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Problem 1 (25 pts) Consider the following heat equation on a 1D rod:
Uy = gy t>0,0<z<Y,
with the boundary condition
u(0,¢) = u(¢,t) =0 forallt > 0,

and the initial condition
u(z,0) = Az(¢ — x),

where A is some positive constant.

(a) (6 pts) Use the method of separation of variables to derive the ordinary differential equations
(ODEs) with respect to the variable z and ¢. Then, solve these ODEs to obtain the basic
solutions satisfying the above heat equation (not the initial and boundary conditions).
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(b) (7 pts) Select the basic solutions satisfying the boundary condition, determine the separation
constant, and then write a solution to the heat equation by the linear combination of these
basic solutions.
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S
(¢) (7 pts) Finally, write the solution that sat'}ges the initial condition.

Help (rather than hint): You can use the following formula:
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(d) (5 pts) Sketch the heat distribution at several time points to indicate how the heat distribution
behaves as time progresses.
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Problem 2 (25 pts) Consider the following wave equation on a guitar string:
utt:C2uzw tZO;OSHCSf,
with the boundary condition

u(0,t) =u(¢,t) =0 forallt > 0,

u(z,0) = asin (57)),

where A is some positive constant.

and the initial condition

(a) (20 pts) Solve this wave equation in a similar manner as Problem 1, i.e., describe each step
toward the final solution and show your computations.
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(b) (5 pts) Sketch the string behavior at several time points to indicate how the guitar string be-
haves as time progresses.
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Problem 3 (25 pts) Consider the following boundary value problem of the 2nd order differential
equation:
y' =3y +2y=0, y(0)=0,y(1)=1

(a) (20 pts) Assume that 3'(0) = ¢ and solve the above ODE using the Laplace transform. In other
words, solve the initial value problem:
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(b) (5 pts) Compute the value of ¢ using (1) = 1, and obtain the final solution to the original
boundary value problem.
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Problem 4 (25 pts) Let us use the following definition of the Fourier transform:

FIF)(€) = i /f e dr z R

We want to compute the Fourier transform of the following function:

1 ifx € la,b];
X[a,b](l‘):{ ,)

0 otherwise.

In order to do so, let us proceed as follows:
(a) (10 pts) Compute the Fourier transform of

1 ifxe|-£/2,4/2];
X[—e/z,e/Q](l‘) = { [ / / ]

0 otherwise.

Then, plug in £ = b — a. This gives us the Fourier transform of the function X[ bza b-a) (x).
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(b) (15 pts) Apply the shift/translation formula of the Fourier transform to obtain the Fourier
transform of x4 4 ().

Hint: The amount of shift is clearly: a + (b — a)/2 = (a + b)/2.
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Bonus Problem (20 pts) Consider the following 2D Laplace equation on the rectangular domain,
Vu=0 on Q={(z,9) cR|0<2<0a,0<y<b},
with the boundary condition,
u(z,0) = Asin (%x) cu(z,b) = u(0,y) =u(a,y) =0, 0<z<a0<y<b,

where A is some positive constant. Solve this Laplace equation in a similar manner as Prob-
lems 1 and 2, i.e., describe each step toward the final solution and show your computations.

Huge Hint: Y'(y) should be of the form sinh k(b — y).
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