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Problem 1 (20 pts) Suppose we are given three data poiri ji, y) = (-7/2,1),(0,1), (r/2,-1).
Now, we want to find the best function to fit these points in the form efa + fsin x in the
sense of the least squares.

a

B

(a) (7 pts) Write a system of equation in the fortw = b, wherex =

] as if this function passes

through all these three points.

Answer: Sincesinx =-1,0,1 whenx =-7x/2,0,7/2, respectively, the system of equation can be
easily written as:
1 -1
[1 :
1 1

(b) (7 pts) Solve the least squares problem using the normal equation, and write the solution in the
form of y = a + Bsinx.

a

p

-1

Answer: This is simply can be solved by

Jurmaro-[y 8[43 4[4

p

Thus the least square solution is:

0 2 -2/ " 6l0 3||-2 -1

I
=——sinx|.
Y 3

(c) (6 pts) Letx be the least squares solution you computed in (b). Compute the residual (or error)
vectorb — Ax and its length in 2-norm. Compare this error size o the error size of the case
(04

B

Answer: The error vector is simply,

= m , and confirm that the error of the least squares solution is smaller.

1] 1 -1 -1/3

1({-11 O [1_/3] =/l 2/31]].
ol ~1/3

-1/3

2/3

-1/3
which is in fact smaller than

o=l [

Thus its 2-norm is:

6
:3>£.
3

L
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Problem 2 (20 pts) Consider the following matrix:

10
1 1f.
1 2

(@) (5pts) Find a basis dR(A). What is the rank of this matrix?

A=

Answer: Let's computeE,, the RREF of A, together with the transformation matpix R3*3 so

thatPA = E,.
10|100RRR10|100RR2R10|100
[AlI]=f1 1] 010 =—2%]01] -1 10 =22(011] -1 1 0|=[ElP]
1 2100 1] % %R (o2 2101 00 1 -21

Therefore, we have two basic columnsdAnwhich forms the basis dR(A4), i.e.,

168t}

Answer: The dimension of the input spacezisince it isR?. Now from the rank-nullity theorem,
we have:

Clearly, rank(4) = 2.

(b) (5 pts) What isN(A) in this case?

rank(A) + dimN(A) = 2.

But rank(A) = 2. Hence dimN(A) = 0. This means thatN(A) = {0} = { [8] } }

(c) (5pts) Find a basis dR(AT).

Answer: The nonzero rows of 4 form the basis oR(AT). Thus, the answer is:

1] (0
o"|11|] [
Answer: The row vectors of? corresponding to the zero rows 6f, form the basis ofN(AT).

Thus, the answer is:
1
16l
1

(d) (5 pts) Find a basis 6f(AT).
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Problem 3 (20 pts) LetT :R* — R? be a linear transform defined (x, y) = (2x+y,x +2y).

Consider the vector = [;] and the basis

5= {lo] o]}

LetU = [(1) ;] be the matrix representing this basis.

(@) (5 pts) DetermingT]s and[v]g .
Answer: Let A be the matrix associated with this linear transformafiorThen,

X 2 1
2= )

y

2x+y
X+2y

Now, we have

i L2 -1)f2 1]{1 1]_|1[3 3
rm-va-e 2 R

As for [v]p, it is easy to get:

_u-ly=2 2 T 2
e Jl-

(b) (5pts) ComputéT (v)]g and verify that{ T]g[vlg = [T(V)]g .

Answer: In this caseTI(v) = Av. So,

_ . 1[2 -1][4] |13
[TW)]p =[Avlg =U AV—E[O . ] [5]_ 5[5] )

On the other hand, using the results of Part (a), we have:

1[3 3][0 1[3
[T]B["]FEL 5] H - 5[5] .

So, they surely agree.
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(c) (5pts) Now, let a new basis R’ be

s={1]- [V}

LetV = H _11] be the matrix representing this basis. Now determine the change of basis
matrix [I155 -

Answer: The matrix we want to compute is:

[ T O I B B 1 U I I O 0
Ulpg =V U_2[—1 1] [0 2]_2[—1 1]'

(d) (5pts) determingT];5z and demonstrate thall ;5 [T15 = [T]g5 -
Answer: This can be easily done as follows:

g  L[1 )2 1)1 1] _[1[3 9
e I | F R

1

Tg51T)s

1 3] 1[3 3
-1 1] 21 5

N~
|
[—
[—

So, they surely agree.
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Problem 4 (20 pts) Consider the following matrix

1 -1

1 0].
1 1

Answer: Using the definition of the Frobenius norm, we have

1AlF = [Ylaijl? = VI2+12 412+ (=12 +02+12=| V5.
]

(b) (4 pts) Compute the 1-nortA|;.

A=

(@) (5 pts) Compute the Frobenius notm| .

Answer: Using the definition of the 1-norm, we have

4l = max]| A, 1) = max(3,2) =[3]

(c) (7 pts) Compute the 2-noriil|l.

Answer: We need to compute the eigenvalueAdtA becausé All» = v/ Amax (AT A). The charac-
teristic equation ofA” A is:

3—

det(AT A—AI) = det 0’1 2—A] =3-1@2-1)=0.

Therefore, clearlydmax = 3. Thus, we have|| All, = V3.

(d) (4 pts) Compute theo-norm || Al .

Answer: Using the definition of theo-norm, we have

| Alloo = max| Az, Il = max{2, 1,2} =[2].
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Problem 5 (20 pts) LetB = {u,,...,u,} be anorthonormal basi®f an inner product space with
dimV = n.

(a) (5pts) Letx € V be any vector irVV. Expressx as a linear combination of the basis $eti.e.,
determine the linear combination coefficients,...,a, such thatc = aju; +--- + a,u,,.

Answer: Taking an inner product of the both sides of the above equationwyih < j < n) gives
us:

(uj,x) = (uj,au+---+ajuj+--+ayuy)
= (uj,ajup) +---+(uj, ajuj) + - +{uj, apuy)
= ai(ujup)+---+ajuj,uj)+-+aguj,ug)

= a]’

since{u;,ui) =6 . This holds for allj = 1,...,n. So, we have

’x: u, x)ug +---+ (uy, XUy ‘

(b) (5 pts) Prove the Pythagorean theorem:

2 2 2
[xl” = lail” +--+lanl”

Answer: Using the definition of the norm induced from the inner product, we have:

x> = (x,x)
= (aym +--+azu,,au +--+azuy)
= (aup,auy) +---+{au,, au,) because of the orthogonality
= lla|®+- +llayu,l®
= JarPlw I® +--- + @, la,)1?
= |a1*+---+|an* because they have a unit length.

0 0
0,1
1 1

Answer: Let B = {x, x,, x3} be that initial basis. Now, using the Gram-Schmidt procedure, we
make the basis vectors orthonormal as follows.

0

X1
w=—=0],
%11 H

1
(c) (5 pts) Supposa =3 andB = { |1
1

}, which are not orthonormal. Make this set

orthonormal.
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becausex; is already of unit norm.

0 0 0
U =X — (U, Xo)u; = [1] -1 [0] = [1] ,
1 1 0

0
which is also of unit norm. Sai, = | 1. Now,
0

1
1
1

U3 = x3 — (up, X3)u; — (U, X3)Up = -1

)

0 0 1
0]-1-({1|=|{0
1 0 0

which is again of unit norm. Hence, we have the orthonormal set derivedBrasfollows:

0 1
{ulruZ’uE’)} = 0 ’ ’ 0 .
1 0
1

—2 | with respect to the orthonormal vectors derived in Part (c).
1

0
1
0

(d) (5 pts) Expand a vector =

Answer: This can be easily done because (u;, x)u; (uy, x)u, + (uz, x)usz. The only thing to do
is to compute these three inner products, which are in faet2, and1, respectively. Thus,
we have

0
] 2
1

0 1
11+10
0 0

1
X = [—2] =l-uyy-2-w+l-uz=
1




