MAT 22B-001: Differential Equations
Final Exam Solutions

Note: Thereis atableof the Laplacetransformin thelastpage.

Name:
SSN:
Scoreof thispage: ____________

Total Score:

Problem 1 (5 pts)Solvethefollowing initial valueproblem(’ represent% throughouthisexam).
y' +ty=2t, y(0)=1.
Ans: Usingtheintegrationfactoru(t), we have

y'u+typ = (yp)' =y'p+yp = 2tp. 1)

So,we musthave

W= tu.

!
/ﬁdt:/tdt.
i

Fromthiswe haveln |u(t)| = t2/2 + ¢, solet’stake u(t) = e'’/2. Now, (1) becomes:

Thatis,

(/2 y) = 2te*/?
Integratingthis, we get
/2y =22 4 C.
Usingtheinitial condition,we getC = —1. So,finally we have

y(t) =2 —e 2.
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Problem 2 (15 pts) Considertwo functionst and¢?.

(a) (8 pts)Shaw thatthey arelinearlyindependentn —1 < ¢ < 1.
Ans: Considetthe Wronskianof ¢ andt? over (-1, 1).

t t?

92 42 _ 42
12t_2t t t°.

W(t,t*) = ‘

ThusW (t,t?) # 0 on (—1,1) exceptt = 0. So, thesearelinearly independenbn
(—1,1).

(b) (7 pts) Canthey be a fundamentatetof solutionsof somedifferentialequations,” +
p(t)y +q(t)y = 0on—1 < ¢t < 1?Answeryesor noandstateyourreasoninglearly
[Hint: ChecktheWronskianin thisintenal.]

Ans: They cannotbe the solutionof this differentialequation. The reasonis the fol-
lowing. Let 4, y» beafundamentaketof solutionsof the differentialequationof the
formy” + p(t)y’' + ¢(t)y = 0, wherep, ¢ € C(—1,1). Then,from Abel’'stheorem,

W(y1,92) # 0, Vt € (—1,1) < y1, yo arethefundamentasetof solutions.

However, from (a), W (¢, t*) = 0 at¢ = 0. Therefore¢ andt? cannotbethefundamen-
tal setof solutions.
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Problem 3 (15 pts) Find thegenerakolutionto thefollowing nonhomogeneoutdifferentialequa-
tion by the methodof variation of parameters.

y"+y'—6y=t.

Ans: Let usfirst solve the homogeneousquation:y” + y — 6y = 0. The characteristic
equationsr? +r — 6 = (r — 2)(r + 3) = 0. Hencewe have y; = e, andy, = e3¢, Now,
considerthe nonhomogeneousquation,andlet the particularsolutionbe of the following
form: Y () = uy (¢)y1(t) +ua(t)y2(t). ThenY' = uiy; +uiy] +uhys + uoyh. We chooseu,,
ug Sothatuly, + uyys = 0. Thus,Y' = uyy| + uays, andY” = uly| + uiy] + uhyh + ugys.
Insertingtheseto thenonhomogeneowsguationwe get:
Y'"+Y' —6Y = ujy] +wuiyl + ubys + usyy + ury) + ugyhy + 6(urys + usyo)
= iy +usys + (Y + Y1 — 6y1) + ua(ys + y5 — 6ye)
= wy; +uys
= 2e%u) — e,
t thenonhomogeneoysart
Thereforeu; andu, mustsatisfythefollowing 1storderdifferentialequations:
e'u) +e Ml =0,
2e?'y) — 3e3tul, =t,

Representinghesein a matrix-vectornotation,we have:

et e ui) _ (0
2e?t —3e73t ) \u) t)”
Thatis:
ul e e 170 __e_t 3073t _a 31\ /0 1 o2t
uhy ) \2e* —3e7¥ t) 5\ —2* % t) 5 \—ted)”

Thereforepy integrationby parts,we get:
1 1

ur(t) = ——= (2t +1)e ™, uy(t) = T

-1 3t.
50 (3t —1)e

Hence,
1 1 1
V(1) = ur()y: (1) + ua(t)ya(t) = — o (2t +1) = (3t — 1) = — (6t + 1).
Finally thegenerakolutionis:

1
y(t) = 1y (t) + caya(t) + Y (t) = cre® + cpe™ — %(6t +1).



Scoreof thispage: ____________
Problem 4 (15 pts) Solve thefollowing initial valueproblemusingthe Laplace transform.
y// _ 3?/’ + 2y — e3t’ y(O) — y'(O) = _

Ans: LetY (s) = L[y](s). Takingthe Laplacetransformof bothsidesyields:

1
Y (s) = 5y(0) = y/(0) = 3(sY'(s) = y(0)) + 2V (5) = ——.
Puttingtheinitial conditionswe have:
9 1 s
— Y(s) = - —1.
(s =3s+2)Y(s) s—3+2
Since(s? —3s+2) = (s — 1)(s — 2), we have
1 S 1

Y = o 6-26-9 G- D6-9  G-D6-9

Let'srepresentheright-handsideby the partialfractions:

A n B L+ C
s—1 s—2 s—3

Multiplying bothsidesby (s — 1)(s — 2)(s — 3) andrearrangingerms,we have
1
(A+B+C)s*— (5bA+4B +3C)s+6A+ 3B +2C = 552— gs+4.
Comparinghe coeficientsof bothsideswe have

A:LB:—LC:%

In otherwords,we have:

TakingtheinverselLaplacetransformsimply yields:

1
y(t) = e’ — e + §e3t.
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Problem 5 (15 pts) Solve thefollowing systemof differentialequations.

(-G 3)E)

Ans: Thecharacteristipolynomialof this matrixis:

r+1 =3

det(rl — A) = 9 r49

‘:(r+1)(r+2)—6:7’2+3r—4:(r—l)(r+4):0.

Thus,r = 1, —4. Now let’'s computethe correspondingigervectors.
Forr = 1, we needto computetY) by

(23 (%) -6

Fromthis, we have 261V — 3¢Y = 0. Taking¢!V = 3, wegete® = (3>

E () -6)

Fromthis,we have £ + ¢{? = 0. Taking¢® = 1, weget¢® = (_11>

Similarly for r = —4, we have:

Thereforewe have thefollowing generakolution:

x(t) = c€Wel + ct@e

3 1
= ¢ <2) e + ¢ <_1> e

_ (3ciet + e
2ciet —coe™H )
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Problem 6 (30 pts) Considera systemof differentialequations:

(a) (10pts)Useaninductive agumentto show that
/\k k.)\kfl k(k—1) /\k72
AF=1{0 W et
0 0 AP

[Hint: Inductionmeansthat you needto do the following: 1) Prove the statements
truefor £ = 0 andk = 1; 2) Assumethe statemenis truefor £ andprove thestatement
holdsfor £ + 1.]

Ans: Let's proceedheinduction.For k& = 0, we have

100
A'=10 1 0] =1
001

0

1] =A.

A
So,thisis fine too.

Now, supposehisrelationships correctfor k. Then,considetthecasek + 1.
AR = A Ak

A1 0 A E)RL k(k2—1) \F2
= 0 A 1 0 Ak kNk-1
0 0 X 0 0 A\E

AL (4 1)AR EED =1 k=

= | 0o (k + 1)k
0 0 21

()\’““ (k+1)AF  AELD A’“)

S\

Il

I

8

s

Il
RS
o O
S
N )

where) is arealnumberand) # 0.

—_

So,thisis fine.
Fork = 1, we have

=
Il
o O >
S > =

2
0 Ak+1 (k+ 1)\
0 0 )\k+1

Thereforethis formulais correctfor all £ € N.

6



(b) (8 pts) Computee’4.

[Hint:

0 tk: 0 ()\t)k‘—l

BNl = ¢

2 2 -1r
and

tFh(k—1) 4,y -

Zk' 2 A EZ k
k:2

]

Ans: Recallthedefinitionof a matrix exponential:

2. (tA)F
-yl

k=0

Using(a) andthehints,we have

A k)R-l k(k 1) )\k 2

0= (0 N kb
k=0 " 0 0 Ak
oo (At) A)k—1 oo 2 (At)k—2
k= o(kl Zk 1 ((k 1)' k= 2t2 ((k)2)
_ o] At
- 0 k=0 (k') Zk 1
0 0 ol k?
et fet %e)\t
— 0 e)\t te)\t
0 0 eV



(c) (6 pts) Find the fundamentamatrix ®(¢) satisfying®(1) = I. Notethat®(1) = I,
Thisis differentfrom (0) = I.
Ans: For thisinitial condition,it is clearthat

q)(t) — e(t—l)A

Using(b), we clearlyhave:

pA(t—1) 1)ert=1) (t=1)% A(t-1)
2
d(t) et—1)A —1) (t = l)e)\(t—l)
eA(t-1)

It is easyto verify that®(1) = 1.



(d) (6 pts)Supposehattheinitial condition:

is given. Then,solve this IVP.

Ans: Usingthefundamentamatrix ®(¢), we have thefollowing solution: () = ®(¢)xz(1).
Therefore,

1) (1 — 1)) (t—21)2 A1) 1
w(t) = 0 eMt—1) (t _ l)eA(t—l) 1
0 0 eMt—1) 1

(1 +(t—1)+ @) M=)
- (1+(t = 1))=Y
eA(t-1)
ﬁie)‘(t_l)
= te)‘(tfl)

eA(t=1)



Scoreof thispage: ____________

Problem 7 (20 pts) Solve thefollowing systemof differentialequations.

.’11"1 _ -8 4 T
Ans: Thecharacteristipolynomialof this matrixis:

r+8 —4
9 r—4

‘ =r’+4r+4=(r+2)>=0.

So,we have repeatecigervaluesr = —2. Let'scomputetheeigervectorg™.
6 4 WY /o
9 —6) \gV) —\0)"

Fromthis, we have 667 — 4¢{Y = 0. Taking¢!? = 2, weget¢(®) = (

20 = W2 = @) o2t

To computez®, let usassumehatz@ = t¢Me=2 + ¢@e=2 Thevectoré® mustsatisfy
thefollowing equation:(A — r1)¢@ = ¢W je.,

—6 4\ (¥ N (2
(5 0) (&) == ()

Fromthis, we have —6£ + 4¢{? = 2. Takinge!” = —1, weget¢® = (:1) Here,¢!?

2
3> . Thus,

cantake othervalues.For example theotherchoicedeadto ¢? = (1(/)2> ore® = <_3).
Thus,thegenerakolutionis:

y(t) = az®(t)+ cz®

-l ()

(201 + (2cot — CQD o2t

3(31 + (302t — Co
2(31 — Cy + 262t e_2t
3(31 — Co + 362t )

10
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Bonus Problem (20 pts) Shav thatall solutionsof ay” + by’ + cy = 0 approactzeroast — oo
if a, b, c areall positive realconstants.

[Hint: Think thegraphof ar? + br + ¢ (aparabolawhena, b, c arepositive. Therearethree
cases/ou needto check.]

Ans: Thecharacteristiequationis clearlyar? + br + ¢ = 0. Let f(r) = ar? 4+ br + c and
considettherootsof f(r) = 0.

Casel: D = b* — 4ac > 0, i.e.,two distinctrealroots. In this case pecause > 0, b > 0,
a > 0, bothrootsarenegative. (Considethegraphof f(r) whichis acorvex parabola.)
Let thesetwo rootsber = o andr = g with a < 0 andfg < 0. Then,the general
solutionis:

y(t) = cre® 4 cpe?’.
No matterwhatvaluesc; andc, take, bothe® ande?t tendto 0 ast — oo because

a < 0andj < 0. Thus,y(t) — 0 ast — oo.

Casell: D = b* — 4ac = 0. In this case we have repeatedootsr = —b/2a, which is
negative sincea > 0 andb > 0. Thegraphof f(r) in this caseis a parabolawhose
ape« is touchingonr-axisatr = —b/2a. Thegenerakolutionin this caseis:

y(t) — Cle—bt/2a + Cgte_bt/2a.

But bothe**/2a andte~**/2* tendto 0 ast — oo since—b/2a < 0 ande’/?* grows
muchfasterthant. Thus,y(t) — 0 ast — co.
Caselll: D = b% — 4ac < 0. In this casewe have two comple roots,

_ —b+iviac— b2

2a

T

So,we have thegenerakolution:

Vaac — b2 V4ac — b2
viac - ¥ t) + cpe~ /% gin (74% b t) .

t) = cre™%? cos
y(t) ' 2a a

Again, becausef thefactore /22, y(t) — 0 ast — oo. (Thesolutionoscillatesbut
diesouteventually)

Thereforejn all casesye established(t) — 0 ast — co.
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Table of Elementary L aplace Transforms

f(t) = L7H(F(s))

1 %, s>0
t"'neN s,?frl, s>0
eat -, s>a
cos at sﬁraz, s>0
sin at 52-7-(127 s>0
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