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a b s t r a c t

Differential Evolution (DE) is a powerful population-based evolutionary algorithm for global optimiza-
tion, and it is widely used in many scientific and engineering applications. There are two commonly
used crossover schemes in the literature: one is binomial crossover and the other is exponential
crossover. The majority of DE researchers believe that DE variants employing binomial crossover
usually obtain superior performance than the ones employing exponential crossover on numerical
optimization and DE variants with exponential crossover are good at tackling optimization problems
with linkages among neighboring variables. On the contrary, here in this paper, a new perspective
is proposed that DE variant with exponential crossover can obtain competitive performance with
the ones employing binomial crossover on numerical optimization regardless of whether there are
linkages among the variables or not after discovering the proper crossover rate Cr and its corresponding
parameter control, and the main contributions of the paper can be summarized as follows: (1) The first
powerful DE variant with exponential crossover, namely the DE-EXP algorithm, which is superior to the
recent winner DE variants, e.g. LSHADE, iLSHADE and jSO, in Congress on Evolutionary Computation
(CEC) competitions, is developed for numerical optimization; (2) A novel parameter control of crossover
rate Cr is developed for exponential crossover and the value of Cr can be automatically generated not
only in the initialization stage but also during the evolution. (3) A black-box model illustrating the
fitness-value-dependency weakness of the recent winner DE variants in CEC competitions is given
and a novel fitness-value-independent adaptation scheme for scale factor F is proposed in the DE-
EXP algorithm to overcome the fitness-value-dependency weakness. A larger test suite containing
88 benchmarks is used for the validation of our DE-EXP algorithm, and experiment results show its
superiority in comparison with several state-of-the-art DE variants.

© 2023 Elsevier B.V. All rights reserved.
1. Introduction

Differential Evolution (DE) was a population-based powerful
volutionary algorithm proposed by Storn and Price in 1995 [1].
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As it originated with the Genetic Annealing Algorithm [2], a
hybrid Genetic Algorithm (GA) and Simulated Annealing (SA),
DE also employed the same bio-inspired operations such as mu-
tation, crossover and selection as GA in the simulation of the
evolution process of organisms [3,4]. Biologically, mutation is the
slightly change of a chromosome, however, in the context of DE,
it is the generation of mutant vector by using the information of
the population [5–7]. Chromosomal crossover is the swapping of
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Fig. 1. The spatial search of DE variants in a 3-D view.

genetic information in the germ-line, and DE extends the opera-
tion to create trial vector during evolution. The selection oper-
ation which means that only the superior individuals between
the parents and their offsprings were survived during the evo-
lution mimicked the Darwin’s Principle ‘‘survival of the fittest’’
[8–10] and it also reveals that DE is in the field of Evolutionary
Computation (EC).

From the spatial search perspective, DE can be interpreted in
nother way. Mutation, to be more exactly, the mutant vector
etermines the search range of the target individual in each
tep/generation while crossover determines how to select the
rial vector candidates from the range, then selection determines
hether the target individual moves from the current location
o the location of the trial vector or not regarding to the per-
ormance both of them [11–14]. Fig. 1 depicts the spatial search
f DE from a 3-D view in which Xi,G represents the target vec-
or (current position) of the ith individual and Vi,G denotes the
utant vector of the individual in the Gth generation. Obviously,

he search range of the ith individual in each generation of DE
s a hyper-cube, and the line segment Xi,GVi,G, also the body
iagonal of the hyper-cube, determines its volume. The crossover
peration decides how to choose a trial vector from all the trial
ector candidates in the hyper-cube. It needs to be emphasized
hat the commonly used exponential crossover and binomial
rossover actually implement the same effect, selecting a certain
ertex from the hyper-cube. From this perspective of view, the
inomial crossover and exponential crossover can be transformed
nto each other after finding the proper crossover rate Cr for a
ertain number of generations.
For a mathematical understanding of the same effect of bino-

ial crossover and exponential crossover for several generations,
ome definitions firstly are presented. Here UN=k

i,G denotes a cer-
ain vector in the set of trial vectors that there are k parameters
nherited from the mutant vector Vi,G, and P(UN=k

i,G ) denotes the
probability of generating such a trial vector candidate with k
parameters inherited from mutant vector Vi,G, then, the prob-
ability P(UN=k

i,G ) can be calculated according to Eqs. (1) and (2)
by employing exponential crossover and binomial crossover re-
spectively under a certain crossover rate Cr for a D-dimensional
optimization:

P(UN=k
i,G ) =

{
Crk−1

× (1 − Cr), if k < D
D−1

(1)

Cr , if k = D o

2

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(D − 1)! =

∏D−1
i=1 i

Ck−1
D−1 =

(D − 1)!
(k − 1)! × (D − k)!

P(UN=k
i,G ) = Ck−1

D−1 × Crk−1
× (1 − Cr)D−k

(2)

Then the expectation that N parameters in the trial vector are
inherited from the mutant vector can be calculated by Eqs. (3) and
(4) respectively by employing exponential crossover and binomial
crossover:

E(N) =
1 − CrD

1 − Cr
(3)

E(N) = (D − 1) × Cr + 1 (4)

Obviously, given a binomial crossover rate Crb, there always exits
an exponential crossover rate Cre, Cre ∈ [0, 1], satisfying Eq. (5)
and vice versa:

1 − CreD

1 − Cre
= (D − 1) × Crb + 1 (5)

rom this perspective of view, DE variant employing exponential
rossover can be also competitive on numerical optimization
fter discovering the proper crossover rate Cr and its corre-
ponding parameter control. However, researchers in the DE
ommunity still did not discover such a competitive DE variant
ith exponential crossover for numerical optimization though
ome researchers discussed some characteristics of exponen-
ial crossover [15–18]. Currently, the majority of DE researchers
elieve that DE variants with exponential crossover are good
t tackling optimization problems with linkages among neigh-
oring variables [19–22] and DE algorithms with exponential
rossover usually perform worse than the ones employing bi-
omial crossover on the majority of optimization applications
23–26].

Here in this paper, a new perspective is presented that DE
ariant with exponential crossover can obtain competitive perfor-
ance with the ones employing binomial crossover on numerical
ptimization regardless of whether there are linkages among the
ariables or not after discovering the proper crossover rate Cr
nd its corresponding parameter control. Therefore, the main
ontributions can be summarized as follows:

• The first DE variant with exponential crossover, namely
the DE-EXP algorithm, which is superior to the winner DE
variants, e.g. LSHADE, iLSHADE and jSO, in CEC competitions
is developed for numerical optimization;

• A novel generation strategy of the crossover rate CR is de-
veloped in the DE-EXP algorithm, where CR is automatically
calculated not only in the evolution stage but also in the
initialization.

• A novel fitness-value-independent parameter control of
scale factor F is developed in the DE-EXP algorithm, there-
fore, the algorithm does not need the exact fitness value
during the evolution and can be applied in much wider
optimization scenarios, especially for those that the fitness
values are unavailable (see Fig. 2).

To summarize, the aim of the paper is to present a new per-
pective that DE variant with exponential crossover can be also
ompetitive on numerical optimization, and the first powerful
E variant with exponential crossover, the DE-EXP algorithm,
hich is superior to the recent winner DE variants, is given in the
aper to verify our assertion. Besides the superior performance
o the latest state-of-the-art DE variants, our DE-EXP algorithm
an be applied in a much wider optimization scenario because

f its fitness-independency characteristic. The remainder of the
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Fig. 2. A black-box model reflecting the complex real-world optimization with
fitness value unavailable.

paper is organized as follows: Section 2 presents the literature
review of DE with exponential crossover and the novel black-
box model with unavailable fitness value. Section 3 introduces
the details of our novel DE-EXP algorithm. Section 4 shows the
experiment analysis and validation of our algorithm in compari-
son with several state-of-the-art DE variants in recent numerical
competitions. Finally, the conclusion is given in Section 5.

2. Literature review

In this part, a brief introduction of DE with exponential
rossover for black-box optimization is presented, and the whole
art can be separated into the following two subsections, one is
he DE algorithm with exponential crossover, and the other is the
iscussion of the novel black-box model.

.1. DE algorithm with exponential crossover

The whole evolution of any DE variant for the tackling of
ptimization problems can be separated into two stages, the
nitialization stage and the iteration stage of mutation, crossover
nd selection before termination.
A) Initialization:

In any DE algorithm, there are PS individuals maintained in the
opulation during evolution. Uniform distribution is employed in
cattering the individuals into the solution space Ω , where the
ower XD

min and upper XD
max boundaries delimit the D-dimensional

olution space. Here the initialization of the jth dimension of the
th individual in the initialization stage (the 0th generation) is
aken for example, and it can be initialized according to Eq. (6):

ij,0 = xmin,j + randij(0, 1) · (xmax,j − xmin,j) (6)

where randi,j(0, 1) denotes a random value generated according
to uniform distribution of the range (0, 1) during the calculation
f xij,0. Obviously, all the left components of the individuals can
e initialized like this as well.
After all individuals are generated, evaluations of the indi-

iduals in the population are conducted by function calls, and
he best individual in the population is labeled as the global
est solution. Then the algorithm enters into the evolution stage
hich contains operations of mutation, crossover and selection
efore termination.
B) Evolution:

There are three basic operations including mutation, crossover
nd selection in the evolution stage of DE. Mutation operation
ims to generate mutation vectors. Here the mutation strategy
n the canonical DE algorithm is taken for example, and the
utation strategy is given in Eq. (7):

i,G = Xr0,G + F · (Xr1,G − Xr2,G) (7)

here Xr0,G, Xr1,G and Xr2,G denote three randomly selected vec-
ors/individuals from the population under random selection with
estriction, r0 ̸= r1 ̸= r2 [2].

After the mutant vector Vi,G is generated, the algorithm enters
nto crossover operation in which both the mutant vector Vi,G and
he target vector X are two inputs of the operation. A specified
i,G

3

Fig. 3. The process of calculating an 8-dimensional Ui,G with the two inputs Xi,G
and Vi,G by employing exponential crossover under a certain Cr .

Fig. 4. A 2-D view of calculating the trial vector Ui,G by mutation and crossover
perations.

rossover scheme and the corresponding crossover rate Cr are
lso involved in crossover operation, and Fig. 3 presents the pro-
ess of calculating an 8-dimensional trial vector Ui,G employing
xponential crossover with a certain crossover rate Cr . Fig. 4 also
resents a 2-D view of calculating the trial vector Ui,G by mutation
nd crossover operations.
After the trial vectors are generated, the algorithm goes into

he final operation, the selection operation, in each generation.
ctually, the selection operation is to choose between the target
ector Xi,G and the trial vector Ui,G, and this operation can be

explained via Eq. (8).

Xi,G+1 =

{
Ui,G, if Ui,G is better than Xi,G.

Xi,G, otherwise
(8)

Please note that selection can be made if and only if it can be
judged which the better one is, between Xi,G and Ui,G, and the
exact fitness value is not the necessary condition though it is
easy to judge which the better one is according to their exact
fitness values. An explanation will be discussed further from a
novel perspective of the black-box model in the next subsection.

2.2. A novel perspective of black-box model

Generally, a black box in computer science and engineering is
a system that can be viewed in terms of its inputs and outputs
without knowing any of its internal knowledge. Evolutionary
Computation presents approaches to solving black-box optimiza-
tion which considers the design and analysis of algorithms for
problems in which the structure of the objective or the constraint
defining the set is unknown, un-exploitable, or non-existent [27].
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bviously, the black-box model with an exact fitness output is
ust a special case of black-box optimization, and any black-box
odel with exact output can be converted into a more complex
odel with unavailable fitness values by adding a shell outside
f it. Fig. 2 presents such a complex black-box model with un-
vailable fitness value, and it reflects the optimization situations
1) that the systems are too complex to model their exact fitness
alues and (2) that the exact fitness values of the models are
eliberately hidden.
In DE, whether the trial vector Ui,G is better than the target

ector Xi,G or not is usually judged by their fitness values, and
he output of the black-box model in CEC competitions or Black-
ox Optimization Benchmarking (BBOB) platform is exact fitness
alue as well. Obviously, it is easy to judge which the better one is
etween Ui,G and Xi,G according to their exact fitness values, how-
ver, the exact fitness values of Xi,G and Ui,G are not the necessary
onditions for the judgment because from the mathematical view
f some specific relations between Xi,G and Ui,G are known, for
xample, if f (Ui,G) ≤ f (Xi,G) or f (Ui,G)

f (Xi,G)
< 1 and f (Xi,G) > 0 in a

inimum optimization, then it can be known which one is the
etter. In other words, the exact fitness values are not necessary
n these cases when comparing Xi,G and Ui,G. Actually, there are
any cases in the real-world optimization demands that the
xact fitness values of the objectives are unavailable [27,28], for
xample, the system is too complex to output the exact fitness
nd only a fuzzy cognitive which input is better can be known,
r, the exact fitness value is visible from the inner of the black-
ox but deliberately hidden from its outside as the terminology
‘black-box’’ system means it is invisible from the outside, not the
nside.

The novel black-box model reflecting such a complex real-
orld optimization problem without available fitness value has
lready been given in Fig. 2, and from the model, the choice can
e made between the two inputs A and B even though the exact
itness values of A and B are unavailable (invisible from the outer
f the model). As is known to all, the DE variants proposed in
he earlier age, such as the canonical DE algorithm [29], the jDE
lgorithm [30] and the JADE algorithm [31] etc, can tackle this
ptimization model, however, they lost in recent competitions.
n the contrary, all the excellent DE variants in recent CEC
ompetitions employed fitness improvements (the exact fitness
ifference) in the adaptation of control parameters, obviously,
hey cannot tackle our optimization model. Our algorithm which
ill be described in the next section not only can tackle the
ptimization model in Fig. 2 but also can obtain competitive
erformance in comparison with these winner DE variants in
ecent competitions. This is also one of the contributions of the
ovel DE-EXP algorithm in the paper.

. The novel DE-EXP algorithm

In this section, the details of the novel DE algorithm with
xponential crossover is presented, and the whole description
an be divided into four parts. In the first part, a novel pa-
ameter control of crossover rate CR is presented in the novel
E algorithm with exponential crossover. The highlight is that
he exact value of Cr can be automatically generated during the
hole generation including the initialization stage, and there is
ven no need to set its initial value. In the second part, the
arameter control of scale factor F is given, and instead of em-
loying fitness-improvement-based parameter control, a novel
itness-value-independent approach is proposed. In the third part,
he adaptation scheme of population size is also given, and the
ast presents how to generate the trial vectors in our DE-EXP
lgorithm with exponential crossover.
 i

4

Fig. 5. The H-memory pool recording vector of probabilities Ph in our DE-EXP
algorithm.

Table 1
Number of success (‘‘s’’) and failure (‘‘f ’’) individuals in each group.

1 2 · · · k · · · D

f nf1 nf2 · · · nfk · · · nfD
s ns1 ns2 · · · nsk · · · nsD
v v1 v2 · · · vk · · · vD

3.1. The automatically generated crossover rate Cr

The automatically generated crossover rate Cr is also one of
the main contributions in our paper because all the Cr values are
automatically generated not only in the initialization stage but
also during the evolution before termination. In order to calculate
Cr values of the individuals, the thought of calculating ‘‘evolution
matrix’’ M in our former proposed QUATRE algorithms [8,9,32]
is incorporated into our DE-EXP algorithm. In the QUATRE algo-
rithms, the evolution matrix M was developed for the individuals’
evolution, and the key to the generation of M is the calculation of
N(k), which denotes the total number of vectors in which there
are k parameters/components retained from the mutant vector.
Actually, the number of parameters/components, k, in the trial
vector that were retained from the mutant vector is determined
by crossover rate Cr in DE, therefore, the expectation of k in the
evolution matrix M can be taken as a statistic of Cr , and the
calculation of Cr is presented in Eq. (9):⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

k = Pi · (1, 2, 3, . . . ,D)T

c = min(0.5 · D, 10)
Em = c · k

Cri =
Em

Em + 1

(9)

where Pi denotes the vector of probabilities that the parameters
(or dimensions) in the mutant vector inherit into the ith trial
ector and the value of Pi is randomly selected from an H-
emory pool in which H vectors of probabilities are recorded.
ig. 5 presents the vector of probabilities in the H-memory pool,
nd the initial values of vectors are the same, P1 = P2 = · · · =

h = · · · = PH =
1
D · (1, 1, 1, . . . , 1). The parameter k has the

same meaning as the one in QUATRE algorithms, and it means
that there are k parameters in total in the mutant vector inherited
into the trial vector.

During the evolution, both the success and failure individuals
of the population can be categorized into D groups regarding how
many parameters in the mutant vector are inherited into the trial
vectors, and the set of success individuals can be further divided
into D subsets, S =

∑D
k=1 Sk. Then the number of success individ-

uals and failure individuals in the kth group can be denoted by
nsk and nfk respectively, and the summarization of the weights
(calculated according to Eq. (13)) of the kth group are denoted
by vk. Table 1 presents the summarization of these variables, and
he vector of probabilities can be renewed according to Eq. (10).
he update is conducted in a circle, from the first P1 to the last
H and then back to the first, and only one vector is renewed
n a generation. An adjustment of P is also set, if and only if
h
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Fig. 6. The H-memory pool recording µF in our DE-EXP algorithm.

ns1 equals to
∑D

k=1 nsk, Ph is renewed by the D-dimensional zero
ector, Ph = (0, 0, . . . , 0).⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

rk =
nsk
ns

vk =

∑
i∈Sk

wi

nsk

Ph =

⎧⎨⎩
rk · vk∑D
k=1 vk

+ min(1/PS, 1/D), if nsk > 0,

min(1/PS, 1/D), otherwise.

(10)

.2. The fitness-value-independent adaptation of scale factor F

In our DE-EXP algorithm, the scale factor F of each individual
in the population obeys semi-fixed Cauchy distribution, F ∼

C(µF , σF ), in which µF and σF denote the location parameter
and scale parameter of the distribution respectively. The distri-
bution is semi-fixed, because µF is adaptively changed while σF
is fixed constant, σF = 0.05, during the whole evolution. There
is an H-memory pool maintained during the evolution, and each
memory in the pool records a unique location parameter µF .
Each individual in the population randomly selects a memory and
employs the corresponding µF in generating its scale factor. If the
generated F value is out of the default range (0, 1], it should be
adjusted according to Eq. (11):

F =

{randc(µF , 0.05), while F ≤ 0
1, if F > 1
F , otherwise

(11)

he initial values of the location parameters in the H-memory
ool are the same, µF1 = µF2 = · · · = µFh = µFH = 0.5, at the
eginning of the evolution. The scale factors that generate good
rial vectors in each generation are recorded in the success set
F , and these success values of F are used for updating µF of the
-memory pool. The update is conducted in a circle, from the 1st
o the last and then back to the first, and only one memory is
pdated in a generation. Fig. 6 illustrates the H-memory pool in
he DE-EXP algorithm.

Different from the recent winner DE variants that employed
itness-difference (fitness improvement) in the adaptation of con-
rol parameters, the adaptation of scale factor F in our DE-EXP al-
orithm is of fitness-value-independency characteristic. The main
dea is that the good changes on the dimensions of the movement,
rom Xi,G to Ui,G, can be taken as weights in the adaptation of
ontrol parameters. In order to quantize these good changes, the
olatility index of the ith individual in the Gth generation is
roposed and given below in Eq. (12):⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
VIXi,G =

√ 1
D − 1

D∑
d=1

(XUi,G(d) − XUi,G)2

XUi,G =

D∑
d=1

XUi,G(d)

(12)

where D denotes the number of dimensions of the solution space,
XUi,G denotes the good changes on the dimensions of the move-
ment from X to U , and it can be calculated by the projection of
i,G i,G

5

the movement under the corresponding crossover rate Cr of the
ith individual, (Ui,G−Xi,G)

Cr
↦−→ XUi,G. An example is given here for

the explanation of the projection: if Ui,G − Xi,G equals to (a, b, c)
and the crossover vector generated under Cr equals to (1, 0, 1),
then the projection actually implements a component-wise mul-
tiplication, therefore, XUi,G equals to (a, 0, c). The adaptation of
scale factor F in each generation is given in Eq. (13):⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

wi =
VIXi,G∑
i∈S VIXi,G

meanWL(SF ) =

∑
i∈S wi · F 2

i∑
i∈S wi · Fi

µF =

{
meanWL(SF ), if S ̸= ∅

µF . otherwise

(13)

here S denotes the set of successful individuals, SF denotes the
et of corresponding scale factors of S .

3.3. Population size reduction scheme

The linear population size reduction scheme proposed in
LSHADE algorithm [33] was incorporated into our DE-EXP algo-
rithm because of its excellent performance in the recent proposed
state-of-the-art DE variants [6,34–38]. The main thought of the
population size reduction scheme is that relative large population
size is maintained at the initialization stage aiming at getting the
better perception of the landscape of the objective, and then the
gradually reduced population size PS extends the total number
of generations under the fixed maximum number of function
evaluations. This scheme actually makes a balance between ex-
ploration at the earlier part of the evolution and exploitation at
the later part of the evolution. The details of the population size
reduction scheme is given below in Eq. (14):

PSG+1 = round
[
PSmin − PSinit

nfemax
· nfe + PSinit

]
(14)

here round[·] denotes rounding to the nearest integer, PSmin
enotes the minimum population size during the whole evolution
hile PSinit denotes the initial population size, nfemax denotes the

maximum number of function evaluations and nfe denotes the
current number of function evaluations.

By the way, the initialization of the population is considered
as the first generation of the evolution and the reduction of pop-
ulation size starts at the end of the second generation. After the
reduction of population size, the exceeded individuals with worse
performance are removed from the population, meanwhile, the
external archive that records the inferior solutions during the
evolution should be also adjusted according to the new popula-
tion size because the archive size |A| always equals to rarc · PS
during the evolution, |A| = rarc · PS, where rarc denotes the ratio
of the external archive size to the population size and rarc is a
fixed constant during the evolution.

3.4. Trial vector generation strategy

The trial vector generation strategy ‘‘DE/target-to-pbest/1/bin’’
with external archive proposed in JADE [31] showed excellent
performance in the CEC competitions and the recently proposed
state-of-the-art DE variants employed the same or a similar strat-
egy. The thought of this strategy mainly focused on two aspects:
one is the incorporation of some elites rather than the global
best individual in the generation of trial vectors, which helps to
avoid premature convergence; the other is the incorporation of
the inferior individuals during the evolution for the enhancement
of the population diversity.
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In our DE-EXP algorithm, a novel trial vector generation strat-
egy ‘‘DE/target-to-pbest/1/exp’’ with external archive is
employed, and this strategy is the same as the one in JADE except
for the different crossover scheme. The mutation strategy is given
below in Eq. (15):

Vi,G = Xi,G + Fi,G · (Xp
best,G − Xi,G) + Fi,G · (Xr1,G − X̃r2,G) (15)

where Vi,G denotes the mutant vector of the ith individual, Xi,G
is the target vector, the vector of the ith individual, Fi,G denotes
the scale factor of the ith individual, Xp

best,G denotes a random
vector selected from the top 100·p% individuals of the population,
Xr1,G is a random vector selected from the current population,
Xr1,G ∈ P , and X̃r2,G is a random vector selected from the union
of current population and the external archive recording inferior
solutions, X̃r2,G ∈ P ∪ A. After the generation of mutant vector
Vi,G, exponential crossover is employed in generating the trial
vector Ui,G. The pseudo-code describing the DE-EXP algorithm is
presented in Algorithm 1.
Algorithm 1 Pseudo code of the DE-EXP algorithm

Input: Bound constraints [RD
min,R

D
max], the fixed maximum num-

ber of function evaluations nfemax;
utput: Global best individual Xgbest , best fitness value f (Xgbest ),
consumed number of function evaluations nfe;

1: Initialize the population size PS = PSini, all individuals X =

{X1, X2, ..., Xps}, H = 6, A = ∅, µFj = Crj = 0.5,
p = 0.11, rarc = 2.0, G = 2, Prob =

1
D · (1, 1, ..., 1);

2: while nfe ≤ nfemax do
3: for i = 1; i ≤ PS; i + + do
4: Generate Xp

best,G, Xr1,G and X̃r2,G;
5: end for
6: if G > 2 then
7: Adjust the individuals of the population;
8: Adjust external archive A;
9: end if
0: for i = 1;i ≤ PS; i + + do
1: Generate F and Cr according to Eq. (11) and Eq. (9)

respectively;
2: end for
3: for i = 1;i ≤ PS; i + + do
4: Generate Xr1,G and X̃r2,G and calculate the mutant vector

according to Eq. (15);
5: Generate trial vector Ui,G by exponential crossover.
6: Calculate fitness value f (Ui,G);
7: end for
8: nfe = nfe + PS;
9: for i = 1; i ≤ PS; i + + do
0: if f (Ui,G) ≤ f (Xi,G) then
1: Xi,G+1 = Ui,G;
2: else
3: Xi,G+1 = Xi,G;
4: end if
5: end for
6: if SF ̸= ∅ then
7: Update µF according to Eq. (13);
8: Update Prob according to Eq. (10);
9: end if
0: G + +;
1: Update archive A;
2: Label Xgbest,G and the corresponding f (Xgbest,G);
3: Adjust population size according to Eq. (14);
4: end while
5: f (Xgbest ) = f (Xgbest,G), Xgbest = Xgbest,G;
6: return f (Xgbest ), Xgbest and nfe;
6

4. Experiment analysis

The performance prediction of an evolutionary algorithm is
tough because of the lack of related theory, therefore, optimiza-
tion test suites with different benchmarks are proposed in this
field for algorithm validation. Generally, algorithm validation on
a test suite containing a smaller number of benchmarks usually
has over-fitting problem. Here in the paper, a large test suite
containing 88 benchmarks selected from CEC2013, CEC2014 and
CEC2017 test suits for real-parameter numerical optimization
is employed in the comparison of the DE variants. The bench-
marks in our test suite selected from CEC2013 are labeled as
fa1–fa28 , the benchmarks from CEC2014 test suite are labeled as
fb1–fb30 and benchmarks from CEC2017 are labeled as fc1–fc30
respectively. These benchmarks can be further categorized into
unimodal function group including fa1–fa5 , fb1–fb3 and fc1–fc3 , basic
multimodal function group including fa6–fa20 , fb4–fb16 and fc4–
fc10 , hybrid function group including fb17–fb22 and fc11–fc20 and
composition function group including fa21–fa28 , fb23–fb30 and fc21–
fc30 . In our comparison, the fixed cost criterion for algorithm
validation is used, and the maximum function calls are set to
nfemax = 10000 · D, where D is the dimension number of the
solution space. 51 runs on each benchmark are conducted inde-
pendently for each algorithm and the results are considered as
samples that are used for statistical analysis of the performance.
All these algorithms are coded on Matlab 2019a version of a PC
with Intel(R) Core(TM)i5-9600k CPU @ 3.7 GHz on Windows 10
Professional Edition Operating System with 16 GB RAM.

4.1. Default parameter settings of the DE variants

In order to verify the performance of our DE-EXP algorithm,
several state-of-the-art DE variants including LSHADE [33], iL-
SHADE [39], jSO [34], LPalmDE [6], HARD-DE [36] and DE-NPC
[40] are taken into comparison with our DE-EXP algorithm. The
parameter settings of these algorithms are all the default ones
recommended by the authors and they are listed in Table 2. For
LSHADE, the scale factor F obeys semi-fixed Cauchy distribution,
F ∼ C(µF , 0.1), and the initial value of µF is µF = 0.5. Crossover
rate Cr obeys semi-fixed Gaussian distribution, Cr ∼ N(µCr , 0.1),
and the initial value of µCr equals to 0.5. The population size is
dynamically reduced from PSinit = 18 · D to the fixed minimum
PSmin = 4. The size of the entry pool is H = 6. The ratio p
of top superior individuals to the whole population is 0.11 and
the factor rarc of the external archive is rarc = 2.6 during the
evolution. For iLSHADE algorithm, the same distribution of F and
Cr as LSHADE are employed, but µF is initialized with a different
value, µF = 0.8. Moreover, the control parameters in the last
entry are set fixed constants, µFH = µCrH = 0.9, during the
whole evolution. The same reduction scheme of population size
is employed in iLSHADE, but with a different initial value, PSinit =

12 · D. Moreover, instead of employing a fixed ratio p in LSHADE
algorithm, iLSHADE employed a dynamically increased ratio with
its initial value equaling 0.1 and terminal value equaling 0.2. For
jSO, the distributions of F and Cr and the factor of the external
archive rarc are the same as LSHADE algorithm, but µF and µCr
are initialized by different values µF = 0.3 and µCr = 0.8. The
same reduction scheme of population size and the ratio p as the
LSHADE algorithm are used in the jSO algorithm, however, the
initial and the terminal values are different, PSinit = 25 · lnD ·

√
D,

PSmin = 4, pinit = 0.25 and pmin = pinit/2. Moreover, a smaller
size of the entry pool is used in jSO, H = 5. In LPalmDE algorithm,
F and Cr also obey semi-fixed Cauchy distribution and Gaussian
distribution respectively, F ∼ C(µF , 0.2), Cr ∼ N(µCr , 0.1) and
the initial values of µF and µCr are all set to 0.5. The LPalmDE
employed a larger number of groups, K = 19, and population
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Table 2
Recommended parameter settings of all the DE variants in the comparison.
Algorithms The default parameter settings of the DE variants in comparison

LSHADE µF = 0.5, F ∼ C(µF , 0.1), µCr = 0.5, Cr ∼ N(µCr , 0.1), PS = 18 · D ∼ 4, H = 6, p = 0.11, rarc = 1.6
iLSHADE F , Cr , H , rarc same as LSHADE, µF = 0.8, µCr = 0.5, µFH = µFCr = 0.9, PS = 12 · D ∼ 4, p = 0.2 ∼ 0.1
jSO F , Cr , rarc same as LSHADE, µF = 0.3, µCr = 0.8, H = 5, PS = 25 · lnD ·

√
D ∼ 4, p = 0.25 ∼ 0.125

LPalmDE Fj = 0.5, Fji ∼ C(Fj, 0.2), µCr = 0.5, Cr ∼ N(µCr , 0.1), K = 19, PS = 23 · D ∼ K , p = 0.11, rarc = 1.6, T0 = 70
HARD-DE F , Cr , µF , µCr same as jSO, H = 4, p = 0.11, PS = 25 · lnD ·

√
D ∼ 4, rarcA = 1.0, rarcB = 3.0

DE-NPC F , Cr , H same as LSHADE, µF = 0.5, µCr = 0.5, p = 0.11, PS = 25 · lnD ·
√
D ∼ 4, rarc = 1.4

DE-EXP H , F , rarc same as LSHADE, µF = 0.5, Prob = [1/D, 1/D, . . . , 1/D], PS = 25 · lnD ·
√
D ∼ 4, p = 0.11
Table 3
Mean and standard deviation (Mean/Std) of the 51-run fitness errors ∆f = f − f ∗ of the seven DE variants on 10D optimization under fa1–fa28 of our test suite is
iven below. The overall performance behind ‘‘Mean/Std’’ is measure under Wilcoxon’s signed rank test under the significant level α = 0.05.
10D LSHADE iLSHADE jSO LPalmDE HARD-DE DE-NPC DE-EXP

NO. Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std

fa1 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0
fa2 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0
fa3 8.3949E−003/2.3219E−002(<) 1.1193E−002/2.6209E−002(<) 6.9964E−003/2.1430E−002(≈) 1.3992E−003/9.9920E−003(>) 8.3950E−003/2.3219E−002(<) 1.2592E−002/2.7473E−002(<) 6.9964E−003/2.1430E−002
fa4 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0
fa5 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0
fa6 2.5012E+000/4.3189E+000(<) 3.4632E+000/4.7356E+000(<) 0/0(>) 3.0784E+000/4.5983E+000(<) 1.9240E−001/1.3740E+000(≈) 3.8480E−001/1.9236E+000(<) 1.9240E−001/1.3740E+000
fa7 6.9600E−006/3.8588E−005(<) 2.8340E−006/7.0866E−006(>) 6.2705E−006/1.4260E−005(<) 1.9398E−005/8.6151E−005(<) 2.3012E−003/4.8941E−003(<) 6.3744E−006/1.4121E−005(<) 5.8045E−006/2.1079E−005
fa8 2.0359E+001/8.2796E−002(<) 2.0287E+001/8.7981E−002(<) 2.0354E+001/6.4220E−002(<) 2.0201E+001/1.4292E−001(<) 2.0216E+001/1.2233E−001(<) 2.0238E+001/1.4787E−001(<) 2.0127E+001/1.7375E−001
fa9 1.7256E+000/1.6187E+000(<) 4.9009E−001/6.5722E−001(<) 4.9340E−001/8.7512E−001(<) 5.3955E−001/7.8032E−001(<) 2.8243E+000/9.5285E−001(<) 2.4708E+000/1.5635E+000(<) 3.9671E−001/8.6065E−001
fa10 1.6911E−003/4.0781E−003(>) 3.7680E−003/6.7574E−003(>) 1.8837E−003/4.4727E−003(>) 4.3487E−004/2.1878E−003(>) 1.4534E−004/1.0356E−003(>) 4.1076E−003/7.9795E−003(>) 1.1186E−002/1.6584E−002
fa11 0/0(≈) 4.4583E−015/1.5434E−014(<) 3.9018E−002/1.9505E−001(<) 0/0(≈) 1.1146E−014/2.2793E−014(<) 0/0(≈) 0/0
fa12 2.1942E+000/1.0865E+000(>) 2.2703E+000/8.2441E−001(>) 2.4988E+000/1.0033E+000(>) 2.5947E+000/1.1616E+000(>) 2.3410E+000/9.3068E−001(>) 2.3005E+000/8.3476E−001(>) 2.6367E+000/1.3885E+000
fa13 1.7497E+000/9.4902E−001(>) 1.7515E+000/1.0521E+000(>) 2.2833E+000/9.5428E−001(<) 2.5157E+000/1.2820E+000(<) 2.6225E+000/1.2756E+000(<) 2.0142E+000/8.8679E−001(<) 1.8651E+000/1.1067E+000
fa14 2.3267E−002/4.8314E−002(<) 2.6440E−001/6.5369E−001(<) 1.5634E+000/3.7949E+001(<) 1.2246E−003/8.7454E−003(≈) 2.4492E−003/1.2244E−002(<) 1.9594E−002/3.4185E−002(<) 1.2246E−003/8.7454E−003
fa15 2.8687E+002/1.0716E+002(>) 2.5196E+002/1.1010E+002(>) 2.9162E+002/1.1968E+002(>) 3.5999E+002/1.6108E+002(<) 3.4837E+002/1.2024E+002(<) 2.8781E+002/1.1392E+002(>) 3.0576E+002/1.1694E+002
fa16 2.4396E−001/1.4032E−001(<) 6.9735E−001/2.9074E−001(<) 1.2113E+000/1.9345E−001(<) 2.0280E−001/1.5878E−001(<) 3.0161E−001/2.3051E−001(<) 2.5611E−001/1.2827E−001(<) 1.7961E−001/1.2902E−001
fa17 1.0122E+001/1.3510E−014(≈) 1.0126E+001/6.4636E−003(<) 1.0675E+001/1.1749E+000(<) 1.0122E+001/1.5461E−014(≈) 1.0122E+001/1.7940E−015(≈) 1.0122E+001/1.5461E−014(≈) 1.0122E+001/1.7940E−015
fa18 1.3580E+001/1.1681E+000(>) 1.3353E+001/1.2861E+000(>) 1.5859E+001/2.5582E+000(<) 1.4499E+001/1.8963E+000(<) 1.5138E+001/1.4434E+000(<) 1.3961E+001/1.1314E+000(≈) 1.3962E+001/1.0354E+000
fa19 2.3497E−001/3.4565E−003(<) 2.8698E−001/6.2216E−002(<) 3.8780E−001/1.0080E−001(<) 2.7863E−001/8.0868E−002(<) 2.3002E−001/3.9401E−002(<) 2.2195E−001/4.1063E−002(>) 2.2227E−001/3.9958E−002
fa20 1.7480E+000/3.7899E−001(<) 1.5464E+000/4.0109E−001(<) 1.4704E+000/3.3435E−001(<) 1.6418E+000/3.5392E−001(<) 1.7932E+000/3.9283E−001(<) 1.8349E+000/2.9815E−001(<) 1.4266E+000/3.7328E−001
fa21 4.0019E+002/0(≈) 4.0019E+002/0(≈) 4.0019E+002/0(≈) 4.0019E+002/0(≈) 3.8057E+002/6.0124E+001(>) 4.0019E+002/0(≈) 4.0019E+002/0
fa22 2.5747E+000/3.7371E+000(>) 1.6998E+001/2.6024E+001(>) 2.0706E+001/2.2398E+001(>) 3.9205E+000/3.9719E+000(>) 3.8700E+000/4.1789E+000(>) 2.2344E+000/3.2883E+000(>) 5.6989E+000/1.4402E+001
fa23 2.9142E+002/1.2231E+002(<) 1.7365E+002/1.2867E+002(>) 1.9849E+002/1.2034E+002(>) 3.2209E+002/1.7275E+002(<) 3.8483E+002/1.6357E+002(<) 2.7368E+002/1.3966E+002(≈) 2.7351E+002/1.3320E+002
fa24 2.0000E+002/0(≈) 2.0000E+002/0(≈) 2.0000E+002/2.5019E−006(≈) 2.0000E+002/0(≈) 2.0000E+0022.0655E−004(≈) 2.0000E+002/1.2399E−006(≈) 2.0000E+002/1.2326E−006
fa25 2.0000E+002/0(≈) 2.0000E+002/5.0544E+000(≈) 2.0009E+002/1.1288E−005(<) 1.9816E+002/1.3109E+001(>) 1.9632E+002/1.8401E+001(>) 1.9629E+002/1.8548E+001(>) 2.0000E+002/1.5931E−013
fa26 1.1997E+002/3.7441E+001(<) 1.1815E+002/3.2169E+001(<) 1.0424E+002/1.3722E+001(>) 1.0796E+002/2.0052E+001(>) 1.0334E+002/2.2341E+000(>) 1.1004E+002/2.6533E+001(>) 1.1546E+002/3.1709E+001
fa27 3.0000E+002/0(≈) 3.0000E+002/0(≈) 3.0000E+002/0(≈) 3.0000E+002/0(≈) 3.0000E+002/1.2350E−005(≈) 3.0000E+002/0(≈) 3.0000E+002/0
fa28 3.0000E+002/0(<) 3.0000E+002/0(<) 3.0000E+002/0(<) 3.0000E+002/0(<) 3.0000E+002/0(<) 3.0000E+002/0(<) 2.9608E+002/2.8006E+001
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size is dynamically decreased from PSinit = 23 · D to PSmin =

. The factor of the external archive rarc and the ratio of top
uperior individuals p are all set to constant values, rarc = 1.6
and p = 0.11. Moreover, time stamp T0 which makes a balance
between mutation strategy with external archive and without
external archive in LPalmDE is set to a constant value, T0 = 70. In
HARD-DE algorithm, control parameters F and Cr obey the same
distributions, µF , µCr and PSinit are also initialized with the same
values as the ones in the jSO algorithm. The setting of parameter
p is the same as LSHADE, p = 0.11, and the number of groups
in HARD-DE algorithm is set to a smaller value, H = 4. In DE-
NPC algorithm, F and Cr obey the same distributions as LSHADE,
moreover, the size of the memory pool and the values of p and
rarc are also the same as LSHADE. The initial population size is the
same as jSO, PSinit = 25 · lnD ·

√
D. In the novel DE-EXP algorithm,

he scale factor F obeys a novel semi-fixed Cauchy distribution,
∼ C(µF , 0.05), and the initial value of µF is set to 0.5. The

vector of probabilities Pm is set to Prob = [1/D, 1/D, . . . , 1/D].
Moreover, the setting of parameter p and the size of the memory
pool is set to p = 0.11 and H = 6. The population size obeys a
linear reduction scheme with its initial value equaling to PSinit =

25 · lnD ·
√
D and its terminal value equaling to PSmin = 4.

4.2. Optimization accuracy

In this part, the optimization comparisons among the al-
gorithms mentioned in the last subsection are given including
LSHADE [33], iLSHADE [39], jSO [34], LPalmDE [6], HARD-DE [36],
DE-NPC [40] and our DE-EXP algorithm on our test suite contain-
ing 88 benchmarks from CEC2013, CEC2014 and CEC2017 test
suits on 10D, 30D and 50D respectively. 51 runs are conducted
independently on each benchmark by a certain algorithm, and
7

the maximum number of function evaluations, nfemax = 10000·D,
is employed in the algorithm validation. Tables 3–5 present the
comparison results on 28 benchmarks from CEC2013 test suites,
Tables 6–8 present the results on 30 benchmarks from CEC2014
test suite and Tables 9–11 present the results on 30 benchmarks
from CEC2017 test suite on 10D, 30D and 50D optimization
respectively. The mean value (Mean) and standard deviation (Std)
of the fitness error f − f ∗ of the total 51-run are calculated
and presented in these tables, and symbols ‘‘>’’, ‘‘≈’’ and ‘‘<’’ in
the parentheses behind ‘‘Mean/Std’’ mean ‘‘Better Performance’’,
‘‘Similar Performance’’ and ‘‘Worse Performance’’ respectively in
comparison with our DE-EXP algorithm. The measure is con-
ducted under Wilcoxon’s signed rank test with the significant
level α = 0.05, and the tier best results in the comparison are
highlighted in ITALIC fonts while the best result in the comparison
is emphasized in BOLDFACE on each benchmark.

From Tables 3–11, it can be seen that our DE-EXP algorithm is
competitive with these state-of-the-art DE variants on 10D, 30D
and 50D optimization, for example, the DE-EXP algorithm obtains
7 performance improvements and 22 similar results in compari-
on with LSHADE, obtains 44 performance improvements and 20
imilar results in comparison with iLSHADE, obtains 41 perfor-
ance improvements and 20 similar performance in comparison
ith jSO, obtains 36 performance improvements and 23 similar
esults in comparison with LPalmDE, obtains 42 performance
mprovements and 21 similar results in comparison with HARD-
E, obtains 33 performance improvements and 26 similar results
n comparison with DE-NPC under the 88 benchmarks of our
est suite. Furthermore, the results of Tables 3–11 are also sum-
arized into Table 12 for a better understanding of the overall
erformance of our DE-EXP. By comparing the results on 10D, 30D

and 50D optimization, it can be seen that our DE-EXP algorithm
performs increasingly better on 30D and 50D optimization in
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Table 4
Mean and standard deviation (Mean/Std) of the 51-run fitness errors ∆f = f − f ∗ of the seven DE variants on 30D optimization under fa1–fa28 of our test suite is
iven below. The overall performance behind ‘‘Mean/Std’’ is measure under Wilcoxon’s signed rank test under the significant level α = 0.05.
30D LSHADE iLSHADE jSO LPalmDE HARD-DE DE-NPC DE-EXP

NO. Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std

fa1 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0
fa2 2.8979E−013/2.2773E−013(<) 1.6835E−009/1.2008E−008(<) 1.0602E−011/2.9044E−011(<) 1.2711E−011/8.3087E−011(<) 2.2336E−012/2.4109E−012(<) 3.9679E−013/1.9740E−013(<) 0/0
fa3 8.9182E−002/4.2136E−001(<) 9.8214E−006/438902E-005(<) 1.7111E−010/8.7695E−010(>) 3.3958E−002/1.5100E−001(<) 1.3736E−007/8.3837E−007(<) 5.8511E−011/4.1522E−010(>) 3.4661E−009/2.4751E−008
fa4 8.0250E−014/1.09740E−013(<) 1.5604E−013/1.0655E−013(<) 6.8658E−013/5.7430E−013(<) 1.1146E−013/1.1480E−013(<) 3.2100E−013/2.0426E−013(<) 2.0508E−013/1.8890E−013(<) 0/0
fa5 1.1369E−013/0(≈) 1.0923E−013/2.2871E−014(>) 1.1369E−013/0(≈) 1.1369E−013/0(≈) 1.1369E−013/0(≈) 1.0823E−013/2.2287E−014(>) 1.1369E−013/2.2737E−014
fa6 4.0972E−012/2.3391E−0111(<) 1.5604E−013/2.1081E−013(<) 1.6589E−011/9.6257E−011(<) 2.13400E−013/1.3189E−013(<) 3.2827E−008/2.3433E−007(<) 1.5827E−013/8.5313E−014(<) 1.4267E−013/1.0867E−013
fa7 1.7153E−001/2.2666E−001(<) 1.7782E−002/3.8511E−002(<) 5.4777E−003/1.3985E−002(<) 1.6989E−001/2.0828E−001(<) 2.4925E−002/3.7736E−002(<) 2.1776E−002/3.0092E−002(<) 4.8007E−003/1.1567E−002
fa8 2.0848E+001/1.1995E−001(<) 2.0882E+001/1.0041E−001(<) 2.0946E+001/5.3232E−002(<) 2.0868E+001/1.1252E−001(<) 2.0787E+001/1.5431E−001(<) 2.0807E+001/1.3555E−001(<) 2.0604E+001/1.9914E−001
fa9 2.5907E+001/1.7552E+000(<) 1.5623E+001/7.8144E+000(>) 2.1347E+001/5.2616E+000(>) 1.9417E+001/4.4706E+000(>) 2.5672E+001/1.4240E+000(<) 2.6395E+001/1.3400E+000(<) 2.3582E+001/5.2220E+000
fa10 4.4382E−004/2.2957E−003(<) 0/0(≈) 0/0(≈) 1.2084E−003/3.1325E−003(<) 0/0(≈) 0/0(≈) 0/0
fa11 6.9104E−014/2.6207E−014(>) 7.8036E−002/2.7016E−001(<) 1.3656E+000/2.7856E+000(<) 2.1177E−014/2.7756E−014(>) 1.6607E−013/4.5251E−014(>) 5.7958E−014/1.7640E−014(>) 1.6719E−013/2.6447E−014
fa12 5.9753E+000/1.4404E+000(>) 7.2578E+000/1.8632E+000(<) 9.4671E+000/3.1203E+000(<) 9.3849E+000/2.4623E+000(<) 1.1116E+001/1.7749E+000(<) 7.2758E+000/1.6292E+000(<) 6.7762E+000/3.1934E+000
fa13 6.8696E+000/2.6338E+000(>) 8.5540E+000/4.8440E+000(<) 9.8862E+000/7.0392E+000(<) 1.3901E+001/6.2850E+000(<) 1.9158E+001/6.3415E+000(<) 9.9705E+000/4.9349E+000(<) 8.2574E+000/5.9276E+000
fa14 3.1025E−002/2.2948E−002(<) 7.8086E+000/1.6971E+001(<) 8.0230E+001/1.9408E+002(<) 8.5726E−003/1.1906E−002(>) 1.1430E−002/1.3372E−002(>) 2.2452E−002/1.9010E−002(<) 1.8370E−002/2.0672E−002
fa15 2.6983E+003/2.6163E+002(<) 2.4976E+003/3.6658E+002(>) 2.9395E+003/6.3977E+002(<) 2.8164E+003/4.2390E+002(<) 2.8465E+003/2.3832E+002(<) 2.6440E+003/3.0005E+002(<) 2.5812E+003/3.0053E+002
fa16 7.3260E−001/1.7508E−001(<) 1.6819E+000/5.1517E−001(<) 2.1124E+000/3.9900E−001(<) 5.3721E−001/3.0302E−001(>) 7.4101E−001/4.4157E−001(<) 7.1920E−001/1.5914E−001(<) 5.4322E−001/2.4416E−001
fa17 3.0434E+001/1.8285E−006(≈) 3.0583E+001/1.0449E−001(<) 3.0669E+001/1.0979E−001(<) 3.0434E+001/9.4299E−007(≈) 3.0434E+001/4.4578E−014(≈) 3.0434E+001/9.4299E−007(≈) 3.0434E+001/1.9302E−012
fa18 5.2782E+001/2.7522E+000(<) 5.6715E+001/6.3370E+000(<) 7.4321E+001/1.9615E+001(<) 4.6144E+001/5.0000E+000(>) 6.2502E+001/4.7293E+000(<) 5.3188E+001/3.3317E+000(<) 4.9702E+001/2.9301E+000
fa19 1.1636E+000/7.5338E−002(<) 1.4227E+000/1.7112E−001(<) 1.4180E+000/2.2050E−001(<) 1.2011E+000/1.5304E−001(<) 1.1670E+000/1.0659E−001(<) 1.1404E+000/7.9575E−002(>) 1.1602E+000/9.1644E−002
fa20 1.1660E+001/2.2028E+000(<) 9.1699E+000/3.7804E−001(<) 9.4427E+000/3.9441E−001(<) 9.1274E+000/4.7762E−001(<) 9.9035E+000/8.4388E−001(<) 1.1006E+001/2.1000E+000(<) 8.9848E+000/3.6837E−001
fa21 3.0648E+002/3.7329E+001(≈) 3.0427E+002/5.5153E+001(>) 2.9693E+002/3.1662E+001(>) 3.0085E+002/2.4726E+001(>) 3.1126E+002/3.8976E+001(<) 3.0000E+002/1.4016E−013(>) 3.0648E+002/3.7329E+001
fa22 1.0625E+002/8.5427E−001(<) 1.1441E+002/2.9576E+000(<) 1.3152E+002/2.4845E+002(<) 1.0589E+002/4.0471E−001(>) 1.0608E+002/8.5515E−001(<) 1.0594E+002/3.3834E−001(>) 1.0599E+002/2.6425E−001
fa23 2.6481E+003/3.5124E+002(<) 2.3353E+003/3.2700E+002(>) 2.5111E+003/5.0809E+002(<) 2.6956E+003/3.7933E+002(<) 2.9329E+003/3.0792E+002(<) 2.6363E+003/2.9409E+002(<) 2.4599E+003/3.3073E+002
fa24 2.0002E+002/2.9193E−002(<) 2.0000E+002/5.7280E−004(≈) 2.0001E+002/1.1231E−002(<) 2.0002E+002/2.9880E−002(<) 2.0001E+002/6.2000E−003(<) 2.0000E+002/3.5858E−003(≈) 2.0000E+002/6.0437E−003
fa25 2.3534E+002/2.1775E+001(<) 2.2534E+002/2.1775E+001(>) 2.3295E+002/1.6954E+001(<) 2.3242E+002/1.8585E+001(<) 2.0432E+002/1.3327E+001(>) 2.2384E+002/2.0356E+001(>) 2.2815E+002/1.9585E+001
fa26 2.0000E+002/1.4352E−013(≈) 2.0196E+002/1.4003E+001(>) 2.0000E+002/1.4352E−013(≈) 2.0000E+002/1.4262E−013(≈) 2.0000E+002/1.4352E−013(≈) 2.0000E+002/1.4352E−013(≈) 2.0000E+002/1.4171E−013
fa27 3.0054E+002/1.4439E+000(<) 3.0002E+002/6.5843E−002(≈) 3.0054E+002/1.4439E−001(<) 3.0126E+002/2.2790E+000(<) 3.0020E+002/2.8726E−001(<) 3.0014E+002/3.1664E−001(<) 3.0002E+002/5.3521E−002
fa28 3.0000E+002/2.1254E−013(≈) 3.0000E+002/0(≈) 3.0000E+002/2.1735E−013(≈) 3.0000E+002/7.8765E−014(≈) 3.0000E+002/2.6747E−013(≈) 3.0000E+002/2.3847E−013(≈) 3.0000E+002/1.6766E−013

>/≈/< 3/6/19 7/5/16 3/5/20 7/5/16 3/6/19 7/6/15 −/−/−
Table 5
Mean and standard deviation (Mean/Std) of the 51-run fitness errors ∆f = f − f ∗ of the seven DE variants on 50D optimization under fa1–fa28 of our test suite is
iven below. The overall performance behind ‘‘Mean/Std’’ is measure under Wilcoxon’s signed rank test under the significant level α = 0.05.
50D LSHADE iLSHADE jSO LPalmDE HARD-DE DE-NPC DE-EXP

NO. Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std

fa1 5.7958E−014/1.0008E−013(<) 1.7833E−014/6.1737E−014(>) 2.6750E−014/7.3986E−014(>) 6.6875E−014/1.0463E−013(<) 1.3821E−013/1.1212E−013(<) 1.7383E−014/6.1737E−014(>) 3.5666E−014/8.3512E−014
fa2 9.249E+002/1.3597E+003(<) 2.6714E+003/2.3244E+003(<) 1.9562E+002/2.3571E+002(<) 2.9256E+003/2.2181E+003(<) 5.2530E+001/1.9605E+002(<) 1.8411E+002/3.8032E+002(<) 8.0117E−005/4.1644E−004
fa3 2.6339E+003/6.5833E+003(<) 1.6216E+002/4.5507E+002(<) 1.4583E+002/4.3159E+002(<) 6.8586E+003/2.5011E+004(<) 9.9769E+001/5.3150E+002(<) 3.3977E+002/1.4785E+003(<) 6.9945E+001/3.2637E+002
fa4 8.2144E−011/1.9742E−010(<) 1.2320E−010/2.3097E−010(<) 1.2065E−009/2.3586E−009(<) 3.4098E−010/6.7529E−010(<) 2.3416E−010/3.9326E−010(<) 6.2665E−010/1.7415E−009(<) 2.4527E−013/6.1738E−014
fa5 1.5381E−013/5.4870E−014(>) 1.2706E−013/3.6993E−014(>) 1.5381E−013/5.4870E−014(>) 1.5604E−013/5.5513E−014(>) 1.5604E−013/5.5516E−014(>) 1.3821E−013/4.7724E−014(>) 2.1846E−013/6.7615E−014
fa6 4.3447E+001/0(≈) 4.3447E+001/0(≈) 4.3447E+001/1.6078E−014(≈) 4.3447E+001/4.3139E−014(≈) 4.3447E+001/0(≈) 4.3447E+001/0(≈) 4.3447E+001/0
fa7 7.7228E−001/6.7620E−001(<) 1.9306E−001/1.8258E−001(>) 6.5763E−002/6.1737E−002(>) 1.2253E+000/9.7301E−001(>) 2.3422E−001/2.6737E−001(<) 1.8082E−001/1.9449E−001(>) 2.1706E−001/1.6815E−001
fa8 2.1051E+001/1.157E−001(<) 2.1107E+001/5.6943E−002(<) 2.1128E+001/3.6722E−002(<) 2.1033E+001/1.1969E−001(<) 2.1016E+001/1.0743E−001(<) 2.1020E+001/1.2587E−001(<) 2.0806E+001/1.6005E−001
fa9 5.0414E+001/2.2777E+000(<) 1.6182E+001/6.4905E+000(>) 3.2249E+001/1.1182E+001(>) 4.1135E+001/5.8519E+000(>) 5.1787E+001/1.9363E+000(<) 5.2046E+001/1.9502E+000(<) 4.3314E+001/1.2786E+001
fa10 1.1642E−002/1.1247E−002(<) 3.1899E−003/4.9855E−003(<) 1.4502E−004/1.0356E−003(>) 1.3378E−002/1.2040E−002(<) 2.9963E−003/4.4717E−003(<) 3.8147E−003/6.3262E−003(<) 4.3506E−004/1.7576E−003
fa11 1.3221E−010/3.6555E−010(<) 4.5857E−001/7.5397E−001(<) 7.7648E+000/5.0926E+000(<) 7.4677E−014/2.6638E−014(>) 3.4775E−013/4.9093E−014(>) 3.9567E−013/1.2400E−013(<) 3.8007E−013/6.0682E−014
fa12 1.6709E+001/2.6412E+000(<) 1.2578E+001/3.9212E+000(<) 1.3509E+001/4.7574E+000(<) 2.1648E+001/5.1529E+000(<) 2.4586E+001/3.5151E+000(<) 1.4147E+001/2.4593E+000(<) 1.1920E+001/4.0097E+000
fa13 2.8363E+001/9.8731E+000(<) 2.3523E+001/1.2067E+001(<) 2.2754E+001/1.6445E+001(<) 5.0039E+001/1.7901E+001(<) 5.5767E+001/1.2911E+001(<) 2.6166E+001/9.2945E+000(<) 2.1096E+001/1.1083E+001
fa14 1.9727E−001/1.0789E−001(<) 3.6001E+001/1.5311E+001(<) 3.0964E+002/8.7951E+002(<) 1.5512E−001/7.0886E−002(<) 5.1794E−002/2.3576E−002(>) 3.9129E−002/2.3422E−002(>) 6.9441E−002/2.9201E−002
fa15 6.4542E+003/3.9877E+002(<) 6.2454E+003/5.0025E+002(<) 6.9122E+003/9.3992E+002(<) 6.0666E+003/6.3052E+002(<) 6.4640E+003/4.5372E+002(<) 6.2004E+003/4.3256E+002(<) 6.0574E+003/3.3360E+002
fa16 1.2129E+000/1.6519E−001(<) 2.1838E+000/5.7811E−001(<) 2.6916E+000/4.0196E−001(<) 9.2173E−001/3.9366E−001(>) 1.1915E+000/5.2479E−001(<) 1.1378E+000/1.6060E−001(<) 1.0061E+000/1.9906E−001
fa17 5.0787E+001/3.3075E−003(≈) 5.2030E+001/4.0685E−001(<) 5.6516E+001/3.0326E+000(<) 5.0786E+001/2.1058E−010(≈) 5.0786E+001/5.3799E−010(≈) 5.0786E+001/2.6825E−010(≈) 5.0786E+001/2.0776E−011
fa18 1.0280E+002/6.6368E+000(<) 1.1461E+002/1.1062E+001(<) 1.2958E+002/1.2305E+001(<) 7.5333E+001/7.2630E+000(>) 1.2122E+002/5.9866E+000(<) 9.9714E+001/5.6415E+000(<) 9.0528E+001/7.1742E+000
fa19 2.5311E+000/1.7194E−001(<) 3.1088E+000/3.0623E−001(<) 3.4462E+000/3.0034E−001(<) 2.3954E+000/2.4700E−001(>) 2.4169E+000/1.3590E−001(<) 2.3766E+000/1.3670E−001(>) 2.4132E+000/1.4231E−001
fa20 1.7668E+001/5.5237E−001(<) 1.8728E+001/4.9106E−001(<) 1.8487E+001/6.2468E−001(<) 1.7644E+001/5.5440E−001(<) 1.8544E+001/3.1125E−001(<) 1.8468E+001/1.3031E+000(<) 1.7565E+001/5.6135E−001
fa21 1.0038E+003/2.8090E+002(<) 8.7719E+002/3.8864E+002(<) 9.4519E+002/3.1906E+002(<) 1.0262E+003/2.7798E+002(<) 8.2421E+002/4.0077E+002(<) 7.8550E+002/4.4022E+002(>) 8.0180E+002/3.9117E+002
fa22 1.2339E+001/1.0464E+000(<) 4.1602E+001/1.0752E+001(<) 1.0234E+002/9.5875E+000(>) 1.1896E+001/7.3637E−001(<) 1.1407E+001/8.3877E−001(>) 1.1734E+001/7.0567E−001(>) 1.1762E+001/8.4501E−001
fa23 5.9844E+003/4.6908E+002(<) 5.3110E+003/4.7675E+002(>) 5.6318E+003/8.1372E+002(>) 5.8477E+003/6.1138E+002(<) 6.5263E+003/4.5941E+002(<) 6.0235E+003/4.3176E+002(<) 5.7407E+003/4.1858E+002
fa24 2.0267E+002/1.9079E+000(<) 2.0015E+002/1.5477E−001(>) 2.0011E+002/6.9296E−002(>) 2.0550E+002/4.1473E+000(<) 2.0013E+002/1.2767E−001(>) 2.0011E+002/9.8626E−002(>) 2.0045E+002/5.7637E−001
fa25 2.8693E+002/6.2195E+000(<) 2.8173E+002/7.4417E+000(<) 2.7885E+002/4.8900E+000(≈) 2.8772E+002/6.4083E+000(<) 2.8219E+002/6.2528E+000(<) 2.8115E+002/5.7740E+000(<) 2.7884E+002/6.3686E+000
fa26 2.2751E+002/4.1547E+001(>) 2.7925E+002/4.1987E+001(<) 2.3158E+002/4.7168E+001(>) 2.6471E+002/5.2566E+001(<) 2.2843E+002/4.6708E+001(>) 2.1955E+002/3.7341E+001(>) 2.5419E+002/5.1624E+001
fa27 3.4660E+002/3.1252E+001(<) 3.1232E+002/1.9528E+001(>) 3.0545E+002/8.4079E+000(>) 3.7488E+002/4.6618E+001(<) 3.0753E+002/8.1712E+000(>) 3.1098E+002/1.3524E+001(>) 3.1694E+002/1.7519E+001
fa28 4.0000E+002/2.8433E−013(≈) 4.0000E+002/2.8433E−013(≈) 4.0000E+002/2.8433E−013(≈) 4.0000E+002/2.7882E−013(≈) 4.0000E+002/3.0282E−013(≈) 4.0000E+002/2.8705E−013(≈) 4.0000E+002/2.8705E−013

>/≈/< 2/3/23 7/2/19 10/3/15 7/3/18 8/3/17 9/3/16 −/−/−
Table 6
Mean and standard deviation (Mean/Std) of the 51-run fitness errors ∆f = f − f ∗ of the seven DE variants on 10D optimization under fb1–fb28 of our test suite is
iven below. The overall performance behind ‘‘Mean/Std’’ is measure under Wilcoxon’s signed rank test under the significant level α = 0.05.
10D LSHADE iLSHADE jSO LPalmDE HARD-DE DE-NPC DE-EXP

NO. Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std

fb1 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0
fb2 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0
fb3 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0
fb4 2.8643E+001/1.3391E+001(<) 2.9410E+001/1.2589E+001(<) 2.5318E+001/1.5547E+001(<) 3.0774E+001/1.1096E+001(<) 1.8156E+001/1.7166E+001(>) 2.4728E+001/1.6677E+001(≈) 2.4721E+001/1.5760E+001
fb5 1.2917E+001/9.3008E+000(<) 1.4334E+001/9.2312E+000(<) 1.5746E+001/8.1832E+000(<) 1.3513E+001/1.3407E+000(<) 1.2614E+001/9.2874E+000(<) 1.1646E+001/9.3908E+000(<) 1.1428E+001/9.3051E+000
fb6 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 4.1044E−003/2.9311E−002(<) 0/0(≈) 0/0
fb7 1.7877E−003/5.2151E−003(>) 1.3037E−003/4.0714E−003(>) 9.6640E−004/3.1965E−003(>) 9.6664E−004/2.7036E−003(>) 6.8643E−004/2.3928E−003(>) 5.7066E−003/8.8419E−003(>) 1.0567E−002/9.8557E−003
fb8 0/0(>) 4.4583E−015/2.2287E−014(>) 1.9509E−002/1.3932E−001(<) 0/0(>) 2.0062E−014/4.3771E−014(<) 0/0(>) 6.6875E−015/2.7016E−014
fb9 2.4404E+000/8.2810E−001(>) 1.7775E+000/8.0437E−001(>) 2.2241E+000/9.4581E−001(>) 2.7142E+000/1.2260E+000(>) 2.4239E+000/8.5067E−001(>) 2.7915E+000/8.9033E−001(>) 2.9274E+000/9.4175E−001
fb10 2.4492E−003/1.2244E−002(<) 2.5026E−001/6.7032E−001(<) 1.6165E+000/2.7412E+000(<) 0/0(>) 1.2246E−003/8.7454E−003(<) 7.3476E−003/2.3854E−002(<) 4.9933E−013/4.5706E−013
fb11 3.4377E+001/4.1882E+001(<) 3.8393E+001/5.2556E+001(<) 5.1877E+001/8.1131E+001(<) 6.6002E+001/8.7406E+001(<) 2.6791E+001/3.8066E+001(>) 3.5205E+001/4.2210E+001(<) 2.8800E+001/3.4380E+001
fb12 6.3747E−002/1.6325E−002(<) 7.2427E−002/4.0705E−002(<) 3.4238E−001/1.3941E−001(>) 3.2878E−002/3.5793E−002(>) 6.7807E−002/4.6228E−002(<) 6.0785E−002/1.7818E−002(<) 4.9903E−002/1.6398E−002
fb13 5.3490E−002/1.1847E−002(<) 6.1216E−002/1.8513E−002(<) 7.8240E−002/1.7179E−002(<) 5.7668E−002/1.3761E−002(<) 5.6665E−002/2.7154E−002(<) 5.3601E−002/1.5765E−002(<) 4.8072E−002/9.9534E−003
fb14 7.7271E−002/2.8093E−002(<) 6.4314E−002/2.4141E−002(<) 5.8643E−002/1.5338E−002(>) 7.6499E−002/2.6935E−002(<) 7.6713E−002/2.6868E−002(<) 6.8993E−002/2.3429E−002(<) 6.2240E−002/2.4254E−002
fb15 3.7205E−001/7.2872E−002(<) 3.8731E−001/7.8599E−002(<) 4.8187E−001/9.6368E−002(<) 4.2286E−001/9.5352E−002(<) 4.0415E−001/7.4329E−002(<) 3.8768E−001/6.3774E−002(<) 3.5983E−001/7.7799E−002
fb16 1.1104E+000/2.4880E−001(>) 8.7711E−001/2.8846E−001(>) 1.0483E+000/3.3512E−001(>) 1.3111E+000/3.9797E−001(<) 1.3762E+000/3.2230E−001(<) 1.2019E+000/2.8691E−001(>) 1.2446E+000/2.7155E−001
fb17 9.7098E−001/8.8170E−001(>) 9.3941E+000/2.4119E+001(<) 3.6925E+000/4.1900E+000(<) 8.6549E−001/8.1912E−001(>) 2.0826E+000/1.9141E+000(>) 9.5463E−001/1.2122E+000(>) 2.9647E+000/3.0025E+000
fb18 1.1200E−001/1.0958E−001(>) 1.7056E−001/1.2843E−001(>) 1.9543E−001/1.8980E−001(<) 4.2454E−002/7.3100E−002(>) 1.1603E−001/9.8590E−002(>) 7.8871E−002/9.6281E−002(>) 1.8183E−001/2.8934E−001
fb19 5.7219E−002/2.8940E−002(<) 8.3738E−002/2.2522E−001(<) 4.1065E−002/4.2050E−002(>) 6.0962E−002/3.4183E−002(<) 6.5786E−002/3.3864E−002(<) 5.5476E−002/2.8833E−002(<) 5.1848E−002/2.7327E−002
fb20 1.5828E−001/1.2275E−001(<) 2.6610E−001/2.0067E−001(<) 3.2640E−001/1.8476E−001(<) 1.41822E−001/9.4424E−002(<) 1.5696E−001/7.3592E−002(<) 1.6969E−001/1.0349E−001(<) 1.3403E−001/9.7276E−002
fb21 2.3399E−001/2.6232E−001(>) 2.8968E−001/2.9030E−001(<) 4.2358E−001/3.0483E−001(<) 1.7171E−001/2.2415E−001(>) 3.8724E−001/2.4126E−001(<) 2.3496E−001/2.5940E−001(>) 2.5409E−001/3.0078E−001
fb22 7.6473E−002/2.3716E−002(>) 4.5479E−001/2.8149E+000(<) 1.9194E+000/5.4528E+000(<) 2.8462E−002/26.108E−002(>) 1.1142E−001/3.9978E−002(<) 6.9815E−002/3.4824E−002(>) 1.0910E−001/3.7216E−002

(continued on next page)
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Table 6 (continued).
fb23 3.2946E+002/2.8705E−013(≈) 3.2946E+002/2.8705E−013(≈) 3.2946E+002/2.8705E−013(≈) 3.2946E+002/2.8705E−013(≈) 3.2946E+002/2.8705E−013(≈) 3.2946E+002/2.8705E−013(≈) 3.2946E+002/2.8705E−013
fb24 1.0660E+002/2.5712E+000(>) 1.0610E+002/2.9668E+000(>) 1.0791E+002/2.1510E+000(>) 1.0657E+002/3.1381E+000(>) 1.0778E+002/1.6099E+000(>) 1.0804E+002/2.4396E+000(≈) 1.0802E+002/2.6214E+000
fb25 1.1939E+002/2.2603E+001(<) 1.3950E+002/4.2018E+001(<) 1.2298E+002/2.1742E+001(<) 1.2067E+002/2.8471E+001(<) 1.2422E+002/2.7927E+001(<) 1.0938E+002/5.6995E+000(>) 1.1760E+002/2.4365E+001
fb26 1.0005E+002/1.6684E−002(≈) 1.0006E+002/2.0917E−002(≈) 1.0008E+002/1.4474E−002(<) 1.0004E+002/1.6744E−002(≈) 1.0007E+002/2.9799E−002(<) 1.0006E+002/1.4303E−002(≈) 1.0005E+002/8.7390E−003
fb27 5.4209E+001/1.3423E+002(>) 9.8799E+001/1.4713E+002(<) 2.6608E+001/8.8777E+001(>) 1.4935E+001/6.9110E+001(>) 1.7120E+001/7.8151E+001(>) 5.4132E+001/1.3426E+002(>) 7.1660E+001/1.3700E+002
fb28 3.8485E+002/4.8766E+001(>) 3.9366E+002/5.3309E+001(>) 3.7873E+002/4.4040E+001(>) 3.9995E+002/5.5809E+001(<) 3.7989E+002/4.3673E+001(>) 3.8283E+002/4.6279E+001(>) 3.9950E+002/5.3158E+001
fb29 2.2187E+002/3.1229E−001(<) 2.2191E+002/3.4864E−001(<) 2.2186E+002/2.8459E−001(<) 2.2183E+002/2.9854E−001(≈) 2.2004E+002/1.2613E+001(>) 2.2207E+002/1.2624E+001(<) 2.2183E+002/2.6762E−001
fb30 4.6604E+002/1.0320E+001(<) 4.7845E+002/2.1950E+001(<) 4.6724E+002/1.0531E+001(<) 4.6628E+002/1.0518E+001(<) 4.6682E+002/1.3696E+001(<) 4.6492E+002/9.1788E+000(<) 4.6276E+002/1.2223E+001

>/≈/< 11/6/13 7/6/17 9/5/16 11/7/12 10/4/16 11/8/11 −/−/−
Table 7
Mean and standard deviation (Mean/Std) of the 51-run fitness errors ∆f = f − f ∗ of the seven DE variants on 30D optimization under fb1–fb28 of our test suite is
iven below. The overall performance behind ‘‘Mean/Std’’ is measure under Wilcoxon’s signed rank test under the significant level α = 0.05.
30D LSHADE iLSHADE jSO LPalmDE HARD-DE DE-NPC DE-EXP

NO. Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std

fb1 1.0588E−014/6.8703E−015(<) 1.6719E−014/7.8897E−015(<) 4.7648E−014/2.8254E−014(<) 1.3932E−014/3.4695E−015(<) 4.5831E−014/2.5896E−014(<) 1.3932E−014/5.3098E−015(<) 0/0
fb2 0/0(≈) 0/0(≈) 0/0(≈) 5.5729E−016/3.9798E−015(<) 5.5729E−016/3.9798E−015(<) 0/0(≈) 0/0
fb3 0/0(≈) 0/0(≈) 0/0(≈) 3.3437E−015/1.3508E−014(<) 0/0(≈) 0/0(≈) 0/0
fb4 3.6781E−014/2.7435E−014(<) 2.1177E−014/2.7756E−014(<) 6.0187E−014/2.3879E−014(<) 4.2354E−014/2.5019E−014(<) 5.6843E−014/2.5421E−014(<) 3.3437E−014/3.0455E−014(<) 1.2260E−014/2.3612E−014
fb5 2.0112E+001/2.0019E−002(<) 2.0688E+001/2.7129E−001(<) 2.0914E+001/7.2603E−002(<) 2.0082E+001/9.3765E−002(<) 2.0143E+001/6.2016E−002(<) 2.0091E+001/1.9556E−002(<) 2.0048E+001/1.2009E−002
fb6 0/0(≈) 0/0(≈) 0/0(≈) 3.7875E−001/1.5852E+000(<) 2.8083E−005/1.3837E−004(>) 1.2468E−001/8.9040E−001(<) 0/0
fb7 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0
fb8 1.4044E−013/6.6633E−014(>) 7.8036E−002/2.7016E−001(<) 9.1693E−001/2.7919E+000(<) 7.5791E−014/5.4126E−014(>) 3.2992E−013/6.5328E−014(≈) 1.0700E−013/2.7016E−014(>) 3.2323E−013/6.5791E−014
fb9 7.4492E+000/1.1677E+000(>) 7.7881E+000/1.8335E+000(>) 9.8932E+000/2.7750E+000(>) 1.0892E+001/2.7318E+000(>) 1.2642E+001/1.8102E+000(<) 9.0170E+000/2.1722E+000(>) 1.1361E+001/3.1635E+000
fb10 2.0411E−003/6.2526E−003(<) 2.8247E+000/1.6709E+001(<) 5.4145E+001/2.5318E+002(<) 9.4868E+001/9.6695E+001(<) 3.1743E−012/1.0188E−012(>) 1.2247E−003/4.9474E−003(≈) 1.2247E−003/4.9474E−003
fb11 1.2185E+003/1.8570E+002(>) 1.5573E+003/2.8119E+002(<) 1.8032E+003/3.6543E+002(<) 1.4063E+003/2.9469E+002(<) 1.2600E+003/1.8535E+002(<) 1.267E+003/1.9949E+002(<) 1.2190E+003/1.9731E+002
fb12 1.5695E−001/2.5454E−002(<) 2.4798E−001/2.0682E−001(<) 1.0806E+000/4.1389E−001(<) 1.4980E−001/5.4082E−002(<) 1.8515E−001/3.5220E−002(<) 1.3928E−001/2.3011E−002(<) 1.2480E−001/2.1567E−002
fb13 1.1496E−001/1.9333E−002(>) 1.3297E−001/2.5120E−002(<) 1.5271E−001/2.1751E−002(<) 1.0232E−001/2.4448E−002(>) 1.4210E−001/2.8017E−002(<) 1.1921E−001/1.8702E−002(>) 1.1968E−001/2.0558E−002
fb14 2.0877E−001/2.3154E−002(<) 2.0947E−001/2.8171E−002(<) 2.0205E−001/3.5807E−002(<) 2.2578E−001/3.5593E−002(<) 2.0759E−001/2.7644E−002(<) 1.9096E−001/2.2394E−002(<) 1.7712E−001/2.4888E−002
fb15 2.1762E+000/2.3672E−001(<) 2.4232E+000/3.7199E−001(<) 2.6582E+000/4.3749E−001(<) 2.0456E+000/4.7248E−001(>) 2.3990E+000/2.7075E−001(<) 2.1054E+000/2.5422E−001(<) 2.0540E+000/2.0895E−001
fb16 8.5518E+000/4.7093E−001(<) 8.3762E+000/7.1098E−001(>) 9.5569E+000/9.2548E−001(<) 8.8923E+000/6.0375E−001(<) 8.8255E+000/3.4314E−001(<) 8.5875E+000/4.4687E−001(<) 8.5457E+000/4.7679E−001
fb17 1.7389E+002/9.6699E+001(<) 1.6268E+002/9.9703E+001(<) 7.3699E+001/3.6147E+001(<) 2.2437E+002/1.2956E+002(<) 1.0824E+002/6.2466E+001(<) 7.9757E+001/4.4185E+001(<) 5.3267E+001/3.2671E+001
fb18 5.3004E+000/2.0879E+000(<) 4.0912E+000/1.7524E+000(<) 2.1676E+000/1.0918E+000(<) 7.0246E+000/3.5178E+000(<) 4.3170E+000/1.7092E+000(<) 3.1463E+000/1.3089E+000(<) 1.6533E+000/1.0946E+000
fb19 3.6959E+000/5.3606-001(<) 2.8962E+000/6.8683E−001(<) 2.2423E+000/6.6130E−001(>) 3.0607E+000/5.2074E−001(<) 3.0072E+000/5.0998E−001(<) 2.5817E+000/5.7241E−001(<) 2.4130E+000/6.8816E−001
fb20 2.9006E+000/1.0494E+000(>) 2.9674E+000/1.2775E+000(>) 2.2072E+000/9.0519E−001(>) 3.2820E+000/1.7851E+000(<) 3.3042E+000/1.2267E+000(<) 2.3131E+000/7.3208E−001(>) 2.9915E+000/1.0802E+000
fb21 7.9414E+001/6.9809E+001(<) 8.2068E+001/7.5471E+001(<) 2.3298E+001/3.8531E+001(<) 9.3862E+001/7.6847E+001(<) 3.8996E+001/5.1896E+001(<) 2.7895E+001/4.6523E+001(<) 1.7459E+001/2.0246E+001
fb22 5.6247E+001/4.9410E+001(<) 6.3487E+001/5.5824E+001(<) 6.5507E+001/5.5656E+001(<) 6.9793E+001/5.7971E+001(<) 5.8421E+001/5.2158E+001(<) 6.0016E+001/5.2349E+001(<) 4.7141E+001/4.7288E+001
fb23 3.1524E+002/4.0186E−013(≈) 3.1524E+002/3.5915E−013(≈) 3.1524E+002/4.0186E−013(≈) 3.1524E+002/4.0186E−013(≈) 3.1524E+002/4.0186E−013(≈) 3.1524E+002/4.0186E−013(≈) 3.1524E+002/4.0186E−013
fb24 2.2353E+002/8.9272E−001(<) 2.1254E+002/1.1047E+001(<) 2.0085E+002/4.2399E+000(>) 2.2371E+002/8.3526E−001(<) 2.2166E+002/3.1533E+000(<) 2.2110E+002/4.3617E+000(<) 2.1241E+002/1.0939E+001
fb25 2.0268E+002/1.2945E−001(<) 2.0263E+002/1.2083E−001(<) 2.0259E+002/3.5603E−002(≈) 2.0272E+002/1.3954E−001(<) 2.0260E+002/4.6251E−002(≈) 2.0261E+002/4.9849E−002(≈) 2.0260E+002/5.2683E−002
fb26 1.0012E+002/1.4692E−002(≈) 1.0013E+002/2.1180E−002(<) 1.0015E+002/1.9050E−002(<) 1.0009E+002/1.9098E−002(>) 1.0014E+002/2.6636E−002(<) 1.0012E+002/1.6611E−002(≈) 1.0011E+002/1.7762E−002
fb27 3.0000E+002/9.0949E−014(≈) 3.0000E+002/6.4311E−014(≈) 3.0000E+002/2.1330E−013(≈) 3.0000E+002/1.7015E−013(≈) 3.0590E+002/2.3833E+001(<) 3.0196E+002/1.4003E+001(<) 3.0000E+002/1.2531E−013
fb28 8.559E+002/1.9630E+001(<) 8.1958E+002/2.6402E+001(>) 8.2353E+002/2.5787E+001(<) 8.5921E+002/1.4595E+001(<) 8.4738E+002/1.8940E+001(<) 8.3445E+002/2.0261E+001(<) 8.2148E+002/2.1032E+001
fb29 6.5259E+002/1.7898E+000(<) 7.0586E+002/8.1020E+001(<) 6.4286E+002/1.8776E+002(<) 7.0755E+002/7.0083E+001(<) 5.4119E+002/2.6230E+002(<) 5.3687E+002/2.6863E+002(<) 5.2335E+002/2.7633E+002
fb30 5.2218E+002/1.3844E+002(<) 5.0455E+002/1.5801E+002(<) 4.3044E+002/2.3970E+001(>) 5.5758E+002/1.9170E+002(<) 4.5178E+002/6.9319E+001(<) 4.6398E+002/1.2426E+002(<) 4.3544E+002/9.7758E+001

>/≈/< 5/7/18 6/4/20 5/7/18 5/3/22 3/5/22 4/7/19 −/−/−
Table 8
Mean and standard deviation (Mean/Std) of the 51-run fitness errors ∆f = f − f ∗ of the seven DE variants on 50D optimization under fb1–fb28 of our test suite is
iven below. The overall performance behind ‘‘Mean/Std’’ is measure under Wilcoxon’s signed rank test under the significant level α = 0.05.
50D LSHADE iLSHADE jSO LPalmDE HARD-DE DE-NPC DE-EXP

NO. Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std

fb1 7.2911E+002/1.2386E+003(<) 1.5886E+003/2.0369E+003(<) 2.3039E+001/6.1174E+001(<) 1.6984E+003/1.8924E+003(<) 1.1047E+001/2.1347E+001(<) 2.0641E+001/7.3679E+001(<) 4.9983E−005/3.4712E−004
fb2 3.6781E−014/1.3079E−014(>) 3.2880E−014/1.0439E−014(>) 5.0713E−014/1.4283E−014(>) 3.6224E−014/1.2810E−014(>) 6.6317E−014/1.7673E−014(>) 3.8453E−014/1.3717E−014(>) 1.4267E−013/4.8397E−014
fb3 5.4614E−014/1.1144E−014(>) 5.5729E−014/7.9597E−015(>) 5.9073E−014/1.1144E−014(≈) 9.9197E−014/3.0247E−013(<) 5.7958E−014/7.9597E−015(>) 5.6843E−014/1.1369E−014(>) 5.9073E−014/1.1144E−014
fb4 6.3681E+000/2.3174E+001(>) 1.1579E+001/3.1909E+001(<) 8.0071E+000/2.6568E+001(>) 1.1802E+001/3.1831E+001(<) 1.7793E+001/3.7554E+001(<) 3.8787E+000/1.9226E+001(>) 9.8788E+000/2.9396E+001
fb5 2.0233E+001/3.3718E−002(<) 2.0804E+001/2.6090E−001(<) 2.1065E+001/7.7530E−002(<) 2.0197E+001/1.4416E−001(<) 2.0271E+001/6.8348E−002(<) 2.0190E+001/2.8650E−002(<) 2.0120E+001/1.8544E−002
fb6 1.1513E−001/3.1524E−001(<) 1.4708E−002/1.0501E−001(>) 1.5887E−002/1.0811E−001(>) 5.1362E−001/2.4081E+000(<) 1.0220E−002/7.2659E−002(>) 1.8222E−002/1.2523E−001(>) 8.0019E−002/3.1183E−001
fb7 1.0031E−013/3.6993E−014(<) 5.5729E−014/5.7398E−015(>) 9.1395E−014/4.5586E−014(<) 1.0923E−013/2.2287E−014(<) 9.8083E−014/3.9511E−014(<) 6.4645E−014/5.6866E−014(>) 8.2479E−014/5.1240E−014
fb8 7.1950E−011/8.9461E−011(>) 5.4698E−001/7.7870E−001(<) 6.3024E+000/6.8627E+000(<) 1.5158E−013/6.2957E−014(>) 7.3785E−013/2.1495E−013(>) 7.7352E−013/1.5425E−013(>) 1.1705E−001/8.3593E−001
fb9 1.3791E+001/1.8387E+000(>) 1.0975E+001/2.4399E+000(>) 1.3299E+001/3.7158E+000(>) 2.1245E+001/3.9937E+000(<) 2.4662E+001/2.5038E+000(<) 1.5066E+001/2.3527E+000(>) 1.7315E+001/4.7106E+000
fb10 3.2929E−002/1.8038E−002(<) 9.8567E+000/2.3477E+001(<) 2.9425E+001/3.4091E+001(<) 4.7046E−003/7.6084E−003(>) 4.9023E−003/8.3134E−003(>) 6.8582E−003/8.0234E−003(<) 6.1234E−003/9.4715E−003
fb11 3.2911E+003/2.9448E+002(<) 3.8767E+003/4.8712E+002(<) 4.3214E+003/1.0006E+003(<) 3.3840E+003/4.5434E+002(<) 3.2466E+003/3.3174E+002(<) 3.1657E+003/3.3430E+002(<) 3.0756E+003/2.9638E+002
fb12 2.0257E−001/2.9794E−002(<) 3.8234E−001/3.7087E−001(<) 1.6566E+000/5.7177E−001(<) 2.1640E−001/7.1044E−002(<) 2.2928E−001/3.1661E−002(<) 1.7975E−001/2.3311E−002(<) 1.4845E−001/1.6356E−002
fb13 1.7288E−001/1.7202E−002(<) 1.9026E−001/2.6643E−002(<) 1.9024E−001/2.7143E−002(<) 1.5737E−001/2.7647E−002(>) 2.2319E−001/3.2708E−002(<) 1.8139E−001/2.3625E−002(<) 1.6587E−001/2.2757E−002
fb14 2.9046E−001/2.1400E−002(<) 2.5239E−001/4.3092E−002(<) 2.4498E−001/3.7341E−002(<) 3.0400E−001/2.7880E−002(<) 2.8159E−001/2.3757E−002(<) 2.5420E−001/2.4085E−002(<) 2.2137E−001/2.6177E−002
fb15 5.0840E+000/4.3531E−001(<) 5.8149E+000/5.5733E−001(<) 6.4773E+000/8.7088E−001(<) 4.3943E+000/6.9609E−001(>) 5.3939E+000/4.8744E−001(<) 4.7776E+000/3.8271E−001(<) 4.6650E+000/4.4711E−001
fb16 1.6911E+001/4.3168E−001(<) 1.6731E+001/5.7272E−001(>) 1.8269E+001/1.3117E+000(<) 1.6934E+001/8.5908E−001(<) 1.7049E+001/5.4247E−001(<) 1.6903E+001/4.8263E−001(<) 1.6837E+001/4.1798E−001
fb17 1.6233E+003/3.8679E+002(<) 1.0505E+003/3.3014E+002(<) 4.6237E+002/2.0961E+002(<) 1.6386E+003/4.1198E+002(<) 7.6276E+002/3.0446E+002(<) 4.8732E+002/2.2611E+002(<) 4.2686E+002/1.7010E+002
fb18 9.9586E+001/1.2961E+001(<) 4.5221E+001/2.0016E+001(<) 1.3600E+001/5.5881E+000(>) 9.8882E+001/1.0605E+001(<) 4.0499E+001/1.5548E+001(<) 1.9762E+001/5.8060E+000(>) 2.1363E+001/7.3483E+000
fb19 8.7858E+000/1.8804E+000(>) 9.0548E+000/1.5072E+000(>) 9.6030E+000/1.1282E+000(<) 7.7453E+000/1.3884E+000(>) 8.7287E+000/1.6849E+000(>) 9.3843E+000/1.4081E+000(>) 9.5886E+000/9.4070E−001
fb20 1.3399E+001/4.5950E+000(<) 9.8423E+000/3.1744E+000(>) 5.8403E+000/1.8461E+000(>) 1.6329E+001/5.0696E+000(<) 1.1401E+001/3.9117E+000(<) 8.1078E+000/2.6421E+000(>) 9.9271E+000/3.2247E+000
fb21 5.3963E+002/1.4462E+002(<) 4.2496E+002/1.2846E+002(<) 3.0733E+002/7.9338E+001(>) 5.5794E+002/1.9924E+002(<) 4.0290E+002/1.3510E+002(<) 3.6028E+002/1.1359E+002(<) 3.0997E+002/9.6857E+001
fb22 1.4698E+002/6.0949E+001(>) 1.3012E+002/6.2604E+001(>) 1.3277E+002/5.8962E+001(>) 1.8443E+002/1.0030E+002(>) 1.8753E+002/7.8938E+001(>) 1.6385E+002/8.4173E+001(>) 2.1669E+002/1.2680E+002
fb23 3.4400E+002/4.1771E−013(≈) 3.4400E+002/3.7049E−013(≈) 3.4400E+002/4.3943E−013(≈) 3.4400E+002/4.9267E−013(≈) 3.4400E+002/4.3618E−013(≈) 3.4400E+002/4.0888E−013(≈) 3.4400E+002/5.0511E−013
fb24 2.7506E+002/6.0389E−001(<) 2.9356E+002/1.6417E+000(<) 2.7137E+002/2.1145E+000(>) 2.7507E+002/1.2495E+000(<) 2.7432E+002/1.1306E+000(<) 2.7359E+002/1.2520E+000(≈) 2.7356E+002/1.7398E+000
fb25 2.0576E+002/5.2586E−001(<) 2.0564E+002/3.5969E−001(<) 2.0534E+002/1.9638E−001(≈) 2.0581E+002/5.4333E−001(<) 2.0557E+002/2.9554E−001(<) 2.0550E+002/3.1917E−001(<) 2.0534E+002/2.6680E−001
fb26 1.0994E+002/2.9986E+001(<) 1.0999E+002/2.9712E+001(<) 1.0021E+002/3.7152E−002(>) 1.1972E+002/4.0043E+001(<) 1.0215E+002/1.3975E+001(>) 1.0213E+002/13.978E+001(>) 1.0409E+002/1.9570E+001
fb27 3.1250E+002/2.4923E+001(>) 3.2413E+003/2.7006E+001(<) 3.1801E+002/2.0177E+001(<) 3.2207E+002/3.2004E+001(<) 3.0588E+002/1.6436E+001(>) 3.0371E+002/1.2830E+001(>) 3.1628E+002/2.3606E+001
fb28 1.2591E+003/6.4020E+001(<) 1.1640E+003/4.8553E+001(>) 1.1676E+003/3.3851E+001(>) 1.2674E+003/6.4887E+001(<) 1.2517E+003/6.2591E+001(<) 1.1934E+003/4.6871E+001(<) 1.1772E+003/5.1534E+001
fb29 6.3384E+002/1.2465E+002(<) 4.8438E+002/1.0878E+002(<) 6.1916E+002/1.0847E+002(<) 6.0695E+002/1.3569E+002(<) 5.3394E+002/1.2423E+002 4.9875E+002/1.3567E+002(<) 4.8276E+002/1.2967E+002
fb30 9.3491E+003/5.6508E+002(<) 8.8597E+003/4.8304E+002(>) 8.5887E+003/4.0433E+002(>) 1.0015E+004/7.5158E+002(<) 9.1145E+003/5.0313E+002 9.1731E+003/5.2088E+002(<) 8.9474E+003/5.7901E+002

>/≈/< 8/1/21 11/1/18 12/3/15 8/1/21 9/1/20 13/2/15 −/−/−
9
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Table 9
Mean and standard deviation (Mean/Std) of the 51-run fitness errors ∆f = f − f ∗ of the seven DE variants on 10D optimization under fc1–fc28 of our test suite is
iven below. The overall performance behind ‘‘Mean/Std’’ is measure under Wilcoxon’s signed rank test under the significant level α = 0.05.
10D LSHADE iLSHADE jSO LPalmDE HARD-DE DE-NPC DE-EXP

NO. Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std

fc1 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0
fc2 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0
fc3 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0
fc4 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0
fc5 2.4605E+00/8.2820E−01(>) 1.9711E+00/8.3282E−01(>) 2.1660E+00/9.8948E−01(>) 2.3216E+00/1.0654E+00(>) 2.3061E+00/7.0440E−01(>) 2.7524E+00/9.6627E−01(<) 2.6153E+00/7.9469E−01
fc6 4.4583E−15/2.2287E−14(<) 0/0(>) 1.3375E−14/3.993E−14(<) 1.7833E−14/4.1756E−14(<) 2.0062E−14/4.3771E−14(<) 1.7833E−14/4.1756E−14(<) 8.9166E−15/3.0869E−15
fc7 1.2034E+01/7.0465E−01(>) 1.1997E+01/5.8191E−01(>) 1.2489E+01/7.7781E−01(>) 1.2792E+01/1.3159E+00(<) 1.2473E+01/7.8338E−01(>) 1.2673E+01/8.1486E−01(<) 1.2550E+01/8.6592E−01
fc8 2.3231E+00/7.3572E−01(>) 1.9320E+00/7.2914E−01(>) 2.5167E+00/7.5387E−01(>) 2.5752E+00/1.0749E+00(>) 2.8925E+00/1.1128E+00(<) 2.8694E+00/6.7915E−01(<) 2.8098E+00/1.0086E+00
fc9 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0
fc10 3.9726E+01/5.2782E+01(<) 4.4008E+01/6.4195E+01(<) 8.5905E+01/1.0381E+02(<) 6.0081E+01/6.7817E+01(<) 4.2145E+01/5.2571E+01(<) 3.8716E+01/5.6200E+01(<) 3.4568E+01/4.9967E+01
fc11 3.3296E−01/6.3656E−01(>) 7.2577E−02/5.1830E−01(>) 4.1908E−13/1.6549E−12(>) 0/0(>) 1.6514E+00/5.0293E−01(<) 8.1559E−01/9.0414E−01(<) 3.8257E−01/7.0458E−01
fc12 3.0628E+01/5.2461E+01(<) 5.7164E+01/5.9695E+01(<) 7.6218E+00/2.8438E+01(<) 3.2991E+01/5.3743E+01(<) 2.1349E+01/4.5929E+01(<) 5.9895E+00/2.3499E+01(<) 2.4487E−01/1.8004E−01
fc13 1.7109E+00/2.2716E+00(<) 3.4599E+00/2.7185E+00(<) 1.3989E+00/2.0892E+00(<) 1.8653E+00/2.4115E+00(<) 1.1766E+00/1.7414E+00(>) 8.6804E−01/1.7056E+00(>) 1.2263E+00/1.8088E+00
fc14 2.5361E−01/4.5440E−01(>) 7.8444E−01/3.9211E+00(<) 8.1603E−02/2.7030E−01(>) 1.3656E−01/3.4579E−01(>) 2.7741E−01/3.7433E−01(>) 2.2887E−01/5.5976E−01(>) 6.4546E−01/6.4878E−01
fc15 1.7760E−01/2.0050E−01(<) 2.7469E−01/2.0760E−01(<) 3.1955E−01/2.0114E−01(<) 1.3893E−01/1.9930E−01(<) 2.1824E−01/1.3237E−01(<) 1.5778E−01/1.9635E−01(<) 9.2215E−02/1.6006E−01
fc16 38554E-01/1.8179E−01(>) 3.4985E−01/2.4186E−01(>) 6.4697E−01/3.3068E−01(<) 2.3555E−01/1.8324E−01(>) 4.5039E−01/2.0038E−01(<) 3.5158E−01/1.6671E−01(>) 4.0588E−01/2.4258E−01
fc17 1.3290E−01/1.5179E−01(>) 1.4125E+00/4.7569E+00(<) 4.2828E+00/7.6945E+00(<) 1.9363E−01/3.0306E−01(>) 3.1078E−01/2.2623E−01(<) 1.5667E−01/1.8773E−01(>) 2.0352E−01/2.0979E−01
fc18 2.2008E−01/2.0193E−01(<) 2.5016E−01/1.9343E−01(<) 3.6028E−01/1.9595E−01(<) 2.6642E−01/2.1470E−01(<) 2.9795E−01/1.9912E−01(<) 1.9642E−01/2.0415E−01(<) 1.8619E−01/2.0613E−01
fc19 8.3787E−03/1.0307E−02(>) 1.3548E−02/2.6891E−02(>) 1.2917E−02/1.7122E−02(>) 9.9239E−03/1.1942E−02(>) 2.8761E−02/9.7825E−03(<) 1.2855E−02/9.8415E−03(>) 1.5661E−02/8.7487E−03
fc20 0/0(>) 3.8973E−01/2.7833E+00(<) 1.3892E+00/4.7377E+00(<) 0/0(>) 2.7507E−08/1.9644E−07(>) 0/0(>) 4.8968E−02/1.3055E−01
fc21 1.3529E+02/4.8777E+01(>) 1.8053E+02/4.2654E+01(<) 1.5072E+02/5.2239E+01(>) 1.4281E+02/5.1680E+01(>) 1.2379E+02/4.2859E+01(>) 1.4338E+02/5.0813E+01(>) 1.6331E+02/5.1369E+01
fc22 1.0000E+02/8.9223E−14(>) 1.0005E+02/1.2759E−01(>) 1.0001E+02/4.0101E−02(>) 1.0000E+02/1.4838E−13(>) 9.8039E+01/1.4003E+01(>) 9.8057E+01/1.4006E+01(>) 1.0007E+02/1.4158E−01
fc23 3.0371E+02/1.6178E+00(<) 3.0051E+02/1.1209E+00(>) 2.9479E+02/4.2126E+01(>) 3.0335E+02/1.7951E+00(<) 3.0268E+02/1.4888E+00(<) 3.0277E+02/1.5790E+00(<) 3.0231E+02/1.9137E+00
fc24 2.7794E+02/9.2961E+01(<) 2.8207E+02/9.0922E+01(<) 2.8393E+02/9.1751E+01(<) 2.8646E+02/8.1744E+01(<) 2.6641E+02/9.8827E+01(>) 2.5608E+02/1.0533E+02(>) 2.7717E+02/9.4094E+01
fc25 4.1305E+02/2.1634E+01(<) 4.2036E+02/2.3061E+01(<) 4.0417E+02/1.5787E+01(>) 4.1395E+02/2.1926E+01(>) 4.0414E+02/1.5787E+01(>) 4.0863E+02/1.9563E+01(<) 4.1217E+02/2.1288E+01
fc26 3.0000E+02/0(≈) 3.0000E+02/0(≈) 3.0000E+02/0(≈) 3.0000E+02/0(≈) 3.0000E+02/0(≈) 30000E+02/0(≈) 3.0000E+02/0
fc27 3.9288E+02/1.8896E+00(<) 3.9266E+02/2.0809E+00(<) 3.9193E+02/2.0505E+00(<) 3.9313E+02/1.6469E+00(<) 3.9200E+02/2.1395E+00(<) 3.9078E+02/2.4157E+00(>) 3.9115E+02/2.5313E+00
fc28 3.0556E+02/3.9732E+01(>) 3.7398E+02/1.2788E+02(<) 3.4793E+02/1.0718E+02(<) 3.0556E+02/3.9732E+01(>) 3.0000E+02/0(>) 3.0556E+02/3.9732E+01(>) 3.4451E+02/1.0422E+02
fc29 2.3478E+02/3.7851E+00(<) 2.3462E+02/3.9792E+00(<) 2.3803E+02/4.0478E+00(<) 2.3200E+02/2.7401E+00(>) 2.3943E+02/3.9195E+00(<) 2.3590E+02/3.6657E+00(<) 2.3426E+02/3.2061E+00
fc30 3.9759E+02/1.1523E+01(<) 3.9687E+02/2.1541E+01(<) 3.9451E+02/2.7928E−02(≈) 3.9946E+02/1.4869E+01(<) 3.9451E+02/6.4970E−03(≈) 3.9450E+02/3.2589E−03(≈) 3.9450E+02/3.2874E−03

>/≈/< 12/6/12 9/6/15 11/7/12 12/6/12 9/9/12 11/7/12 −/−/−
Table 10
Mean and standard deviation (Mean/Std) of the 51-run fitness errors ∆f = f − f ∗ of the seven DE variants on 30D optimization under fc1–fc28 of our test suite is
iven below. The overall performance behind ‘‘Mean/Std’’ is measure under Wilcoxon’s signed rank test under the significant level α = 0.05.
30D LSHADE iLSHADE jSO LPalmDE HARD-DE DE-NPC DE-EXP

NO. Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std

fc1 0/0(<) 0/0(<) 1.9505E−015/4.9939E−015(<) 1.1146E−015/3.8586E−015(<) 6.6875E−015/7.1637E−015(<) 5.5729E−016/2.7859E−015(<) 0/0
fc2 1.6719E−015/6.7540E−015(<) 9.4739E−015/1.5739E−014(<) 1.8948E−014/2.6459E−014(<) 2.7864E−015/8.5358E−015(<) 5.0156E−015/3.5819E−014(<) 2.2292E−015/7.7172E−015(<) 5.5729E−016/3.9798E−015
fc3 3.3437E−015/1.3508E−014(<) 5.5729E−015/1.7072E−014(<) 3.3437E−014/2.8254E−014(<) 1.1146E−014/2.2793E−014(<) 1.5604E−014/2.5620E−014(<) 1.1146E−014/2.2793E−014(<) 0/0
fc4 5.8351E+001/1.0183E+000(>) 5.7681E+001/8.3031E+000(>) 5.6265E+001/1.1480E+001(>) 5.0138E+001/2.1924E+001(>) 5.9215E+001/1.8078E+000(>) 5.6810E+001/1.1711E+001(>) 5.8997E+001/1.5085E+000
fc5 7.2931E+000/1.4709E+000(>) 7.7579E+000/1.6820E+000(>) 9.5923E+000/2.5129E+000(>) 1.1492E+001/3.5611E+000(<) 1.2847E+001/1.8534E+000(<) 9.4372E+000/1.9428E+000(>) 9.8363E+000/2.7475E+000
fc6 5.3677E−009/2.6833E−008(<) 1.2077E−008/5.0208E−008(<) 1.1247E−007/6.5329E−007(<) 7.8083E−008/5.5751E−007(<) 4.0946E−008/1.7106E−007(<) 1.1369E−013/0(>) 2.6974E−009/1.9164E−008
fc7 3.7073E+001/1.3195E+000(>) 3.7892E+001/1.4661E+000(>) 3.9084E+001/2.3758E+000(>) 4.1199E+001/3.1368E+000(>) 4.2453E+001/2.2784E+000(<) 3.9799E+001/2.3534E+000(>) 4.1855E+001/3.1955E+000
fc8 8.0941E+000/1.4854E+000(>) 7.4480E+000/1.7729E+000(>) 9.4778E+000/2.8537E+000(>) 1.2700E+001/3.1374E+000(<) 1.3448E+001/2.3598E+000(<) 1.0574E+001/2.4132E+000(≈) 1.0575E+001/3.1178E+000
fc9 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0(≈) 0/0
fc10 1.4373E+003/1.9107E+002(<) 1.7368E+003/3.1329E+002(<) 1.8220E+003/4.0675E+002(<) 1.6101E+003/2.9307E+002(<) 1.4927E+003/2.2856E+002(<) 1.4815E+003/2.0724E+002(<) 1.4213E+003/2.1360E+002
fc11 1.0251E+001/1.6235E+001(<) 1.4194E+001/2.2473E+001(<) 5.9899E+000/1.4077E+001(<) 9.5296E+000/1.6492E+001(<) 7.6263E+000/1.1703E+001(<) 5.6159E+000/1.1595E+001(<) 3.6370E+000/4.3566E+000
fc12 1.0056E+003/4.1683E+002(<) 8.8011E+002/3.9093E+002(<) 3.0842E+002/1.5982E+002(>) 1.0802E+003/3.4218E+002(<) 5.2112E+002/2.7212E+002(<) 4.0979E+002/2.0259E+002(<) 3.8780E+002/2.0304E+002
fc13 1.3787E+001/5.8058E+000(>) 1.8498E+001/8.4564E+000(<) 1.5875E+001/7.0381E+000(<) 1.5447E+001/6.7461E+000(<) 1.4985E+001/6.5261E+000(<) 1.2360E+001/6.1011E+000(>) 1.4576E+001/6.8877E+000
fc14 2.1943E+001/2.8573E+000(<) 2.1786E+001/1.0796E+000(<) 2.1724E+001/1.0776E+000(<) 2.0486E+001/6.0206E+000(<) 2.2465E+001/4.3292E+000(<) 2.1589E+001/4.5177E+000(<) 1.4666E+001/7.5224E+000
fc15 2.8371E+000/1.3450E+000(>) 3.6957E+000/1.9741E+000(<) 1.3478E+000/9.9484E−001(>) 3.0487E+000/1.8599E+000(>) 2.3090E+000/1.1690E+000(>) 1.7213E+000/9.4365E−001(>) 3.4018E+000/1.8734E+000
fc16 1.0827E+002/9.5197E+001(<) 4.8754E+001/6.9117E+001(>) 7.0278E+001/8.3611E+001(>) 1.3114E+002/1.2189E+002(<) 1.8818E+002/8.5053E+001(<) 1.1853E+002/9.0426E+001(<) 8.4142E+001/8.6376E+001
fc17 3.1251E+001/5.5560E+000(<) 3.8068E+001/5.2253E+000(<) 4.3132E+001/9.1891E+000(<) 3.3916E+001/1.2487E+001(<) 3.5672E+001/8.2123E+000(<) 3.2493E+001/735238E+000(<) 2.6622E+001/8.8600E+000
fc18 2.2055E+001/1.0562E+000(<) 2.1435E+001/8.0543E−001(<) 2.0739E+001/2.3340E−001(>) 2.2496E+001/1.4841E+000(<) 2.0673E+001/4.6518E−001(>) 2.0766E+001/5.1370E−001(>) 2.1049E+001/1.7001E+000
fc19 5.2897E+000/1.5221E+000(<) 8.5276E+000/1.9607E+000(<) 6.8840E+000/2.1626E+000(<) 5.3748E+000/1.9060E+000(<) 7.0429E+000/1.5852E+000(<) 4.5569E+000/1.4809E+000(>) 5.2251E+000/1.3742E+000
fc20 3.9241E+001/7.7126E+000(<) 4.7966E+001/1.8459E+001(<) 4.7584E+001/1.0330E+001(<) 3.5851E+001/2.8843E+001(<) 4.5613E+001/1.7334E+001(<) 3.9078E+001/8.2006E+000(<) 2.8851E+000/3.08606E+001
fc21 2.0752E+002/1.4667E+000(>) 2.0824E+001/1.6415E+000(>) 2.1077E+002/2.9848E+000(<) 2.1119E+002/2.9636E+000(<) 2.1276E+002/1.6281E+000(<) 2.1050E+002/1.8023E+000(≈) 2.1050E+002/3.0713E+000
fc22 1.0000E+002/1.0047E−013(≈) 1.0000E+002/1.0047E−013(≈) 1.0000E+002/1.0047E−013(≈) 1.0000E+002/1.0047E−013(≈) 1.0000E+002/1.3713E−013(≈) 1.0000E+002/1.0047E−013(≈) 1.0000E+002/1.0047E−013
fc23 3.4489E+002/3.4048E+000(>) 3.5058E+002/4.4819E+000(<) 3.5299E+002/5.2180E+000(<) 3.4979E+002/4.7944E+000(<) 3.4844E+002/4.0376E+000(<) 3.4597E+002/3.2373E+000(≈) 3.4596E+002/4.3531E+000
fc24 4.2119E+002/2.1633E+000(>) 4.2531E+002/2.6884E+000(<) 4.2604E+002/3.6101E+000(<) 4.2279E+002/2.9262E+000(<) 4.2162E+002/3.3418E+000(>) 4.2092E+002/2.0321E+000(>) 4.2230E+002/3.1373E+000
fc25 3.8675E+002/2.6782E−002(<) 3.8673E+002/2.3683E−002(<) 3.8670E+002/9.6970E−003(≈) 3.8677E+002/2.4526E−002(<) 3.8673E+002/2.1175E−002(<) 3.8673E+002/2.0464E−002(<) 3.8670E+002/1.3131E−002
fc26 8.8031E+002/3.0735E+001(<) 9.0822E+002/4.6641E+001(<) 9.0537E+002/4.4540E+001(<) 9.2519E+002/6.5520E+001(<) 9.1477E+002/4.4632E+001(<) 8.3890E+002/3.5311E+001(>) 8.5964E+002/4.7641E+001
fc27 5.0545E+002/6.5924E+000(<) 5.0416E+002/6.8481E+000(<) 5.0242E+002/6.5970E+000(<) 5.0842E+002/6.0369E+000(<) 4.9844E+002/7.2804E+000(>) 5.0040E+002/7.2873E+000(≈) 5.0038E+002/7.9802E+000
fc28 3.1641E+002/3.8453E+001(>) 3.1886E+002/4.1194E+001(>) 3.1257E+002/3.4812E+001(>) 3.3970E+002/5.5071E+001(<) 3.1096E+002/3.3615E+001(>) 3.2130E+002/4.3624E+001(>) 3.2717E+002/4.6976E+001
fc29 4.3257E+002/7.3701E+000(<) 4.4648E+002/1.0443E+001(<) 4.4357E+002/1.4053E+001(<) 4.4932E+002/9.6137E+000(<) 4.4093E+002/1.0124E+001(<) 4.2988E+002/1.0131E+001(<) 4.2654E+002/1.6083E+001
fc30 2.0041E+003/5.2556E+001(<) 2.0296E+003/5.8781E+001(<) 1.9871E+003/2.7501E+001(>) 2.0723E+003/7.4082E+001(<) 1.9971E+003/3.3366E+001(<) 1.9996E+003/3.7968E+001(<) 1.9989E+003/3.7312E+001

>/≈/< 10/2/18 7/2/21 10/3/17 3/2/25 6/2/22 11/6/13 −/−/−
comparison with 10D optimization under our test suite because
these state-of-the-art DE variants perform relatively better on
10D optimization rather than higher dimensional optimization
such as 30D and 50D optimization.

As a result, the novel DE-EXP algorithm employing exponential
crossover can obtain even better performance in comparison with
the state-of-the-art DE variants employing binomial crossover.
This also proves our assertion that the DE variant with exponen-
tial crossover can obtain competitive performance with the ones
employing binomial crossover on numerical optimization after
discovering the proper crossover rate Cr and its corresponding
arameter control.

.3. Convergence analysis

The novel DE-EXP algorithm is also examined from the con-
ergence speed perspective of view, and the convergence curve

f the median value among the total 51-run results on a certain

10
benchmark is taken into comparison. Figs. 7–10 present the com-
parison of convergence speed of these state-of-the-art DE variants
including LSHADE, iLSHADE, jSO, LPalmDE, HARD-DE, DE-NPC and
our DE-EXP.

From these convergence figures, it can be seen that the pro-
posed DE-EXP algorithm can find the global best within the
maximum number of function evaluations on fa1 , fa2 , fa4 and fa10 ,
and it can obtain better or similar better performance on fa2–fa8 ,
fa12 , fa14 , fa17 fa20–fa22 , fa24 , and fa26–fa28 .

Moreover, It can be found that LSHADE performed best or
tie-best on fa5 , fa13 , fa21 , fa24 and fa26–fa28 , iLSHADE performed
best or tie-best on fa5 , fa15 , fa19 , fa21 , fa23–fa24 , and fa26–fa28 ; jSO
performed relative worse than the other algorithms in the com-
parison from convergence speed perspective of view; LPalmDE
performed competitive on fa1 , fa5 , fa9–fa11 , fa14 , fa16–fa18 , fa20–fa22 ,
fa24 and fa26–fa28 ; HARD-DE was competitive on fa17 , fa21 , fa22
and f –f ; DE-NPC was competitive on f , f –f , f , f
a24 a28 a3 a5 a6 a11 a21
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Table 11
Mean and standard deviation (Mean/Std) of the 51-run fitness errors ∆f = f − f ∗ of the seven DE variants on 50D optimization under fc1–fc28 of our test suite is
iven below. The overall performance behind ‘‘Mean/Std’’ is measure under Wilcoxon’s signed rank test under the significant level α = 0.05.
50D LSHADE iLSHADE jSO LPalmDE HARD-DE DE-NPC Our DE-EXP

NO. Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std Mean/Std

fc1 2.0898E−014/7.1637E−015(>) 1.9226E−014/6.8587E−015(>) 2.9815E−014/9.1016E−015(>) 2.2013E−014/7.1416E−015(>) 3.3159E−014/8.8367E−015(>) 1.7555E−014/6.0880E−015(>) 9.3067E−014/2.9716E−014
fc2 1.3375E−013/2.0818E−013(>) 4.4583E−014/3.1779E−014(>) 2.7642E−012/1.8686E−011(>) 7.8020E−014/2.2864E−013(>) 6.4171E−001/4.5827E+000(<) 2.7864E−014/2.3773E−014(>) 1.6271E−011/1.1561E−011
fc3 1.7722E−013/5.6441E−014(<) 1.6273E−013/5.2122E−014(<) 2.7307E−013/7.5428E−014(<) 1.5270E−013/4.7545E−014(<) 2.8310E−013/6.7727E−014(<) 2.1288E−013/6.2106E−014(<) 6.6875E−014/2.4662E−014
fc4 8.2638E+001/4.3569E+001(<) 7.1712E+001/5.0120E+001(<) 7.7991E+001/5.1819E+001(<) 7.2917E+001/4.8941E+001(<) 7.0579E+001/4.5615E+001(<) 7.4926E+001/4.7323E+001(<) 6.8243E+001/5.3481E+001
fc5 1.3305E+001/2.1177E+000(>) 1.2228E+001/3.0667E+000(>) 1.5600E+001/3.7475E+000(>) 2.2752E+001/4.2620E+000(<) 2.7215E+001/2.3598E+000(<) 1.7067E+001/2.3998E+000(>) 1.7994E+001/4.0895E+000
fc6 9.9025E−008/2.8913E−007(>) 2.6035E−008/6.3691E−008(>) 3.7956E−007/6.4809E−007(<) 3.9656E−004/2.0272E−003(<) 1.7497E−007/2.8302E−007(>) 1.4635E−008/3.9924E−008(>) 3.1773E−007/5.0228E−007
fc7 6.3941E+001/1.7283E+000(>) 6.3161E+001/2.0233E+000(>) 6.5593E+001/4.0246E+000(>) 7.1086E+001/4.2874E+000(<) 7.3628E+001/3.4112E+000(<) 6.5985E+001/2.6065E+000(>) 7.0613E+001/5.1492E+000
fc8 1.3419E+001/2.0742E+000(>) 1.2078E+001/2.4784E+000(>) 1.4978E+001/3.5213E+000(>) 2.3705E+001/4.9813E+000(<) 2.5878E+001/3.3379E+000(<) 1.7587E+001/2.8736E+000(<) 1.7269E+001/3.8021E+000
fc9 2.8979E−014/5.0038E−014(>) 1.7833E−014/4.1756E−014(>) 6.0187E−014/5.7310E−014(>) 1.7555E−003/1.2536E−002(≈) 9.5854E−014/4.1756E−014(>) 3.7896E−014/5.4126E−014(>) 1.7555E−003/1.2536E−002
fc10 3.1112E+003/3.2073E+002(<) 3.6085E+003/3.4604E+002(<) 4.0027E+003/7.3271E+002(<) 3.3905E+003/3.8563E+002(<) 3.1984E+003/2.8815E+002(<) 3.0568E+003/2.4886E+002(<) 2.9039E+003/2.6677E+002
fc11 5.4847E+001/8.5566E+000(<) 3.6370E+001/6.5888E+000(<) 2.5668E+001/3.4890E+000(>) 7.0368E+001/1.2183E+001(<) 4.0976E+001/6.7729E+000(<) 3.4459E+001/4.8629E+000(<) 3.1012E+001/4.1898E+000
fc12 2.2602E+003/5.5373E+002(<) 2.0529E+003/5.2684E+002(<) 2.0017E+003/4.9303E+002(<) 2.2057E+003/4.2758E+002(<) 1.9738E+003/4.8212E+002(<) 1.8936E+003/4.9935E+002(<) 1.8267E+003/5.3295E+002
fc13 6.9853E+001/3.3457E+001(>) 5.2260E+001/2.6905E+001(>) 3.2973E+001/1.7082E+001(>) 7.2190E+001/3.2991E+001(>) 4.3437E+001/1.9865E+001(>) 4.2658E+001/3.0962E+001(>) 7.7046E+001/3.4306E+001
fc14 3.1217E+001/3.8058E+000(<) 2.5625E+001/1.6382E+000(<) 2.4545E+001/1.4663E+000(<) 3.1219E+001/3.9469E+000(<) 3.0648E+001/3.0766E+000(<) 2.6691E+001/2.0187E+000(<) 2.4366E+001/2.1034E+000
fc15 4.6395E+001/1.5035E+001(<) 2.9510E+001/6.2238E+000(<) 2.3336E+001/3.2839E+000(>) 4.9879E+001/1.6159E+001(<) 3.1060E+001/6.7132E+000(<) 2.6512E+001/3.2787E+000(>) 2.8059E+001/4.8086E+000
fc16 3.8406E+002/1.1932E+002(<) 2.9663E+002/1.1955E+002(<) 4.3460E+002/1.5915E+002(<) 4.3267E+002/1.1646E+002(<) 4.2674E+002/1.1130E+002(<) 3.8538E+002/1.2251E+002(<) 2.8889E+002/1.1466E+002
fc17 2.5879E+002/6.2217E+001(>) 2.4654E+002/8.7589E+001(>) 2.8770E+002/8.8839E+001(<) 3.2102E+002/1.1479E+002(<) 3.6945E+002/8.9655E+001(<) 2.8917E+002/6.9427E+001(<) 2.7499E+002/1.1420E+002
fc18 5.0283E+001/1.7870E+001(<) 3.1908E+001/5.9069E+000(<) 2.4434E+001/2.0326E+000(>) 5.8167E+001/3.8742+001(<) 2.8642E+001/3.3892E+000(<) 2.5760E+001/3.2095+000(<) 2.5733E+001/3.2023E+000
fc19 3.4233E+001/1.1328E+001(<) 1.9326E+001/3.1872E+000(<) 1.4134E+001/2.4317E+000(<) 3.9049E+001/1.3702E+001(<) 2.0662E+001/3.7582E+000(<) 1.4570E+001/1.9068E+000(<) 1.1376E+001/2.6790E+000
fc20 1.5728E+002/5.4246E+001(>) 1.3378E+002/3.5771E+001(>) 1.4051E+002/6.1084E+001(>) 1.5129E+002/1.0633E+002(>) 2.3284E+002/8.6946E+001(<) 1.7282E+002/6.5284E+001(>) 2.2646E+002/1.4977E+002
fc21 2.1548E+002/2.4791E+000(>) 2.1431E+002/2.8921E+000(>) 2.1846E+002/4.6772E+000(<) 2.2283E+002/4.8226E+000(<) 2.2799E+002/3.2311E+000(<) 2.1784E+002/2.9933E+000(≈) 2.1783E+002/5.1756E+000
fc22 6.9168E+002/1.3627E+003(<) 1.1178E+003/1.7767E+003(<) 4.5121E+002/1.2167E+003(<) 6.9399E+002/1.3919E+003(<) 1.0317E+002/1.0685E+001(>) 5.3251E+002/1.1734E+003(<) 4.3660E+002/1.0010E+003
fc23 4.2842E+002/5.5681E+000(<) 4.3981E+002/8.1671E+000(<) 4.3986E+002/9.5792E+000(<) 4.3432E+002/8.7671E+000(<) 4.2921E+002/5.9307E+000(<) 4.2321E+002/5.7407E+000(<) 4.2313E+002/9.4145E+000
fc24 5.0496E+002/4.9801E+000(<) 5.5528E+002/5.6708E+000(<) 5.0673E+002/5.8449E+000(<) 5.0500E+002/5.1297E+000(<) 4.9861E+002/4.4250E+000(>) 4.9992E+002/5.2312E+000(>) 5.0141E+002/6.4226E+000
fc25 4.8173E+002/5.7965E+000(>) 4.8358E+002/1.3066E+001(<) 4.8072E+002/2.2707E+000(>) 4.9948E+002/2.8711E+001(<) 4.9061E+002/1.8825E+001(<) 4.8609E+002/1.6144E+001(<) 4.8199E+002/1.1637E+001
fc26 1.0664E+003/5.5955E+001(<) 1.0657E+003/7.6915E+001(<) 1.0793E+003/8.5906E+001(<) 1.1480E+003/6.7297E+001(<) 1.1420E+003/6.8646E+001(<) 1.0333E+003/7.1134E+001(<) 1.0268E+003/7.3711E+001
fc27 5.4051E+002/1.0026E+001(<) 5.2718E+002/6.1334E+000(<) 5.1806E+002/6.2981E+000(>) 5.4281E+002/1.2234E+001(<) 5.2262E+002/1.0358E+001(>) 5.2657E+002/6.9778E+000(<) 5.2513E+002/9.2319E+000
fc28 4.9524E+002/2.1499E+001(<) 4.7896E+002/2.4279E+001(<) 4.6076E+002/9.5757E+000(>) 4.9524E+002/2.1499E+001(<) 4.7226E+002/2.2015E+001(<) 4.7130E+002/2.1499E+001(<) 4.6747E+002/1.8806E+001
fc29 3.4710E+002/1.1296E+001(<) 3.8113E+002/1.4711E+001(<) 3.9201E+002/1.9161E+001(<) 3.5293E+002/1.7288E+001(<) 3.7144E+002/1.2998E+001(<) 3.4930E+002/7.3086E+000(<) 3.4597E+002/1.2278E+001
fc30 6.1686E+005/3.2219E+004(<) 6.1786E+005/3.5173E+004(<) 6.0574E+005/3.0529E+004(>) 6.2874E+005/3.2086E+004(<) 6.1055E+005/3.1183E+004(>) 6.1538E+005/3.1082E+004(<) 6.1360E+005/3.3003E+004

>/≈/< 12/0/18 11/0/19 15/0/15 4/1/25 8/0/22 10/1/19 −/−/−
Table 12
Summary of the comparison results under our 88-benchmark test suite on 10D,
0D, and 50D respectively.
A given algorithm versus our DE-EXP algorithm

>/≈/< D = 10 D = 30 D = 50

LSHADE 29/22/37 18/15/55 22/4/62
iLSHADE 24/20/44 20/11/57 29/3/56
jSO 27/20/41 15/15/55 27/6/55
LPALMDE 29/23/36 15/10/63 19/5/64
HARD-DE 25/21/42 12/13/63 25/4/59
DE-NPC 29/26/33 12/19/57 32/6/50

and fa24–fa28 . To sum up, the proposed DE-EXP algorithm is still
xcellent from the convergence speed perspective of view.

.4. Component analysis

In this part, we examine the effectiveness of each component

f our DE-EXP algorithm. There are four components, the au-

11
tomatically generated crossover rate Cr , the adaptation of scale
factor F , the reduction of population size ps and the trial vec-
tor generation strategy. In order to evaluate the effectiveness
of the automatically generated crossover rate Cr , we made a
controlled experiment by using the fitness-improvement based
adaptation of Cr (the commonly used adaptation in the recent
winner DE variants) instead of our default automatically gener-
ated crossover rate Cr . The comparison results of the 88 bench-
marks from CEC2013, CEC2014 and CEC2017 test suites on 30D
optimization are given in Table 13. From the results, we can see
that the automatically generate Cr is more effective in our DE-EXP
algorithm than the adaptations in the recent winner DE variants.
In order to evaluate the effectiveness of the fitness-independent
adaptation of scale factor F , we made a controlled experiment
by using the fitness-improvement based adaptation of F (the
commonly used adaptation in the recent winner DE variants)
instead of our default fitness-independent adaptation of F . The

comparison results of the 88 benchmarks from CEC2013, CEC2014
Table 13
Comparison between DE-EXP with adaptive Cr and DE-EXP algorithm with automatically generated Cr (the default version) under the 88 benchmarks on 30D
ptimization with the total number of function evaluation equaling to nfemax = 10000 × D.
CEC2013 30D optimization CEC2014 30D optimization CEC2017 30D optimization

No.: DE-EXP with adaptive Cr DE-EXP (default) DE-EXP with adaptive Cr DE-EXP (default) DE-EXP with adaptive Cr DE-EXP (default)

f1 0/0(≈) 0/0 1.0867E−14/6.0880E−15(<) 0/0 0/0(≈) 0/0
f2 1.5604E−13/1.2446E−13(<) 0/0 5.5729E−16/3.9798E−15(<) 0/0 1.6719E−15/6.7540E−15(<) 5.5729E−16/3.9798E−15
f3 1.0025E−08/7.1588E−08(<) 3.4661E−09/2.4751E−08 0/0(≈) 0/0 4.4583E−15/1.5434E−14(<) 0/0
f4 3.5666E−14/8.3512E−14(<) 0/0 3.2323E−14/2.8433E−14(<) 1.2260E−14/2.3612E−14 5.7492E+01/7.6420E+00(>) 5.8997E+01/1.5085E+00
f5 9.8083E−14/3.9511E−14(>) 1.1369E−13/2.2737E−14 2.0057E+01/1.4518E−02(<) 2.0048E+01/1.2009E−02 2.5643E+01/3.6809E+00(<) 9.8363E+00/2.7475E+00
f6 1.9839E−13/1.1559E−13(<) 1.4267E−13/1.0867E−13 8.2089E+00/1.1030E+00(<) 0/0 1.6900E−09/3.0756E−09(>) 2.6974E−09/1.9164E−08
f7 5.6201E−03/1.8007E−02(<) 4.8007E−03/1.1567E−02 0/0(≈) 0/0 5.5075E+01/3.4768E+00(<) 4.1855E+01/3.1955E+00
f8 2.0788E+01/1.7474E−01(<) 2.0604E+01/1.9914E−01 1.5604E−14/3.9511E−14(>) 3.2323E−13/6.5791E−14 2.7300E+01/2.8211E+00(<) 1.0575E+01/3.1178E+00
f9 2.4819E+01/1.6393E+00(<) 2.3582E+01/5.2220E+00 2.6137E+01/3.7427E+00(<) 1.1361E+01/3.1635E+00 0/0(≈) 0/0
f10 0/0(≈) 0/0 4.0822E−04/2.9153E−03(>) 1.2247E−03/4.9474E−03 1.4955E+03/2.1683E+02(<) 1.4213E+03/2.1360E+02
f11 1.2260E−14/2.3612E−14(>) 1.6719E−13/2.6447E−14 1.2441E+03/2.6240E+02(<) 1.2190E+03/1.9731E+02 5.1421E+00/2.5691E+00(<) 3.6370E+00/4.3566E+00
f12 1.7411E+01/2.4834E+00(<) 6.7762E+00/3.1934E+00 1.1871E−01/1.8288E−02(>) 1.2480E−01/2.1567E−02 3.6306E+02/1.9835E+02(>) 3.8780E+02/2.0304E+02
f13 3.4495E+01/7.6789E+00(<) 8.2574E+00/5.9276E+00 2.0356E−01/2.9154E−02(<) 1.1968E−01/2.0558E−02 1.6820E+01/7.1190E+00(<) 1.4576E+01/6.8877E+00
f14 5.5926E−02/2.8694E−02(<) 1.8370E−02/2.0672E−02 1.7326E−01/2.0669E−02(>) 1.7712E−01/2.4888E−02 1.9520E+01/5.9568E+00(<) 1.4666E+01/7.5224E+00
f15 2.6088E+03/2.0406E+02(<) 2.5812E+03/3.0053E+02 2.3864E+00/4.0034E−01(<) 2.0540E+00/2.0895E−01 6.7045E+00/1.0429E+00(<) 3.4018E+00/1.8734E+00
f16 6.5104E−01/1.2841E−01(<) 5.4322E−01/2.4416E−01 8.8736E+00/3.5527E−01(<) 8.5457E+00/4.7679E−01 2.7637E+02/9.7082E+01(<) 8.4142E+01/8.6376E+01
f17 3.0434E+01/3.5956E−04(≈) 3.0434E+01/1.9302E−12 1.3425E+02/6.2862E+01(<) 5.3267E+01/3.2671E+01 3.5660E+01/1.0591E+01(<) 2.6622E+01/8.8600E+00
f18 5.9156E+01/4.3807E+00(<) 4.9702E+01/2.9301E+00 3.8339E+00/9.2802E−01(<) 1.6533E+00/1.0946E+00 2.1085E+01/5.0787E+00(<) 2.1049E+01/1.7001E+00
f19 1.1936E+00/1.0300E−01(<) 1.1602E+00/9.1644E−02 2.5025E+00/4.4087E−01(<) 2.4130E+00/6.8816E−01 7.6726E+00/1.1910E+00(<) 5.2251E+00/1.3742E+00
f20 1.0193E+01/1.1931E+00(<) 8.9848E+00/3.6837E−01 6.1302E+00/1.2150E+00(<) 2.9915E+00/1.0802E+00 5.0293E+01/3.4892E+01(<) 2.8851E+00/3.0861E+01
f21 3.0538E+02/4.7105E+01(>) 3.0648E+02/3.7329E+01 1.0997E+02/6.3323E+01(<) 1.7459E+01/2.0246E+01 2.2843E+02/3.9533E+00(<) 2.1050E+02/3.0713E+00
f22 1.0608E+02/2.0908E−01(<) 1.0599E+02/2.6425E−01 8.5484E+01/5.5708E+01(<) 4.7141E+01/4.7288E+01 1.0000E+02/6.3901E−14(≈) 1.0000E+02/1.0047E−13
f23 2.9079E+03/3.3103E+02(<) 2.4599E+03/3.3073E+02 3.1524E+02/6.4311E−14(≈) 3.1524E+02/4.0186E−13 3.7242E+02/4.2685E+00(<) 3.4596E+02/4.3531E+00
f24 2.0000E+02/4.7653E−03(≈) 2.0000E+02/6.0437E−03 2.0805E+02/1.0556E+01(>) 2.1241E+02/1.0939E+01 4.3910E+02/4.7589E+00(<) 4.2230E+02/3.1373E+00
f25 2.7654E+02/2.2992E+01(<) 2.2815E+02/1.9585E+01 2.0260E+02/4.4938E−02(≈) 2.0260E+02/5.2683E−02 3.8670E+02/9.4627E−03(≈) 3.8670E+02/1.3131E−02
f26 2.0000E+02/0(≈) 2.0000E+02/1.4171E−13 1.0021E+02/2.9167E−02(<) 1.0011E+02/1.7762E−02 1.2021E+03/5.9456E+01(<) 8.5964E+02/4.7641E+01
f27 3.6314E+02/1.7480E+02(<) 3.0002E+02/5.3521E−02 3.2954E+02/4.6220E+01(<) 3.0000E+02/1.2531E−13 4.9454E+02/8.0503E+00(>) 5.0038E+02/7.9802E+00
f28 3.0000E+02/2.1853E−13(≈) 3.0000E+02/1.6766E−13 8.3116E+02/1.6397E+01(<) 8.2148E+02/2.1032E+01 3.1075E+02/3.2987E+01(>) 3.2717E+02/4.6976E+01
f29 – – 5.3687E+02/2.6867E+02(<) 5.2335E+02/2.7633E+02 4.4880E+02/1.5435E+01(<) 4.2654E+02/1.6083E+01
f30 – – 5.1406E+02/6.3553E+01(<) 4.3544E+02/9.7758E+01 1.9892E+03/2.4824E+01(>) 1.9989E+03/3.7312E+01

>/≈/< 3/6/19 −/−/− 5/4/21 −/−/− 6/4/20 −/−/−
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Fig. 7. Convergence speed comparison by employing the median value of 51 runs obtained by each algorithm on 30D optimization. There are total 28 comparison
igures and the first 8 figures are given here.
nd CEC2017 test suites on 30D optimization are given in Ta-
le 14. From the results, we can see that the fitness-independent
daptation of scale factor Cr is more effective in our DE-EXP

algorithm than the adaptations in the recent winner DE variants.
In order to evaluate the effectiveness of the reduction of pop-
ulation size ps, we made a controlled experiment by using the
fixed population instead of our default reduction of population
12
size (also the commonly used reduction in the recent winner
DE variants). The comparison results of the 88 benchmarks from
CEC2013, CEC2014 and CEC2017 test suites on 30D optimization
are given in Table 15. From the results, we can see that the
reduction of population size PS is more effective in our DE-EXP
algorithm than using fixed population size during the evolution.
In order to evaluate the effectiveness of the mutation strategy,
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Fig. 8. As a continued part of Fig. 7, convergence comparisons on benchmarks fa9–fa16 are given here.
e also made a controlled experiment by using the trial vector
eneration strategy ‘‘DE/rand/1/exp’’ instead of our default strat-
gy ‘‘DE/target-to-pbest/1/exp’’. The comparison results of the 88

benchmarks from CEC2013, CEC2014 and CEC2017 test suites on
30D optimization are given in Table 16. From the results, we can
see that our trial vector generation strategy is still very com-
petitive. Generally, the DE-EXP algorithm is usually better than
13
the DE-EXP algorithm with binomial crossover because the first
component of the DE-EXP algorithm, the automatically generated
crossover rate Cr in Section 3.1, is designed under the exponential
crossover rather than binomial crossover. As one of the review-
ers suggested, we also conducted extra experiment to examine
the effectiveness of exponential crossover. The comparison re-
sults between DE-EXP algorithm with binomial crossover and the
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Fig. 9. As a continued part from Fig. 8, convergence comparisons on benchmarks fa17–fa24 are given here.
default DE-EXP algorithm are given in Table 17, and we can see
from the results that the default DE-EXP algorithm performs bet-
ter than employing binomial crossover. Moreover, if we change
‘‘the automatically generated crossover rate Cr ’’ in the DE-EXP
algorithm with binomial crossover to ‘‘the fitness-improvement
based adaptation of Cr (the commonly used adaptation in the
recent winner DE variants)’’, then the DE-EXP algorithm with
binomial crossover is degraded into a LSHADE variant. By the way,
14
the experiment results in Tables 3–11 have already proved the
superiority of our DE-EXP algorithm to these LSHADE variants.

5. Conclusion

In this paper, a new assertion is presented that DE variants
employing exponential crossover were also able to obtain com-
petitive performance on numerical optimization in comparison
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Fig. 10. As a continued part from Fig. 9, convergence comparisons on the last 4 benchmarks are given here.
Table 14
Comparison between DE-EXP algorithm with fitness-improvement based adaptation of scale factor F and our fitness-independent adaptation of F under the 88
enchmarks on 30D optimization with the total number of function evaluation equaling to nfemax = 10000 × D.
CEC2013 30D optimization CEC2014 30D optimization CEC2017 30D optimization

No.: DE-EXP with adaptive F DE-EXP (default) DE-EXP with adaptive F DE-EXP (default) DE-EXP with adaptive F DE-EXP (default)

f1 0/0(≈) 0/0 4.4583E−15/6.6595E−15(<) 0/0 2.7864E−15/5.6983E−15(<) 0/0
f2 8.9166E−14/1.1212E−13(<) 0/0 2.2292E−15/7.7172E−15(<) 0/0 1.5047E−14/1.7384E−14(<) 5.5729E−16/3.9798E−15
f3 4.6818E−02/1.6577E−01(<) 3.4661E−09/2.4751E−08 2.2292E−15/1.1144E−14(<) 0/0 1.1146E−15/7.9597E−15(<) 0/0
f4 4.4583E−15/3.1839E−14(<) 0/0 5.0156E−14/3.1438E−14(<) 1.2260E−14/2.3612E−14 5.3225E+01/1.7514E+01(>) 5.8997E+01/1.5085E+00
f5 1.2260E−13/3.0869E−14(<) 1.1369E−13/2.2737E−14 2.0086E+01/1.8038E−02(<) 2.0048E+01/1.2009E−02 7.5232E+00/1.6856E+00(>) 9.8363E+00/2.7475E+00
f6 5.1779E−01/3.6978E+00(<) 1.4267E−13/1.0867E−13 3.0520E−06/1.9383E−05(<) 0/0 2.1890E−07/4.3993E−07(<) 2.6974E−09/1.9164E−08
f7 2.1830E−01/2.8949E−01(<) 4.8007E−03/1.1567E−02 0/0(≈) 0/0 3.8106E+01/2.1535E+00(>) 4.1855E+01/3.1955E+00
f8 2.0610E+01/1.9056E−01(<) 2.0604E+01/1.9914E−01 3.3214E−13/7.4872E−14(<) 3.2323E−13/6.5791E−14 8.1235E+00/1.6921E+00(>) 1.0575E+01/3.1178E+00
f9 2.2082E+01/5.8059E+00(>) 2.3582E+01/5.2220E+00 8.0175E+00/1.6470E+00(>) 1.1361E+01/3.1635E+00 0/0(≈) 0/0
f10 0/0(≈) 0/0 1.2247E−03/4.9474E−03(≈) 1.2247E−03/4.9474E−03 1.4295E+03/2.1264E+02(<) 1.4213E+03/2.1360E+02
f11 1.6830E−13/3.2077E−14(<) 1.6719E−13/2.6447E−14 1.2308E+03/1.5928E+02(<) 1.2190E+03/1.9731E+02 9.6242E+00/1.1603E+01(<) 3.6370E+00/4.3566E+00
f12 5.1209E+00/1.8443E+00(>) 6.7762E+00/3.1934E+00 1.4077E−01/2.0143E−02(<) 1.2480E−01/2.1567E−02 1.1270E+03/4.2145E+02(<) 3.8780E+02/2.0304E+02
f13 7.8430E+00/7.2374E+00(>) 8.2574E+00/5.9276E+00 1.0920E−01/1.4853E−02(>) 1.1968E−01/2.0558E−02 2.1091E+01/1.7226E+01(<) 1.4576E+01/6.8877E+00
f14 2.1636E−02/1.9952E−02(<) 1.8370E−02/2.0672E−02 2.0885E−01/3.0753E−02(<) 1.7712E−01/2.4888E−02 2.0057E+01/5.7008E+00(<) 1.4666E+01/7.5224E+00
f15 2.5911E+03/2.6298E+02(<) 2.5812E+03/3.0053E+02 2.0844E+00/2.2726E−01(<) 2.0540E+00/2.0895E−01 4.6051E+00/2.7400E+00(<) 3.4018E+00/1.8734E+00
f16 6.3903E−01/2.2945E−01(<) 5.4322E−01/2.4416E−01 8.4551E+00/3.8296E−01(>) 8.5457E+00/4.7679E−01 5.0082E+01/6.3377E+01(>) 8.4142E+01/8.6376E+01
f17 3.0434E+01/9.4299E−07(≈) 3.0434E+01/1.9302E−12 1.9793E+02/1.0535E+02(<) 5.3267E+01/3.2671E+01 2.4419E+01/9.3807E+00(>) 2.6622E+01/8.8600E+00
f18 4.9112E+01/2.9521E+00(>) 4.9702E+01/2.9301E+00 9.1380E+00/5.3117E+00(<) 1.6533E+00/1.0946E+00 2.2666E+01/3.6856E+00(<) 2.1049E+01/1.7001E+00
f19 1.1290E+00/9.1811E−02(>) 1.1602E+00/9.1644E−02 3.6523E+00/5.3214E−01(<) 2.4130E+00/6.8816E−01 5.2381E+00/1.1319E+00(<) 5.2251E+00/1.3742E+00
f20 9.0520E+00/2.8564E−01(<) 8.9848E+00/3.6837E−01 3.5473E+00/1.4104E+00(<) 2.9915E+00/1.0802E+00 2.5537E+01/6.6792E+00(<) 2.8851E+00/3.0861E+01
f21 3.0427E+02/5.5153E+01(>) 3.0648E+02/3.7329E+01 1.0817E+02/7.7647E+01(<) 1.7459E+01/2.0246E+01 2.0764E+02/1.7364E+00(>) 2.1050E+02/3.0713E+00
f22 1.0617E+02/1.0794E+00(<) 1.0599E+02/2.6425E−01 5.0698E+01/4.9739E+01(<) 4.7141E+01/4.7288E+01 1.0000E+02/8.9223E−14(≈) 1.0000E+02/1.0047E−13
f23 2.4240E+03/3.2192E+02(>) 2.4599E+03/3.3073E+02 3.1524E+02/0(≈) 3.1524E+02/4.0186E−13 3.4698E+02/4.5312E+00(<) 3.4596E+02/4.3531E+00
f24 2.0012E+02/2.7617E−01(<) 2.0000E+02/6.0437E−03 2.2388E+02/1.1548E+00(<) 2.1241E+02/1.0939E+01 4.2441E+02/3.1267E+00(<) 4.2230E+02/3.1373E+00
f25 2.2382E+02/2.2072E+01(>) 2.2815E+02/1.9585E+01 2.0267E+02/1.5925E−01(<) 2.0260E+02/5.2683E−02 3.8676E+02/3.3155E−02(<) 3.8670E+02/1.3131E−02
f26 2.0000E+02/0(≈) 2.0000E+02/1.4171E−13 1.0010E+02/1.4158E−02(>) 1.0011E+02/1.7762E−02 9.1227E+02/4.7494E+01(<) 8.5964E+02/4.7641E+01
f27 3.0188E+02/2.9894E+00(<) 3.0002E+02/5.3521E−02 3.0196E+02/1.4003E+01(<) 3.0000E+02/1.2531E−13 5.0639E+02/6.4713E+00(<) 5.0038E+02/7.9802E+00
f28 3.0000E+02/1.8101E−13(≈) 3.0000E+02/1.6766E−13 8.5732E+02/1.8994E+01(<) 8.2148E+02/2.1032E+01 3.3101E+02/4.8570E+01(<) 3.2717E+02/4.6976E+01
f29 – – 6.6169E+02/1.6596E+02(<) 5.2335E+02/2.7633E+02 4.2894E+02/7.9906E+00(<) 4.2654E+02/1.6083E+01
f30 – – 5.6558E+02/1.9540E+02(<) 4.3544E+02/9.7758E+01 2.0727E+03/8.4912E+01(<) 1.9989E+03/3.7312E+01

>/≈/< 8/5/15 −/−/− 4/3/23 −/−/− 7/2/21 −/−/−
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with these state-of-the-art DE variants with binomial crossover.
A brief theoretical discussion of the equivalency is given be-
tween binomial crossover and exponential crossover from the
perspective of selecting vertices from the hyper-cube during the
evolution first, and then presented the detailed implementa-
tion of such a DE variant with exponential crossover, the novel
DE-EXP algorithm. A large test suite containing 88 benchmarks
is employed in algorithm validation, and the experiment re-
sults showed the superiority of the novel DE-EXP algorithm in
comparison with the state-of-the-art DE variants on numerical
optimization.
15
Moreover, it can be found that: (1) the proper Cr values in
xponential crossover were usually in a much narrower range
han in binomial crossover when obtaining equivalent perfor-
ance; (2) finding these proper Cr values was very difficult for
DE variant employing exponential crossover let alone finding

ts corresponding parameter control; (3) there was no DE variant
ith exponential crossover secured front ranks [20] in recent
ompetitions1 because the community did not find the proper

1 https://www3.ntu.edu.sg/home/epnsugan/.
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Table 15
Comparison between DE-EXP algorithm with and without reduction of population size PS under the 88 benchmarks on 30D optimization with the total number of
unction evaluation equaling to nfemax = 10000 × D.
CEC2013 30D optimization CEC2014 30D optimization CEC2017 30D optimization

No.: Without reduction of PS DE-EXP (default) Without reduction of PS DE-EXP (default) Without reduction of PS DE-EXP (default)

f1 1.5604E−13/1.0655E−13(<) 0/0 6.7890E+02/1.8009E+03(<) 0/0 2.0062E−14/8.1271E−15(<) 0/0
f2 2.2619E+04/1.6135E+04(<) 0/0 3.0651E−14/9.5847E−15(<) 0/0 2.2236E−13/2.1962E−13(<) 5.5729E−16/3.9798E−15
f3 1.3973E+05/5.0214E+05(<) 3.4661E−09/2.4751E−08 5.9073E−14/1.9562E−14(<) 0/0 1.0366E−13/3.8897E−14(<) 0/0
f4 1.5624E−05/3.8247E−05(<) 0/0 1.0477E−13/5.2558E−14(<) 1.2260E−14/2.3612E−14 3.7568E+01/2.9678E+01(>) 5.8997E+01/1.5085E+00
f5 1.6496E−13/6.5560E−14(<) 1.1369E−13/2.2737E−14 2.0067E+01/1.3648E−02(<) 2.0048E+01/1.2009E−02 1.8791E+01/5.2937E+00(<) 9.8363E+00/2.7475E+00
f6 2.2275E+00/7.1668E+00(<) 1.4267E−13/1.0867E−13 1.7268E+00/1.1707E+00(<) 0/0 8.8474E−03/2.0908E−02(<) 2.6974E−09/1.9164E−08
f7 5.8769E+00/4.5193E+00(<) 4.8007E−03/1.1567E−02 3.1888E−03/5.8568E−03(<) 0/0 5.2020E+01/4.3631E+00(<) 4.1855E+01/3.1955E+00
f8 2.0584E+01/3.0142E−01(>) 2.0604E+01/1.9914E−01 1.9509E−02/1.3932E−01(<) 3.2323E−13/6.5791E−14 1.8849E+01/4.2405E+00(<) 1.0575E+01/3.1178E+00
f9 2.5733E+01/5.9252E+00(<) 2.3582E+01/5.2220E+00 1.8658E+01/4.2065E+00(<) 1.1361E+01/3.1635E+00 1.6424E+00/1.5314E+00(<) 0/0
f10 1.9020E−02/1.2851E−02(<) 0/0 4.4904E−03/9.5983E−03(<) 1.2247E−03/4.9474E−03 1.7406E+03/1.9840E+02(<) 1.4213E+03/2.1360E+02
f11 1.1705E−01/7.0767E−01(<) 1.6719E−13/2.6447E−14 1.4227E+03/2.2685E+02(<) 1.2190E+03/1.9731E+02 3.0232E+01/2.4964E+01(<) 3.6370E+00/4.3566E+00
f12 1.8312E+01/4.3704E+00(<) 6.7762E+00/3.1934E+00 1.3692E−01/2.4459E−02(<) 1.2480E−01/2.1567E−02 9.0582E+02/4.2132E+02(<) 3.8780E+02/2.0304E+02
f13 4.5323E+01/1.3583E+01(<) 8.2574E+00/5.9276E+00 2.0493E−01/3.6283E−02(<) 1.1968E−01/2.0558E−02 5.4138E+01/3.6845E+01(<) 1.4576E+01/6.8877E+00
f14 2.5428E+00/1.7849E+01(<) 1.8370E−02/2.0672E−02 2.2415E−01/3.7324E−02(<) 1.7712E−01/2.4888E−02 2.1882E+01/7.5019E+00(<) 1.4666E+01/7.5224E+00
f15 2.9372E+03/4.0521E+02(<) 2.5812E+03/3.0053E+02 2.5236E+00/3.3714E−01(<) 2.0540E+00/2.0895E−01 1.6701E+01/8.6910E+00(<) 3.4018E+00/1.8734E+00
f16 5.3934E−01/3.0038E−01(>) 5.4322E−01/2.4416E−01 9.1059E+00/4.6441E−01(<) 8.5457E+00/4.7679E−01 3.3023E+02/1.7103E+02(<) 8.4142E+01/8.6376E+01
f17 3.0434E+01/1.9191E−14(≈) 3.0434E+01/1.9302E−12 4.2456E+02/2.2133E+02(<) 5.3267E+01/3.2671E+01 4.5858E+01/3.3178E+01(<) 2.6622E+01/8.8600E+00
f18 6.4795E+01/6.9158E+00(<) 4.9702E+01/2.9301E+00 1.6180E+01/7.2394E+00(<) 1.6533E+00/1.0946E+00 3.5303E+01/1.6754E+01(<) 2.1049E+01/1.7001E+00
f19 1.1251E+00/1.0788E−01(>) 1.1602E+00/9.1644E−02 4.0542E+00/6.3106E−01(<) 2.4130E+00/6.8816E−01 8.6253E+00/3.1262E+00(<) 5.2251E+00/1.3742E+00
f20 1.0139E+01/9.8124E−01(<) 8.9848E+00/3.6837E−01 1.1749E+01/7.3284E+00(<) 2.9915E+00/1.0802E+00 8.3691E+01/5.5371E+01(<) 2.8851E+00/3.0861E+01
f21 3.0768E+02/7.3815E+01(<) 3.0648E+02/3.7329E+01 1.5811E+02/8.6469E+01(<) 1.7459E+01/2.0246E+01 2.2122E+02/6.0360E+00(<) 2.1050E+02/3.0713E+00
f22 1.0224E+02/1.9381E+01(>) 1.0599E+02/2.6425E−01 1.3615E+02/6.3955E+01(<) 4.7141E+01/4.7288E+01 1.0005E+02/3.5020E−01(<) 1.0000E+02/1.0047E−13
f23 3.2320E+03/3.8919E+02(<) 2.4599E+03/3.3073E+02 3.1524E+02/1.6455E−13(≈) 3.1524E+02/4.0186E−13 3.6192E+02/7.6411E+00(<) 3.4596E+02/4.3531E+00
f24 2.1067E+02/4.9112E+00(<) 2.0000E+02/6.0437E−03 2.2663E+02/3.6949E+00(<) 2.1241E+02/1.0939E+01 4.3308E+02/7.1997E+00(<) 4.2230E+02/3.1373E+00
f25 2.4526E+02/1.6587E+01(<) 2.2815E+02/1.9585E+01 2.0348E+02/7.7415E−01(<) 2.0260E+02/5.2683E−02 3.8742E+02/2.3488E+00(<) 3.8670E+02/1.3131E−02
f26 2.3776E+02/5.4040E+01(<) 2.0000E+02/1.4171E−13 1.0608E+02/2.3716E+01(<) 1.0011E+02/1.7762E−02 1.0661E+03/1.3769E+02(<) 8.5964E+02/4.7641E+01
f27 4.1982E+02/5.6339E+01(<) 3.0002E+02/5.3521E−02 3.4216E+02/3.2593E+01(<) 3.0000E+02/1.2531E−13 5.0856E+02/9.4702E+00(<) 5.0038E+02/7.9802E+00
f28 3.1985E+02/1.4178E+02(<) 3.0000E+02/1.6766E−13 8.5862E+02/5.1404E+01(<) 8.2148E+02/2.1032E+01 3.4291E+02/5.7258E+01(<) 3.2717E+02/4.6976E+01
f29 – – 5.6585E+02/2.3982E+02(<) 5.2335E+02/2.7633E+02 4.5137E+02/2.5848E+01(<) 4.2654E+02/1.6083E+01
f30 – – 7.4495E+02/3.6130E+02(<) 4.3544E+02/9.7758E+01 2.2106E+03/1.6846E+02(<) 1.9989E+03/3.7312E+01

>/≈/< 4/1/23 −/−/− 0/1/29 −/−/− 1/0/29 −/−/−
Table 16
Comparison between DE-EXP with ‘‘DE/rand/1/exp’’ and DE-EXP algorithm with the default trial vector generation strategy under the 88 benchmarks on 30D
optimization with the total number of function evaluation equaling to nfemax = 10000 × D.
CEC2013 30D optimization CEC2014 30D optimization CEC2017 30D optimization

No.: DE-EXP with ‘‘DE/rand/1/exp’’ DE-EXP (default) DE-EXP with ‘‘DE/rand/1/exp’’ DE-EXP (default) DE-EXP with ‘‘DE/rand/1/exp’’ DE-EXP (default)

f1 3.1219E+04/1.6568E+04(<) 0/0 7.1756E+08/5.4164E+08(<) 0/0 3.5304E+10/2.1839E+10(<) 0/0
f2 4.8492E+08/3.3800E+08(<) 0/0 5.1486E+10/2.2827E+10(<) 0/0 6.7469E+44/4.7870E+45(<) 5.5729E−16/3.9798E−15
f3 3.8935E+15/1.4712E+16(<) 3.4661E−09/2.4751E−08 9.9631E+04/9.4177E+04(<) 0/0 2.0677E+05/5.5642E+04(<) 0/0
f4 1.4155E+05/2.9347E+04(<) 0/0 7.3460E+03/5.0429E+03(<) 1.2260E−14/2.3612E−14 7.8333E+03/5.4624E+03(<) 5.8997E+01/1.5085E+00
f5 1.2270E+04/9.0716E+03(<) 1.1369E−13/2.2737E−14 2.0926E+01/1.3136E−01(<) 2.0048E+01/1.2009E−02 3.6772E+02/9.0639E+01(<) 9.8363E+00/2.7475E+00
f6 3.2453E+03/2.8153E+03(<) 1.4267E−13/1.0867E−13 3.6374E+01/5.0864E+00(<) 0/0 6.7740E+01/2.4501E+01(<) 2.6974E−09/1.9164E−08
f7 3.2805E+04/1.0678E+05(<) 4.8007E−03/1.1567E−02 3.9976E+02/2.3269E+02(<) 0/0 1.2221E+03/3.9082E+02(<) 4.1855E+01/3.1955E+00
f8 2.1197E+01/5.7257E−02(<) 2.0604E+01/1.9914E−01 2.8464E+02/9.3827E+01(<) 3.2323E−13/6.5791E−14 3.5488E+02/6.7598E+01(<) 1.0575E+01/3.1178E+00
f9 4.3101E+01/3.2108E+00(<) 2.3582E+01/5.2220E+00 3.6150E+02/8.2833E+01(<) 1.1361E+01/3.1635E+00 1.0763E+04/6.1394E+03(<) 0/0
f10 3.9812E+03/1.9472E+03(<) 0/0 5.9723E+03/1.3833E+03(<) 1.2247E−03/4.9474E−03 7.5006E+03/9.8511E+02(<) 1.4213E+03/2.1360E+02
f11 5.7787E+02/2.7568E+02(<) 1.6719E−13/2.6447E−14 7.1149E+03/9.4284E+02(<) 1.2190E+03/1.9731E+02 7.9426E+03/5.5756E+03(<) 3.6370E+00/4.3566E+00
f12 6.6724E+02/1.5126E+02(<) 6.7762E+00/3.1934E+00 2.4922E+00/8.9042E−01(<) 1.2480E−01/2.1567E−02 6.1059E+09/3.9824E+09(<) 3.8780E+02/2.0304E+02
f13 6.5731E+02/1.7216E+02(<) 8.2574E+00/5.9276E+00 4.9931E+00/1.9911E+00(<) 1.1968E−01/2.0558E−02 4.7805E+09/3.6981E+09(<) 1.4576E+01/6.8877E+00
f14 6.0227E+03/1.7342E+03(<) 1.8370E−02/2.0672E−02 1.2880E+02/7.6763E+01(<) 1.7712E−01/2.4888E−02 6.8782E+06/4.7170E+06(<) 1.4666E+01/7.5224E+00
f15 8.7225E+03/4.3279E+02(<) 2.5812E+03/3.0053E+02 1.0468E+06/1.6216E+06(<) 2.0540E+00/2.0895E−01 7.2662E+08/5.5233E+08(<) 3.4018E+00/1.8734E+00
f16 4.3513E+00/4.6128E−01(<) 5.4322E−01/2.4416E−01 1.3023E+01/4.9420E−01(<) 8.5457E+00/4.7679E−01 3.0196E+03/6.0635E+02(<) 8.4142E+01/8.6376E+01
f17 1.1711E+03/4.7260E+02(<) 3.0434E+01/1.9302E−12 5.2453E+07/4.3234E+07(<) 5.3267E+01/3.2671E+01 1.6024E+03/3.8993E+02(<) 2.6622E+01/8.8600E+00
f18 1.2188E+03/3.9275E+02(<) 4.9702E+01/2.9301E+00 1.6987E+09/1.1659E+09(<) 1.6533E+00/1.0946E+00 4.3076E+07/4.0505E+07(<) 2.1049E+01/1.7001E+00
f19 7.1386E+05/9.9531E+05(<) 1.1602E+00/9.1644E−02 3.1275E+02/1.5998E+02(<) 2.4130E+00/6.8816E−01 8.7707E+08/6.6658E+08(<) 5.2251E+00/1.3742E+00
f20 1.4953E+01/1.3349E−01(<) 8.9848E+00/3.6837E−01 4.1331E+05/7.5436E+05(<) 2.9915E+00/1.0802E+00 1.0852E+03/2.1389E+02(<) 2.8851E+00/3.0861E+01
f21 3.3237E+03/8.0547E+02(<) 3.0648E+02/3.7329E+01 2.4678E+07/1.7202E+07(<) 1.7459E+01/2.0246E+01 5.3212E+02/6.6187E+01(<) 2.1050E+02/3.0713E+00
f22 6.9780E+03/1.7964E+03(<) 1.0599E+02/2.6425E−01 1.6142E+03/4.6350E+02(<) 4.7141E+01/4.7288E+01 5.9445E+03/2.1969E+03(<) 1.0000E+02/1.0047E−13
f23 9.3651E+03/3.9626E+02(<) 2.4599E+03/3.3073E+02 6.7316E+02/2.3987E+02(<) 3.1524E+02/4.0186E−13 9.0526E+02/1.3633E+02(<) 3.4596E+02/4.3531E+00
f24 3.4412E+02/1.7464E+01(<) 2.0000E+02/6.0437E−03 3.7452E+02/4.4612E+01(<) 2.1241E+02/1.0939E+01 9.7398E+02/1.5935E+02(<) 4.2230E+02/3.1373E+00
f25 3.5785E+02/1.4194E+01(<) 2.2815E+02/1.9585E+01 2.5547E+02/2.8800E+01(<) 2.0260E+02/5.2683E−02 3.4054E+03/2.0702E+03(<) 3.8670E+02/1.3131E−02
f26 3.1503E+02/7.6951E+01(<) 2.0000E+02/1.4171E−13 1.0748E+02/2.2195E+01(<) 1.0011E+02/1.7762E−02 6.2763E+03/1.5504E+03(<) 8.5964E+02/4.7641E+01
f27 1.4826E+03/8.6491E+01(<) 3.0002E+02/5.3521E−02 1.0318E+03/2.8720E+02(<) 3.0000E+02/1.2531E−13 1.0057E+03/2.4681E+02(<) 5.0038E+02/7.9802E+00
f28 4.5339E+03/1.4444E+03(<) 3.0000E+02/1.6766E−13 4.2143E+03/1.5473E+03(<) 8.2148E+02/2.1032E+01 3.2357E+03/1.4757E+03(<) 3.2717E+02/4.6976E+01
f29 – – 1.0748E+08/1.0081E+08(<) 5.2335E+02/2.7633E+02 2.6419E+03/9.4330E+02(<) 4.2654E+02/1.6083E+01
f30 – – 9.9722E+05/8.9376E+05(<) 4.3544E+02/9.7758E+01 3.9483E+08/3.2121E+08(<) 1.9989E+03/3.7312E+01

>/≈/< 0/0/28 −/−/− 0/0/30 −/−/− 0/0/30 −/−/−
parameter control. In this paper, a novel DE variant with expo-
nential crossover is proposed, namely DE-EXP, in which a novel
parameter control was designed for the exponential crossover.
The experiment results show that our DE-EXP algorithm is very
competitive with the winner DE variants in Congress on Evolu-
tionary Computation (CEC) competitions.

Besides these contributions, a novel fitness-value-independent
arameter control was also proposed to tackle the fitness-value-
ependency weakness existing in these state-of-the-art DE vari-
nts including LSHADE, iLSHADE, jSO, LPalmDE and HARD-DE etc.
n these DE variants, the fitness improvement, to be exactly the
itness difference, is taken as weight in the adaptation of control
arameters, therefore, they cannot tackle the optimization model
hown in Fig. 2. In our paper, a novel fitness-value-independent
16
adaptation of scale factor F and an automatical adaptation of
crossover rate Cr are given in the DE-EXP algorithm, and these
adaptations are all fitness-value-independent, therefore, our al-
gorithm can be applied in much wider scenarios especially those
that the exact fitness values of the models are unavailable or
deliberately hidden.

As is already mentioned in Eq. (5) of Section 1, given a bi-
nomial crossover rate Crb, there always exists an exponential
crossover rate Cre, Cre ∈ [0, 1], satisfying the equation and
vice versa. From this perspective of view, there always exists a
DE framework in which the binomial crossover and exponen-
tial crossover can be converted into each other with equiva-
lent performance, in other words, the DE framework with expo-
nential crossover can obtain equivalent performance to the DE
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Table 17
Comparison between DE-EXP with adaptive Cr and DE-EXP algorithm with automatically generated Cr (the default version) under the 88 benchmarks on 30D
ptimization with the total number of function evaluation equaling to nfemax = 10000 × D.
CEC2013 30D optimization CEC2014 30D optimization CEC2017 30D optimization

No.: DE-EXP with binomial crossover DE-EXP (default) DE-EXP with binomial crossover DE-EXP (default) DE-EXP with binomial crossover DE-EXP (default)

f1 0/0(≈) 0/0 0/0(≈) 0/0 0/0(≈) 0/0
f2 0/0(≈) 0/0 0/0(≈) 0/0 7.7514E−15/1.3276E−14(<) 5.5729E−16/3.9798E−15
f3 2.7533E−11/9.0487E−11(>) 3.4661E−09/2.4751E−08 0/0(≈) 0/0 0/0(≈) 0/0
f4 0/0(≈) 0/0 5.1676E−15/1.7139E−14(>) 1.2260E−14/2.3612E−14 5.9067E+01/1.6751E+00(<) 5.8997E+01/1.5085E+00
f5 1.5503E−13/7.6648E−14(<) 1.1369E−13/2.2737E−14 2.0001E+01/1.7159E−03(>) 2.0048E+01/1.2009E−02 1.0673E+01/4.8354E+00(<) 9.8363E+00/2.7475E+00
f6 1.0335E−13/3.4278E−14(>) 1.4267E−13/1.0867E−13 2.5675E−06/8.5153E−06(<) 0/0 4.4179E−07/6.2051E−07(<) 2.6974E−09/1.9164E−08
f7 1.2688E−02/2.6420E−02(<) 4.8007E−03/1.1567E−02 0/0(≈) 0/0 4.2615E+01/3.7708E+00(<) 4.1855E+01/3.1955E+00
f8 2.0592E+01/1.8803E−01(>) 2.0604E+01/1.9914E−01 1.2392E+01/2.8617E+00(<) 3.2323E−13/6.5791E−14 1.0673E+01/4.0069E+00(<) 1.0575E+01/3.1178E+00
f9 1.5536E+01/3.9953E+00(>) 2.3582E+01/5.2220E+00 1.2482E+01/4.1111E+00(<) 1.1361E+01/3.1635E+00 0/0(≈) 0/0
f10 0/0(≈) 0/0 1.9114E+03/6.8084E+02(<) 1.2247E−03/4.9474E−03 2.7003E+03/4.8956E+02(<) 1.4213E+03/2.1360E+02
f11 1.0130E+01/4.0737E+00(<) 1.6719E−13/2.6447E−14 2.5470E+03/4.4755E+02(<) 1.2190E+03/1.9731E+02 9.3439E+00/1.7609E+01(<) 3.6370E+00/4.3566E+00
f12 1.0130E+01/3.5546E+00(<) 6.7762E+00/3.1934E+00 2.3988E−01/1.8361E−01(<) 1.2480E−01/2.1567E−02 4.2025E+02/2.3670E+02(<) 3.8780E+02/2.0304E+02
f13 1.3228E+01/9.4973E+00(<) 8.2574E+00/5.9276E+00 1.0032E−01/2.1126E−02(>) 1.1968E−01/2.0558E−02 1.3092E+01/6.6023E+00(>) 1.4576E+01/6.8877E+00
f14 2.1019E+03/3.0076E+02(<) 1.8370E−02/2.0672E−02 1.9285E−01/2.2250E−02(<) 1.7712E−01/2.4888E−02 2.2200E+01/1.1570E+00(<) 1.4666E+01/7.5224E+00
f15 2.9085E+03/7.8010E+02(<) 2.5812E+03/3.0053E+02 2.6537E+00/4.9016E−01(<) 2.0540E+00/2.0895E−01 1.4966E+00/1.4671E+00(>) 3.4018E+00/1.8734E+00
f16 2.5681E−01/1.7090E−01(>) 5.4322E−01/2.4416E−01 9.3640E+00/7.1372E−01(<) 8.5457E+00/4.7679E−01 2.4475E+01/3.5727E+01(>) 8.4142E+01/8.6376E+01
f17 4.3066E+01/3.8665E+00(<) 3.0434E+01/1.9302E−12 7.4933E+01/3.8504E+01(<) 5.3267E+01/3.2671E+01 3.6735E+01/8.1142E+00(<) 2.6622E+01/8.8600E+00
f18 4.2641E+01/3.1038E+00(>) 4.9702E+01/2.9301E+00 2.6703E+00/7.8314E−01(<) 1.6533E+00/1.0946E+00 2.0707E+01/3.7260E−01(>) 2.1049E+01/1.7001E+00
f19 2.2551E+00/5.6045E−01(<) 1.1602E+00/9.1644E−02 2.4037E+00/5.2933E−01(>) 2.4130E+00/6.8816E−01 4.8893E+00/1.6558E+00(>) 5.2251E+00/1.3742E+00
f20 8.9923E+00/4.5033E−01(<) 8.9848E+00/3.6837E−01 2.3745E+00/9.3772E−01(>) 2.9915E+00/1.0802E+00 2.7993E+01/6.4086E+00(<) 2.8851E+00/3.0861E+01
f21 2.9091E+02/3.0151E+01(>) 3.0648E+02/3.7329E+01 3.1099E+01/5.1566E+01(<) 1.7459E+01/2.0246E+01 2.1165E+02/3.2337E+00(<) 2.1050E+02/3.0713E+00
f22 2.3206E+03/4.4654E+02(<) 1.0599E+02/2.6425E−01 4.5804E+01/4.7180E+01(>) 4.7141E+01/4.7288E+01 1.0000E+02/0(≈) 1.0000E+02/1.0047E−13
f23 2.6177E+03/3.9712E+02(<) 2.4599E+03/3.3073E+02 3.1524E+02/0(≈) 3.1524E+02/4.0186E−13 3.5405E+02/5.3511E+00(<) 3.4596E+02/4.3531E+00
f24 2.0000E+02/1.1501E−02(≈) 2.0000E+02/6.0437E−03 2.1199E+02/1.1486E+01(>) 2.1241E+02/1.0939E+01 4.2522E+02/2.6444E+00(<) 4.2230E+02/3.1373E+00
f25 2.3535E+02/1.2513E+01(<) 2.2815E+02/1.9585E+01 2.0261E+02/5.9834E−02(<) 2.0260E+02/5.2683E−02 3.8671E+02/9.5918E−03(<) 3.8670E+02/1.3131E−02
f26 2.0000E+02/6.9036E−14(≈) 2.0000E+02/1.4171E−13 1.0009E+02/2.0726E−02(>) 1.0011E+02/1.7762E−02 8.8033E+02/5.5389E+01(<) 8.5964E+02/4.7641E+01
f27 3.0016E+02/3.4884E−01(<) 3.0002E+02/5.3521E−02 3.0000E+02/2.3847E−13(≈) 3.0000E+02/1.2531E−13 4.9996E+02/6.0967E+00(>) 5.0038E+02/7.9802E+00
f28 3.0000E+02/1.4714E−13(≈) 3.0000E+02/1.6766E−13 8.2717E+02/2.3097E+01(<) 8.2148E+02/2.1032E+01 3.1036E+02/3.4365E+01(>) 3.2717E+02/4.6976E+01
f29 – – 6.6021E+02/1.8580E+02(<) 5.2335E+02/2.7633E+02 4.4083E+02/2.5508E+01(<) 4.2654E+02/1.6083E+01
f30 – – 4.5091E+02/7.1578E+01(<) 4.3544E+02/9.7758E+01 1.9966E+03/2.3372E+01(>) 1.9989E+03/3.7312E+01

>/≈/< 7/7/14 −/−/− 8/6/16 −/−/− 8/4/18 −/−/−
framework with binomial crossover, both of which can beat the
recent state-of-the-art DE algorithms. To discover such a DE
framework is one of the future work in our team.
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