
MAT 271: Applied & Computational Harmonic
AnalysisHomework 1: due Wednesday, 04/19/06

Problem 1: Prove that the Fourier transform mapsL1(R) into BC(R), the space of bounded con-
tinuous functions onR.

Problem 2: Prove that the dilation operator:

δsf(x)
∆
=

1√
s
f

(x

s

)
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is an isometry (i.e., norm-preserving) inL2(R).

Problem 3: Supposef, g ∈ L1. Prove the following Fourier transform formulas:

(a) F{τaf}(ξ) = e−2πiaξf̂(ξ), wherea ∈ R.

(b) F{δsf}(ξ) = δ1/sf̂(ξ) =
√

sf̂(sξ), wheres > 0.

(c) If f ∈ C1(R) andf ′(x) → 0 as|x| → ∞, thenF{f ′}(ξ) = (2πiξ)f̂(ξ).

(d) F{f ∗ g}(ξ) = f̂(ξ) · ĝ(ξ).

Problem 4: Compute the Fourier transform of the Gaussian function:

g(x; σ) =
1√
2πσ

e−x2/2σ2

, x ∈ R, σ > 0.

Problem 5: Prove that theequalityin the Heisenberg inequality forf ∈ L2(R),

∆x0f∆ξ0 f̂ ≥
1

16π2
,

with x0 = ξ0 = 0 is satisfied if and only iff(x) = a exp(−x2/2σ2) for some constants
a, σ ∈ R.

[Hint: Recall when the equality happens for the Cauchy-Schwarz inequality.]


