MATH 132A: Intro. to Stochastic Processes
Final Exam Solutions

Name:
Scoreof thisproblem.____________

Total Score:

Problem 1 (25 pts) Considera Poissorprocesswith rate \. Let 77 bethearrival time of thefirst
event,T;, betheinterarrival time betweerthe (n — 1)standthenth events.

(@) (10 pts) Shav that P{T; > t} = e *. [Hint: Recallthe definition of a Poisson
process.]

Ans: Clearly, P{T} > t} = P{N(t) = 0}. Fromthedefinitionof a Poissorprocess,

I O\ )1
P{N({t+s)—N(s)=n}=c¢e o
forallt > 0,all s > 0,andalln = 0,1,.... So,takings = 0, n = 0, we get

P{N(t) =0} = e,
(b) (10pts)Shaw that P{T; > t} = e™**,
Ans: Conditioningon 77, we have

However,

P{I, >t|Ti=s} = P{N({t+s)—N(s)=0|T, = s}
= P{N(t+s)— N(s) =0}

= e M.

(c) (5 pts)Using(a) and(b), provethat{T,;n = 1,2,...} areindependentlyandidenti-
cally distributedexponentiallandomvariableswith parameten.
Ans: We canrepeatthe above agumentfor T3, T}, ..., we caneasily concludethat
P{T, >t} = e*forn = 0,1,2,.... So,they areindependentindidentically
distributed. Finally, if anrandomvariable X obeys an exponentialdistribution with
parameten, its cdfis F(t) = P{X <t} =1 — e . Thus,P{X >t} = e~*. This
impliesthat7,, obeys exponentialdistribution with parameten forn =0,1,2,....
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Problem 2 (20 pts)For a Poissorprocessshaow thatfor s < t,

P{N(s) = k| N(t) = n} = (Z) (;)k (1— ;)” k=0,1,...,n.

[Hint: P{N(s) = k| N(t) =n} = P{N(s) = k,N(t) = n}/P{N(t) = n}. Thenconsider
how mary eventsarrive in theinterval (s, t].]

Ans: Following thehint, we have

P{N(s) = k, N(t) = n}

P{N(s) =k|N(t) =n} =

P{N(t) = n}
_ P{N(s) =k,N(t—s)=n—k}
P{N(t) = n}
_ P{N(s)=k}-P{N({t—s)=n—k}
P{N(t) =n}

e ™M (As)k /K- e M (A (t — 8))" 7k /(n — k)!
e~ M ()" /n!

) ()
- () -y
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Problem 3 (30 pts) ConsiderthreeindependentandomvariablesX;, X5, X3, which obey expo-
nentialdistribution with parameters, Ao, A3, respectrely.

(a) (8 pts)Whatis P{X; < X5} ?
[Hint: Conditionon X .]
Ans: Following thehint, we have

P{X1 < XQ} = E[P{Xl < X2|X1}]
= / P{Xl < X2 ‘ X1 = .T}/\lei/\lwd.T
0

= / P{X, >z} e %z
0

= / e M7\ e Modr
0

= M / o Outhaegy
0

A1
A+ A

(b) (7 pts) ComputeP{min(X,, X3) > z}, andwhatis the probability distribution of the
randomvariablemin (X5, X3)?

ANs:

P{min(X,, X3) >z} = P{X,>zandX; >z}
P{X, >z} - P{X3 >z} fromindependence;

-2z —A3x

= e - €
e—()\2+)\3)1‘.

Thisimpliesthatmin(X,, X3) obeys exponentialdistribution with parameten, + As.
[Hint: ConsiderP{X; < min(Xy, X3)}, anduse(a)and(b).]

Ans: Thinkingaboutmin (X5, X3) is asingleexponentiarandomvariablewith param-
eter\, + A3, we have

P{X1 = min(Xl,Xg,Xg,)} = P{X1 < IIliIl(XQ,Xg,)}

n rom (a)

A+ o+ A3



(d) (8 pts)Whatis P{X; < X, < X3}7?
[Hint:

P{Xl < X2 < Xg} = P{Xl = min(Xl,Xg,Xg)} : P{X2 < X3 ‘ X]_ = min(Xl,Xg,Xg)}.

]

Ans: Following the hint, we have:

P{Xl <Xy < Xg} = P{Xl = min(Xl,XQ,Xg)} . P{X2 < X3 |X1 = min(Xl,Xg,Xg)}

A1
— P{X, < Xa| X; = min(X;. Xo. X from (c);
SV VT {2< 3| 1 mln( 1y <% 2, 3)} (©)
A1
= — . P{X, <X from thememorylesroperty;
N u {X, 3} ylesproperty
byl Ao

= . from (a).
/\1'1‘)\2"‘/\3 )\2+/\3 ()
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Problem 4 (25 pts) Considera homogeneouMarkov chain{X,; n = 0,1,...} whosestateis
binary, i.e., X,, = 0or1foralln > 0. Letusdenoten = Py, andg = Py,.

(@) (5 pts)Write thetransitionprobability matrix P.
Ans: Thisis easy

l—«o «
P=
(5" 129)
(b) (20 pts) Computethelimiting probabilities;.e.,
IT= lim P™.
n—oQ

[Hint: You needto classifythe situationdependingopn whethera = 0,0 < a < 1, or
a =1,s0asg.]

Ans:

a = =0: ThenP = I, i.e.,theidentity matrix. So,clearly, IT = I.

a=03=1:ThenP = (1) é

indefinitely. Thereforell doesnot exist.

). So, the chainoscillateshetweenstate) andstatel

0 < o < 1andg = 0: Thenassoonasthe chainreachestatel, it sticksto it. So,
m (01
—\0 1)

a = 0and0 < 3 < 1: Thisis the oppositeof theabove case.So,IT = G 8)

0 < a < 1land0 < @ < 1: This casewe cancomputethe stationarydistributions
7 = (m, m ), Whichsatisfiesr = «wP. Fromthiswegetw = (3/(a+ 3), a/(a+ 3)).

Thereforewe have
B _a
M= (5" 2f
at+f a+p
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Problem 5 (20pts)ConsidermbranchingprocessLet X,, bethe populationof thenth generation,
andlet i bethe expectednumberof offspring produceddy anindividualin this population.
LetusassumeX, = 1.

(a) (10pts)ComputeE[X,,].
[Hint: RepresentX,, = Zfi"fl Z;, Where Z; is the numberof offspring of the ith
individual of the (n — 1)stgenerationClearly, F[Z;] = u.]
Ans:

i_:l Zz ‘ Xn—l] ]
_ BIX,BZ)

= pE[X, 1]
= /«LQE[Xn—Z]

= FE|F

= W'E[Xo]

n

(b) (10pts)Shav
E[X,,X,] = p" ™E[X2] form < n.

[Hint: FirstconsiderE[X,, | X,,]. Next considerE[ X, X, | X.]. ]
Ans: Let’s follow thehint.

sinceit is thesameasstartingX,, individualsandthinking (n —m)th generationNow,

E[X»X,] = E[EF[XnXn|Xn]] conditioningon X,,;
— E[X%E[X, ] from (1)
= E[X2]E[Xn_m] sinceE[X,_,]isjustaconstant;
= u" ™E[X2] from(a).



