MATH 22B-001: Differential Equations
MidTerm Exam Il, Wednesday February 21, 2001

Name:
Score of thispage: ..~

Total Score:

Problem 1 (30 pts) Solve the following initial value problenTsrepresent%).

@y —y=0 y0)=1,y(0)=-1
Solution The characteristic equatiof — 1 = 0 has rootst1 so we get:

Y = clet + cge’t

now solving for the initial conditions gives:

y(0) =1+ =1

y’(0)201—02:—1 }:01:0702:1

so the solution is
y=e

(b) y"+2y +y=0 y(0)=1,4(0)=0.
SolutionThe characteristic equatio + 2r + 2 = 0 has one repeated root= —1.
Thus the general solution has the form:

y=cre ' +etet = (c; +cot)e™
now solving for the initial conditions gives:

y(0) =c1 =1

y'(0)201_02:0}:>61:1702:1

so the solution is
y=(1+t)e™"

© y'+y+y=0 y0)=0y(0)=1
SolutionThe characteristic equatiol + r + 1 = 0 has roots = %‘@ Thus the
solution has the general form:

: 3 3
y=-¢€e 2| ccos £t + 9 sin £t
2 2
Solving for the initial conditions we get
: 3
y(0) =c; =0 =y = e 2sin gt

1



V3 2
/O: —:1:> = —
y() 622 C2 \/g
Thus
2 \/gt
= ——e 2sin —
Y= 2
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Problem 2 (20 pts) Lety; andy, be a fundamental set of solutionsgf+ p(t)y’ + q(t)y = 0.
Then, prove thays = y; + y» andy, = y; — y» also form a fundamental set of solutions to
this differential equation.

SolutionConsider the Wronskian af, andy,:

Y1+Y2 Y1 — Yo

W(yg’y“)(t):‘ o :’ Ui Y — b

Ys Y

= (1 +y2) (W1 — vh) — (1 + y2) (1 — y2) = —2(v1ys — Y1y2)
—2(y1y5 — Y1y2) = —2W (y1,42)(t) # 0

sincey; andy, form a fundamental set of solutions. Thus we have Wéys, v4)(t) # 0 so
y3 andy, are a fundamental set of solutions.
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Problem 3 (20 pts) Find the general solution to the following nonhomogeneous differential equa-
tion by the method of undetermined coefficients.

y'+y — by =¢.
Solution First let’s solve the homogeneous equation:
y'+y —6y=0
The characteristic equationi$ + » — 6 = 0 which has roots = 2, —3. Thus

2t

=€ and y, = e

Now assumé&” = Ae* since 3 is not a root of the characteristic equation, so:
Y’ =34€e* and Y" = 9Ae

SO
1
Y/ 4Y - 6Y = A (943 -6) =" = A= ¢

thus;

1
Y= cle% + cge*?’t + ée3t
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Select one of the following problems (either Problem 4-1 or 4-2), and solve it. You don’t
have to solve both of them, but if you want to and can solve both of them, you will get extra
points.

Problem 4-1 (30 pts) Consider the following initial value problem.
t—1y" —ty +y=0, t<1, y(0)=1,4(0)=0.

(a) (10 pts) Find a particular solution(t) by observation/inspection. [Hint: This is a very
simple function oft.]
SolutionYou can see both);, = ¢t andy; = ¢! are solutions.

(b) (10 pts) Find a second linearly independent solutigi).
SolutionAssume thay, has the form

Y2(t) = v(t)yr(t)

If you takey, = t then we have

ya(t) = v(t)ya () = v(t) -1

then
yy =Vt +v
yy = 0"t + 20

Plugging into the ODE we get:
(t—1)"t+20) —t('t +v) +vt =0

which simplifies to
v 12— 2t 42 2 1
v tt—1) t o t—1

= In|v|=t—2Inlt|+1nt — 1]
t—1, 1, 1,

t2 e —ge—t—2€

= v =

Now we integrate to get:

So we have



Giving the general solution:
y(t) = Clet + Cgt

Alternatively. we could take); = ¢! then

y2(t) = v()yi(t) = v(t)e’

so that
h= W'+ )
Yy = (V" + 20 +v)et

Substituing back into the ODE as before we end up witht the equation:

v t—2 i, 1
o t—1 t—1
So that
v =(t—1)e"

Integrating gives:

v = /(t —Defdt = —(t —1)e " + /e_tdt = —te!

Thus:

Yo = VY1 = —tet. el = —t

Giving the general solution
y(t) = cze’ — eyt

Notice that this matches the original solution if we take= c; andc, = —cy.
(c) (10 pts) Solve the initial value problem.

Solution
y:clet—i-czt
So o
y(0)=c =1 _ - _
J(0) = e1 4¢3 = 0 }:>cl—1 and ¢ = —1
So

y(t) =e' —t
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Problem 4-2 (30 pts) A positionz(¢) of massm attached to a very simple spring system with the
spring constant > 0 can be written as:

ma” + kx = 0.

(@) (10 pts) Suppose the initial conditioniif)) = 0 and’(0) = 1. Solve this equation.
SolutionThe characteristic equationr? + k = 0 has roots = ii\/g. Thus we have

a solution of the form
k . k
x(t) = cpcos |/ —t + cosiny/ —t
m m

Now, satisfying the initial conditions we get

z(0)=c =0 J Im
2(0) = %62:1 = =0 and cx = T
k
x(t):”%sinwgt

(b) (20 pts) If the external forcen wt is applied, then the differential equation becomes:

Thus

ma” + kx = sin wt.

At what value ofw the solution becomes unbounded (i.e., blows up)-asco ? State
your reasoning clearly. (This situation is calleceaonancen physics.)

SolutionWe know that ifwi is a solution to the characteristic equatien?® + k = 0
then the particular solution os of the form

x(t) = At coswt + Bt sin wt

which blows up ag — oco.Thusw = i\/%.



