
MATH 132A: Intro. to Stochastic Processes
Final Exam Solutions

Name:
Scoreof thisproblem:

TotalScore:

Problem 1 (25 pts)Considera Poissonprocesswith rate
�
. Let ��� bethearrival time of thefirst

event, ��� betheinterarrival timebetweenthe ���
	���
 standthe � th events.

(a) (10 pts) Show that ��������������� ������ . [Hint: Recall the definition of a Poisson
process.]

Ans: Clearly, �!���"�#�$���%�&�!��'(���)
*�,+-� . Fromthedefinitionof aPoissonprocess,����'����/.10�
2	3'(�40�
5���6�7�,� ���� � � �)
 ��28�9
for all �;:<+ , all 01:<+ , andall �=��+ 9 � 9?>?>@> . So, taking 03�A+ , �=��+ , we get�!��'(�B�)
C�&+-�7��� ���� .

(b) (10pts)Show that �!���EDF�$���%�,������ .
Ans: Conditioningon ��� , wehave�����GDF�$���H��IKJL�����GDF�1�6MN���O��P >
However, �����GDQ�R�6MN���*�&0S� � �!��'(�B�/.$0�
2	T'(�U0�
C�,+7MN���V�W0S�� �!��'(�B�/.$0�
2	T'(�U0�
C�,+��� � ���� >

(c) (5 pts)Using(a) and(b), prove that �����-XO�3�Y� 9 Z 9?>?>?> � areindependentlyandidenti-
cally distributedexponentialrandomvariableswith parameter

�
.

Ans: We canrepeatthe above argumentfor �G[ 9 ��\ 9?>?>?> , we caneasilyconcludethat�!�����]�<�����^������ for �_� + 9 � 9 Z 9?>?>?> . So, they are independentand identically
distributed. Finally, if an randomvariable ` obeys an exponentialdistribution with
parameter

�
, its cdf is ab���)
#�c�!��`^d,���e�f�Q	Rgh���� . Thus, �!��`^�i���e�c������ . This

impliesthat �G� obeysexponentialdistributionwith parameter
�

for �j�,+ 9 � 9 Z 9?>@>?> .
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Scoreof thisproblem:

Problem 2 (20pts)For aPoissonprocess,show thatfor 0lk1� ,����'��U0�
C�&meMn'(�B�)
*�,�6�%� o � mqpWr 0 �-sut7r �v	 0 �-s � � t29 m��&+ 9 � 9@>?>?>u9 � >
[Hint: ����'��U0�
*�WmwMn'����)
C���"�H�&�!��'(�40�
*�&m 9 '(�B�)
C���6�hxh����'����)
C���"� . Thenconsider
how many eventsarrive in theinterval �U0 9 �NP .]
Ans: Following thehint, wehave����'��U0�
*�WmwMn'����)
C���"� � �!��'(�40�
C�,m 9 '(�B�)
C�,�6��!��'(�B�)
5�y�6�� �!��'(�40�
C�,m 9 '(�B�V	T0�
C���
	Tmz�����'����)
*�,�"�� �!��'(�40�
C�,m��|{��!��'(�B�2	R0�
*�,�}	Rmz��!��'(�B�)
*�,�6�� ������~@� � 0�
 t x�mG8�{��������� ��-~U�)� � ���6	R0�
�
 � � t x����}	Rm�
�8� ���� � � �)
 � xh�68� �28mG8����
	Tm�
�8Vr 0 �-sEt o �2	R0� p � � t� o � mqpWr 0 �-s t r ��	 0 �-s � � t >
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Scoreof thisproblem:

Problem 3 (30 pts)Considerthreeindependentrandomvariables̀}� 9 `�D 9 `b[ , which obey expo-
nentialdistributionwith parameters

� � 9 � D 9 � [ , respectively.

(a) (8 pts)Whatis �!��`}��k1`�D@� ?

[Hint: Conditionon `}� .]
Ans: Following thehint, wehave�!��`}�#k$`bD�� � I�J��!��`}�#k$`bD*MN`}����P� �1�� �!��`
��k1`�D*MN`}�V���/� � �N� ���?����� �� � �� �!��`bDv�1�/� � ��� �������?� �� � �� � �����U� � ��� ������� � �� � � � �� � �q���?�4�����N��� � �� � �� �u. � D >

(b) (7 pts)Compute�!�������E��`�D 9 `�[�
|���/� , andwhatis theprobabilitydistribution of the
randomvariable�b� �/�B`bD 9 `�[�
 ?
Ans:�!���b� �E�B`�D 9 `�[�
#�1�/� � ����`�Dv�1� and̀b[Q�$�/�� ����`�Dv�1�/�Q{�����`�[v�1�/� from independence;� � ��� � � {�� ����¡¢�� � �q�£������� ¡ ��� >
This impliesthat �����u��`�D 9 `�[�
 obeysexponentialdistributionwith parameter

� D6. � [ .
(c) (7 pts)Whatis �!��`}�V�,�b� �u�B`}� 9 `�D 9 `�[�
�� ?

[Hint: Consider����`}��k������E��`�D 9 `�[�
�� , anduse(a)and(b).]

Ans: Thinkingabout�b� �u�B`bD 9 `b[�
 is asingleexponentialrandomvariablewith param-
eter

� D6. � [ , wehave�!��`
�V�,�����u��`}� 9 `�D 9 `b[�
�� � ����`}��k������E��`�D 9 `�[�
��� � �� �u.&� � D2. � [�
 from (a);� � �� �u. � D2. � [ >
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(d) (8 pts)Whatis �!��`}��k1`�DQkR`b[?� ?
[Hint:�!��`}�¤kR`�DQk1`�[@�%�,�!��`}�C�y�b� �/��`}� 9 `bD 9 `�[�
��Q{�����`�Dvk1`�[*MN`}�*���b� �u�B`
� 9 `bD 9 `�[�
�� >
]

Ans: Following thehint, wehave:�!��`}�¤kR`�DQk1`�[@� � �!��`
�V�,�����u��`}� 9 `�D 9 `b[�
��Q{�����`�Dvk1`�[*MN`
�V�y�b� �/��`}� 9 `bD 9 `b[�
��� � �� ��. � D6. � [ {�����`�DFk$`�[*MN`}�*���b� �/��`}� 9 `bD 9 `�[�
�� from (c);� � �� ��. � D6. � [ {�����`�DFk$`�[?� from thememorylessproperty;� � �� ��. � D6. � [ { � D� D2. � [ from (a)>
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Scoreof thisproblem:

Problem 4 (25 pts) Considera homogeneousMarkov chain ��`���Xq�i�¥+ 9 � 9?>?>?> � whosestateis
binary, i.e., `��w�&+ or � for all �¦:y+ . Let usdenote§¦�,� � � and ¨©�&�C� � .
(a) (5 pts)Write thetransitionprobabilitymatrix � .

Ans: This is easy. �W� o �v	T§ §¨ �v	(¨ p
(b) (20pts)Computethelimiting probabilities,i.e.,ª � «�� ���¬ � � � >

[Hint: You needto classifythesituationdependingon whether§T�­+ , +
k]§�k=� , or§®�c� , soas ¨ .]

Ans:¯ §®�y¨¦�,+ : Then �]�,° , i.e., theidentitymatrix. So,clearly,
ª ��° .¯ §y�f¨1�¥� : Then �±� o + �� + p . So, thechainoscillatesbetweenstate+ andstate �

indefinitely. Therefore
ª

doesnotexist.¯ +¦k²§Wd³� and ¨y�Y+ : Thenassoonasthechainreachesstate � , it sticksto it. So,ª � o + �+ � p .¯ §®��+ and +!k�¨�d]� : This is theoppositeof theabovecase.So,
ª � o � +� + p .¯ +(k´§­k¥� and +(k_¨µk¶� : This case,we cancomputethe stationarydistributions· �¸��¹ � 9 ¹u��
 , whichsatisfies· � · � . Fromthisweget · �­��¨6x��4§e.;¨6
 9 §Vx���§º.©¨6
�
 .Therefore,wehave ª �A»¥¼½ � ¼ ½½ � ¼¼½ � ¼ ½½ � ¼

¾
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Scoreof thisproblem:

Problem 5 (20pts)Considerabranchingprocess.Let `�� bethepopulationof the � th generation,
andlet ¿ betheexpectednumberof offspringproducedby anindividual in this population.
Let usassumè � �¸� .
(a) (10pts)ComputeIKJ `��hP .

[Hint: Represent̀���� À,ÁEÂ�Ã �ÄÆÅ �ÈÇ Ä , where Ç Ä is the numberof offspring of the É th
individualof the ���}	1��
 st generation.Clearly, I�J Ç Ä P���¿ .]

Ans: I�JÊ`���P´� IKJLIKJ `��7MN`�� � �NPËP� IÈÌNIÈÌ ÁuÂ�Ã �Í ÄÆÅ � Ç Ä MN`�� � �4ÎEÎ� IKJ `�� � �)IKJ Ç Ä PËP� ¿/IKJ `�� � �NP� ¿ D I�JÊ`�� � DOP� {�{�{� ¿ � IKJ ` � P� ¿ � >
(b) (10pts)Show IKJ `�Ï�`���PG��¿ � � Ï I�JÊ` DÏ P for Ð¶di� >

[Hint: First considerIKJ `��|MN`�ÏCP . Next considerIKJ `�Ï�`��7MN`�Ï*P . ]

Ans: Let’s follow thehint. IKJ `��QMN`�Ï5PG�i`�Ï
IKJ `�� � ÏCP 9 (1)

sinceit is thesameasstarting̀�Ï individualsandthinking ���7	bÐÑ
 th generation.Now,IKJ `�Ï5`��hP´� IKJLIKJ `�Ï5`��GM `�Ï5PËP conditioningon `�Ï ;� IKJ `�ÏKIKJ `��7MN`�Ï5PËP� IKJ ` DÏ IKJ `�� � ÏCP P from (1);� IKJ ` DÏ P�I�JÊ`�� � Ï�P sinceIKJ `�� � ÏCP is justa constant;� ¿ � � Ï IKJ ` DÏ P from (a).
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