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§7.1
Problem #4 Write the following ODE as a system of first order equations.

u’—u=0

Let z1 = u, xo =/, z3 =u", £4 = v". Then the corresponding system is:

/
; TH = x
u’ —u=0<+= 2 3
333 - $4
Ty = I
Problem #7 Consider the system x| = —2x1 + x5 and z}, = x; — 2z5.

(a) Put into one euation and then find a general solution for the system.

x

/
9 = $+2.’L‘1
=2zt — ;)
[ =

x z{ + 2z}
Thus we have
Ty = x1 — 229 — T + 22 = x1 — 2(2] + 221)

Thus we get
f + 427+ 3z, =0

So, we solve this equation and substitute back into the above expression for x5 to

get:
3t

3t

1= cie '+ coe”

Ty = cie ' —coe

(b) Solve the IVP if we set z1(0) = 2 and z2(0) = 3. If we set t = 0 we get the system

of linear equations:
2\ (1 1 c1
3 o 1 -1 Co

Solving this system we get the solution:

I =
To =

N[O | Ot

Problem #11 Consider the IVP

)= 2z + 3z
x’; = émi + éx'j 71(0) = =2, 73(0) =1
4 4

To solve this problem we solve for x5 in terms of z; and z to get:

4. 5
Tog = §$1 —_ gl'l
! " !
Lo = 327 — 37



Math 22B, Homework #9

Then substituting back into the equation for x| and simplifying, we get
1627 — 40z} + 1621 = 0

which has characteristic equation

1
16r° —40r + 16 = (16r —8)(r —2) =0 =>r = 52
Thus for z; we get .
71(t) = crez’ + cpe®
and for x, we have )
.’112(t) = —cleft + Cge2t
Then solving for the IC we get ¢; = —% and ¢y = —% so the final solution is:
T = —%le%t — 1e*
T = geﬁt — %e%

Problem #15 Consider the system &' = PZ where the matrix P is given by

_ pll(t) p12(t)
P= P?l(t) p22(t)

Show that if #; and Z, are both solution then so is ¢1Z; + caZs.

proof: Let v = ¢1Z1 + coZ>. Then:
— P — P d —f -/ P d ]
PU = P(c1%1 + c2%2) = 1 PT1 + coPTy = 1T + 2@y = (171 + ¢2Z)

§7.2

Problem #25 Verify that the given matrix satisfies the differential equation.
;L 1 1 B ef3t e2t
U= ( 4 -9 4 \Ij(t) - _4673t e2t
o ( e—3t o2t )’ B ( —3e~3t 9p2t )
- _46—3t 62t - 126_3t 26215
and

L1 g (1-e73 —4.e73) (1-e*+1-e*)\ [ —3e >
4 -2 T\ (dredt =2 (—4)e) (4-e?—2-€%) )\ 12e7%

Thus the given matrix satisfies the ODE.

solution:
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§7.3

Problem #13 Determine if the vectors

P 2sint and i sint
1= sin t 27\ 2sint

are linearly independent.

solution: Consider the equation ¢iZy + Ty = 0 in order to determine the linear inde-
pendence or dependence of the given vectors we must find the solutions to this
equation. But this equation is equivalent to:

w(12)(5)- ()

But the only solutions to the above are clearly ¢; = co = 0 since sint # 0 for
some t and the determinant of the matrix is 3. Thus the vectors are linearly
independent.

Problem #18 Find the eigen-values and eigen-vectors for A = ( _12 i >

solution: First we find the eigen-values by calculating the char. eqn. det(A\] — A) = 0. We
get:
M —2X=XAA=-2)=0+—X=0,2

So solving for the eigen vectors we get:
)\:0;(1.> and )\:2;<1.>
i —1

Problem #24 Find the eigen-vectors and eigen-values of A =

=N W
N O N
W N

solution: First we calculate the characteristic equation
M= =150 —-8=(N+22+1) A =8 =(A+1)*(A=8)=0

Thus the roots are A = —1,8. Now we calculate the Ker(Al — A) for A = —1,8.
Note that A = —1 has multiplicity two, so it has two linearly independent eigen-
vectors since A is symmetric matrix.
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§7.4

Problem #4 Consider the ODE and equivalent system given below

" / 37’1 = T2
+pt)y +4q(t)y=0<+—
Y +p)y +a(t)y 7y = —qt)z1 — p(t)zs
Let £ and #® be a fundamental set of solutions to the system and y) and y® be a
fundamental set for the equation. Then we know that a:gl) and xEQ) form a fundamental

set of solutions to the equation, so we have that
y(l) = clx% + 021'%
y(2) = c3x% + c4x%

where all superscripts are indexes, not powers. Thus, if we calculate W (y™,y?)) we
get:

W(yW,y®) = y(l), 9(2), _ (0190,% + szi) (Cgﬂc%f 0493%),
’ y" 4@ (ctxl + 22¥) (Bzl + ctx?)
But z!' = 2} and 2?’ = 22 thus we have:
@2+ (ot dad) || @+l (al+tad)
(el + 222y (Bzl + *2?) (ctzy + ?z3) (Bzy + txl)

Expanding this out and simplifying we get:

W(yW,y?) = (c'zj+cta?) (SBri+ctad) —(cloj+cPad) (Bl +cta?) = (et AWz, 72

b = t and % = r
1 2t

2
(a): W( bt >:2t2—t2:t2

Problem #26 Let

1 2t
(b): The vectors are linearly independent on (—o0,0) and (0, +00)

(¢c): The coefficients of the system are not continuous at ¢t = 0

Problem #8 Let #',... ,7™ be solutions to &' = P(t)Z where all the coefficients of the
matrix P are continuous for o < t < 3. Assume that Z'(to),...,Z™(to) are linearly
independent. We show that #!,... ,#™ are linearly independent for a < t < f5.

proof: If #(t),... ,@™(to) are linearly independent for t = ¢y then W [Z1,... | 7™] (to) #
0. But we have that t, € (a,8) and P(t) is continuous for ¢t € (a, () thus
Wz, ..., "] (t) #0forallt € (o, 8). Thus #',... , 7™ are linearly independent

on (a, §)

Problem #9 Let #',... , 7™ be linearly independent solutions to ' = P(t)Z where all the
coefficients of the matrix P are continuous for o < ¢t < 5. Show that any solution Z(t)

can be written as
2t) = 1T (t) + -+ + cmd@™(2)
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proof: Let Z(t) be a solution. Fix ¢t = t5. Then we have that Z(tg) = ;7 (to) + -+ - +

cmZ™(tp) has a unique solution for all ¢y € (a,3) since #*,... ,7™ are linearly

independent. Moreover the c}s do not depend on ¢ since c;(t)Z” (t) is not a solution
to the given system.

§7.5
Problem#9 Find the general solution of the ODE

1 3
= —
e < —i 1 )x
solution: From before we have

A=0; <1> and A\ =2; < 1.>
1 —1

so the general soution is:

f(t):q(;)jt@e%(_li)

Problem #18 Solve the IVP

0 0 -1 7
#F=|-20 0 |& z0)=|>5
~1 0 4 5

solution: Calculating the eigen-values and eigen-vectors we get:

1 1 -2
A =1; 2 Ay = —1; -2 A3 =4; -1
-1 1 8

So for the general solution we get:

1 1 —2
Zt)=ciet | 2 | +cet| =2 | 4zt | —1
1 1 8

. Then solving for the IC we get

1 1 —2
Zt)=6e"| 2 | +3et[ —2 | +e* | -1
1 1 8



D=-05

A=-05 B=-0.752

C=-3

X'"=AX+By
y'=Cx+Dy
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