we refer to the random function (Y (?)):»0 as the trajectory of particle k.
It is natural to ask what is the asymptotic behavior of Y;(#). Because of the
scaling relation between the time and space coordinate, we consider this
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question not for fixed k£ (where the answer turns out to be trivial: the kth
particle eventually moves forward with asymptotic speed 1), but rather for
k that scales linearly with the length of the time interval in which we are
interested.

More precisely, if n is a discrete parameter that will grow large, we will
take k = xn for some fixed x > 0, and simultaneously speed up time by a
factor of n, to get a properly scaled particle trajectory (Y;(nt)):»o. This leads
to the following result, which is illustrated in Fig. 4.6.

Theorem 4.22 (Limiting particle trajectories in Rost’s particle process)
Define a function F: [0, 0)*> — R by

—x if0<t<uy,
F(t,x) =
t—2+xt ift>x.
For any t,x > 0, if k = k(n) is a sequence of positive integers such that
k(n)/n — x as n — oo, then we have the almost sure convergence

1
—Yym(nt) = F(t,x) asn — oo.
n

Proof Since particle k starts in position —k + 1, we have the relation
Y(t) = —k+ 1 +max{m >0 : G(k,m) < t},

SO
lYk(n)(m) _ w1 + lmax{m >0 : Glk(n),m) <1t}
n n n
=—x+ %max{m >0:Gn-k(n)/n,n-m/n) <t} +o0(1).

(4.51)

If 0 < t < x then using Theorem 4.13, for any m > 1 we have
1 1
-G(n-k(n)/n,n-m/n) > -G - k(n)/n, 1) — ¥(x,0) > ¢,
n n n—oo

so almost surely, for large enough values of n the maximum on the right-
hand side of (4.51) will be attained when m = 0, and we get that %Yk(,,)(nt) -
—x = F(¢, x) almost surely.

In the other case where ¢ > x, by Theorem 4.13 and obvious monotonic-
ity considerations which we leave to the reader to make precise, the last
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Figure 4.6 Simulated particle trajectories in Rost’s particle
process at several scales: (a) 8 particles; (b) 50 particles; (c) 400
particles (every eighth particle trajectory is shown). (d) The
limiting trajectories. (In all four figures the vertical axis
represents time.)

a)

c) d

expression is seen to converge almost surely as n — oo to
—x+max{y >0 : Y(x,y) <t}=—x+ (V= Vx)?,

which is again equal to F(¢, x). ]

4.8 The multicorner growth process

We now turn to another direction in which the results of the previous
sections can be extended. The last-passage percolation formalism we de-
veloped suggests a large family of processes in which the random clock
times 7;; can be a family of i.i.d. random variables sampled from some
arbitrary distribution on [0, c0). Some results, and in particular an asymp-
totic shape theorem analogous to Theorem 4.13 based on a use of the
subadditive ergodic theorem, can be proved in this generality (see [115],



254 The corner growth process: limit shapes

Theorem 2.1). Unfortunately, the exponential distribution is almost the
only case for which the limit shape can be found explicitly (and, as we
see in the next chapter, for which many other quantities of interest can be
computed precisely).

It turns out however that there is another family of distributions other
than the exponential distributions for which the last-passage percolation
model can be analyzed in a similar level of detail and precision. These are
the geometric distributions, the discrete-time analogues of the exponential
distribution. Furthermore, the last-passage percolation process associated
with the geometric distributions has an interpretation as a growth process of
random Young diagrams that is itself very natural. It is also satisfying that
this process can be analyzed in a manner almost identical to the analysis
of the original corner growth process — all the proofs remain valid after
making a few small modifications that we will point out.

Let us start by describing the random growth process, which we call
the multicorner growth process, and then explain the connection to geo-
metric clock times. Fix a parameter 0 < p < 1 that will remain constant
throughout the discussion, and will be referred to as the growth rate pa-
rameter. The multicorner growth process is a growing family (1), of
random Young diagrams that evolves (in discrete time) according to the
following rules: first, A® = (), the empty diagram; second, for each n, the
(n + 1)th diagram A”*" is obtained from A" by tossing a coin with bias p
independently for each external corner (i, j) of A” and adding the cell in
position (i, j) if the coin toss was successful. Thus, at any transition from
time n to n + 1, the number of new cells that get added to the diagram is
random and varies between 0 and the number of external corners of the nth
diagram.

Formally, we define the process as a Markov chain with an explicitly
given transition rule. For two Young diagrams y, A, denote u A A if u C
A C p U ext(w), that is, if A can be obtained from u by adding to u a set of
new cells consisting of some subset of its external corners. The transition
rule for the process (1), is given by

P = 1 [ A9 = pg, .., A7 = ) = pr(1 - p)t (4.52)

for any Young diagrams po, . . ., ity satisfying @ = po 2 ... 2 pyiq, pro-
vided that the conditioning event has positive probability, and where we de-
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note e = | ext(u,)| (the number of external corners of w,,) and k = |t,11|— ||
(the number of cells that need to be added to get from g, to p,+1).

Note that in the special case p = 1/2, an equivalent description of the
growth rule would be that a subset of the external corners of A® is cho-
sen uniformly at random, and those cells get added to the diagram. This
corresponds to a random walk on a graph that extends the Young graph
by adding self-loops and additional edges to account for the possibility of
adding more than one box at a time (i.e., the directed graph on Young di-
agrams with adjacency relation u /2 A). In the case p # 1/2, the growth
process can be interpreted as a weighted random walk on the same graph.
In any case, the description using coin-tossing seems more elegant.

The definition of the multicorner growth process given above is quite in-
tuitive, but as with the case of the corner growth process, to get a good un-
derstanding of the process we need to represent it in terms of last-passage
percolation. In this case there is no need to change the time parametriza-
tion, since the discrete time parametrization we used in the definition is
already the correct one needed for the analysis. The connection to last-
passage percolation is explained in the following theorem.

Theorem 4.23  For each (i, j) € N?, denote
G(i, j) = min {n >20: (@))€ /l<")}.

The array of random variables (G(i, j)); j>1 is equal in distribution to the
array of passage times in last-passage percolation defined by the recur-
rence (4.12) from a family of i.i.d. clock times (7 ) j>1 with the geometric
distribution Geom(p).

Proof Start with the passage times (G(i, j)); j»1 defined by (4.12) from
i.i.d. Geom(p)-distributed clock times (7 ;); j>1. We can associate with these
passage times a growing family (™) of Young diagrams, defined by

v = {0, ) eN® : GG, j) < n).

To prove the theorem it will be enough to show that the family (™),
is equal in distribution to the multicorner growth process as defined pre-
viously, that is, that it satisfies v = @ (which it does, trivially, since
G(i, j) = 1 for all i, j) and the transition rule (4.52).

First, as a trivial case of (4.52) we need to check that growth from A® =
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uto A™*D = A can occur only if u /2 A. This is true since the fact that
7;; = 1 for all i, j implies that the array of passage times G(i, j) is strictly
increasing by integer increments along rows and columns, so if G(i, j) <
n+ 1 then G(i — 1, )) V G(i, j — 1) < n and therefore (i, j) is an external
corner of .

Second, fix deterministic Young diagrams @ = uy 2 ... /2 u,. We pro-
ceed as in the proof of Lemma 4.3. Define an event E by

E:{y(j):uj, j=0,...,n},

and assume that £ has positive probability. Denote K = ext(u,). Note that
the occurrence of the event E can be decided by looking at the family of
clock times T = (7; )¢, jen,uk- We again consider the vector T to be made
up of two vector components Tin, = (Tp)(p.gyeu, aANd Tow = (7i )i, jek- For
each i, j > 1 denote by «(i, j) the minimal index k for which (i, j) € A®¥,
and note that inside the event E, «(i, j) is constant for each (i, j) € u, U K.

Now observe that E can be represented in the form
E ={ti, e Ayn{r;; > n—«(, ) forall (i, j) € K}

for some nonempty set A ¢ N¥». The reason why such a representation is
possible is easy to see: the condition in the first event in the intersection
is an event designed to guarantee that for any 0 < k < n and (p, q) € u,,
G(p, q) = kif and only if (p, q) € i \ pr—1, and the condition in the second
event ensures that G(i, j) > n for all (i, j) € K. For similar reasons, we have
a representation for the event E N {A“*D = y,,,} in the form

E N {V(n+l) = ,un+l} = {Tin € A}
N{tij =n+1-«(@,j) forall (i, j) € ttas1 \ i}

Nirij>n+1-«(, ) forall G, j) € K\ prp.1}

(where, importantly, the set A is the same in both representations). We
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therefore have that
PE O = i)
P(E)
P(rij =n+1-«(,))) 1—[ P(rij >n+1-«(, j))

()€1 \ttn (6 )EK U1

[ ] P@ij>n—«i, )

(i.))eK

l—[ p(1 - p)n—K(i.j) 1—[ (1- p)n+1—K(i,j)

_ [(F)STSAV (i, ))eK \ 1

1_[ (1 — pyr*@

(i.)ek

]P)(V(’Hl) = Hn+1 |E> =

- p|ﬂ»x+l\l1n|(1 _ p)|K\/1n+]"

which is exactly (4.52). ]

Our final goal for this chapter is to prove the following limit shape
theorem for the multicorner growth process, which is analogous to The-
orem 4.5.

Theorem 4.24 (Limit shape theorem for the multicorner growth process* )
Let (/l("));":O denote as above the multicorner growth process with growth
rate parameter 0 < p < 1. Define a set A}, C R? by

Aicg = {(W) cxy20, x+y+2v01 —p)xySP}- (4.53)

As n — oo, the scaled planar set %setw converges in probability to A”MCG.

That is, for any € > 0, we have

1
]P((l — €)Ay g C —setuw € (1 + e)A{\’,[CG) —1 asn — oo.
n

The curved part of the boundary of the shape Ay, is an arc of an ellipse
whose principal axes are parallel to the u—v rotated coordinate axes. Fig. 4.7
shows the limit shapes and the associated ellipses for various values of p.
Exercises 4.12—4.13 sketch a delightful and surprising application of this
result to the study of random domino tilings.

The approach to proving Theorem 4.24 follows exactly the same steps
that were used in our proof of Theorem 4.5: first, look at generalized pas-
sage times that correspond to a slowed down version of the process for
which exact computations are possible. This provides bounds on the pas-
sage times in the original process, from which we can deduce that the pas-
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Figure 4.7 (a) The limit shape A}, ., when p = 0.7 and the
ellipse whose arc forms the curved part of the boundary of the
limit shape. (b) The limit shapes (and associated ellipses) for
p=1/6,1/3,1/2,2/3,5/6. The triangle shape corresponds to the
limit as p 1 of the shapes. For p = 1/2 the ellipse is the circle
of radius 1/2 centered at (1/2,1/2).

sage times converge in a suitable scaling limit to an unknown limiting func-
tion @, (x, y). Finally, the connection between the slowed down process and
the original process can be used to derive an equation relating ®,(x,y) to
the analogous, explicitly known, function for the slowed down process.
Solving this equation for ®,(x,y) turns out to be equivalent to inverting a
Legendre transform.

We start with the definition of the slowed down version of the process.
Fix a parameter r satisfying 0 < r < p (which will be analogous to the
parameter @ we used for the slowed down corner growth process). Anal-
ogously to the case of the exponential clock times used before, we aug-
ment the array of i.i.d. geometric clock times (7; ;); j>1 With additional clock
times for the row and column with index 0, which are taken to be random
variables 7, Tr0, Tox for k£ > 1 (independent of each other and of the ex-
isting clock times) whose distributions are given by

Too =0, (4.54)
70 ~ Geom(r) (i=1), (4.55)
To,; ~ Geom((p — r)/(1 — 1)) (G=1. (4.56)
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Denote as before in the augmented model
G,(i, ) = G(0,0;4, j)

and refer to G, (i, j) as the slowed down passage time to (i, j) (with param-
eter 7). A key property that makes the analysis of the slowed down model
possible is the following lemma, which is analogous to Lemma 4.25.

Lemma 4.25 Let 0 < r < p < 1. Let X,Y,Z be independent random
variables such that X ~ Geom(r), Y ~ Geom((p — r)/(1 —r)) and Z ~
Geom(p). Define random variables U, V, W by

U=Z+X-Y),
V=Z+(-X)",
W=XAY.

Then we have the equality in distribution (U, V, W) 4 X,Y,2).

Proof Let T be the transformation defined in (4.22). If u,v,w > 1 are
integers, then, by the properties of T discussed in the proof of Lemma 4.10,
when u < v we have that

PU=uV=yvW=w)=PZ=uX=w,Y=v+w—u)
p_r(l_p)v+w—u—l

=p(l=p"'-r(=n*".

v=1

p—r{l-p -
£z -p(1 —

1—r(1—r) p=p)

=PX=uY=v,Z=w).

1-r\1-r

=r(l-r"-

Similarly, when u > v, we have

PU=uV=yvW=w)=PZ=v,Y=w,X=u+w-v)

w1
- u+w—v— -r(l-
= p(=py o=t A= (= E
I-r\l-r

1-r\1-r
=PX=uY=v,Z=w). O

v—1
=r(1-n A= (—1 _p) (= p
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Consider as before the x- and y-increments of the slowed down passage
times, defined by

X, )=6G.3G)H-GG-1,)),
Y(l7 ]) = Gr(ia ]) - Gr(i7 ] - 1)7
Lemma4.26 For any down-right path ((i,, j,))nez, let the associated fam-

ily of random variables (W,),cz be defined as in (4.23) in terms of the
increment random variables X(i, j), Y(i, j). Then (W,)),ez is a family of in-

(i, j > 0).

dependent random variables, and for each n the distribution of W, is given

by

Geom((p = r)/(X = 1)) if (in, jn) = (i1, ju-1) = (0, =1).

Proof The proof is identical to the proof of Lemma 4.11, except that it

Wn N {Geom(r) lf(ln’]n) - (in—l’jlrl) = (1’0)’

uses the definition (4.54)—(4.56) of the slowed down process that is associ-
ated with the multicorner growth process, and uses Lemma 4.25 where the
proof of Lemma 4.11 made use of Lemma 4.10. m|

From these results we get the following conclusions analogous to the
ones we showed in Section 4.4. First, we get a formula for the expected
value of the slowed down passage times:

EG,(, j) = £ + (;__rr)j . (4.57)

Second, by choosing an arbitrary value of r (for example r = p/2) in (4.57)

and using monotonicity we get an upper bound for the original passage
times which has the form

EG3, j) < C,(i+)) @Gj=1), (4.58)

where C,, > 0 is a constant that depends on p. This will be needed for the
application of the subadditive ergodic theorem. Third, we have a result on
the asymptotic behavior of the slowed down passage times, whose proof is
completely analogous to Theorem 4.12 and is omitted.

Theorem 4.27 For any x,y > 0 we have the almost sure convergence

(I=r)y

%G,(I_nx 5L Lnyl) = ©,,(x,y) = )—rc + asn— oo,  (4.59)
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Next, with the aid of these results, we can prove a result on the asymp-
totics of the passage times in the original process.

Theorem 4.28 (Asymptotics of the passage times in the multicorner growth
process) There exists a function ®@,: [0, 00)? — [0,00) such that for
all x,y > 0, if ((in, ju)),, is a sequence of positions in N? such that
%(in, Ju) — (x,y) as n — oo, then we have the almost sure convergence

1
=Gin, ju) = @p(x,y) as n — oo. (4.60)
n

The function ®, satisfies the same list of properties as the function ¥ in
Theorem 4.13.

Proof The proof is identical to the proof of Theorem 4.13, except for the
following modification: to prove that @, can be extended to a continuous
function on the x- and y-axes, observe that @, satisfies the upper bound

x yl-r

(Dp(-x’ )’) < (Dp,r(x’ Y) =—-+ s

ro p-r
analogously to (4.32). To get the best bound for a given value of p, take
r. = p\x/(\/x+ /(1 = p)y). For this value, we get after a short computa-
tion that

1
xy) < 2 (x+y+2(T = p)xy) (4.61)

(As in the discussion of the limiting function P, it will turn out at the end
of the analysis that the right-hand side of (4.61) is the correct expression
for ®@,.) On the other hand, we have the fairly trivial lower bound

D,(x,y) 2 d \Y; Y

p p
that follows from the strong law of large numbers in an analogous manner
to (4.34). The two bounds are asymptotically sharp as (x, y) approaches the
axes, so @, extends to a continuous function on [0, 00)? that satisfies

D,(z,0) = D,(0,2) = ; 0

Using Theorem 4.28, one can prove the existence of a limit shape as we
did in Theorem 4.15. The proof of the following result is similar to the
proof of that result and is omitted.
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Theorem 4.29 Define a set
Dyca, = {(x,y) €0,00)" : @,(x,y) < 1}. (4.62)

As n — oo, the scaled planar set n™'setyn converges in probability to the
set DMCG,p-

It remains to find the explicit form of the function ®,,. As before, the idea
is to use the relationship between the slowed down and original passage
times to obtain an equation relating @, to the functions ®,,, which can
then be solved by inverting a Legendre transform. The equation, which is
analogous to (4.38) and is proved in exactly the same manner, is as follows.

Theorem 4.30 Forany x,y > 0 and 0 < @ < 1 we have

u
@y 5,9) = max {4+ @y - )

V max {(1 =,y - v)} . (4.63)

0<v<x p—r

Once again, it will be enough to consider (4.63) in the case x = y = 1,
where it takes the form

- max {E +@,(1 —u, 1)} V max {(1 LN ®,(1,1 - u)}.
O<u<l \r 0<u<l p—r

Because of the symmetry of @, it is sufficient to consider the range of

values 0 < r < 1 — 4/1 — p, which are the values (check!) where 1/r >

(1 = r)/(p — r) and therefore the first maximum dominates the second.

Denoting a function f,(u) = —®,(1 — u, 1) and setting s = 1/r, we get the

equation

s+ 5L Cax {su— f,w) (s > é(l +4/1 —p)), (4.64)

ps—1  o=usl

which we recognize as having an obvious connection to a statement about
Legendre transforms.

The function f, is a monotone nondecreasing, continuous and convex
function on [0, 1] that satisfies f,(1) = —1/p. Extend it to a function on R
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by setting

fw) if0<u<l,

) otherwise.

foluy =

Then we can rewrite (4.64) in the from

s+ s 1 :sup{su—fp(u)} (szll?(1+\/l—p)).

pS—l ueR

The extended function f, is lower-semicontinuous and convex. Its Legen-
dre transform £,(s) = fp*(s) = Sup,pisu — fp(u)} is a convex function that

. _ _ _ l _ .
satisfies h,(s) = s+(s—1)/(ps—1) for s > p (1 + 4/1 p). Furthermore, it
is monotone nondecreasing (since the supremum in its definition is always
attained for nonnegative values of u), so, since its right-derivative at the

point sy = ﬁ(l + /1 - p) satisfies

d
h,(so+) = 7

s+ s—1 =1_1_—p=0’
=50 ps—1 (pso — 1)?

it follows by an argument similar to that used in Section 4.6 that

hp(s) = hp(so) = 250 for s < so. That is, we have

Pt its>1(1+T-p).

hy(s) = VTR
2(1+ yT=p) ifs<i(1+T=p).

Applying Theorem 4.17, we can recover f, as the Legendre transform of

h,. This leads (after some trivial examination of end cases which we leave

to the reader) to the calculus problem of finding the value of s that maxi-
s—1
ps—1°

The solution is

(42

mizes us — § —

Sy = —
VI —u

p
and the maximum value is us, — s, — pl—__ll which after a short computation
results in

1
fp(u):—;(Z—u+2 (- p(1-u).

From this result, we can obtain, arguing exactly as in Section 4.6, the fol-
lowing result.
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Theorem 4.31 The function @, is given by

1
D,(x,y) = 1—7 (x +y+2+4/(1 - p)xy). (4.65)

Combining (4.65) with Theorem 4.29 finishes the proof of the limit
shape theorem for the multicorner growth process, Theorem 4.24, which
was our goal.’

Exercises

4.1 (wew) Given numbers aj,...,a; > 0, let X1, ..., X be independent random
variables such that X; ~ Exp(a;) for 1 < j < k. Define random variables

Y = argmin(Xy, ..., Xx),
Z =min(Xy,...,Xp).

Show that Y and Z are independent, Z has distribution Exp(a; + ... + @),
and the distribution of Y is given by
PY=j)=— (1< j<h.
a)+ ...+ ag

4.2 (s %) Prove that if € R and (Xn),—, 1s a sequence of random variables,
defined on the same probability space, such that X,, — a in probability, then
there is a subsequence (X, )2, such that X, — a almost surely.

43 (ww) Let X1,Xs,..., be a sequence of i.i.d. random variables such that
EX; = 0 and IEX? < o0. Prove that there exists a constant C > 0 such that

for any a > 0 we have
n
IP’[ Z X
k=1

4.4 (wpu) Using the notation of Section 4.4, define Z; ; = min(Xi,1 j, ¥ j+1). By
strengthening the reasoning employed in Lemma 4.11, prove that the random

>al< ¢
al< ——.
n2a*

variables (Z; J');,.}:o form a family of i.i.d. variables with distribution Exp(1).

4.5 (sew) Prove that Theorem 4.20 implies Theorem 4.21.

4.6 (@) Prove that in the superadditivity inequality (4.28), we have equality if
and only if the vectors (x,y;) and (x2, y,) are linearly dependent.

47 (wsewew) (Mountford—Guiol [90]) Let G(i, j) denote the passage times in
the corner growth process, and let ¥(x, y) = (v/x+ \/y)z. Prove the existence
of constants C, ¢, € > 0 such that for all i, j > 1 we have that

1 i
P{— GG ) -¥Y|—, —
(i+j‘ @) (i+j z+])

> (i+ j)‘f) < Ce~l))r,
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Given positions (a, b), (i, j) € N2 with (a,b) < (, j), the (random) unique
path in Z(a, b; i, j) for which the maximum in the definition (4.13) of the
passage times in last-passage percolation is attained is called the geodesic
from (a, b) to (i, j).

(a) (wses) Fix x,y > 0. Let ((iy, jn));o, be a sequence of positions in N2
such that i,/n — x, j,/n — y as n — oo. Use the results of Exercises 4.6
and 4.7 above to show that as n — oo, the geodesics from (1, 1) to (i, j,)
converge almost surely after scaling to a straight line from (0, 0) to (x, y),
in the following precise sense: if we denote the geodesic from (1, 1) to
(ins Jjn) bY (P}, qZ)Z”:O (where clearly a, = i, + j, — 1), then we have that

max
0<k<a,

a.s.
— 0.
n—oo

| k ‘

n(Pk, qk) a, (x,y)

(b) (sespsp) Formulate and prove an analogous statement for the limit shape
of the geodesics from (0,0) to (i, j,) in the slowed down last-passage
percolation model with parameter @ > 0, defined in (4.15)-(4.17).

e

ww) (Fristedt [46]) Given an integer partition 4 = (41,...,4,), for each
k > 1 we denote by vx = vx(1) the number of parts of A equal to k, and refer
to vk as the multiplicity of k in A. The numbers (), satisfy vx > 0 for
all k and 37, kvi = |4]. Conversely, it is easy to see that any sequence of
numbers satisfying these conditions is the sequence of multiplicities for a
unique partition.

Fix a number 0 < x < 1. Let Ni,N,... be a sequence of independent
random variables such that Ny ~ Geomg(l — x¥), that is, P(N;y = m) =
(1 = x/)x%™ for m > 0, and denote N = 32 ) kNy.

(a) Prove that N < oo almost surely.
(b) Let A be the random integer partition for which the part multiplicities are

given by Ny, Na, . ... Show that for any partition u € £* we have that

lul
X
P A=p)=——,
A=) =2 ®
where F(x) = [12,(1 - x™)~1. (The notation P, emphasizes the depen-
dence of the probability on the parameter x.) Deduce that

pn)x"

PN =n)= F(x)

(n>0), (4.66)

where p(n) denotes the number of partitions of #n, and that for any n > 0,
conditioned on the event {N = n}, A is uniformly distributed over the set
P(n) of partitions of order n.
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4.10 (a)

(b)

The corner growth process: limit shapes

Deduce from parts (a) and (b) above the identity
F(x)=1+ Zp(n))/’.
n=1

(This is Euler’s product formula, which was also proved in Exercise 1.16.)
Show that the parts of the conjugate partition A’, in the usual decreasing
order, can be recovered using the relation

Ap=D Ny  (mz1)

(with the convention that A} = 0 if k is greater than the number of parts
of A).

(Spurde) Let x, = em/Non — \/L? + 0(%) Using the notation of
n

Exercise 4.9 above, show that when the parameter x in the definition of

the random partition A is taken as x,, when n — co we have that

1
E,, (N) = (1 + 0(_)) 4.67)
n \/_

n

Var,, (N) = (1 + 0(1))2”—\/6113/2.

(4.68)
(s %) Denote by A the random partition A with the choice of pa-
rameter x = x,. Show that A satisfies the following limit shape result:
if we define a function ¢,,: [0, c0) — [0, o) encoding A as in (1.17) by
$u(x) ="' PA)

[n12x+1])°

then we have the convergence in probability
1 e
Gu(x) > ——log(l —e™*) asn — oo,
c

where ¢ = 71/ V6. Note that this result can be interpreted in terms of the
convergence in probability of the planar set setym to a limit set Aypif,
which has the symmetric description

Atnit = {(x,y) 1 x,y2 0, +e7Y = 1}.

However, the convergence will be in a weaker sense than that of the limit
shape theorems we proved for the Plancherel growth process and corner
growth process, since the set Ayyir has horizontal and vertical asymptotes
so is unbounded; see Fig. 4.8.
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Figure 4.8 The limit shape Aypir of uniformly random partitions.

(©)

(@

©)]

(s @0 9) Show that the partition generating function F(x) has the asymp-
totic expansion
o1 1
log F(e™®) = — + = log s — = log(2n) + o(1) (4.69)
6s 2 2

as s \, 0. (A proof can be found in [91].)

el

(s we ) Show that as n — oo we have that

Py, (N =n) = (1 +0(1)) (4.70)

1

Note that, in view of the relations (4.67) and (4.68), this can be thought of
as the statement that the random variable N, defined as the sum of many
independent components, satisfies a “local central limit theorem at 0”;
the technique of proof should use the standard Fourier-analytic method of
proving local central limit theorems — see, e.g., chapter 3 of [33] — but is
technically hard because the variables being summed are not identically
distributed, which turns the problem into a somewhat challenging exercise
in complex analysis.

(s %) Combine the relations (4.66), (4.69), and (4.70) to obtain a proof
of the Hardy—Ramanujan asymptotic formula (1.16) for p(n).
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(f) (Sedpwode) (Temperley [133], Szalay—Turdn [130], Vershik [141]) For
each n > 1, let A denote a uniformly random partition of n. Prove that
the random partitions A have the same limit shape Ayt as the random
partitions A”; that is, they satisfy the same result as in part (b) above.

4.11 (sesrspsesp) A plane partition is the three-dimensional analogue of a Young

diagram. Formally, if n > 0 is an integer, a plane partition of order # is an in-
finite array (a; ;)i j>1 of nonnegative integers such that n = }; ; @; ; and such
thata; ; > ajy1,V a; j+1 forall i, j > 1. Graphically one can visualize a plane
partition as a stack of n unit cubes stacked against a corner of three large
walls in a monotonically decreasing fashion; a; ; corresponds to the height
of the stack of cubes above the unit square [i — 1,7] X [j — 1, j] X {0}.
Find a formula for the limit shape for the corner growth process in three
dimensions, corresponding to a random walk on the graph of plane partitions
in which one starts with the empty plane partition of order 0 and successively
adds cubes, each time choosing the position of where to add the new cube
uniformly at random from the available positions.

4.12 A domino is a rectangle in the plane, aligned with the x- and y-axes and
having dimensions 2 x 1 or 1 2. A representation of a set S ¢ R? as a union
of dominos with disjoint interiors is called a domino tiling of S.

(a) (%) Show that the number of domino tilings of the 2 X n rectangle [0, n] X
[0,2]is F,41, the (n + 1)th Fibonacci number.

(b) (wespsp) (Elkies—Kuperberg-Larsen—Propp [37]) Let n > 1. The Aztec
diamond of order 7, denoted AD,, is the union of lattice squares [, j +
1] X [k, k + 1], (a, b € Z), that are contained in the rotated square {(x,y) :
|x] +y] < n+ 1} (see Fig. 4.9). Prove that the number of domino tilings of
AD,, is 2"+ D72,

(c) (spspsp) (Elkies et al. [37]) In a domino tiling of AD,, a horizontal
domino is a domino of the form [a,a + 2] X [b, b + 1] for some a,b € Z,
and is called north-going if a + b + n is even or south-going if a + b + n
is odd. A vertical domino has the form [a,a + 1] X [b, b + 2] for some
a,b € 7Z, and is called west-going if a + b + n is even or east-going if
a+b+nisodd.

Prove that the following algorithm, known as the domino shuffling al-

gorithm, will recursively generate a uniformly random domino tiling of

AD,:

Step 1. Start by choosing at random one of the two tilings of ADy, each
with equal probability.

Step 2. For each 1 < k < n — 1, transform the tiling of ADy into a tiling
of ADy, by carrying out the following steps:
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]

:

]

Figure 4.9 The Aztec diamond of order 3 and one of its 64
domino tilings.

e Destruction: Any pair of dominos consisting of a north-going
domino directly below a south-going domino is removed; any
pair of dominos consisting of an east-going domino directly
to the left of a west-going domino is removed.

e Sliding: Each remaining domino slides one step in the direc-
tion it is heading, that is, north-going dominos to the north,
and so on. (It needs to be shown that after the sliding no two
dominos attempt to occupy the same square.)

e Creation: The dominos now occupy a region of the form
ADy41 \ E, where (it needs to be shown) the closure of E has
the property that it can be represented in a unique way as the
union of 2 X 2 blocks with disjoint interiors. For each such
2 x 2 block, fill it with two newly created dominos which
are chosen as either two horizontal or two vertical dominos,
according to the result of a fair coin toss, performed indepen-
dently of all other random choices.

Note: As part of the proof of correctness of the algorithm, one can obtain
a proof of the claim of part (b) above.

4.13  (Jockusch-Propp-Shor [60]) Given a domino tiling of AD,,, two dominos
are called adjacent if they share a lattice edge of Z2. The north arctic re-
gion of the tiling is the union of all north-going dominos that are connected
to a domino touching the “north pole” (0, ) via a chain of adjacent north-
going dominos (the reason for the name is that the dominos in this region are
“frozen” into a rigid brickwork pattern). Similarly, the south arctic region



270

The corner growth process: limit shapes

is the union of south-going dominos connected to the south pole (0, —n), the
east arctic region is the union of east-going dominos connected to the east
pole (—n,0) and the west arctic region is the union of west-going dominos

connected to the west pole (n,0). These four arctic regions are collectively

referred to as the arctic region of the tiling. The region tiled by dominos not

in the arctic region is called the temperate region.

()

(b)

(©)

(s #) Show that the north arctic region AV can be encoded in terms of a
Young diagram whose box positions (i, j) are the addresses of the north-
going dominos in A in a rotated coordinate system based at the north
pole. More precisely, position (i, j) corresponds to the 2 X 1 rectangle
[j—i-1,j—i+1]X[n—i-j+1,n—i— j+ 2] (thatis, a north-going
domino in the top row of AD,, would have position (1, 1); the two possible
rectangles that may contain north-going dominos in the row below to the
top row are associated with positions (2, 1) and (1, 2); etc.). Prove that the
set of positions (i, j) € NZ thus defined from the dominos in A is the set
of cells of a Young diagram.

(%) Show that whenever Step 2 in the domino shuffling algorithm de-
scribed above is executed to “grow” a domino tiling of AD,, into a domino
tiling of AD,41, the Young diagram encoded by the north arctic region as
described above grows exactly according to the growth rule (4.52) of the
multicorner growth process with p = 1/2.

(wewe) With the help of Theorem 4.24, deduce from the result of part
(d) above the following result, known as the “arctic circle” theorem (see
Fig. 4.10).

Theorem 4.32 (Arctic circle theorem for domino tilings of the Aztec dia-
mond) For eachn > 1, let T, denote a uniformly random domino tiling
of the Aztec diamond AD,, and denote its temperate region by Temp,,. As
n — oo, the shape of the temperate region Temp, converges in proba-
bility after scaling to the disk D = {(x,y) : x> +y* < 1/2} inscribed
within the diamond (the scaling limit of the discrete Aztec diamonds)
{(x,y) : |x| + |yl = 1}. More precisely, for any € > 0 we have that

1
IP’((I —-€)D c -Temp, C (1 + e)D) — 1 asn — oo.
n
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Figure 4.10 A uniformly random domino tiling of the Aztec
diamond ADsy, sampled by domino shuffling.






5

The corner growth process: distributional
results

Chapter summary. In 1997, Kurt Johansson discovered that the corner
growth process we studied in the previous chapter is directly related to
longest increasing subsequences in generalized permutations. This con-
nection can be studied via the RSK algorithm, which is an extension of
the Robinson—Schensted algorithm discussed in Chapter 1, leading to a re-
markable explicit representation for the distribution of the passage times,
that is itself related to Wishart matrices from random matrix theory. Ap-
plying ideas from the theory of orthogonal polynomials and asymptotic
analysis techniques, we prove Johansson’s result that the distribution of the
passage times converges to the Tracy—Widom distribution F,.

5.1 The fluctuations of G(m, n) and the Tracy—Widom distribution

In previous chapters we studied two natural processes of randomly growing
Young diagrams, and derived the limiting shapes for both: the Plancherel
growth process, which was used in Chapter 1 to solve the Ulam—Hammersley
problem of deriving the (first-order) asymptotics of the maximal increas-
ing subsequence length in a random permutation; and the corner growth
process, which we analyzed in Chapter 4, where we also saw it bears an
interesting relation to other natural random processes such as the totally
asymmetric simple exclusion process and random domino tilings.

Although the conceptual resemblance between these two processes is
satisfying, our analysis of the corner growth process involved probabilistic
techniques with very little combinatorial content, and, in particular, had
nothing to do with the mathematics of longest increasing subsequences,
which is ostensibly the subject of this work.

273
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It may thus come as a pleasant surprise that there is a much deeper con-
nection, discovered by Kurt Johansson in 1997, between the corner growth
process, longest increasing subsequences, and many of the ideas and con-
cepts discussed in earlier chapters of this book. Our goal in this chapter is
to study this connection and pursue it to its (rather beautiful) set of logical
conclusions, following Johansson’s landmark paper [62]. Ultimately, we
will be led to a much deeper understanding of the passage times associated
with the corner growth process and the multicorner growth process. The
culmination of our efforts will be in the proof of the following result about
the limiting distribution of the passage times.

Theorem 5.1 (Limit law for the passage times) For x,y > 0 define func-
tions

P(x,y) = (Vx+ V)2, (5.1)
o(x%,y) = ()™ (Vx + Y. (5.2)

Let (my);2,, (m)y, be sequences of positive integers with the properties
that

my, ny — oo as k — oo, (5.3)
0 < liminf 2% < limsup 2% < co. (5.4)
k—oo 1y koo Mg

Then as k — oo, the passage times G(my, ny) associated with the corner
growth process converge in distribution after rescaling to the Tracy—Widom
distribution F, defined in (2.3). More precisely, we have

G(my, ny) — ¥ (my, ny) <

P < t) - Fy(1) (teR). (5.5)

o (my, ny)

Because of the connection between the corner growth process and Rost’s
particle process described in the previous chapter (Section 4.7), Theorem 5.1
can be formulated equivalently as a statement about the limiting distribu-
tion as n,m — oo of the time when the mth leading particle has made its
nth move in Rost’s particle process. A far-reaching generalization of this
result for the case of the Asymmetric Simple Exclusion Process (ASEP), a
generalization of Rost’s particle process in which particles can move both
to the left and to the right, was proved by Tracy and Widom [137].
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5.2 Longest increasing subsequences in generalized permutations

We start with a few fairly simple combinatorial observations. One clue that
the corner growth process and its cousin, the multicorner growth process,
may be related to longest increasing subsequences is that the definition of
the passage times in (4.13) involves taking a maximum. Johansson noticed
that, in the case of the multicorner growth process, the passage times can
in fact be interpreted literally as maximal (weakly) increasing subsequence
lengths in certain sequences of numbers that (unlike permutations) may
involve repetitions.

To make this observation precise, we make the following definitions. A
generalized permutation of length k& and row bounds (i, n) is a two-line
array of integers that has the form

P A
O- = . . . 2
Jl J2 . e Jk
where 1 < iy,...,ixy <m, 1 < ji,..., jr < n, and where the columns are

ordered lexicographically, in the sense that if s < 7 then either i; < i, or
k

mn
length k and row bounds (m, n). If o = (;11 - ;‘; ) is a generalized permuta-
tionand 1 < 51 <... < s4 < kis a sequence of column positions, we refer
to the generalized permutation (;‘1 N ;‘; ) as a subsequence of ¢, and call
such a subsequence increasing if j;, < ... < j,,. Note that generalized per-
mutations are indeed generalizations of ordinary permutations (interpreted

iy = i; and j; < j,. Denote by £}, the set of generalized permutations of

as two-line arrays in the usual way), and the definition of an increasing sub-
sequence generalizes that concept for an ordinary permutation. If o € P’,;,n,
as for ordinary permutations let L(o") denote the maximal length of an in-
creasing subsequence of . Equivalently, L(o) is the maximal length of a
weakly increasing subsequence of the bottom row of o.

One last definition we will need is an alternative way to encode elements
of P% , as matrices. Let M}, , denote the set of mxn matrices (a; )1 <i<m,1<j<n
with nonnegative integer entries satisfying »’; ;a;; = k. We can associate
with a generalized permutation o € P, a matrix M, = (a;;);; € Mﬁw by

setting a; ; to be the number of columns in o equal to (;) For example, the
matrix associated with the generalized permutation

0_:1111222233’ (5.6)
1145333525
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(considered as an element of P}%) is
2 0 01 1
M,=10 0 3 0 1}.
01 0 0 1

Conversely, given the matrix M, we can recover o by writing a two-line
array containing a; ; copies of (;) foreach1 <i<m, 1 < j<nand sorting
the columns lexicographically. Thus, we have the following easy result.

Lemma 5.2 The map o — M, defines a bijection between %, and
Mk

m,n*

It is natural to ask what the function o — L(o) looks like when we
interpret generalized permutations as matrices, that is, how is L(o) com-
puted in terms of the associated matrix M. The answer to this question
involves a familiar expression from our study of last passage percolation in
the previous chapter.

Lemma 5.3 IfM = (a,-,j)i,j € Mk and o € Pk

m,n m,n

is the generalized
permutation associated to it via the bijection of Lemma 5.2, then

d
L(o) = max {Z pege * (Peq0)ig € Z(1, 1m, n)} (5.7)

=0
where Z(1, 1;m, n) is the set of up-right paths from (1, 1) to (m, n), defined
in Section 4.3.

Proof Denote the expression on the right-hand side of (5.7) by L(M).
First, we show that L(M) < L(o). Let (p{,qg)gzo € Z(1,1;m,n). Let u be
the generalized permutation

Apy g columns  ap, 4 columns py.qq COlUMNS
’u_(po---po Piepi ottt PattcPa
qQ°q0 G qu ccc qaccda

Then clearly u is a subsequence of o, and because (p,, q[)?zo is an up-right
path, it is also easy to see that it is an increasing subsequence, and has
length 3¢_, Ap,.q,- 1t Tollows that >4, ap,q, < L(0). Since this inequality
holds for an arbitrary up-right path in Z(1, 1;m, n), we have shown that
L(M) < L(o).

To see that the opposite inequality L(M) > L(c) holds, let u = (;‘] - j )
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be an increasing subsequence of o of maximal length s = L(o). Let (g:)
(g) be a list of the distinct columns of y, in the order in which they

appear in y; recall that each column (é’) appears at most a,, s, times in y, so
we have that }_, a,, 5, > 5. But now note that by the definition of (y;, 6,)/_,,
for each 1 < ¢ < r — 1 the differences y,;; — v; and 6;,; — 6; are both
nonnegative and at least one of them is positive. It follows that there is an
up-right path (py, q[)?zo € Z(1,1;m,n) that contains all the pairs (y;, d,).

From this we get the chain of inequalities

r

d
LM > Z gy = Z a6 > s = L(o),
=0

t=1

which proves the claim. |

From now on, we also use the notation L(M) to denote the right-hand
side of (5.7), which by the above result is equal to the maximal increasing
subsequence length in o, where o~ and M are the equivalent ways of think-
ing about generalized permutations. Comparing (5.7) with (4.13), we have
the following immediate corollary.

Corollary 5.4 Let0 < p < 1, and let (1, }); j=1 be an array of i.i.d. random
variables with the geometric distribution Geom(p). Let (G(i, j)); j>1 be the
passage times in last-passage percolation with the array (7, ;); j»1 of clock
times, associated with the multicorner growth process (see Theorem 4.23).
For each m,n > 1 let M, ,, be the matrix M,,,, = (7 j)1<i<m, 1<j<n- Then the
passage times have the representation

G(m,n) = L(M,,,) (m,n>1). (5.8)

The problem of understanding the passage times in the multicorner growth
process has thus been reduced to the study of the generalized permuta-
tion statistic L(-) of a random rectangular matrix of i.i.d. geometrically dis-
tributed random variables. It is of course far from obvious that this reduc-
tion makes the problem any easier or more tractable; however, similarly
to the ideas we encountered in Chapter 1, it turns out that maximal in-
creasing subsequence lengths of generalized permutations are related to the
mathematics of Young tableaux. By using an extension of the Robinson—
Schensted algorithm discussed in Chapter 1 we will be able to derive a
striking explicit formula for the distribution function of the passage times
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(not only for the multicorner growth process, but also for the corner growth
process associated with exponentially distributed clock times), which will
be the starting point of a powerful analysis. We discuss the relevant com-
binatorial ideas in the next two sections.

5.3 Semistandard Young tableaux and the
Robinson-Schensted—Knuth algorithm

Recall from Section 1.6 that the Robinson—Schensted algorithm maps a
permutation o € S to a triple (4, P, Q), where A is a Young diagram of
order k, and P and Q are Young tableaux of shape A. Donald E. Knuth dis-
covered [70] an extension of the algorithm to the case of generalized per-
mutations. The extended algorithm has become known as the Robinson—
Schensted—-Knuth (RSK) algorithm. Starting from a generalized permu-
tation o € Sijm, its output will still be a triple (4, P, Q) where A is a Young
diagram of order k, but now P and Q will be A-shaped arrays of integers
that are generalizations of the “standard” kind of Young tableaux we are
used to, and are known as semistandard Young tableaux.

The basic idea is the same and involves “growing” the diagram A and
the tableaux P and Q starting from an empty diagram. Let us start with
the tableau P: as before, it plays the role of the insertion tableau, and is
formed by the application of a sequence of insertion steps in which the
entries of the bottom row of the two-line array o are inserted one by one
into the existing tableau, enlarging it — and the associated diagram A — by
one cell. The insertion is performed using the same rules as described on
p- 16 (originally in the context of the patience sorting algorithm) and in
Section 1.6; the only difference is that the sequence of numbers being in-
serted may contain repetitions. For clarity, let us state how this works more
explicitly. As with the Robinson—Schensted algorithm, each entry from the
bottom row of o is inserted into the first row of the growing tableau P,
which leads to a cascade of “bumping” events and recursive insertions into
rows below the first row, according to the following rules:

1. A number x being inserted into a row of a tableau will be placed in the
leftmost position of the row whose current entry is (strictly) bigger than
x. If there are no such positions, x is placed in an unoccupied position
to the right of all currently occupied positions.
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2. If x was placed in a position already occupied by a number y, then y
gets bumped down to the next row where it will be inserted recursively
according to rule 1 above.

As an illustration, inserting the number 2 into the tableau

11224|4\
3
45

results in the new tableau

11222|4\

6

It is useful to associate with each insertion step a bumping sequence,
which is the sequence of positions at which the entry of the tableau P
changed. In the preceding example, the bumping sequence is (5, 1), (4,2),
(3,3).

Next, the tableau Q plays the role of the recording tableau just as in the
Robinson—Schensted case; after each insertion step, we add a single entry
to Q by setting the entry in the just-added cell of the shape A to the number
taken from the fop row of o directly above the bottom-row entry that was
just inserted into P. As an example, readers can verify that applying the
algorithm to the generalized permutation o in (5.6) produces the following
insertion and recording tableaux:

1 2|3|3|5|5\
5

JHEEE

’ | W[ =

R
\9]

From the example we see that P and Q are not arbitrary arrays of num-
bers but still have some useful monotonicity properties, although they are
not standard Young tableaux. Given a Young diagram A, define a semis-
tandard Young tableau (or semistandard tableau) to be a filling of the
cells of A with positive integers, such that rows are weakly increasing and
columns are strictly increasing.
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Lemma 5.5 (a) When a number x is inserted into a semistandard tableau
T, the bumping sequence (ay, 1),. .. (ay, k) is weakly monotone, that is,
a; > aiy forall i.

(b) Given a semistandard tableau T and numbers x >y, let (a;,1), ...,
(ax, k) and (b1, 1), ..., (b,,m) be the bumping sequences associated
with first inserting x into T and then inserting y into the tableau ob-
tained from T by the first insertion. Then we have m < k and b; > a;
forl<i<m

(c) The insertion tableau P computed by the RSK algorithm is a
semistandard tableau.

(d) The recording tableau Q computed by the RSK algorithm is a
semistandard tableau.

(e) During the application of the RSK algorithm, equal entries in the
recording tableau Q are added from left to right.

Claim (a) of Lemma 5.5 is trivial, and each of the subsequent claims is
straightforward to prove from the definitions and from the previous claims.
The formal proof is left to the reader (Exercise 5.2); for more details see
[125], Section 7.11.

Note that the last claim in the lemma is particularly useful, since it im-
plies that, as with the simpler case of the Robinson—Schensted algorithm,
the original generalized permutation o can be recovered from the tableaux
P and Q. As before, this is done by applying a sequence of deletion steps
to the tableau P, with the starting point for each deletion being the leftmost
cell from among the cells containing the maximal entry of the recording
tableau Q. After applying the deletion to P, the cell from which the dele-
tion began is removed also from @, and the process is repeated until both
tableaux have been “emptied.” Each deletion step also yields as a byprod-
uct a column (j) of o, and Lemma 5.5(e) guarantees that this choice for
the order in which to apply the deletions is the correct one to recover the
columns of o precisely in reverse order.

One final property of the RSK algorithm is its connection to longest
increasing subsequences, which is similar to the case of the Robinson—
Schensted algorithm.



5.4 An enumeration formula for semistandard tableaux 281

Lemma 5.6 If the RSK algorithm associates the triple (A, P, Q) with the
generalized permutation o, then we have

L(o0) = A, (the length of the first row of A).

Proof Ifo = (;'1 i ;1 ), recall that L(o) is the maximal length of a weakly
increasing subsequence in the sequence J = (ji,..., ji). Following the
evolution of the first row of the insertion tableau, we see that we are effec-
tively performing a patience sorting procedure on J (see Section 1.5). The

proof is now identical to the proof of Lemma 1.7. O

Summarizing the preceding discussion, we have outlined the proof of
the following important result.

Theorem 5.7 The RSK algorithm is a bijection between the set Pﬁm of
generalized permutations of length k and row bounds (m,n) and the set of
triples (A, P, Q) where A is a Young diagram, P is a semistandard Young
tableau of shape A and entries from {1,...,m}, and Q is a semistandard
Young tableau of shape A and entries from {1, ...,n}. Under this bijection,
L(0) is equal to the length of the first row of A.

Exercises 5.3 and 5.4 provide some simple numerical examples, which
are highly recommended as a way to get a better intuitive feel of this elegant
but nontrivial construction.

5.4 An enumeration formula for semistandard tableaux

Another tool we need for our analysis of the passage times in the multi-
corner growth process is the following enumeration formula for semistan-
dard Young tableaux.!

Theorem 5.8 Let A = (A4,...,4,) be a Young diagram. For any n > m,
the number of semistandard Young tableaux of shape A with entries from
{1,...,n} is given by

/L'—/l'-l- j— 1
[T == (5.9)
J—1

I<i<j<n

where A; is interpreted as O for i greater than the number of parts of A.

Note that in the case n < m the requirement of strict monotonicity along
columns means that there are no semistandard tableaux of shape A.
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Our approach to the proof of Theorem 5.8 will be to transform the prob-
lem into that of enumerating a different family of combinatorial objects
known as Gelfand-Tsetlin patterns. Formally, a Gelfand-Tsetlin (GT)
pattern with n rows is a triangular array of positive integers

G= (gi,j)lsjsiSn

such that the inequalities g;.1; < gi; < gi+1,j+1 hold for all applicable
indices i, j. Here is an example of a pattern with five rows:

Given a GT pattern with n rows, we can use it to construct a semistandard
Young tableau T according to the following recipe: for each 1 < i < n, the
ith row of the pattern encodes a Young diagram 1> whose parts are

Gii—t.... 822,81 -1

with any trailing zeroes removed. With this definition, it is easy to see that
the properties of the GT pattern imply that for any 2 < i < n, 247V is
contained in A, The semistandard Young tableau T is then defined as the
array of shape A" obtained by writing for each 1 < i < n the entry i in all
the cells of the “skew-shape” which is the difference A? \ A%~V (where 1©
is interpreted as the empty diagram @) between two successive diagrams on
the list.

To illustrate this construction, the GT pattern in the preceding example
leads to the Young diagrams

AV =(2),

A2 =(2,2),
A9 = (3,2),
A® = (3,3),

A9 =(3,3,2),
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and the associated semistandard tableau is therefore

1)1
21214

We omit the easy verification of the fact that the array of numbers result-
ing from this construction is in general a semistandard Young tableau. We
also leave to the reader (Exercise 5.5) to verify that the construction can be
inverted, in the following precise sense.

Lemma 5.9 Let A be a Young diagram with m parts, and let n > m. Define
numbers xi, ..., X, by

Xj = /l,,_,.]_j +j (1< j < n).

Then the construction above defines a bijection between the set of Gelfand—
Tsetlin patterns with n rows and bottom row (xi,...,Xx,) and the set of
semistandard Young tableaux of shape A with entries from {1,...,n}.

By the lemma, the proof of Theorem 5.8 has been reduced to proving
the following result on the enumeration of GT patterns with given bottom
row.

Theorem 5.10 For any n > 1 and integers 1 < x| < ... < X, the number

of Gelfand-Tsetlin patterns with bottom row (xy, ..., x,) is given by
Xj— Xi
[] = (5.10)
1<i<jen 4 T

Proof Denote by W, (xy, ..., x,) the number of GT patterns with bottom
row (xi, ..., x,). By partitioning the patterns enumerated by W,,(x1, ..., x,)
according to their (n — 1)th row (yy,...,y,-1), we see that the family of
functions W, satisfies the recurrence

W,,(xl,...,x,,): Z Wn—l(ylsu-’yn—l)

Opsedp—1)
vj x,éyl-<x/+l

-1 x3-1 xp—1

= Z Z Z Wi Q15 -+ o5 Y1),

YI=X1 Y2=X2 Yn—1=Xp-1
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or equivalently

Xn

Wn(xla'--,xn): S S S W1—1()’1,---,yn—1), (511)

YI=X1 y2=X2 Yn-1=Xn-1

where we introduce a modified summation operator

u=a

b b-1
Srfw=3 fw (abeZ a<b).

u=

It is natural to extend the definition of S’_, f(u) by setting S°_, f(u) = 0 if
a = b and SZ:u Sfw) = =S;_, f(u) if a > b. With this extended definition,
the recurrence (5.11) gives meaning to W, (xy, ..., x,) for arbitrary integer
values xi, ..., x,. Note also the following easy facts. First, the modified
summation operator satisfies

c b c
Srw=8 faw+ S fw
u=a u=a u=b
for any integers a, b, c. Second, if f(uy,...,uy)is a polynomial in uy, ..., uy
of total degree m with a (not necessarily unique) highest-order monomial
ch(:l uj."", where m = }; @;, then Sﬁl:a f(uy,...,uy) is a polynomial in
a,b,uy,...,uy of total degree m + 1 which contains the two monomials
. d a; . d a;
S5 T u)’ and = 25a™ ! T]52, u)’ of degree m + 1.
Third, we claim that if f(y,...,y,-1) is an antisymmetric polynomial in
ViseeesYn-1 then

X2 X3 Xn
g(xl,...,xn): S S S f(yla"-vyn—l)
YI=X] Y2=X2 Yn-1=Xn-1

is in turn antisymmetric in xy, .. ., x,. To check this, fix 2 < j < n -2, and
write

—8( .., Xjr1, Xjy..2)
Xj1 Xj Xj+2

=- S S S oLy

Yj-1=Xj-1 Yj=Xj+1 Yj+1=X; [all other y;’s]

lother yi'sI\Yj-1=Xjm1 Y= Yj=X) \Vjr1 =X Vi1 =Xja1
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Xj+1 Xj+1

- S |S S S st

[other y;’s] L yj-1=xj-1 ¥;j=X; yjr1=%;

Xjrl Xjrl Xjrl

+ S S S f(yl,-'-’yn—l)

YVi-1=Xj Vi=Xj Yj+1=X)

Xj+1 Xj+1 Xjr2
+ S S S f(ylv'-'ayn—l)
Yi-1=Xj Yj=Xj Vi1 =Xje
Xj+1 Xj+2

+ S S S f(yl"--,yn—l)-

Yj-1=Xj=1 Yj=Xj Yj+1=Xj+1

Here, we see that in the bracketed expression the first three triple summa-
tions vanish by the antisymmetry of f. This leaves

Xj+1 Xjr2

S S S S f(ylv'-"yn—l):g(xls”-’xn)-

[other y;’s] yj-1=Xj-1 Y;=X; Yj+1=Xj+1

We have shown that g(xi, ..., Xji1, Xj, ..., %) = —g(X1, .., Xjy Xjsls o vy Xn)-
The verification of antisymmetry for the remaining cases j = 1 and j = n—1
is similar and is left to the reader.

We can now prove by induction on n that W, (xy, .. ., x,,) is given by (5.10).
For n = 1 the claim is trivial. Assuming the claim is true for W,_, the re-
currence (5.11) gives that

n-2 1 Xz x3

Wn(X1,...,

S 1_[@, i)

!
j=1 -] yi= X])z X2 Yn—-1=Xn-1 1<i<j<n—1

By the above observations, this is an antisymmetric polynomial of total
degree n(n — 1)/2 in xy, ..., x,. By considering the monomial yly2 T 2
of the Vandermonde product bemg summed, we see that W,(x1,..., x,) has
a highest-order monomial x{x; ... x2~! with leading coefficient H;le GH™.

To conclude, now use a well-known property of the Vandermonde prod-
uct [ ;<< j<n(x; — Xi), namely that it is the unique (up to multiplication by a
constant) antisymmetric polynomial in n variables of total degree n(n—1)/2

(see Exercise 5.6). Together with the above observations this proves that
Wo(x1,...,x,) = H?:l(j!)_l [Ti<icjen(xj — X0). O
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5.5 The distribution of G(m, n)

Using the combinatorial tools developed in the previous sections, we are
now ready to prove an important explicit formula for the distribution of
the passage times in the corner growth process and the multicorner growth
process.

Theorem 5.11 ForO<p <1landk >0 let
(P) X+ k X
_ 1=
(x) = ( X )( P,
Wi(x) = x*e™.

For any m > n > 1, define numerical factors

mn n n-1
p" - ((m—n)!)

(1 _ p)mn+n(n—l)/2 . ny

Conp = (5.12)

S0 '(m —n+

1
Dy, =— —_— 5.13
’ n!l;)[J!(m—n+J)! ( )

Then the distribution function of the passage times associated with the mul-
ticorner growth process with parameter p is given for any m > n > 1 by

Lt]+n—1

PGmm) <D =Cupp >, [] —x,)zl—[w”’) ). (5.14)

Aoy =0 1<i<j<n

The distribution function of the passage times associated with the corner
growth process is given by

P(G(m,n) <1) = Dm,nf f l_[ (xi — xj) 1_[ W n(xj) dx; ..

0 I<i<j<n

(5.15)

Proof Denote S, = 2L, X, 7ij» Where 7, ; are the Geom(p)-distributed
i.i.d. clock times associated with the multicorner growth process. Let k > 0.
Conditioned on the event {S,,, = k}, the matrix M,,,, = (7; ) 1<i<m, 1<j<n 18
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in Mﬁw. For any matrix M = (a;);; € Mﬁlyn, we have

m

Py, =) = | ﬁ P(riy=mij = | [ (1 = py")

=1 j=1 ij
= (—1 - ) (1-p).
4
It follows that

k]

]P)(Smn = k) = Z P(Mm,n = M) = (IL) (1 - P)k |Mﬁ1,n
k 4
MeM;,,
and therefore also

IP>(1‘4m,n = Mlsm,n = k) = ‘M]r(n,n B

That is, the conditional distribution of M,,, given the event {S,,, = k} is
the uniform distribution on M, . (The cardinality of M, , is unimportant
since it will end up cancelling out by the end of the computation, but in
case you are curious about its value, see Exercise 5.7.) We now proceed to
evaluate the probability P(G(m, n) < t) by conditioning on S ,, , and making
use of (5.8). Assume for convenience that ¢ is an integer (clearly, knowing
(5.14) for integer ¢ implies the general case). We have

P(G(m,n) <1) = Z P(Sn = OP(G(m,n) < ]Sy, = k)

k=0

= > P(S i = OPLMy) < 1181 = b)
k=0

- i (%)m (1-p) |{M e MEIL(M) < r}| (5.16)
k=0

Now the RSK algorithm can be brought to bear: by the correspondence
between matrices and triples (4, P, Q), the cardinality of the set of matrices
in M’,‘M satisfying L(M) < t can be represented as

(e iLan<d|= > Namn, (5.17)

Ark, A <t
where for a Young diagram A of order k, N(4,m,n) denotes the number
of pairs (P, Q) of semistandard Young tableaux of shape A such that P has
entries from {1,...,m} and Q has entries from {1, ..., n}. Recalling that we
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assumed that m > n, note that N(4,m,n) = 0 if A has more than n parts,
by the strict monotonicity of semistandard tableaux along columns. For A
with at most n parts, 4; = 0 if j > n, so, by Theorem 5.8, we have

N m.n) = l_[ A — /l+j—l 1—[ Ai—Aj+j—i

1<i<j<m j-i 1<i<j<n j—i
=g T s [ [
=M gicj<n i=1 j=n+l

where we denote Uy = [ ] (j—1) = 112!... (k—1)!. Note that a simple

1
rearrangement of terms shows that U,,_,/U,,U, = (H 20 Jlim—n+ ])')
Now, denoting x; = A; + n — jfor j = 1,...,n, the x;’s satisfy
X1 > Xy > ...> x, >0, so we can rewrite this as

N, m,n) = gU [ (xi—xj)z']il ﬁ(xfﬂ'—n)

1<i<j<n i=1 j=n+1
Um—n (xj +m— I’l)'
- [] e[|
EM g <icjsn Jj=1 Xj:
U, X;i+m—n
— m—n — )N\ _ 2 J
= g (n=m) 1<]:j[<n(x, ) - ]—[( ) ) (5.18)

The condition 3}_; A; = k translates to }_; x; = k + 2D and A, <t
translates to x; < ¢+ n — 1. So, combining the relations (5.16)—(5.18), we
get that

P(G(m,n) <t)

=(lf;p) ;(1—;7)" > N@m.m

Ark,A <t

= L= py DR D (g

U U,
Xi Z 1_[ (xl_x])zl_[(X1+m n) (1= pySis
k=0 1<i<j<n

0<x,<...<x1<t+n-1
2jxj=k+n(n—-1)/2

=l Conp Y, [ G- ]‘[(’“’” ”) (1= py=ho,

0<x,<...<x1<t+n—1 I<i<j<n
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In this expression the summand is symmetric in xy, ..., x,. Replacing the
sum by a summation over unordered sequences 0 < xy,...,x, <t+n—1
exactly cancels out the n! factor (and does not add any new contributions
coming from vectors (x1, ..., x,) with nondistinct coordinates, because of

the (x; — x;)* factors), giving

t+n—1
Conp D, ] i’ ]_[((1 )’@(“’”n ”))

X1, Xy =0 1<i<j<n

t+n—1

=Cup . ] @i-x? ﬂwf,i’)n(xp.

X,een Xy =0 1<i<j<n

This finishes the proof of (5.14).
Next, we prove (5.15) by taking a limit of (5.14) as p Y\, 0 and using the
well-known fact from elementary probability that if (X},)o<p< is a family

of random variables where X,, ~ Geom(p) then pX, 4, Exp(1) as p \, O.

Redenote the geometric clock times 7;; discussed in the first part of
the proof by 755.), to emphasize their dependence on p, and redenote the
corresponding passage times by G”(m, n). Let (T ;); j»1 be an array of i.i.d.
random times with the Exp(1) distribution, and let

k .
H(m, n) = max {Z peae t (Pq0ig € Z(1L13m, n)}
=0
be the associated passage times. Fix m > n > 1. By the relationship
mentioned above between the geometric and exponential distributions, we
e d
have the convergence in distribution (pTEZ))]S,-Sm’ 1<jsn — (Tii<izm, 1<j<n
as p \, 0. Since the summation and maximum operations are continuous,
we also get that

pG(P)(m, I’l) i) H(m, n) as p \I 0.

It follows that P(H(m,n) < 1) = lim, o P(G” (m,n) < t/p). To evaluate
the limit, note first that, for u > 0, we have that as p \ 0,

1 & . 1 uk+0(p) _,
wi (u/p) = k_l_l[( +J)(1—p)”’ i +Ow)

=1+ 0(p) == (W(w) + O(p)),

kky
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with the constant implicit in the big-O notation being uniform as u ranges
over a compact interval [0, T']. Hence we can write PP (G(”) (m,n) < ﬁ) as an
approximate multidimensional Riemann sum that is seen to converge to a
corresponding multidimensional integral. That is, we have

}P’(G(”)(m, n) < 117)
o

=Cunp Y, ] Gimx? ]_[wf,’f’n(x,

XXy =0 1<i<j<n
[;J+n—l

=Cm,n,p]f"("71) Z l_[ (px; — PX;) nw(p) (px,)

X1, Xy =0 1<i<j<n

= (1+0(P)Cpnpp™" ™"

Won(uy) + O(p)\ du; ... du,
f fo [ [ - H( P m —n)! ) I’

I<i<j<n

_d 0 mnppinm

=+ ())—(( e
f f 1—1 (l/t, —I/t/) nWm n(u)dul d”n

1<i<j<n

Taking the limit as p N\ 0 gives (5.15) with the normalization constant D,, ,
being given by (5.13), as claimed. O

5.6 The Fredholm determinant representation

For most of the remainder of the chapter, we focus on the passage times
G(m,n) in the case of the corner growth process. The case of the multi-
corner growth process can be treated using the same techniques; see Sec-
tion 5.13.

The next major step in our analysis will be to transform the represen-
tation (5.15) for the distribution function of G(m, n) into a new form in-
volving a Fredholm determinant, which is more suitable for asymptotic
analysis. The determinant involves a family of special functions called
the Laguerre polynomials, which we define now. For an integer @ > 0,
the Laguerre polynomials with parameter « are the family of polynomials
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(€5 (x));7, defined by

12 ek
n! ) -1 (n+a/) £ (5.19)

(n+a)! k! k+ax

£y (x) = (

(The Laguerre polynomials are also defined more generally for arbitrary
real @ > 0 by replacing factorials with gamma-function factors in the ob-
vious way, but we will need only the case of integer @.) We also define
the associated Laguerre kernels with parameter @ to be the sequence of
functions L?: R xR — R, (n > 0), given by

Lg(xny) = \/Im (Y/Zya/z =x/2 ,=y/2
{f’”(X)f" 1(y) ](x)f“’(y)
X

if x #y, (5.20)

(€Y (D) or (1) = (€2 () ifx=y.

Theorem 5.12 For any m > n > 1, the distribution of the passage times
G(m, n) in the corner growth process is given by the Fredholm determinant

P(G(m,n) < 1) = det (I = (L M)

k
= ( 1) f f det L’" ”(x,,x,))dx1 -dx.

i,j= 1
(5.21)

The leap from (5.15) to (5.21) is admittedly a rather nonobvious one,
and relies on techniques from the theory of orthogonal polynomials. We
develop the necessary ideas in the next two sections, and use them to prove
Theorem 5.12 in Section 5.9.

5.7 Orthogonal polynomials

Our discussion of orthogonal polynomials will be a minimal one tailored
to our present needs; in particular, for simplicity we focus on the so-called
absolutely continuous case. See the box on p. 294 for more background on
the general theory. The construction of a family of orthogonal polynomials
starts with a weight function, which is a measurable function w: R —
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[0, c0) with the properties that

fw(x) dx >0, fw(x)lxl” dx <o (n>0).
R R

We associate with such a function the inner product (-, -),, defined for func-
tions f,g: R —» R by

(f:8w = L F(0g(x) wix) dx

whenever the integral converges absolutely. (As usual, the inner product
induces a norm || f|],, = (f, f)}v/z; the set of functions for which ||f]|,, < oo,
with the convention that two functions f, g are considered equal if ||f —
gllw = 0, is the Hilbert space L*(R, w(x) dx).) A sequence of polynomials
(pn(x)),, is called the family of orthogonal polynomials associated with

w(x) if the p,’s satisfy the following properties:

1. p, is a polynomial of degree n.

2. p, has a positive leading coefficient.

3. The p, are orthonormal with respect to the measure w(x) dx. That is,

for all m,n > 0 we have
1 ifm=n,
(Pn, pm>w = Pn(X)Pm(X) w(x)dx = Oy = . (5.22)
R 0 otherwise.

Note the use of the definite article in the preceding definition, suggesting
uniqueness of such a family. Indeed, we have the following fundamental
result.

Theorem 5.13 (Existence and uniqueness of orthogonal polynomial fami-
lies) Given a weight function w(x), there exists a unique family of orthog-
onal polynomials associated with it.

Proof The proof of existence is essentially the Gram—Schmidt orthogo-
nalization procedure applied to the sequence of monomials 1, x, x%,... in
the inner product space L*(R, w(x) dx). We take po(x) = (1, l)lv/ 2, and for

n > 1 define p,(x) inductively in terms of py,..., p,_1 as

X = Pzodx, pr()) pi(x)
X = S, prOh ||

Note that, by induction, assuming that p; is a polynomial of degree k for

pn(x) =




5.7 Orthogonal polynomials 293

all 0 < k < n, we have that x" — ZZ;(l)(x”, Ppr(x0)), pr(x) is a monic polyno-
mial of degree n. This implies that the denominator in the definition of p,
is positive and that p, is a polynomial of degree n with positive leading co-
efficient. The orthonormality is also easy to verify inductively just as with
the standard Gram—Schmidt procedure.

To verify uniqueness, assume that (g,);’
properties 1-3 in the preceding definition. An easy corollary of proper-

ties 1-2 is that for any n > 0 we have that

o 1s another family satisfying

span{py, ..., p.} = span{qo, . .., g,} = span{l,..., x"} =: Poly,(R).

It is easy to see that we must have gy = py = ( fR w(x) dx)il/z. Assume by
induction that we proved that g, = py for all 0 < k < n — 1. Then by prop-
erty 3, both p, and g, are orthogonal to py,..., p,-; and are therefore in
the orthogonal complement of (the n-dimensional space) Poly,_,(R) con-
sidered as a vector subspace of (the (n + 1)-dimensional space) Poly, (R).
This orthogonal complement is one-dimensional, so p, and g, are propor-
tional to each other. By properties 1-2 and the case m = n of property 3, it
is easy to see that they must be equal. O

Various specific choices of the weight function w(x) lead to interesting
families of polynomials, the most important of which are named after fa-
mous 18th- and 19th-century mathematicians who pioneered the field. For
example, when w(x) = 1jp;(x) one obtains the Legendre polynomials;
w(x) = e leads to the Hermite polynomials; w(x) = 1/ V1 — x2 gives
the Chebyshev polynomials, etc. These so-called classical families of or-
thogonal polynomials often arise naturally as answers to concrete questions
and have found applications in many areas of pure and applied mathemat-
ics. See the box on the next page for a list of the more common families
and some of their uses.

Continuing with the general theory, denote the leading coefficient of p,
by «,. For convenience, we also denote p_; = 0 and let x_; denote an
arbitrary real number.

Lemma 5.14 (Three-term recurrence) Let (A,),., and (C,);, be given
by
Kn KnKn—2

An: ’ Cn: 2

Kn-1 K
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Orthogonal polynomials and their applications

Orthogonal polynomials were first studied by the Russian mathematician
Pafnuty Chebyshev in the 19th century in connection with the study of con-
tinued fraction expansions. The classical orthogonal polynomials, which
are specific families of orthogonal polynomials studied by and named af-
ter well-known mathematicians of the era, have found many applications in
diverse areas of mathematics. Since they satisfy fairly simple linear second-
order differential equations, they arise naturally in connection with many im-
portant problems of analysis and mathematical physics. The table below lists
the families of classical orthogonal polynomials and a few of their applica-
tions. For more information on the general theory, refer to [5], [131].

Family Weight function Applications

a 2 a a
Hermite e Quantum harmonic oscilla-

tor, diagonalization of the
Fourier transform, GUE random

matrices
Chebyshev 1/VI=2 Polynomial interpolation
Legendre 121 (%) Spherical harmonics, multipole
expansions
Jacobi (1 —x)*(1 + x’1_1(x) Representations of SU(2)
Laguerre e X109 0)(X) the hydrogen atom, Wishart

random matrices

Orthogonal polynomial ensembles are random point processes that
arise in various settings, most notably as eigenvalue distributions in random
matrix theory. The key property that makes their detailed analysis possi-
ble is that they are determinantal point processes whose correlation kernel
is the reproducing kernel of an orthogonal polynomial family. See the sur-
vey [72] for more information and many examples. For extensive informa-
tion about applications of orthogonal polynomials to random matrix theory,
see [4], [30], [42], [88].

There are real numbers (B,),", such that the orthogonal polynomials (p,),.
satisfy the recurrence relation

Pn(x) = (Apx + By)pn-1(x) = Cuppa(x)  (n21). (5.23)

Proof Define ¢,(x) = p,(x) — A,xp,_1(x). The subtraction cancels the
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highest-order term x", so we get that deg g, < n. It follows that g,(x) can
be expressed as a linear combination of py, ..., p,-1. By (5.22) and stan-
dard linear algebra, the coefficients in this linear combination are the inner
products of g, with pg, ..., p,_1:

n—1
Gr(X) = (s PP,

k=0

But note that

<qna pk>w = <pn9 Pk) - An<XPn—1,Pk>w = _An f xpn—l(x)Pk(x) W()C) dx
R
= _An<pn—1,ka>w,

and this is equal to 0 if 0 < k < n — 3, since in that case the polynomial
xpr(x) is of degree k + 1 < n — 2 and is therefore expressible as a linear
combination of py, ..., p,—2, and in particular is orthogonal to p,_;. So, we
have shown that actually ¢, is expressible as

Qn(x) = <(/Im pn—l>wpn—l(x) + <Qm Pn—2>an—2(X) =: Bnpn—l(x) - ann—Z(x),

or equivalently that

Pn(x) = (Anx + Bn)pn—l(x) - ann—Z’

for some numbers B,, D,. The value of D, can be found by assuming in-
ductively that (5.23) holds for n > 1, and writing

0 = (pu, Pr-2)w = (AnXPu-1 + Bypu-1 = Dupn-2, Pn-2)w
= A{XPn-1> Pn-2)w + BulPu-15 Pn-2)w = DulPn-25 Pn-2)w
= Ap(Pn-1 XPp-2)w — Dy
= A, {Pn-1> (Kn—2/Kn—1)Pn—1 + [lin. combination of py, ..., p,—2])w — D,

Kn—2
=A,

- Dn’
Kn—1

K

which gives that D, = A,,:”—j = &2 — C,as claimed. O

n—1

Next, for any n > 0 define a kernel K,,: R xR — R by

n—1
K.(53) = ) popiy).
k=0
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K, is called the nth reproducing kernel associated with the family of or-

00

n=0"
usual way as a linear operator acting on functions f € L*(R, w(x) dx) by

thogonal polynomials (p, It is easy to see that if we interpret K, in the

K f)(x) = L K, (x, ) f(y) dy,

then K, is simply the orthogonal projection operator onto the linear sub-
space span{py, ..., p,—1} = span{l,...,x""'} of L>(R, w(x)dx). In particu-
lar, if f is a polynomial of degree < n — 1 then K, f = f.

It is also useful to note that K, (x, y) = K,,(y, x), that is, K,, is symmetric,
and furthermore it is a positive-semidefinite kernel, in the sense that for any

numbers xi,...,x, € R, the matrix K,, _,, = (K,,(x,-,)cj));”j:1 is positive-
semidefinite. To check this, take a vector u = (uy, ..., u,,) (considered as a

column vector) and note that

u'kK, ,u=

----- m

uiqun(xiv xj)
1

5]

n-1 m n—1 m 2
it p(x)pi(x;)) = Z(Z mu,m(x»} > 0. (5.24)

k=0 i,j=1 k=0 \i=1

Theorem 5.15 (The Christoffel-Darboux formula) The reproducing
kernel can be expressed in terms of just two successive polynomials

DPu-1(%), pa(X), as follows:

% ) pn(X)pnfl(y))C - 5n—1(x)pn(y) ifx+y,

K,(x,y) =
Bl (p (a1 (0) = a0, (X)) if x=y.

Proof The case x = y is proved by taking the limit as y — x in the case
x #y, using L’Hopital’s rule. For the case x # y, use (5.23) to write

PP () = Pt () i)
= ((Aex + Bpic1 () = Cepra()picr ()
= Pt Ay + BOpiar ) = Cupia )

= Ar(x = Y)Pr-1(O)pr-1(y) + Ck(pkfl(x)pk—Z()’) - pk—Z(x)pk—l(y))~
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Equivalently,
_ Kie1 PO pi-1(y) — pr-1(X0)pr(y)
Pi—1(O)pr1(y) = — -
K xX=y
_ Ke2 P12 (y) = proa(X0)pr-1 ()
K1 xX=y '
Summing this equation over k = 1,...,n gives a telescopic sum that eval-

uates to

m pn(x)pn—l(y) _pn—l(x)pn(y)

K, (x, y)—zpk 1(O)pe-1(y) = X—y

as claimed. O

5.8 Orthogonal polynomial ensembles

Orthogonal polynomials arise in certain probabilistic settings in connec-
tion with a class of random processes known as orthogonal polynomial
ensembles, which we describe next. Given a weight function w(x), we as-
sociate with it a family of probability densities fv(v"): R" — [0,00), n =
1,2,.... For each n, £ is given by

fv(v")(xl,...,xn)— [ @i-x2? l_lw(xj), (5.25)

n I<i<j<n

where

Z, = f fR [] (x,—x])zl_[w(xj)dxl (5.26)

I<i<j<n

It X" = (X(") ..., X" is a random vector that has f." as its probability
density function, we say that Xﬁf) is the nth orthogonal polynomial en-
semble associated with the weight function w. Note that the coordinates of
Xﬁf’ ) have a random order, but since the density of ng) is a symmetric func-
tion of xy,..., x,, their order structure is a uniformly random permutation
in S, and is statistically independent of the values of the coordinates, so it
is natural to ignore the ordering and interpret X" as a random set of n real
numbers gﬁ;”l <...< fﬂ”l, that is, as a random point process (see Chap-
ter 2). Now, if the density (5.25) consisted of just the factor H;zl w(x;),
we would have a rather uninteresting point process of 7 i.i.d. points sam-
pled according to the weight function w(x) (normalized to be a probability
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density). What makes things more interesting is the addition of the Van-
dermonde factor [T, jc,(x; — x;)*, which effectively adds a “repulsion”
between the random points va")l .. va”fq We see below that this results
in the existence of nice determinantal formulas for various quantities as-
sociated with the process X!, and that the orthogonal polynomial family
(pa(x));, associated with the weight function w(x) enters the picture in a
natural way.

Lemma 5.16 Let (Z, %, u) be a finite measure space. For any n > 1 and
for any bounded measurable functions fi,..., fu, 815,811 Z = R, we
have

d,’é_?t (ffi(X)gj(X)du(X)) f f det f,(xj) det g,(xj) l_[d#(xj)
i,j=1 7z n 1,j=1

Proof

[oee] der () det (ay) [Tau

= Z sgn(o) Sgn("')l—[ f Jor(p (X&) (x) dpu(x)
i1 Jz

oSS,
= Zsl ZS: sgn(or o7 )H f Jo(p(0)gx(j(x) du(x)

= ZS] Z Sgn<ﬂ>]—[ f St @g(0) da(x)

= n! Z(;ngzl(ﬂ) [ [ froduce

- n!SEE ( fz fi(x)g;(x) d,u(x)). O

Lemma 5.17 If f: R — R is a bounded measurable function, then we
have

n—-1
= det ( fR PP () (0 W) dx). (5.27)

E (]_[ FX)
j=1

Proof  Note that the Vandermonde product [, <,(x;—x;) can be rewrit-
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ten as

[T com00= do () = i diy o).

1<i<j<n =0

(This does not use the orthonormality property but simply the fact that p;
is a polynomial of degree j with leading coefficient «;, so the matrix on
the right-hand side is obtained from the standard Vandermonde matrix by
applying a triangular sequence of elementary row operations.) We therefore
get, using Lemma 5.16 (with the obvious parameters Z = R and du(x) =
w(x) dx), that

{1‘[ )| =

f f H (x; = x;)* H(f(X,)W(x,)dx])

1<i<j<n

;1 8K2 f L” ld]?t f(xz)P] l(xl)) Sitl (pj_l(x,-))

X l_[ w(x;)dx; ...dx
=1

Z H;z éKz IC}? (fpl l(x)P] l(x)f(x)W(X)dx)

This is similar to (5.27) except for the presence of the numerical fac-

tor ~ However, we showed that this relation holds for an arbitrary

H?é 5
bounded measurable function f. Specializing to the case f = 1, and now
finally using the orthonormality relation (5.22), shows that this factor is

equal to 1, which proves the result for general f. ]

Corollary 5.18 The normalization constant Z, defined in (5.26) is given
by

Theorem 5.19 For any Borel set E C R, the probability that all the points
X(Vl)

ERER

XEV" » in the orthogonal polynomial ensemble X" lie outside of E
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can be represented as a Fredholm determinant, namely

PX®.....X") ¢ E)
= det (I - (Kn)| I2(E, W(x)dk))

1)
( f Lm Se_:t K, (x;, x;) nw(x/) dx, ..

m= l

(5.28)

Proof Let f: R — R be the function f(x) = 1g\g(x) = 1 — 15(x). Apply-
ing Lemma 5.17, we have

P(X").....X") ¢ E)
=E ]_[ FX)
n—1
=d t( fpi(x)Pj(x)lE(x)W(x) dx)
i,j=0 R

5 (=1 m
=1+ Z:; ( m|) Z | det ( L Pi ()i, ()1g(x)w(x) dx)

0<iy,euesly<n—

n—1
= det (f pi(x)p;i(x)(1 = 1g(x))w(x) dx)
i,j=0 \ Jr

(if you find the last transition confusing, refer to equation (2.21) and the re-
mark immediately following it). Applying Lemma 5.16 and interchanging
the summation and integration operations, this can be rewritten as

(1)'” "
L, 2 e

wim<n—1

x det (pi (x5 (x0) ] [ v dx)

k=1

. % Z det (sz(xl))k (p,k()Cg))]

" 0<iy i <n— 1

x | ] ApCw won) dx).
k=1

In this last expression, the inner m-fold summation can be interpreted as an
m-fold integration with respect to the counting measure on {0,...,n — 1},
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so Lemma 5.16 can be applied again, transforming our expression into

1" n—1
( ) f fm kd;it (Z Pic1(X)p - 1(Xg)] 1_[ (1 (x0) w(xy) dxy)
= ( 1)’” f Lm ggt K, (x;, .Xj)) H W(xj) dxi ...dx,,

J=1

which is precisely the right-hand side of (5.28). O

Closely related to the existence of the identity (5.28) is the fact that the
orthogonal polynomial ensemble X" is a determinantal point process (of
the absolutely continuous variety; see the discussion in Chapter 2) whose
correlation kernel is related to the reproducing kernel K, (x, y). The follow-
ing result makes this precise.

Theorem 5.20 Define a modified version Kn(x, y) of the reproducing ker-
nel by

K, (x,y) = VWww)K(, y).

For any 1 < m < n, the marginal joint density function of the first m

coordinates (X‘(ﬁ, XY of X s given by
( m)l m
e, ) = = det (K (3, )

We will not need Theorem 5.20 for our purposes. See Exercises 5.9 and
5.10 for a proof idea.

5.9 The Laguerre polynomials

We collect here a few elementary properties of the Laguerre polynomials
€7 (x) defined in (5.19). For convenience, define a simpler variant

X (<1 (n+a
L) = ;T(k+a/)xk

so that £;(x) = (=1)" (MW -
nomial with leading coefficient (—1)"/n!. It is also immediate to check that
(L2) (x) = —=L2*!(x), or equivalently in terms of £2(x) we have

(63) (x) = V[ (). (5.29)

LI (x). Note that Lj(x) is an nth degree poly-
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Lemma 5.21 The polynomials L{(x) satisfy

dx"
Proof By the Leibniz rule 4= (fg) = Y-, (Z) gk we have

Li(x) = %e"x’“ (e x™") (n = 0). (5.30)

j; ()= (Z)(—l)ke_x(n r o)t a—1)... (k+a+ Dk

k=0
e D n+a)
=nle'x ;T(k+a)x. ]
Lemma 5.22 The polynomials L;(x) satisfy
« + a)!
f L,(x)L,(x)e”* x" dx = Ménm (n,m = 0). (5.31)
0 n:

Proof Assume without loss of generality that n > m. By (5.30), the left-
hand side of (5.31) can be written as
1~ a
n! o dx"

(e7*x"") Ly (x) dx.
Integrating by parts n times repeatedly gives

-t e d'L? 0 ifn>m,
U [ e {
0

n! dx" L fw e dx = WO iy — gy
n! Jo n!

as claimed. m]

Corollary 5.23 The Laguerre polynomials {(x) are the orthogonal poly-
nomials associated with the weight function W,(x) = x¥e™* 1 «0)(x).

Using the Christoffel-Darboux formula (Theorem 5.15) we now see that
the Laguerre kernel L (x, y) defined in (5.20) is a slightly modified version
of the reproducing kernel K¢ associated with the Laguerre polynomials
£y (x). More precisely, we have the relation

Ly (x,y) = A Wo(0)Wo (MK (x, y). (5.32)

Proof of Theorem 5.12 By Theorem 5.11, the probability P(G(m,n) <
t) is equal to the probability that all the points of the orthogonal poly-
nomial ensemble X(v";l)”_n associated with the weight function W,,_,(x) =
7" x" "1 j0.00)(x) lie in the interval [0, ¢]. By Theorem 5.19, this probability
is expressed by the Fredholm determinant (5.28), where w(x) = W,,_,(x),
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the set E is taken as [0, f] and K,, = K7™" is the nth reproducing kernel asso-
ciated with the Laguerre polynomials (£, ™");> , (which we proved above are
the orthogonal polynomials for the weight function W,,_,(x)). Making the
appropriate substitutions according to (5.32), the weight factors W,,_,(x;)
cancel out and we get precisely the identity (5.21). O

The preceding observations relating the distribution of the passage times
G(m, n) to the orthogonal polynomial ensemble X(vr;i,,,’ in combination with
Corollary 5.18, also give an alternative way to derive the value of the
normalization constant D,,, in (5.13), (5.15). Readers should check that
the value obtained from this approach is in agreement with (5.13) (Exer-
cise 5.12).

A final property of the Laguerre polynomials we will make use of is
a contour integral representation, which will be the starting point of an
asymptotic analysis we undertake in the next few sections.

Lemma 5.24 The polynomial £2(x) has the contour integral representa-

nt \" 1 (1 — 7
0 (x) = — 0 — .
n() ((n + a)!) 2ni S|€|=, ek ‘ (:35)

where r is an arbitrary positive number.

tion

Proof The function e*(1 —z)"** is (for fixed x € R and integers n, @ > 0)
an entire function of a complex variable z. Its power series expansion can
be computed as

exz(l _ Z)n+a — Z i( I)J(n + a/)zj
- Z( " [Z( 24 (n+a)xk)zm.
k! -k

k=0

In particular, the coefficient of 7" is (—1)"L}(x), so by the residue theorem

we have
-1 K] — )+
L= 56 il Uitk ¥ (5.34)
2ri Jier "

which is equivalent to (5.33). O
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5.10 Asymptotics for the Laguerre kernels

Having derived the Fredholm determinant representation (5.21) for the dis-
tribution function of the passage times, the next step toward our goal of
proving Theorem 5.1 is to study the asymptotics of the Laguerre kernels
L¢(x,y) = L™(x,y) appearing in this representation. We will prove that
after appropriate scaling these kernels converge to the Airy kernel A(:,-)
(defined in (2.1)); together with some auxiliary bounds, we will be able to
deduce convergence of the Fredholm determinants and thus prove Theo-
rem 5.1.2

The assumptions in Theorem 5.1 lead us to consider the asymptotic
regime in which m,n — oo together in such a way that the ratio m/n is
bounded away from 0 and co. We may assume without of loss of generality
that m > n (which is required for (5.21) to hold), since the distribution of
G(m,n) is symmetric in m and n. Given real variables s, ¢, we introduce
scaled variables x, y (which depend implicitly on m and n) given by

x =Y(in,n) + o(m,n),

y = ¥Y(m,n) + o(m, n)s.

It is convenient to eliminate the variable m by introducing the real-valued
parameter y = m/n, and writing

m = yn, (5.35)
a=m—-n=(y-1n. (5.36)
Denote further
B=(1+ ), (5.37)
ao =y + i)', (5.38)

so that we may write

1/3

x=pBn+ogn’’t, (5.39)

B, (5.40)

y =Bn+ oon'
Thus, the asymptotics we are interested in involve letting n — oo while y is
allowed to range over a compact interval [1, "] for some arbitrary constant
1 <T < oo, with yn always assumed to take integer values. In other words,
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we let y range over the set [1,1°],, which for convenience is defined by
[1,T], ={y e[1,T] : yn e N} (5.41)

(Note that the choice to use the parameter vy in place of m offers mainly
a psychological advantage, since it allows one to think of m, n as tending
to infinity together such that their ratio m/n stays approximately constant;
indeed, the original formulation of Theorem 5.1 in [62] assumes explicitly
that m/n converges to some fixed limit y > 1.) As a final notational device,
let A, (¢, s) denote a rescaled version of the Laguerre kernel, defined by

A,(t, 5) = oon'PLE(x,y) = oon' PLEBn + oon'’t, pn + aon'Ps). (5.42)

Theorem 5.25 (Airy asymptotics for the Laguerre kernels) The scaled
Laguerre kernels satisfy the following properties:

(a) ForanyT > 1 and s,t € R, A, (s,t) = A(s,1) as n — oo, uniformly as
y ranges over [1,17],,.
(b) Forany T > 0, we have
sup sup sup A,(s,s) < oo. (5.43)
n>1 ye[1.T], se[-T.T]
(c) Forany € > 0, there is a number T such that
sup sup f A, (s, 8)ds < e. (5.44)
n>1 ye[lI],
Proof of Theorem 5.1 assuming Theorem 5.25 Using the notation above,
P(G(m’ n) — ¥Y(m,n) < t)
o(m,n)

=P (G(m, n) < ¥(m,n) + o(m, n)t) = P(G(m,n) < pn + oon't)

P el ) f f det(L (xir X)) dx ... dx
k! Br+oon! /3t Brn+oon! /3t = !

i k
E - Df f det (Au(titp)dty ...,
i,j=1

where the last transition involved a change of variables x; = fn + oon'’’t;,

(j=1,...,k). Our goal is to show that as n — oo, this Fredholm determi-
nant converges to

k
=1 +Z( D f f det A(t,,tj) dt ..
k=1
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uniformly as vy ranges over [1,I7],. Let € > O be given. Fix some large
number 7' > |¢| whose value will be specified later. We have the bound

'P (G(m, n) — ¥(m, n)

I+ I+ M, 5.45
g Zk, I+ Mip), (5.45)

< t) Fa(0)| <

where we define

e [-f
sl [f
wsf [

We now estimate each of the quantities Ili”%, J]((”}, M, separately. We use
Hadamard’s inequality (2.29) from Chapter 2; note that this inequality is
applicable to both the matrices (A(Z;, tj))f,‘!j= , and (A, (1, t_,-))f.‘!j= , since they
are symmetric and positive-semidefinite (see Exercise 2.18 and (5.24)).
First, for M; 7 we have

00 00 00 k
M. skf f f A, t)dt ... dt,
kT - t l;[ 1
o0 o0 k-1
:kf A(s,s)ds-(f A(s,s)ds) ,
T '

By Lemma 2.24, me A(s, s) ds can be made arbitrarily small by choosing
T large enough. In particular, for large enough 7" we will have that

SN Sk .
ZﬁMk,TsZE(f[ A(s,s)ds) fT A(s, s)ds

= exp (foo A(s, s) ds) . fm A(s,s5)ds < e. (5.46)
' T

Second, J(") can be bounded using similar reasoning, by noting that

00 00 00 k
J,E"} < kf f f nAn(Zi,ti) dt, ...dt
d to=l
00 00 k-1
= kf An(S, S) ds - (f An(s, S) ds) .
T t

det (An(ti 1)) - dEE (A1)

lj—

dt; ...dt,

det A Wt ))

i,j=1

..dty,

.. dty.

det A(t,,t ))

k-1
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By part (c) of Theorem 5.25, by choosing T large enough we can again
ensure that

(] 1 \ (o] k 00
IV IRVERTY

foralln > 1 and all y € [1,T'],. Let T be chosen so that both (5.46) and
(5.47) are satisfied. Next, by part (a) of Theorem 5.25, we have for each
k > 1 that

k-1

. f"" A(s,8)ds<e (547)
T

S]étl (An(tia f_,')) - ldjlétl (A(l‘i, fj)) P

0 ([],...,tkE[t,T]),

uniformly as y ranges over [1,I],, and furthermore, by part (b) and (2.29),
we have for (¢, ...,t) € [t, T] that

det (A1) - det (A 1)

k k

< (sup sup sup A,(s, s)) + ( sup A(s, s) ds) < Crit? (5.48)
n>1 ye[l,I], se€[t,T] s€(t,T]

for some constant C > 0. It follows by the bounded convergence theorem

that I,({"} — 0 asn — oo, for any fixed k > 1. Therefore also for any fixed

integer N > 1 we have that

To finish the proof, we claim that N can be chosen large enough so that (for
alln>1landally€[1,T],)

[e]

Ly _
10 < (5.49)
k=N+1

Indeed, from (5.48) we get that I,E"} < (T = ¥ C*k*'?, so that
Z —I(n) Z (T - t)kckkk/z
k! kT k! ’
k=N+1 k=N+1

which decays to 0 as N — oo.
Combining the above results (5.45), (5.46), (5.47), (5.48), and (5.49)
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gives finally that
G(m,n) — ¥Y(m,
lim sup [p [ CD=Fmm) N g
n—oo O'(m I’l)
5
(Vl) (n) (n)
skzk— +k;1k|1 +ZE(J’T+M“)

=1 +

<0+e+e+e=3e
Since € was an arbitrary positive number, this finishes the proof. O

The analysis leading up to a proof of Theorem 5.25 is presented in the
next two sections. The following lemma will provide a helpful entry point.

Lemma 5.26 Assume the notational conventions (5.35)—(5.42). Define
functions

ol 12

A(x) = Y4 1/2(( ')') 1202, (5.50)

h) =1, (5.51)

h(z) = Wli_z -1, (5.52)
1

M) =z- & (5.53)

ha(z) = hy(2)h3(2), (5.54)

and for a function h(z) of a complex variable, denote

L,(h,x) = L 56 Mh(z) dz. (5.55)

27 Zn+l

Then the Laguerre kernel L (x,y) can be represented as

. An(x)An(Y) . In(hl’ x)ln(hZ’ )’))C : g}n(th x)In(hl’y) ifx £y,
Li(x,y) =
Ay (> (Ly(ha, )1, (h3, X) = Ly(hy, X)L, (ha, X)) fx=y.
(5.56)
Proof Rewrite the case x # y of (5.20) as
LZ(x,y) — \/n_yn e—x/Z a/2 —y/2ya,r/2
é’ ), = G = (6, (x) = G0 (y)’ (5.57)

X=Yy
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and note that, by (5.33), we have

a0 = (2 I/ZLSE A
(yn)' 2mi |z|l=r Zn+l

n! 1/2
:((yn)!) L,(h;, x), (5.58)

n-D1\" 1 95 (1 — 7!

[(Y - - —d
1) = ((yn—l)!) mi P, 2 ¢
Z

! 1/2 1 exz(l _ Z)yn
_ R . dz. 5.59
((yn)!) i 9§|=, i gl (>-59)

and therefore also

' 1/2
€ (1)~ (%) = (W) L(hs, 2). (5.60)

Thus, the right-hand side of (5.57) is equal to
L(hy, )1, (hy, y) — L(ho, )1, (R, y)
x—y ’

as claimed. Similarly, to prove the claim in the case x = y, first rewrite

An (X)An (y) '

L%(x, x), using (5.20) and (5.29), in the somewhat convoluted form

Li(x,x) = \n-yn-e*x* ((fc” [ (x) = é"’(x))( Vnt*] Wfﬁ X )

n—1

_ fa(x)(ﬂl €a+1 \/_fa+1(x)

1
S — )) 5.61
HIM(H e} Gen
Now observe that, similarly and in addition to (5.58)—(5.60), we have the
relations

1 a2
\/ﬁfifl(x):(w) 1,(z, x),

Vn — lfn_zl(x) = (W) I,,(\/;/1 — Z,x)

which therefore also gives that

\/_ga-*—l(x)

1 n! \'?
\/_“()—(( )') 1,(h3, x). (5.62)
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and

1
& (x) +

Vi = 1604} — e (x) - ey LS

n—1

1
n 1/2
= ((yn)‘) I,(hs, x).  (5.63)

Combining (5.58), (5.60), (5.61), (5.62), and (5.63) gives the desired rep-
resentation for L{(x, x). O

Readers may have noticed that the choice of functions Ay, h,, h3, h4 in the
representation (5.56) is not unique, and indeed is more complicated than
might seem necessary. However, as we will see later, this choice is care-
fully crafted to bring about a cancellation of leading terms in an asymptotic
expansion. The constant 1/(1 + 4fy) which appears in the definition of /3
and in some of the formulas in the proof above also plays an important role
that will become apparent in the next section.

5.11 Asymptotic analysis of 1,,(h, x)

We now reach the main part of the analysis, in which we study the asymp-
totic behavior as n — oo of I,(h, x). (Because of Lemma 5.26, our main
interest is of course with 4 = h; for j = 1,2,3,4.) The main asymptotic
result is the following one.

Theorem 5.27 LetT" > 1 and let t € R. Define
1

1+ 4y

go=1+ W+ylog(l—

To (5.64)

1
+ log(1 + . 5.65
= W) og(1 + V) (5.65)
Let h(z) be a function of a complex variable z and of the parameter vy, that
is analytic in z in the unit disk and depends continuously on y € [1, o).
Assume that h(z) has a zero of order k at z = ry, where 0 < k < 7, that is,
it has the behavior

h(z) = an(z = ro)* + Oz = rol*") (5.66)

in a neighborhood of ry, where a; # 0, and a; may depend on 'y but k does
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not. Then for any t € R andT" > 1, we have as n — oo that

L(h, x) = (AP(0) + O (n72)) ey ®*V/6(1 + ) kD3

—(k+1)/3

Xn exp (gon + 0'0”'01’[1/3) , (5.67)

uniformly as y ranges over [1,T],.

The assumption 0 < k£ < 7 above can be dropped at the cost of a modifi-
cation to the exponent —1/24 in the error term, but the result as formulated
above suffices for our needs.

Proof 1In the proof that follows, we leave to the reader the easy verifica-
tion that all constants that appear in asymptotic bounds, whether explicit
or implicit in the big-O notation, can be chosen in a way that the estimates
hold uniformly as y ranges over [1,1],, with I" > 1 being an arbitrary fixed
number. Aside from the need for such verification, we may now treat y as
a parameter whose value can be thought of as fixed.

Recall that Ai(f) is the Airy function defined in (2.1), which also has
the equivalent definition (2.67). More generally, the derivatives of the Airy
function are given by (2.68).

To start the analysis, define a function

g(z) = Pz +yLog(l —z) - Logz, (5.68)

where as before Log(w) denotes the principal value of the complex loga-
rithm function. Note that g(z) is analyticin {z : |z] < 1,-7 < argz < 7},
and that (5.55) can be rewritten as

1 1/3 d
L(hx) = — 95 ¢”™"% exp [n(Bz + y Log(1 - 2) ~ Log ) |n(2) =
27i ld=r Z

1
= — exp (ng(z) +ootn'? z) h(z)%. (5.69)
27Tl ld=r Z

The form of this integral is suitable for the application of the saddle point
method, a standard technique of asymptotic analysis. See the box on the
next page for more background on this important method. The key idea is
to find the correct deformation of the contour of integration such that the
main contribution to the integral will come from a small part of the contour
around a single point known as the saddle point.
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The saddle point method

The saddle point method (also known as the stationary phase method or
method of steepest descent) is a powerful technique of asymptotic analy-
sis that is widely applicable to problems in analysis, combinatorics, number
theory and many other areas. The idea is to first represent a quantity of inter-
est as a contour integral in the complex plane, then to deform the integration
contour in such a way that the bulk of the contribution to the integral comes
from the vicinity of a single point (or, in more general versions, a small set
of points) known as the saddle point. One then estimates the contribution
near the saddle point using a Taylor approximation, and separately shows
that the contribution away from the saddle point is asymptotically negligible.

Many of the simplest applications of the method involve an integral of
the form

i. ks (5.70)
2ni lel=r <

for some function g(z), where the radius of integration r is arbitrary and n is
large. Under certain reasonable assumptions, it can be shown that » should
be chosen so that the contour passes through the saddle point, which is the
solution to the equation g’(z) = 0.

A standard textbook example is to use the saddle point method to prove
Stirling’s approximation formula for n!. Start with the elementary identity

e 1 é "z 4
el —dz
n! 27 Jyey 21 ?

which fits the template (5.70) with g(z) = z — 1 — Log z. Solving the equation
g'(z) = 0 gives z = 1. Setting r = 1 and parametrizing the integral gives

n,—n 1 T 3
R f exp(ng(e") dt = I, + J,,
n! 2 J_,
where I, = - [* exp(ng(e")dr, J, = 5. [ . exp(ng(e))dr, and where

we set & = 72>, Using the Taylor approximation g(e”) = —172 + O(|#*) that
is valid near + = 0 and the relation |e”| = eR°", it is now straightforward
(Exercise 5.19) to show that

L =1+00 ")y, |I,l=0™, (5.71)
which gives the result
n! = (1+0(m™"7) V2an(n/e)", (5.72)

a version of Stirling’s formula with an explicitly bounded (though suboptimal)
error term. See Exercises 5.20 and 5.21 for more examples.
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To motivate the computation, consider first the simplest case where t = 0
and h(z) = h1(z) = 1, in which the integral (5.69) reduces to the simpler
expression

exp (ng(z))

2ni lzl=r

dz
=
The integration contour is a circle around the origin, and in this case there
is no need to consider more general contours, but the radius of integration
r is arbitrary, and we will choose it to pass at — or very near to — the saddle
point. To find the saddle point, according to the recipe explained in the
box on page 312, we have to solve the equation g’'(z) = 0. This gives the
condition

¢ =f- 17 1 _pd-9-yz-(-2 _

-z z 72(1-2)

0, (5.73)

or,Bz2 =2(1 + y/y)z+1 =0, which gives z = ﬁ? = rp; that is, the saddle
point lies on the positive real axis, and the “ideal” radius of integration
is the constant ry defined in (5.64). (Actually, in our particular situation it
will turn out to be preferable to take a slightly smaller radius of integration
that does not actually pass through the saddle point.) The asymptotics will
end up being determined by the behavior of g(z) near the saddle point; in
other words, by the first few Taylor coefficients of g(z) at z = ry. Note
that the constant coeflicient g(ry) is precisely go defined in (5.65). The next
coeflicient is g’(ry), which is equal to 0 by design, and the next coefficient
after that is g"’(ro)/2, which turns out to also be 0:

2
1 Y 2 1+ +fy
“ i e ——————] ] + — =
§) = 5= g = (VD y( 7
Finally, denote g3 = —g"”"(ry). We leave to the reader to check that
2(1+ )
g3 =—. (5.74)
Y

To summarize, g(z) has the behavior

8() = g0 — 183z = o)’ + O((z = ro)") (5.75)

for z in a neighborhood of ry.
Let us get back from the motivating case to the case of general ¢ and
general h. The inclusion of the additional factors h(z) - exp(cotn'/?z) in the
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integrand does affect the asymptotics, but we shall see that the same radius
of integration can still be used. As noted earlier, for the radius of integration
we will use a value slightly smaller than ry, specifically

r=ry -3

-1/3

(any constant multiple of /> can be used here). We are ready to start esti-

mating the contour integral (5.69). Parametrizing the contour of integration
asz=re?, —m <0 <, gives

| ) ‘ '
Luh, x) = — f exp (”g(re'e) + o-otnl/Sre’e) h(re") de.

n

We divide this into two parts, accounting separately for the contributions
from the vicinity of the saddle point and away from it, by writing /1,,(h, x) =
0, + W,, where

1 : A .
0, = 7 f exp (ng(re’g) + a'otn'/3re‘9) h(re) de,
T —&

1

n= ~= exp (ng(rem) + a’otnl/3rei9) h(reig) do,
27 Jran-e.

and where we set € = n="/?4,

Analysis of Q,. Make the change of variables & = n~'*w. The range
|6] < & translates to |w| < n'/?*. In this range, using the Taylor expansions
(5.66), (5.75), we see that the following estimates hold uniformly in w:

re’ = (rg —n”'")(1 + iwn™' + Own 7))
=1y + (=1 +irgwn™ ' + O™, (5.76)
g(re") = go + 383(ro — re”)’ + O(m™")
= g0+ &5 ((1 = irgwin P + 0@/ 2)) + 0P
=go+ tgs(1 —irow)y’n™ + O™, (5.77)
h(re) = a; ((—1 + irow)n_1/3)k + 0((| -1+ irowln‘1/3)k+l)
= ay(=1 + irgw)'n ™ + 0 (n5 D). (5.78)

(Note that the assumption 0 < k < 7 implies that 7(k + 1)/24 > k/3, so the
error term in (5.78) is of smaller order of magnitude than the exact term
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preceding it.) The integral Q, therefore becomes

nl/24

n—l/3
O, = exp(gon + ooroin'’?)
2r _pli4

X exp (ég3(1 —irgw) + oot(=1 + irgw) + O(n‘l/ﬁ))
X (ar(=1 + irgw)n™? + 0 (=5 D)) aw
= (1 + O™ VN an=* VB exp(gon + oorotn'’?)

y 1
2r _pla

nl/24

exp (ég3(1 —irgw)’ + oot(—1 + irow))

X (=1 + irgw)* + O(m™"**)) dw,
(5.79)

where we have O(n~"9/2%) = O(n~'/?*) because of the assumption that
k < 6. In the last integral, we consider the main term and the O(n~!/2%)
error term separately. First, the main term (with the 1/2x factor included)
looks like it should converge to the Airy-type integral

1 [ee]
2—[ exp(%g3(1 —irgw)® + oot(—-1 + irow))) (-1 + irgw)dw. (5.80)
T J-co

Indeed, the difference between the two integrals can be estimated by
writing

f exp (13(1 — irgw)’ + arot(=1 + irgw))) (=1 + irgw)* dw‘
R\(=n!/24 j1/24)

<2 f exp[Re (Lgs(1 = irgw) + arot(=1 + irgw)))| -1 = 1 + irgwl* dw
1/24

= Zf/ﬂ exp(%g3(1 - 3rgw?) — a'ot) =1+ irgw|f dw,
and this is easily seen to be bounded by an expression of the form Ce™"""
for some constants C,c > 0 (which depend on ¢ and T'). Furthermore, the
integral (5.80) can be evaluated by making the change of variables v =
ro(g3/2)"3v. Noting that oy = (g3/2)"/? (see (5.38) and (5.74)), and making
use of (2.68), we get that (5.80) is equal to

—k =~

o d
—0 [ exp (oo — iv)? + H—cg+iv)) (=g + iv)i ———
2w oo

—00

— ,y(k+l)/6(1 + \/,7)—(4k+1)/3 Al(k)(t)
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Next, for the O(n~'/?*) error term, note similarly that

f exp (£83(1 — irgw)’ + arot(=1 + irgw))) O(n™"/**) dw’
R\(,nl/24’n1/24)
nl/24

< 0(”_”24)f exp (Lg5(1 = 3rw?) — orot) dw = O(n™'/**).
_nl/24
Combining the above observations gives that

Qn - (Al(k)(t) + 0(7’171/24)) aky(k+l)/6(1 + \/7)7(4k+1)/3

x n~®*DB exp (gon + o-otronl/3) ) (5.81)

Analysis of W,. Denote M = sup {Ih(z)l S e < 1/(1+ NT )}. Trivially, we
have

1 . . 4
W, < — f exp (ng(re’g) + 0'0tn1/3re’6)| - |h(re)|de
27 Jcamn-ee)

o e exp (Re (ng(reig) +ootn'? reig)) do

M .
< Zexp ( ootn'rcos 8) f exp (n Re g(reze)) do.
2w (~\(~£,6)

In the last bound, we claim that the expression Re g(re™) in the integrand is
an increasing function of cos#, and therefore as 6 ranges over
(—m,m) \ (—&, &) it takes its maximum precisely at 8 = &, so we can fur-
ther write

[W,| < M exp (n Re g(re®) + o-otn”3r)
< Mexp (n Re g(re’®) + ootn'Pry — o-ot) . (5.82)
To prove this, observe that, from the definition (5.68) of g(z), we have
Re g(re) = Re [ﬁre"” +7yLog(l — re) — Log(re"”)]
= Brcos6 + %ylog ((1 — rcos 6)* + r* sin’ 0) —logr
= Brcosf + %ylog(l +r? = 2rcosb) — log r = h(r,cos ),

where

h(r, s) = Brs + 3ylog(l + r* = 2rs) — log r (-1<s<.
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Now differentiate A(r, s) with respect to s; we have

oh(r, s)
ads

=pr 27(—2r) - 1+7r2— 2rs)

1+ r2 2rs

,3
(1—r)2+2r(1—s)) ( (l—r)z)

Y _
Zr(ﬂ—(l_ro)z)—o,

0 h(r, cos 0) is indeed an increasing function of cos 6.

Having proved (5.82), note that the estimates (5.76) and (5.77) apply to
1/24

-

6 = &, with the corresponding value of w being equal to n
that

, SO we get

nReg(re®) = ngo + tgzRe(l — irgn'*)> + O(n™"/%)
= ngo + +83(1 = 3rgn'"*) + 0(™"°) < ngo — en"'"* + C

for some constants C,c > 0. Combining this with (5.82), we have shown
that

3 _ oot — en'/1? + c). (5.83)

W, < Mexp (gon + ootron

The estimates (5.81) and (5.83) together prove (5.67). m]

Theorem 5.28 Under the same assumptions as in Theorem 5.27, there
exist constants C,c > 0 that depend on h(z) and T, such that for all n > 1,
vy €[1,T],, and t € R, we have

\u(h, ) < Cn™ D3 exp (gon + cotron'* = ct). (5.84)

Proof We use the notation and computations from the proof of Theo-
rem 5.27. By (5.79), there exist constants C’, C”, ¢ > 0, independent of n
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and y € [1,T],, such that

10, < C'n~ DB exp (gon + o-otron”3)

X fm exp [Re(ég_g(l —irgw)® + oot(—=1 + irow))]

x(| = 1 + irgw[* + O(1)) dw

/3

= C'n~ " DB exp (gon + ootron'? — o'ot)

xf exp (13(1 = 3rgw?))-(| = 1 + irgwl* + O(1)) dw

< C"'n~* DB exp (gon + ootron'? — ct) .

The fact that |W,,| satisfies a similar bound is immediate from (5.83). Since
I,(h, x) = Q, + W, this finishes the proof. ]

5.12 Proof of Theorem 5.25
Lemma 5.29 For fixed t € R we have

A(x) = (1 + 0 Py)n'? exp (—gon - o’orotnm) asn — oo, (5.85)

uniformly as vy ranges over [1,1'],. Furthermore, there exists a constant
C > O such that forallt e R, n > 1 and y € [1,T],, we have

A, (x) < Cn'? exp (—gon - o-orotnl/3). (5.86)

Proof By the version (5.72) of Stirling’s approximation, we have

( n )1/2=(1+0(n1/5))( V2mn(n/e)" ]”2

(ym)! \2myn(yn/e)m
— (1 + 0(n—1/5)),)/—1/4n(l—y)n/Ze—(1—7)11/2,)/—711/2. (587)
The factor x*/?¢7*/% in A, (x) behaves asymptotically (for fixed ¢ as n — oo)
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as

1/3
_ (y=1)n/2 n oopln
et 8287

(y=Dn/2
oot
=(+ W)(V—l)nn()’—l)nﬂ(l + BO n—2/3)

t 1/3
gl 27

2 2

= (1+ 0 ") (1 + ) Drpo-bni2

1/3

1 t -1
xexp(—%”—(’o; +%°(72 )W). (5.88)

So we get that

A, (x) = (1 + O~ Py)n'? exp [0‘0[7’11/3 (—% + 72;/31)]

-1
xexp[n(yz - %10g7+(7— 1)log(1 + W)_g)]'

It is easy to check the coefficients of n and ootn'/?

in the exponent are
equal to —go and —ry, respectively, so we get (5.85). A variant of the same
computation gives (5.86), by noting that the constant implicit in the error
term O(n™") in (5.87) is independent of ¢, and that in (5.88) the asymptotic

estimate

(y=Dn/2
oot -1
(1 + —On"m) =(1+0mn"))exp (Uol(yz )nm),

in which the constant implicit in the error term does depend on ¢, can be
replaced (using the standard fact that 1 + u < " for all u € R) by an

inequality
(y=Dn/2
t -1
(1 + O-—On"m) < exp(o-ot(y )n”3)
B 2B
which holds for all # and . m|

Proof Theorem 5.25(a) We use the representation (5.56) for the Laguerre
kernel, together with the asymptotic results we proved for above for 7, (%, x)
and A, (x). Specifically, we apply Theorem 5.27 with h = h;, j = 1,2,3,4,
defined in (5.51)—(5.54). The relevant values of k and a; for each function
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hj are easy to compute and are as follows:

m@ = 1: k=0, a =1,
z . a >
hz) = is-1: k=1, a =
hy(z) = z-rp: k=1, a =1,
i@ = h(@h(@): k=2, a =

Start with the case t # s. In this case, combining (5.56), (5.67), and (5.85)
gives that

At 5) = oon A, (A, () - L(hy, X)1,(ha, ) = 1y(ha, X)L, (hy, y)

x=y
-1/5
_ 13 1’;/30(5”_ S)) 2102 (y1/6(1 +W)_1/3) (71/3(1 +\ﬁ)_5/3)
2
T Sl £ 2 [(Ai(r) + O™ )(AT'(s) + O™ )

VY
— (AV'(1) + O(n™3))(Ai(s) + O(n™ )|

_ (1 N 0(n71/5)) (Ai(t) Ai’(s) — Ai(s) Ai'(7) N O(n1/24))

r—s

= A(t,5) + O(n™'"*).
Similarly, in the case ¢ = s we have
An(t, 1) = oon' P Ay () (1, (o, )Ly (h, X) = LBy, )1, (ha, )

2
_ (1 +0(n*1/5))n4/3 (,y—l/6(1 "'\/7)4/3) (1 +\/¥7) ()/2/3(1 +\/7—/)710/3)

x (n2Pn (AT (1) + O ) (AL (1) + O(n™ %))
=B AN + 00 O)AT() + O 7))
= (1 +0(™%)) (A (1) - Ai() A"(1) + O(™1™))
=A@, 1) + O™, -
Proof Theorem 5.25(b)—(c) The representation (5.56) combined with the

inequalities (5.84) and (5.86) gives that for some constants ¢, C’ > 0, we
have

A1, 1) < C'e>
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foralln > 1,¢ € R and y € [1,I7],. This immediately gives (5.43) and
(5.44). O

5.13 The passage times in the multicorner growth process

The analysis in Sections 5.6-5.12 carries over in a more or less straightfor-
ward way to the case of the multicorner growth process, but the required
computations and estimates are more complicated. In this section we for-
mulate the main results for this case. The details of the proofs can be found
in Johansson’s paper [62] and in chapter 5 of [115].

First, there is a version of the Fredholm determinant representation (5.21)
for the case of the multicorner growth process. The determinant involves
a discrete family of kernels Mf,” ). Ny X Ny — R (where Ny = N U {0})
called the Meixner kernels, which is associated with a family of orthogo-
nal polynomials called the Meixner polynomials. For any integer K > 0
and 0 < p < 1, the Meixner polynomials with parameters K and p are the

family of polynomials (M( P )(x)) defined by

n=0
K/2 l— n/2 1 - K
R =1

The Meixner polynomials satisfy the orthogonality relation

00

+K -
D MEP M x >(x )(1 P =6 (G20,
x=0

which means they are a family of discrete orthogonal polynomials, that is,
they are orthogonal with respect to the discrete measure u%”)(x) defined
by u&P(x) = (“K 1)(1 — p)* on Ny. Next, define the associated Meixner
kernels M”: Ny x Ny — R by

1/2
(T o)

MEP M () - M oMEP ()

X X=y
MY OMEP () — (MEPY (M (x)  ifx =y.
(5.89)

if x #y,
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Theorem 5.30 For any m > n > 1, the distribution of the passage
times G(m, n) in the multicorner growth process is given by the Fredholm
determinant

P(G(m,n) < 1) = det (T— (M i niren, )

S DS e
=1+ 2 Zjetl (M2 (xi, xp). (5.90)

By performing an asymptotic analysis of the Meixner polynomials and
Meixner kernel, using an appropriate contour integral representation and
the saddle point method, one can use (5.90) to prove the following result

analogous to Theorem 5.1.

Theorem 5.31 (Limit law for the multicorner growth process passage times)
Let 0 < p < 1. For x,y > 0 define

1
®p(x,y)=;(x+y+2m)’
1 — p)l/e
e = S oo (i AT ) (v + T )

14
Let (mp)2,, (), be sequences of positive integers with the properties
that

My, Ny — 00 as k — oo,

N T ny
0 < liminf — < lim sup — < oo.
k—eo 1y koo M

Then as k — oo, the passage times G(my,ny) associated with the multi-

corner growth process converge in distribution after rescaling to the Tracy—
Widom distribution F,. More precisely, we have

G(my, -o ,
(me, ) — @, (my, ) < Fa(t) (t€R).
0, (Mg, ) koo

5.14 Complex Wishart matrices

To conclude this chapter, we point out another intriguing connection be-
tween the corner growth process and a seemingly unrelated problem in
probability theory involving random matrices known as complex Wishart
matrices. We will not treat this topic in detail; for the proofs of Theo-
rems 5.32 and 5.33 below, see chapter 4 of [4].
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Given integers m > n > 1, the complex Wishart matrix W, is a random
n X n positive-definite Hermitian matrix constructed as follows. Let

A = (X + Y1) 1<jen, 1<kem

be a random n X m rectangular matrix whose real and imaginary parts are a
family of independent and identically distributed random variables Xz, ¥
all having the normal distribution N(0, 1/2). (The distribution of the com-
plex entries Z;; = X + iY; is referred to as the standard complex normal
distribution and denoted N¢(0, 1). Note that they satisfy E|Z j,klz =1.) Now
let

Wiy = AAT,

which by construction is automatically Hermitian and positive-semidefinite
(and, it is not hard to see, actually positive-definite with probability 1).

The distribution of W,,, is of some importance in statistics, where it is
known as (a special case of) the complex Wishart distribution.’

To understand the Wishart distribution, we first parametrize the space
of matrices in which W,,, takes its values. Denote by H, the set of n X
n Hermitian matrices with complex entries, and denote by H; c H, the
subset of positive-semidefinite matrices in H,. We write a generic element
M € H, as

M = (xjx + iyji)i<jksn-

Since M* = M, one can consider as free parameters the elements lying on
or above the main diagonal (with the diagonal elements being purely real
numbers), namely (x; ;) 1<j<n U(Xk, ¥ ji)1<j<k<n- FOr convenience we identify
Hermitian matrices with their sets of free parameters, which allows us to
think of H, as the n?-dimensional space R” . With this identification, the
standard Lebesgue measure on R” can be written as

am = | dx;; [] dvudyss (5.91)
j=1 1<j<ksn
Note that H is an open subset of H,,.

The matrix W, can now be thought of as an n*-dimensional random
vector. The simplest description of its distribution is in terms of its joint
density (with respect to the Lebesgue measure (5.91)), given in the follow-
ing result.
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Theorem 5.32 (Density of complex Wishart matrices) The complex Wishart
matrix W,,,, has the n*-dimensional joint probability density function

1
J(M) =

det(M)""e” "M (M € H))), (5.92)

m,n

where v, is a normalization constant given by
n
Vi =T n(m -n+ jl
Jj=0

It is interesting to note that the density (5.92) is a function only of det M
and tr M, both of which are invariants under conjugation by a unitary ma-
trix. This reflects the fact (which is not hard to prove, either from (5.92)
or directly from the definition) that the distribution of W,,, is invariant un-
der unitary conjugation, that is, for any » X n unitary matrix U, the matrix
U*W,,,U is equal in distribution to W, ,.

Another way of formulating the preceding invariance property is as the
statement that the density (5.92) can be expressed as a function of the
eigenvalues of W, ,,. Denote the eigenvalues (which are real and positive,
since W,,,, € H), arranged in increasing order, by &; < ... < &,. In terms
of the eigenvalues, the density (5.92) becomes

1 1 ’
- [ [erreze e (5.93)
m,n j:1

fM) =

Using (5.93) one can prove the following result giving a formula for the
joint density of the eigevalues &1, ..., ¢&,.

Theorem 5.33 (Eigenvalue distribution of complex Wishart matrices) Let
m > n > 1, and let D,,, be defined as in (5.13). The joint density of the
eigenvalues &, < ... < &, of the Wishart random matrix W, , is

f@reoix) = 0Dy, [ [ ]_[ (=% (0<x <...<x).
j=1 1<i<j<n

(5.94)

This expression looks familiar from our studies of the corner growth
process. Indeed, a quick comparison with (5.25) identifies (5.94) as being
precisely the density function of the orthogonal polynomial ensemble asso-
ciated with the weight function W,,,_,(x) = e”*x"" and the related Laguerre
polynomials, which in turn we saw was related to the distribution of the
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passage times G(m, n). (Note that (5.94) gives the density for the ordered
eigenvalues, whereas (5.25) treats the points of the orthogonal polynomial
ensemble as an unordered set.) The precise connection is summarized in
the following result.

Theorem 5.34 The passage time G(m, n) in the corner growth process is
equal in distribution to the maximal eigenvalue &, of the complex Wishart
random matrix W, .

Proof Let 4,,...,A, be the eigenvalues of W,,, where we have random-
ized the order of &1, ..., &,, that is, we set

/lsz(r(k), k=1,...,n,

where o is a uniformly random permutation in S,,, chosen independently of
W,.n. Then since the formula on the right-hand side of (5.94) is symmetric
in xiy,..., X, it is easy to see that 4, ..., 4, have joint density function

g0y x) = Dy | J ™ [ =% nsexm € R
j=1

1<i<j<n

It follows that

P(uy < 1) =PB((1,..., A,) € (=00, 1]")

=ff glxy, ..., x)dxy...dx,
(—00,t]"
! 3 n
= Dm’"f f n(e_x"x’;f_") 1—[ (x; — )cj)2 dxy ...dx,,

I<i<j<n

which by (5.15) is precisely P(G(m, n) < t). ]

In light of the above result, Theorem 5.1 takes on a new meaning as
a result on the limiting distribution of the maximal eigenvalue of a large
complex Wishart matrix W,,,, when m,n — oo in such a way that the ratio
m/n is bounded away from infinity.*3

Exercises

5.1 (wewe) Show that in Theorem 5.1, the convergence (5.5) need not hold if the
condition (5.4) is omitted.
5.2 (ssewe) Prove Lemma 5.5.



326

53

54

55
5.6

5.7

5.8

59

5.10
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(=) Find the triple (4, P, Q) associated to the generalized permutation

(1 222455688 10
7l e 33 4 21 23 23 1

by the RSK algorithm.
(#) Find the generalized permutation associated via the (inverse) RSK al-
gorithm to the Young diagram A = (5,5, 1, 1) and semistandard tableaux

213|133 1|11 2]3
3141415 213415

BEERE

2
4
6

(%) Prove Lemma 5.9.
(wewe) Prove that if f(xq,...,x;) is an antisymmetric polynomial of total
degree k(k — 1)/2, then there is a constant ¢ such that

f(x1,...,xp) =c¢ H (x; = xj).

1<i<j<n

(=) Show that the number of sequences (ay, .. .,ay) with nonnegative inte-
ger coordinates that satisfy Zle aj = k is equal to (d’,i”‘). Deduce that the
number of generalized permutations of length k and row bounds (m, n) is

mn—1+k
|Pﬁ1,n|=|Mﬁ1,n|=( L )

(# %) Use Lemma 5.16 to prove the Cauchy-Binet formula, which states
that if a square matrix C = (¢; j)1<i, j<n = ABis the product of two rectangular
matrices A = (;,j)1<i<n,1<j<m and B = (b; j)1<i<m,1<j<n> then

n n
det(C) = Z det (aik,) [djgtl (bke.j)-

1<k <...<k,<m

(wwp) Let K: R X R — R be a kernel with the property that
f K(x, y)K(y,2)dy = K(x,2) (x,z € R).

Denote r = f_ozo K(x, x) dx. Prove that for any m > 1 and x1,...,x, € R we
have

00

f ,df'étl (K(xr, x))) dxy = (r—m + 1) ‘d’,étl (K(x. x,)).
oo bj= i,j=

(s ) Use the result of Exercise 5.9 above to prove Theorem 5.20.



5.11
5.12

5.13

5.14

5.15
5.16

5.17

5.18
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(=) Use the result of Exercise 5.9 above to get a new proof of Corollary 5.18.
(@) Use Corollary 5.18 to rederive the expression (5.13) for the normaliza-
tion constants Dy, , in (5.15).

(sewp) Show that the Laguerre polynomial £%(x) satisfies the differential
equation

xf"(x)+(@+1-x)f"(x)+nf(x)=0.

ww) Prove the generating function identity

> Lor = (1= D exp (—t—x)
Z -1

(se %) Show that the Laguerre polynomial €2 (x) has n real and positive roots.
(s w0 ) Prove that the joint density (5.94) of the eigenvalues of the Wishart
random matrix W,,, takes its unique maximum at the point ({1,...,{),
where {] < ... < £, are the roots of the Laguerre polynomial £77"~!(x).

(s s 9) The Hermite polynomials (%,(x));° ; are the sequence of orthog-
onal polynomials associated with the weight function w(x) = e/ 2; that
is, for each n > 0, h,(x) is a polynomial of degree 0 with positive leading
coefficient, and the polynomials £, (x) satisfy the orthonormality relation

f (O (e 2 dx = 6y (n,m = 0).

Prove that the Hermite polynomials have the following properties:
-1)" d"
(@) hy(x) = G e (e"‘z/z).

Jvom

@2 & e
X
Qm)V4 &4 2%\ (n - 2k)!

(c) The leading coeflicient of &, (x) is k, = (\/ﬂ n!)
(d) The exponential generating function of the /4, (normalized to be monic

(®) hn(x) =

-1/2

polynomials) is

(s wp) Use Corollary 5.18 and the properties of the Hermite polynomials
from Exercise 5.17 above to prove for any n > 1 the n-dimensional integra-
tion identity

n—1
ff ﬂ o= e 2 T dxy L dix, = (271)"/2]_[]'!.
R» .
j=1

1<i<j<n
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Deduce that the formula given on p. 84 for the normalization constant Z, in
the joint density of the eigenvalues of a random Gaussian Unitary Ensemble
(GUE) matrix is correct.

(s we) Prove (5.71).

5.20 (a) (wewe) Use the saddle point method to prove that

5.21

5.22

n
n m

2n 4
= (1+0(1))
WRERUE

(b) (#esp) The nth central trinomial coefficient ¢, is defined as the coeffi-

cient of x” in the expansion of the polynomial (1 +x+ x%)" in powers of x.
Use the saddle point method to derive and prove an asymptotic formula
for ¢, asn — oo.
(s 9 %) (Chowla—Herstein—-Moore [25]) Let 1,, denote the number of invo-
lutions of order n, that is, permutations o € S, such that 0% = id. Use the
saddle point method together with the contour integral representation

1 ez+z2 /2
— —dz

n= 2 d=r Zn+l

(an immediate corollary of the result of Exercise 1.11(c)) to get a new proof
of the asymptotic formula (1.61).

(Angel-Holroyd—Romik [7]) Given permutations 7,0 € S,, we say that o
covers m, and denote 7 ' o, if o is for some 1 < j < n — 1 such that
n(j) < n(j + 1), o is obtained from 7 by transposing the adjacent elements
n(j), (j+1) of m and leaving all other elements of 7 in place (in other words,
o = motj where 7; denotes the jth adjacent transposition; see Exercise 3.8).
Fix n > 1. Denote N = (g) Define a random walk (o-Z)oSksN on S,, called
the directed adjacent transposition random walk, by setting 0'8 =1id and,
conditionally on the event that o} = =, choosing o7, to be a uniformly
random permutation o chosen from among the permutations such that r
o. If we define the inversion number of a permutation o by

inv(c) =#{l < j<k<n: o)) > ok,

then it is easy to see that inv(c})) = k and in particular at time N = (;)
the random walk reaches the unique permutation with maximal inversion
number N = (;), namely the reverse permutation rev, = (n,...,2, 1) defined
in Exercise 3.8; once it reaches rev,, the random walk terminates.

It is natural to interpret this process as a particle system, which can be de-
scribed as follows: n particles numbered 1,...,n are arranged in a line. Ini-
tially particle k is in position k. Now successively swap the positions of an
adjacent pair (7, j) that is chosen uniformly at random from among the pairs
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og= 1 2 3 45
o= 21 3 45
o= 21 3 5 4
o3= 2 1 5 3 4
o3= 215 43
o:= 2 51 43
op= 25 413
o= 2 5 4 3 1
og= 52 4 3 1
og= 5 4 2 3 1
o= 5 4 3 2 1

Figure 5.1 An example of a directed adjacent transposition
random walk with n = 5. The numbers in bold highlight the
trajectory of particle number 3.

for which i < j until for each 1 < k < n the particle that started in position k
is in position n + 1 — k. See Fig. 5.1 for an example, which also shows how
one can graphically track the trajectory of individual particles.

Next, construct a continuous-time version of the random walk (o7 Jo<k<n in a
manner analogous to the construction of the continuous-time corner growth
process from its discrete-time counterpart. More precisely, associate with
each permutation o € S, a random variable X, with the exponential dis-
tribution Exp(out(c)), where out(o) denotes the number of permutations 7
such that o " 7 (that is, the out-degree of ¢ in the directed graph with
adjacency relation “’). The random variables (X, )ses, are taken to be in-
dependent of each other and of the random walk (o)x. Define a sequence of
random times 0 = Sg < S| < ... < Sy < Sy4+1 = oo by setting

Sie1 =S+ X, ontheevent {0 = o}

for 0 < k < N — 1. The continous-time random walk is the process (7} )0 of
Sy-valued random variables defined by setting

7} =0, ontheevent {S; <7< S}

el

(a) (spspwp) Show that the continuous-time process has the following equiv-
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(b)

(c)
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alent description. With each pair (k, k + 1) of adjacent positions associate
a Poisson process of unit intensity on [0, co), which can be written as an
increasing sequence E; = {0 = Tg < T{‘ < Té‘ < ...} of times such

that the increments (7%, — T,]f,)mzo are i.i.d. with the exponential distri-

m+1
bution Exp(1). The different processes Ej are taken to be independent.

The random permutation process (717 )r>0 is defined by setting 7rj; = id and
modifying the permutations precisely at the times TX (1 < k < n — 1,
m > 0), according to the rule that at each time T,’;, the particles at (i, j) at
positions (k, k + 1) swap their positions if and only if i < j.

(sspwpwp) For 1 < j < n, define the finishing time of particle j to be
the last time when particle j moved, that is,

T;’ = sup{t> 0: (n;')’l(j) #n+1 —j}.
and define the total finishing time by
T =max{T7 1< j<ny=inf{r>0: ] =rev,}.
Prove that the joint distribution of the finishing times can be expressed in
terms of the passage times G(a, b; i, j) in the corner growth process. More
precisely, we have the equality in distribution
([ 1<j<n) S{R VRY 1< j<nl,
where we define
Ri=G(,in=1,j)) (1<j<n-1),
Ry =R, =0.
As a result we also have the representation
nd : . ;
7! Smax{G(jlsn—1,j) : 1< j<n-1f

for the distribution of the total finishing time.

(s %) Deduce from part (b) above together with the results we proved in
Chapters 4 and 5 the following results about the asymptotic behavior of
the finishing times.

Theorem 5.35 (Uniform asymptotics for the finishing times) Denote
g(x) = 1+2+vx(1 — x). As n — oo, we have the convergence in probability

1 . P
=77 - g(j/m)| — 0
n n—oo

max
1<j<n

s
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and, as a consequence,

Tpn 2 0o,
n n—00

Theorem 5.36 (Fluctuations of the finishing times)  Ler (ji)y. , and (ng);>
be sequences of positive integers with the properties

1< jk <y,

Jk> kg = 00,

0< liminfj—k < limsupj—k <1

k—eo R k—oo Tk

Then as k — oo the finishing time T}’ = T;.“: converges in distribution after

scaling to the Tracy—Widom distribution F,. More precisely, we have

T;-:k YU, m+1-ji) 4

— Fy asn— oo,

O'(jk,n+ 1 _jk)
where (-, -) and o (-, -) are defined in (5.1) and (5.2).

el

(d) (sespspwp) Prove that asymptotically as n — oo we have for any ¢ > 0
that

B Ir- L2 ifo<r<l,
n . P
(2) inv(n”,) — {1~ Z2r12Q -2 +20 ifl<r<2,
1 ifr>2.

(e) (wsswpw ) Find sequences (a,); |, (b,):7, and a nontrivial probability
distribution F such that we have the convergence in distribution

T!'—a, 4 7

n—oo

n






Appendix

Kingman’s subadditive ergodic theorem

In Chapters 1 and 4 we make use of Kingman’s subadditive
ergodic theorem, an advanced result from probability theory. This ap-
pendix gives a brief discussion of this important result in a version suited
to our needs. The starting point is the following well-known elementary
lemma in real analysis, known as Fekete’s subadditive lemma.

Lemma A.1 (Fekete’s subadditive lemma)  If (a,); , is a sequence of non-
negative numbers that satisfies the subadditivity property
Apin < Ap + @y (n,m 2 1),

ay
n

exists and is equal to inf,5; %

Then the limit lim,,_, ., o

The condition of subadditivity appears naturally in many places, making
Fekete’s lemma an extremely useful fact. John F. C. Kingman [69] discov-
ered that subadditivity can be applied in a probabilistic setting to a family
of random variables, with equally powerful consequences. His theorem (in
a version incorporating a small but significant improvement added later by

Liggett [76]) is stated as follows.

Theorem A.2 (Kingman’s subadditive ergodic theorem) Let (X,1)o0<m<n
be a family of random variables, defined on some probability space, that
satisfies:

1 Xon < Xom + X for all m < n.

2 Forany k > 1, the sequence (X, m+1)), IS a Stationary sequence.

3 Foranym 2 1, the two sequences (Xo ), and (X, m+k)y., have the same
Jjoint distribution.

4 ElXo,| < oo, and there exists a constant M > 0 such that for any n > 1,
EXy, = —Mn.

333
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Then

.. . E(Xon . . . E(Xo.n
(a) limity = lim,_« % exists and is equal to inf (no’ ),

(b) The limit X = lim,_,, % exists almost surely, and satisfies E(X) = .
(c) If the stationary sequences (X, m+1)),., are ergodic for any k > 1,
then X = vy almost surely.

Note that conclusion (a) is a straightforward consequence of Fekete’s
lemma.

For the proof, see [76] or [33], chapter 7. Both the formulation of the
theorem and its proof make reference to concepts and results from ergodic
theory, which are beyond the scope of this book and may be unfamiliar to
some readers. It is comforting, however, to notice that for our applications
in Chapters 1 and 4 we can use the following special case of the theo-
rem that avoids reference to ergodicity, relying instead on more elementary
concepts.

Theorem A.3 (Kingman’s subadditive ergodic theorem; i.i.d. case) Let
(Xinn)o<m<n be a family of random variables, defined on some probability
space, that satisfies:

1 Xon < Xom + Xown forallm < n.

2 For any k > 1, the sequence (X, 1), IS a sequence of independent
and identically distributed random variables.

3 Foranym 2 1, the two sequences (Xo )~ and (X, m+k)r, have the same
Jjoint distribution.

4 ElXo.| < oo, and there exists a constant M > 0 such that for any n > 1,
EXy, = —Mn.

EXon)

E(Xo) . . .
Ko oyists and is equal to inf,>; —>=. Fur-

n

Then the limit y = lim,_,
thermore, we have the convergence ﬁXo,n — vy almost surely.

Theorem A.3 can be proved in an identical manner to the proof of Theo-
rem A.2, except that instead of applying Birkhoft’s pointwise ergodic the-
orem one invokes the strong law of large numbers.



Notes

Chapter 1

Hammersley’s paper [54], based on his Berkeley symposium talk, is written in an
unusual informal and entertaining style and is worth reading also for the insights it
offers as to the way mathematical research is done.

Actually Logan and Shepp only proved that lim inf,_., £,/ V7 > 2, but it is this
proof that was the real breakthrough. Vershik and Kerov proved the same result but
also found the relatively simple argument (Section 1.19) that proves the upper
bound limsup,_,, £,/ Vn < 2.

The Erd6s—Szekeres theorem was mentioned by Ulam in his original paper [138]

as the motivation for studying the maximal monotone subsequence length of a
random permutation.

The plural form of fableau when used in its math context is fableaux; when used in
the original (nonmathematical) meaning, tableaux is still the standard plural form
but rableaus is also considered acceptable in American English.

Part (a) of Theorem 1.10 is due to Schensted [113], and part (b) is due to

Schiitzenberger [114].

The effect on the recording tableau Q of reversing the order of the elements of o is
more subtle so we do not discuss it here; see [71, Section 5.1.4] and Chapter 3

(specifically, Theorem 3.9.4) of [112].

Hardy and Ramanujan proved (1.16) as a corollary of a much more detailed
asymptotic expansion they obtained for p(n). Their result was later improved by
Hans Rademacher, who used similar techniques to derive a remarkable convergent
infinite series for p(n). See [8] for more details on this celebrated result.

Varadhan was awarded the Abel prize in 2007 for his fundamental contributions to
probability theory and in particular to the theory of large deviations.

The following simple example demonstrates that the typical behavior in a
probabilistic experiment need not always coincide with the “least exponentially
unlikely” behavior: when making »n independent coin tosses of a coin with bias

335
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10

11
12

13

p = 2/3, the typical sequence of results will contain approximately 2n/3 “heads”
and n/3 “tails,” but the most likely sequence consists of a succession of n heads, an
outcome which as a function of the parameter » is exponentially more likely than
any single outcome in the “typical” region.

The relation (1.34) corrects a sign error from [79] which (in a nice demonstration
of the way errors can propagate through the scientific literature) was repeated in
[28] and [101].

A version of Lemma 1.21, due to Boris Pittel, appeared in [101].

The question of identifying the irreducible representation of maximal dimension in
the symmetric group may have been mentioned for the first time in a 1954 paper
by Bivins, Metropolis, Stein, and Wells [14] (see also [10], [87]).

The Plancherel growth process was first named and considered systematically by
Kerov, who analyzed in [66] the limiting dynamics of the growth process, which
provides an alternative approach to understanding the limit shape of
Plancherel-random Young diagrams. The same growth process is also implicit in
earlier works such as [51], [143].

Chapter 2

See the papers by Frieze [45], Bollobds-Brightwell [16], Talagrand [132] ,
Deuschel-Zeitouni [32], Seppilédinen [118]; and the related papers by
Aldous-Diaconis [2], Johansson [61], and Seppéldinen [116] that gave new proofs
of Theorem 1.1.

The graph in Fig. 2.1 was generated from numerical data computed by Prihofer
and Spohn [102].

This extremely elegant proof is one of the outstanding research achievements
mentioned in Okounkov’s 2006 Fields Medal citation.

The heading of Theorem 2.3 refers to the fact that the theorem describes the
limiting distribution of the edge, or maximal, points, of the point process of
modified Frobenius coordinates associated with the Plancherel-random Young
diagram. One can also study the so-called bulk statistics corresponding to the
behavior of the point process away from the edge. Like the edge statistics, the bulk
statistics also reveal interesting parallels with the analogous quantities associated
with eigenvalue distributions in random matrix theory; see [19].

Determinantal point processes were first defined in 1975 by Macchi [83], who
referred to them as fermion processes because they arise naturally as descriptions
of many-particle systems in statistical quantum mechanics. See [59], [80], [82],
[81], [121] and [29, Section 5.4] for more details on the general theory and many
examples.

Actually this definition corresponds to what is usually called in the literature a
simple point process; one can consider more generally nonsimple point processes,
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where points are allowed to have multiplicity greater than 1, but all the processes
we will consider will be simple.

Fredholm determinants play an important role in random matrix theory, integrable
systems and other areas of analysis. For more background see [74], [119], [120].
Considering the crucial importance of Nicholson’s approximation to the
developments in Chapter 2, it is unfortunate that the details of the proof of this
result are rather obscure and inaccessible. The result in a form similar to ours is
derived in Section 4 of the Borodin—Okounkov—Olshanski paper [19] from an
earlier and more traditional form of the result presented in Section 8.43 of the
classical reference [145] on Bessel functions by G. N. Watson. However, the
details of Watson’s derivation are difficult to decipher, and appear to be incomplete
(one finds in the text remarks such as “... it has been proved, by exceedingly heavy
analysis which will not be reproduced here, that...”). It would be nice to see a
more modern and accessible proof of this important asymptotic result.

Exercise 2.22 suggests a possible approach for developing such a proof.

The representation (2.79) for the Airy kernel is mentioned in [26] (see equation
(4.6) in that paper). The proof we give is due to Tracy and Widom [136].

This type of difficulty regarding the question of existence and uniqueness of the
Airy process is not uncommon. In probability theory one often encounters the
“foundational” question of whether a stochastic process with prescribed statistical
behavior exists and is unique. To be sure, such questions are important, but
nonetheless one should not be too bothered by this. As a more or less general rule,
if the prescribed statistics “make sense” as probabilistic descriptions of a random
process (i.e., if they are self-consistent in some obvious sense) then, barring
pathological examples that most ordinary practicioners of probability will never
actually encounter, existence and uniqueness can be safely assumed.
Unfortunately, the rigorous verification of these types of claims is usually quite
tedious and can involve heavy machinery from measure theory and functional
analysis.

Chapter 3

Erd6s—Szekeres permutations and the formulas (3.1) and (3.2) are mentioned in
[71, Exercise 5.1.4.9] and [125, Example 7.23.19(b)]. The results of Sections 3.2
and 3.3 are due to Romik [108].

Theorems 3.5 and 3.6 are due to Pittel and Romik [101].

The name “arctic circle” is borrowed from an analogous result due to Jockusch,
Propp and Shor [60], known as the arctic circle theorem, which deals with
random domino tilings of a certain planar region; see Exercises 4.12 and 4.13 at
the end of Chapter 4. Two other arctic circle theorems are proved in [28] (see also
[64]) and [98].
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This result is proved in [109]. The idea of interpreting the limit shape theorem for
random square Young tableaux in terms of an arctic circle in an associated
interacting particle system was proposed by Benedek Valké.

Chapter 4

The terminology we use in this chapter is somewhat simplified and differs slightly
from that used in the existing literature on the subject. The process we call the
corner growth process is often referred to as the corner growth model with
exponential weights or as directed last-passage percolation on Z> with
exponential weights; in the context of interacting particle systems, an equivalent
process is known in the literature as the totally asymmetric simple exclusion
process with step initial condition. The process discussed here under the name
“multicorner growth process” (Section 4.8) is referred to elsewhere as the corner
growth model with geometric weights (or last-passage percolation with
geometric weights).

In the existing literature on the corner growth process, the variables 7; ; are usually
referred to as weights.

The totally asymmetric simple exclusion process with step initial condition;
see Note 1.

Thorem 4.24 is due to Jockusch, Propp, and Shor [60] in the case p < 1/2, and to
Cohn, Elkies, and Propp [27] in the case p > 1/2.

The developments in Sections 4.3, 4.5, 4.6 and 4.8 follow [115]. Note that the idea
of comparing the growth process with a slowed down version of it as a means for
deriving the limit shape goes back to Rost’s original paper [110]. The particular
(rather ingenious) way of slowing down the process described here, which appears
to offer the easiest route to the limit shape theorems, was first introduced in [13].

Chapter 5

Theorem 5.8 is a standard result in enumerative combinatorics, being, for example,
an immediate corollary of equation (7.105) on p. 305 of [125]. The proof given
here is due to Elkies, Kuperberg, Larsen, and Propp [37].

Our approach to the proof of Theorem 5.1 adapts the saddle point techniques used
by Johansson [62] in the case of the Meixner polynomials to the case of the
Laguerre polynomials, and is also influenced by the presentation of [115]. Another
proof based on different asymptotic analysis techniques appeared in [65].

The complex Wishart distribution has a real-valued counterpart that was introduced
in 1928 by the British mathematician and statistician John Wishart [147]. The
complex variant was first defined and studied in 1963 by Goodman [48].

A generalization of this result proved by Soshnikov [122] states that under similar
assumptions, for each k > 1 the distribution of the largest k eigenvalues
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(&ntr1s - - - »&n) Will converge as n — oo to the joint distribution of the & largest
points in the Airy ensemble (see Section 2.2).

The question of the limiting distribution of the maximal eigenvalue can be asked
more generally for Wishart-type matrices (also called sample covariance
matrices) W,,, = AA™ in which A is an n X m matrix with i.i.d. entries distributed
according to some given distribution y over the complex numbers having the same
first- and second-order moments as the standard complex Gaussian distribution
Nc(0, 1). According to a general principle of random matrix theory known as
“universality,” one expects to observe convergence to the Tracy—Widom limiting
law F, for a wide class of entry distributions u. This was proved in various levels
of generality in [97], [99], [122], [144].
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