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Outline:

(1) Inferring shape from physical attributes (vibration modes)
(2) Positive and negative answers
(3) Eigenvalue-based feature functions
(4) Application to Shape Recognition
(5) Other eigenvalue problems



This is the old famous question of M. Kac (1966): 
“Can one hear the shape of a drum?” 

Consider planar domain W 
(or a general W  domain in d-dimensions)

Can one determine the shape of the domain?











Queen Dido (Carthaginian coin, 

circa 200 BC, modern Tunisia)

Rayleigh-Faber-Krahn, 

Ashbaugh-Benguria-PPW, 

Payne-Weinberger, etc.







 Milnor pair of 16-dimensional tori that have the same eigenvalues but 
different shapes. 

 Bilby and Hawk: Gordon, Webb, and Wolpert (1992). These are a pair of 
regions in the plane that have different shapes but identical eigenvalues (for 
the membrane problem) 

 Buser, Conway, Doyle (1994) constructed numerous examples of isospectral 
domains. 







 Shape Recognition is a key component of 
object recognition, matching and analysis.

 Invariance under scaling and rigid motion & 
tolerance to noise and reasonable 
deformations are the key requirements in a 
good shape recognition method

 Use shape functions based on ratios of 

e-values

 Use a finite difference scheme to compute the 
e-values



F4 suggested by the recent work with E. M. Harrell





 We use elementary neural networks.

 We train with 50% of the database.

 Simple hand-drawn shapes, synthetic shapes, 
and real leaves 











There are well-established finite difference schemes.

There are well-known semiclassical asymptotics as well as 
universal eigenvalues for the eigenvalues and for various 
spectral functions

One can use the same feature functions.



Correct classification rates of hand-drawn shapes 

using Dirichlet, Neumann, and Stekloff F1 and F2 

features.
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Average and std dev of first 20 F1 features for basic 

shapes using clamped plate eigenvalues



0 2 4 6 8 10 12
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Diamonds

Rectangles

Average and std dev of first 10 F1 features  of 100 

rectangles and diamonds computed using Dirichlet 

and clamped plate eigenvalues
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shapes using buckling plate eigenvalues



Average and std dev of first 20 F4 features using 

buckling plate eigenvalues
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Average and std dev of first 20 F4 features using 

clamped plate eigenvalues
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Average and std dev of first 20 F4 features using 

Dirichlet eigenvalues


