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Final Exam Solutions

Note:Thereis a tableof theLaplacetransformin thelastpage.
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Problem 1 (5 pts)Solvethefollowing initial valueproblem(
�
represents

���� throughoutthisexam).� ����� �
	�� ��
 ��������	����
Ans: Usingtheintegrationfactor � � � � , we have� � � ��� � � 	���� � � � 	�� � � � � � � 	�� � � � (1)

So,wemusthave � � 	 � � �
Thatis, � � ��
 � 	 � �  � �
Fromthiswehave !#"%$ � � � � $ 	 �'&)( � �+* , solet’s take � � � ��	-, �/.10 & . Now, (1) becomes:��, � . 0 & �2� � 	�� � , � . 0 &
Integratingthis,weget , � . 0 & �
	��3, � . 0 & �54 �
Usingtheinitial condition,weget

4 	768� . So,finally wehave��� � ��	9�:6�,�; � . 0 & �
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Problem 2 (15pts)Considertwo functions
�

and
� &

.

(a) (8 pts)Show thatthey arelinearly independenton 6<�8= � =�� .
Ans: ConsidertheWronskianof

�
and

�'&
over �>68� 
 ��� .? � ��
@� & �A	CBBBB � � &� � � BBBB 	�� � & 6 � & 	 � & �

Thus
? � ��
@�'& �ED	F� on �'6<� 
 ��� except

� 	F� . So, theseare linearly independenton�'6<� 
 ��� .
(b) (7 pts)Canthey bea fundamentalsetof solutionsof somedifferentialequations� � � �GH� � �>� � �JI � � �'�
	9� on 68�<= � =9� ? Answeryesor noandstateyourreasoningclearly.

[Hint: ChecktheWronskianin this interval.]

Ans: They cannotbe the solutionof this differentialequation.The reasonis the fol-
lowing. Let �LK , � & bea fundamentalsetof solutionsof thedifferentialequationof the
form � � � � GM� � �'� � �+I � � �>�N	9� , whereG 
�I%OP4 �>68� 
 ��� . Then,from Abel’s theorem,? �Q�LK 
 � & �:D	9� 
SRT�UO �>68� 
 �V�XWZY �LK 
 � & arethefundamentalsetof solutions.

However, from (a),
? � ��
@� & �X	�� at

� 	-� . Therefore,
�

and
� &

cannotbethefundamen-
tal setof solutions.
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Problem 3 (15pts)Find thegeneralsolutionto thefollowing nonhomogeneousdifferentialequa-
tion by themethodof variation of parameters.� � �[� � � 6�\]�
	 � �
Ans: Let us first solve the homogeneousequation: � � � � �^6-\]�5	_� . The characteristic
equationis ` &a� ` 6�\8	�� ` 6����b� ` �+c ��	9� . Hencewehave �LKA	d, & � , and � & 	d, ;fe � . Now,
considerthe nonhomogeneousequation,andlet the particularsolutionbeof the following
form: g � � �A	�hiKb� � �'�fKb� � � � h & � � �'� & � � � . Then,g � 	-h � K �LK � hjK1� �K � h � & � & � h & � �& . WechoosehiK ,h & sothat h � K �LK � h � & � & 	9� . Thus, g � 	�hiK'� �K � h & � �& , and g � � 	dh � K � �K � hiK'� � �K � h � & � �& � h & � � �& .
Insertingtheseto thenonhomogeneousequation,weget:g �k�[� g � 6l\ g 	 h � K � �K � hiK'� � �K � h � & � �& � h & � � �& � hiK'� �K � h & � �& � \m�QhiK'�LK � h & � & �	 h � K � �K � h � & � �& � hiKb�Q� � �K � � �K 6�\]�fK>� � h & �Q� � �& � � �& 6�\]� & �	 h � K � �K � h � & � �&	 �[, & � h � K 6 c ,�;fe � h � &	 �

thenonhomogeneouspart�
Therefore,hiK and h & mustsatisfythefollowing 1storderdifferentialequations:, & � h � K � ,3;fe � h � & 	-� 
�[, & � h � K 6 c ,�;fe � h � & 	 ��

Representingthesein amatrix-vectornotation,wehave:n , & � , ;fe ��3, & � 6 c , ;fe �Qo n h � Kh � & o 	 n � � o �
Thatis:n h � Kh � & o 	 n , & � , ;fe ��[, & � 6 c , ;fe �Qo ; K n � � o 	p6 , �q n 6 c , ;fe � 6r, ;fe �6s�[, & � , & �5o n � � o 	 �q n � , ; & �6 � , e ��o �
Therefore,by integrationby parts,weget:hiKb� � �X	�6 ��[� �t� �i� �V�>, ; & � 
 h & � � ��	76 �u q � c[� 6v�V�>, e � �
Hence,g � � �A	-hiKb� � �'�fKb� � � � h & � � �>� & � � �A	p6 ��]� ��� �j� ���w6 �u q � c[� 6v����	76 �c \ �Q\ �j� ���)�
Finally thegeneralsolutionis:��� � ��	 * K'�fK)� � � �5* & � & � � � � g � � ��	 * K', & � �5* & ,3;fe � 6 �c \ �Q\ �i� �����
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Problem 4 (15pts)Solve thefollowing initial valueproblemusingtheLaplace transform.� � � 6 c � � � �3�
	�, e � 
 �i�Q����	�� � �Q����	 �� �
Ans: Let g ��x3��	�y{z|�L}~�tx�� . TakingtheLaplacetransformof bothsidesyields:x & g ��x3�w6�xV�������a6�� � �����w6 c �tx g ��x��w6l�i�Q���@� � � g �tx��A	 �xr6 c �
Puttingtheinitial conditions,wehave:�tx & 6 c x � ��� g �tx��A	 �x�6 c � x� 6v���
Since �tx & 6 c x � ����	���xr6v���b�tx�6+��� , wehaveg ��x���	 ��tx�6�������xr6+���b�tx�6 c � � x�2�tx�6v������xr6���� 6 ���xr6v���b�tx�6+��� �
Let’s representtheright-handsideby thepartialfractions:�x�6�� � �xr6+� � 4xr6 c �
Multiplying bothsidesby �tx�6�������xr6+���b�tx�6 c � andrearrangingterms,wehave� � � � �54 �@x & 6�� q � � u � �+c�4 �@x � \ � �+c � � � 4 	 �� x & 6 q� x � u �
Comparingthecoefficientsof bothsides,we have� 	p� 
 � 	768� 
�4 	 �� �
In otherwords,wehave: g ��x��X	 �xr6v� 6 �x�6+� � ����tx�6 c � �
TakingtheinverseLaplacetransformsimplyyields:�i� � ��	-, � 6�, & � � �� ,�e � �
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Problem 5 (15pts)Solve thefollowing systemof differentialequations.n2� � K� � & o 	 n 68� c� 6s� o n�� K� & o �
Ans: Thecharacteristicpolynomialof thismatrix is: ,)��� `[� 6 � �A	�BBBB ` � � 6 c6:� ` � � BBBB 	�� ` � ���b� ` � ���w6�\<	 ` & �+c ` 6 u 	�� ` 6v���b� ` � u �A	-�2�
Thus, ` 	7� 
 6 u . Now let’scomputethecorrespondingeigenvectors.

For ` 	7� , weneedto compute��� K�� byn � 6 c6:� c o���� � K��K� � K��&�� 	 n �� o �
Fromthis,we have � � � K��K 6 c � � K��& 	-� . Taking � � K��K 	 c , weget � � K�� 	 n c � o .

Similarly for ` 	76 u , wehave: n 6 c 6 c6:� 6s� o ��� � & �K� � & �&�� 	 n �� o �
Fromthis,we have � � & �K � � � & �& 	9� . Taking � � & �K 	7� , weget � � & � 	 n �68� o .

Therefore,wehave thefollowing generalsolution:� � � �F	 * K ��� K�� , � �+* & ��� & � ,3;L� �	 * K n c � o , � �5* & n �68� o ,3;L� �	 n c]* K>, � �+* & , ;L� �� * K', � 6 * & , ;L� � o �
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Problem 6 (30pts)Considerasystemof differentialequations:

� � 	 � � 
 � 	 ��a� � �� � �� � �
�� 


where� is a realnumberand � D	9� .
(a) (10pts)Useaninductiveargumentto show that�s� 	 �� � � � � � ; K � � � ; K��& � � ; &� � � � � � ; K� � � �

�� �
[Hint: Inductionmeansthat you needto do the following: 1) Prove the statementis
truefor

� 	9� and
� 	7� ; 2) Assumethestatementis truefor

�
andprovethestatement

holdsfor
� � � .]

Ans: Let’sproceedtheinduction.For
� 	9� , we have��  	 �� � � �� � �� � � �� 	 � �

So,this is fine.
For

� 	7� , wehave � K 	 ��a� � �� � �� � �
�� 	 � �

So,this is fine too.
Now, supposethis relationshipis correctfor

�
. Then,considerthecase

� � � .� ��¡ K 	 �P� �	 ��a� � �� � �� � �
�� �� � � � � � ; K � � � ; K��& � � ; &� � � � � � ; K� � � �

��
	 �� � �¢¡ K � � � ��� � � � � � ; K��& � � ; K � � � � ; K� � �¢¡ K � � � ��� � �� � � �¢¡ K

��
	 �� � �¢¡ K � � � ��� � � � � �¢¡ K��& � � ; K� � �¢¡ K � � � �V� � �� � � �¢¡ K

��
Therefore,this formulais correctfor all

� OJ£
.
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(b) (8 pts)Compute, �¥¤ .

[Hint: ¦§ �¢¨   � ��T© � � � ; K 	 �
¦§ �¢¨ K � � � � � ; K� � 6���� © 


and ¦§ �¢¨   � ��T© � � � 6v���� � � ; & 	 � &� ¦§ ��¨ & � � � � � ; &� � 6+��� © �
]

Ans: Recallthedefinitionof a matrixexponential:, �¥¤ 	 ¦§ ��¨   � � � � ���© �
Using(a)andthehints,wehave¦§ �¢¨   � ���© 	 �� � � � � � ; K � � � ; K��& � � ; &� � � � � � ; K� � � �

��
	 �ª�a« ¦��¨   �­¬ � �/®�)¯ « ¦�¢¨ K � �°¬ � �#®>±[²� � ; K�� ¯ « ¦�¢¨ & � .& �°¬ � �/®>± .� � ; & � ¯� « ¦�¢¨   �­¬ � � ®�b¯ « ¦��¨ K � �­¬ � � ®>±]²� � ; K�� ¯� � « ¦�¢¨   �°¬ � � ®�b¯

��³�
	 �� , ¬ � � , ¬ � � .& , ¬ �� , ¬ � � , ¬ �� � , ¬ � ��
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(c) (6 pts) Find the fundamentalmatrix ´ � � � satisfying ´ �>�V�%	 � . Note that ´ �'���N	 � ;
This is differentfrom ´ �����A	 � .
Ans: For this initial condition,it is clearthat´ � � �X	�, � � ; K�� ¤
Using(b), weclearlyhave:´ � � �µ	d, � � ; K�� ¤ 	 �� , ¬¶� � ; K�� � � 6v���', ¬¶� � ; K�� � � ; K�� .& , ¬¶� � ; K��� , ¬V� � ; K�� � � 6����>, ¬V� � ; K��� � , ¬¶� � ; K�� �� �
It is easyto verify that ´ �>����	 � .
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(d) (6 pts)Supposethattheinitial condition:� �'����	 �� ��� ��
is given.Then,solvethis IVP.

Ans: Usingthefundamentalmatrix ´ � � � , wehave thefollowing solution: � � � �A	 ´ � � � � �>�V� .
Therefore, � � � �F	 �� , ¬¶� � ; K�� � � 6��V�>, ¬¶� � ; K�� � � ; K�� .& , ¬¶� � ; K��� , ¬V� � ; K�� � � 6����>, ¬V� � ; K��� � , ¬¶� � ; K�� �� �� ��� ��	 �ª�{· � � � � 6v��� � � � ; K�� .& ¸ , ¬¶� � ; K���>� � � � 6����@�2, ¬V� � ; K��, ¬¶� � ; K��

��³�
	 �� �/. ¡ K& , ¬¶� � ; K��� , ¬V� � ; K��, ¬¶� � ; K�� �� �
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Problem 7 (20pts)Solve thefollowing systemof differentialequations.n � � K� � & o 	 n 6�¹ u6�º u o n � K� & o �
Ans: Thecharacteristicpolynomialof thismatrix is:BBBB ` � ¹ 6 uº ` 6 u BBBB 	 ` & � u ` � u 	�� ` � ��� & 	9�S�
So,wehaverepeatedeigenvalues̀ 	p6s� . Let’scomputetheeigenvector � � K�� .n \ uº 6s\ o�� � � K��K� � K��& � 	 n �� o �
Fromthis,we have \ � � K��K 6 u � � K��& 	-� . Taking � � K��K 	�� , weget � � K�� 	 n �c o . Thus,� � K�� 	 ��� K�� , ; & � 	 n �c o , ; & � �
To compute� � & � , let usassumethat � � & � 	 � � � K�� , ; & � � � � & � , ; & � . Thevector � � & � mustsatisfy
thefollowing equation:� � 6 `3� � ��� & � 	 ��� K�� , i.e.,n 6�\ u6�º \ o�� � � & �K� � & �& � 	 � � K�� 	 n �c o �
Fromthis,we have 6�\ � � & �K � u � � & �& 	»� . Taking � � & �K 	�6<� , we get � � & � 	 n 68�68� o . Here, � � & �K
cantakeothervalues.For example,theotherchoicesleadto ��� & � 	 n �� ( � o or ��� & � 	 n 6 c6 u o .

Thus,thegeneralsolutionis:�i� � �¼	 * K � � K�� � � � �5* & � � & �	 * K n �c o , ; & � �5* &<½ n �c o �j� n 68�68� o�¾ , ; & �	 n � * K � ��� * & � 6 * & �c�* K � � c�* & � 6 * & � o ,�; & �	 n � * Ka6 * & � � * & �c�* Ka6 * & �5c]* & � o ,�; & � �
10
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Bonus Problem (20 pts)Show thatall solutionsof ¿ � � � �5À � � ��* �Á	�� approachzeroas
�ÃÂ Ä

if ¿ 
¢ÀV
¢* areall positiverealconstants.

[Hint: Think thegraphof ¿�` &H�lÀ ` �l* (aparabola)when ¿ 
¢ÀV
¢* arepositive.Therearethree
casesyouneedto check.]

Ans: Thecharacteristicequationis clearly ¿�` &���À ` ��* 	p� . Let Å � ` �U	 ¿�` &���À ` ��* and
considertherootsof Å � ` ��	�� .
Case I: Æ 	 À�& 6 u ¿ *<Ç � , i.e., two distinctrealroots. In this case,because

*8Ç � , ÀÈÇ � ,¿ Ç � , bothrootsarenegative. (Considerthegraphof Å � ` � whichisaconvex parabola.)
Let thesetwo rootsbe ` 	ÊÉ and ` 	ÌË with Ép=Í� and Ë�=Í� . Then,the general
solutionis: ��� � ��	 * K',�Î � �5* & ,bÏ � �
No matterwhat values

* K and
* & take, both , Î � and , Ï � tendto � as

�%Â Ä
becauseÉ�=�� and ËE=�� . Thus, ��� � � Â � as

��Â Ä
.

Case II: Æ 	 À & 6 u ¿ * 	Ð� . In this case,we have repeatedroots ` 	Ñ6 À)( � ¿ , which is
negative since ¿ Ç � and

À^Ç � . The graphof Å � ` � in this caseis a parabolawhose
apex is touchingon ` -axisat ` 	p6 À)( � ¿ . Thegeneralsolutionin thiscaseis:��� � ��	 * K>,�;fÒ �/0 &1Ó �5* & � ,3;fÒ �/0 &1Ó �
But both , ;fÒ �/0 &1Ó and

� , ;fÒ �/0 &1Ó tendto � as
�<Â Ä

since 6 À)( � ¿ =Í� and , Ò �/0 &1Ó grows
muchfasterthan

�
. Thus, �i� � � Â � as

�AÂ Ä
.

Case III: Æ 	 À�& 6 u ¿ * =v� . In thiscase,wehave two complex roots,` 	 6 ÀAÔ5ÕQÖ u ¿ * 6 À &� ¿
So,wehave thegeneralsolution:��� � ��	 * K',3;fÒ �/0 &1Ój×bØ�Ù n Ö u ¿ * 6 À &� ¿ � o �5* & ,3;fÒ �/0 &1ÓjÙ Õ " n Ö u ¿ * 6 À &� ¿ � o �
Again,becauseof thefactor , ;fÒ �/0 &1Ó , ��� � � Â � as

��Â Ä
. (Thesolutionoscillatesbut

diesouteventually.)

Therefore,in all cases,weestablished�i� � � Â � as
�AÂ Ä

.
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Table of Elementary Laplace TransformsÅ � � ��	-y ; K �QÚÁ��x��@� ÚÁ��x3��	�y{� Å � � �@�
1

KÛ 
 x Ç ��1ÜS
�ÝÞOJ£ Ü ¯ÛQß�à ² 
 x Ç �, Ó � KÛ ; Ó 
 x Ç ¿×�Ø�Ù ¿ � ÛÛ . ¡ Ó . 
 x Ç �Ù Õ "�¿ � ÓÛ . ¡ Ó . 
 x Ç �
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