Section 3

5. Initially the temperatures are as shown in the diagram. For each
slab, the temperature is linear, u, =ax+
p v Y b, 0° 100°0°
where a and b must be found for each slab.
For the first slab:

u0=0 when x =0 and u0=100 when x=1,

For the second slab:

u0=100 when x =1 and u0=0 when x =2, of 1| 2

Thus the initial temperature distribution is

100x, 0<x <1,

100(2 -x), 1<x<2.

The final temperature is ue =100, The temperature distribution
as a function of x and t must be some linear combination of the
basic solutions of the heat flow equation [text equation (3.1)].
These solutions are given by text equation (3.10) when k>0,
When k =0, text equations (3.5), (3.6), (3.8) and (3.9) become
a%F
dx? B

g{-=0, T = const.

v2F =0 or 0, F=ax+b,

Thus the basic solutions of the heat flow equation are

22
%t sinkx, k>0,

e
u=<e %t cos kx, k>0,
ax+b, k=0,

and we can write the solution of our problem in the form

—kzazt
(@) u=zk:e (bk51nkx+akcoskx)+ax+b.

As t+wo , we see from (1) that u~+ax+b; this must be the final

In our problem u, =100 so we can write (1) as

steadv state u £

£
2 2
) u= Zk: e_% a t(bk sin kx+ak cos kx) + 100,

Now we must satisfy the conditions u=100 at x=0 and at x=2 for

all t. From (2) we see that u=100 if the terms in the series




are zero. This will be true for all t if we keep only the sine

terms and take k=nn/2. Thus we write (2) as

® 2
(3)  u=100+) b e (nTH/ Dt 500X

n=1
[This is text equation (3.16) with £ =2 and u, =100.]

When t =0, (3) becomes
_ = . nux
u, = 100 +§:l bn sin —= or
Re . nux
4) uO-IOO—nglbn sin—=.

Equation (4) says to expand in a Fourier sine series the function

100x - 100 = 100(x - 1), 0<x<1,
o f 100(2 - x) - 100 = -100(x - 1), 1<x<2.

We find
b 2 1 2

m%=2-f (x-1) sin%}-dx- f (x-1) sin%ﬁde
0 1

- 2\2 . nnx 2( 1) nnx 1_ same 2
“\aw/) ST TRetX - cos =y Jo integral

1

= (_62_1_;)2(2 sinp-zz)‘br%;(-l +cosnm).

p
0, even n 0, even n,
8 4 _ _ 2 1 -
bn=]_()0 " n=1+4k —400< 7" an n =144k,
nn nn
8 4 = ~2__ 1 =3 +4k.
(37 Tare RTItAK 77 e 73
n°n n°n

Then the temperature distribution is given by (3) above with

these values for the bn.
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