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1. Introduction

The Monge-Kantorovich problem (MKP) has been the center of attention
of many specialists in various areas of mathematics for a long time—differential
geometry (see [7], [50] and the references there); functional analysis [25], [34];
infinite-dimensional linear programming [6], [46], [40], [100]; probability theory
[82], [84], [79], [20]; mathematical statistics [91], [141], [54]; information theory
and cybernetics [5], [94], [96]; statistical physics [10], [69]; the theory of dynami-
cal systems [145]; and matrix theory [52], [109], [113]. Currently, it is now
appropriate to talk about the MKP as being a whole range of problems with
applications to many mathematical theories that seem different at first glance.
Entire schools have been formed developing different offshoots of the MKP by
making use of diversified mathematical language.

It is very difficult to encompass thoroughly all of the problems and results
in the MKP, which apparently forms an epoch in the development of a consider-
able range of mathematics. This review article discusses the contemporary state
of the MKP mainly paying attention to the probability aspects of the problem.
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2, Statement of the Monge—Kantorovich Problem

This section should be viewed as an introduction to the MKP and its related
problems. There are five known versions of the MKP.

2.1. Monge optimization problem. In 1781, Monge formulated the following
problem (see [112], [59], [60], [87], [24], [50]) in studying the most efficient way
of transporting soil.

Split two equally large volumes into infinitely small particles and then associaté
them with each other so that the sum of products of these paths of the particles to
a volume is least. Along what paths must the particles be transported and what is
the smallest transportation cost?

For the significance of this problem in the development of differential
geometry, see [7].

2.2. Kantorovich’s mass transference problem. The abstract form of
Kantorovich’s problem is as follows.

Suppose that P, and P, are two Borel probability measures given on a separable
metric space (s.m.s.) (U,d) and P(P,, P,) is the space of all Borel probability
measures Pon U X U with fixed marginals P,(+ )= P(- X U) and P,(-) = P,(U X-).
Evaluate the functional

(2.1) A (P, P,) = inf{J c(x, y)P(dx, dy): Pe P(P,, PZ)},

Ux
where c(x, y) is a given continuous non-negative function on U x U.

We shall call the functional (2.1) Kantorovich’s functional.

The measures P, and P, may be viewed as the initial and final distribution
of mass and ?(P;, P,) as the space of admissible transference plans. If the
infimum in (2.1) is realized for some measure P*e 2(P,, P,), then P* is said to
be the optimal transference plan. The function c(x, y) can be interpreted as the
cost of transferring the mass from x to y.

Problem 2.2 was first formulated and studied by Kantorovich for a compact
U and c¢=d (see [23], [24]). It was shown that

(2‘2) &fd(Ph Pz) = '%d(Pl, Pz),

where %, is the Kantorovich metric in the space 2 of Borel probability measures
on (U, d), namely,

Ba(P,, Pz)zsuP{'I fad(P,—Py)
(2.3) v

: felLipy, (U)},
Lipy o (U)={f: U~>R":|f(x)-f(y)|S ad(x,y),x,ye U, sup | f(x)| <o}

Problem (2.2) with a continuous cost function on any compact space U was
studied by Levin [30]-[33] and Levin and Milyutin [34] (see also [6], [46]).
Kantorovich’s formulation differs from the Monge problem in that the class
P(P,, P,) is broader than the class of one-to-one trnasference plans in Monge’s
sense (see [6], [50]). Sudakov [50] showed that if the measures P, and P, are
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given on a bounded subset of a finite-dimensional Banach space and are absolutely
continuous with respect to Lebesgue measure, then there exists an optimal
one-to-one transference plan.

In the case of a Polish (complete, separable, metric) space, the dual relation
(2.2) is proved in the papers of Szulga [134], [135], Fernique [80], Hubért ([54]
where d is a bounded metric), and Dudley-De Acosta [57]. Kantorovich’s
theorem for an arbitrary s.m.s. U may be stated as follows (see [43], [44]).

Let €, be the class of all functions c¢(x, y) = H(d(x, y)), x, y € U, where the
function H belongs to the class #, of all nondecreasing continuous functions
on [0, ) for which H(0) =0 and which satisfy Orlicz’ condition

cy =sup {H(2t)/ H(t): t>0} <00,

We also write 9, for the subset of all convex functions in &, and &, for the set
{H-d: He ¥%,}.

Theorem 1. Let ce €, and % .(P,, P,) be given by (2.1). Let
Lip® (U) = {(f, g)e U [Lip,. (I f(x)+g(y)=c(x, y), %,y € U}
and
RB.(P,y, P,) =sup {J’deP1 + JU g dP,: (f, g) e Lip° (U)}.

() If [, c(x, a)(P,+ P))(dx) <co for some a € U, then

(2.4) A (P, P,) = RB.(P,, P,).
(i) If |, d(x, a)(P,+ P,)(dx) <o for some ac U, then
(2.5) A4 (P, Po)=RBy(Py, Py),

where B, is given by formula (2.3).

If P, and P, are tight measures, then the infimum in (2.1) is attained.

Recall that a measure P is said to be tight if for any positive & there is a
compact set K, such that P(K,)>1—e¢ (see, for example, [79]).

The proof of Theorem 1 is based on the idea in the proof of the more general
Theorem 3 given below.

The theorem implies that if % is a class of pairs (f, g) of measurable functions
satisfying f(x)+g(y) = c(x, y) for all x, ye U and U > Lip°® (U), then

dc(PlaP2)=Sup{J fdP1+J gdpP;: (f,g)e%I}

(see also [143] for U a Polish space and [100] for (U, d) an arbitrary space).
Dobrushin [10] proved that if ¢(x, y) = I{x # y} is the indicator metric, then
in a metric (not necessarily separable) space (U, d)

(2:6) A (Py, P) =sup {|P,(A) — P(A)|: Ae B(U)},

where B(U) is a o-algebra of Borel sets.
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Relations (2.2), (2.4)-(2.6) furnish a complete description of the minimal
metrics

(2.7) 1,(P,, P,)=inf{%,(P): Pe (P, P,)}, 0=p=oo,

with respect to functionals called compound probability metrics (see [14], 20])

P
$p(P)=U d?(x, y) P(dx, dy)] ,  0<p<oo,p'=min(1,1/p),
uxU

Zo(P)= J I{x # y}P(dx, dy),

UxU

£ P) =ess sup, d(x, y) = inf {&>0: P(d(x, y)> &) =0}.

It will be recalled that a s.m.s. (U, d) is called universally measurable (u.m.) if
any measure P e P (U) is tight. If (U, d) is u.m., then the functionals 1,, 0= p =,
are metrics by virtue of the Fréchet-Strassen theorem on the existence of a
measure with given marginal distributions (see [83], [63], [72], [53], [133],
[48]-[50], [571, [132], [93], [153]). The problem of finding 1,, p>1, is known
as Dudley’s problem [79]. The dual relations for (2.7) when 0= p <oo follow
from the representations (2.2), (2.4)-(2.6); the relation

1o(Py, P,) =inf {e >0: P,(A)= P,(A®), Ae B(U)},
A ={x:d(x, A)<e&}
(see [77], [79], [38], [21]) is a simple consequence of Strassen’s theorem
(2.8) inf {HF(P): Pe P(P,, P,)} = w(P,, P,),

where ¥%(P) =inf {e >0: P(d(x, y)> €) < ¢} is the Ky Fan (Fan’ Tsi) distance
and w(P,, P,) is the Lévy-Prokhorov distance (see [13], [36], [133], [77], [79],
[86], [135]). Dobrushin’s theorem (2.6) also follows from Strassen’s theorem (see
[37]). In addition, (2.6) is a direct consequence of relation (2.5) of Theorem 1
in asms. (U,d?),0=sp=1, if p>0 (see [14]).

We now consider the topological structure of the functionals (2.1). Strassen’s
theorem (2.8) shows that a metric which is minimal with respect to distance in
probability induces weak convergence. Hence, it is natural to expect that the
metrics 1, 0<p<oo, would also possess striking topological properties.
Kantorovich and Rubinshtein [27] showed that 1, = B, induces weak convergence
when U is a compact space. Dudley [76], [79] (see also [54]) considers essentially
the metric %, of (2.3) with a bounded metric d and establishes the topological
equivalence of B, and = in a s.m.s. U. Dobrushin [10] proved that the weak
convergence of the sequence {P,,n=1,2, - -}c P, to Pe Py, (P, P) and the
relation

lim sup J d(x, a)I{d(x), a)> m}P,(dx-=0
m->0 n U

lead to lim, . 1,(P,, P) =0 (see [57] for the special case of a Banach space U).

The next assertion generalizes the results of Kantorovich-Rubinshtein, Dobrushin

and Dudley on the topological structure of the functionals &, in a s.m.s. U.



THE MONGE-KANTOROVICH PROBLEM 651

Theorem 2. Let
ce®, and ju c(x, a)P,(dx) <o, n=0,1,-
Then
(29)  lim s4(P,, Py)=0¢ P, = Py, lim L c(x, b)(P, — Py)(dx) =0

for some (and therefore for any) be U.

Theorem 2 is proved in [117], [43] and the special cases of it: H(t)= 1",
p=1, in [11], [116]; p=1, d a bounded metric, in [93]; and p=2, U=R',
d(x, y)=|x—y|in[111]. The proof of (2.9) is based on a relation between minimal
metrics (see [14]). Generalizations of (2.9) were considered in [43], [45]. For
any Pye P, (U a Polish space), the space of measures {P: & (P, Py) <} is
complete with respect to the metric functional 4, ce €, (see [10], [41], [43]).
In particular, the space { P: 1,(P, P,) <0} is complete with respectto 1, 0=p=0c0
(see [93] for 1=p=o0, Py(a}=1).

In 1957, Kantorovich and Rubinshtein (see [26], [27]) studied the problem
of transferring masses in the case the transit conveyances have been resolved,
i.e., of determining the quantity

(2.10) APy, Py) = inf{[ c(x, y)Q(dx, dy): Qe @’(Pan)},

Ux
where the space of admissible conveyances %'(P,, P,) consists of all bounded
non-negative Borel measures on U x U satisfying

Q(AXU)=-Q(U xA)=P,(A)—Py(A)

for all Ae®B(U). For U a compact space and c(x, y) an arbitrary continuous
cost function, Levin and Milyutin [34] proved the dual relation

(2-11) dlc(Pla Pz)=%'c(P1, Pz),

where
RB.(Py, P,)=sup “ fd(P,—Py): f: U> R, f(x)—f(y)=c(x,y),x, y€ U}-

The relation (2.11) continues to hold if U is a sms.,, c(x,y)=
d(x,y)T(d(x, a), d(y, a)), where a is some fixed point of U and T(t, s) = T(s, t)
is a continuous function on (=0, s =0) which is non-decreasing in this region
in both its arguments and strictly positive everywhere with the possible exception
of the lines t =0 and s =0 (see [43] and [79] (for T =1)). Clearly, .= A, and
if ¢c=d, then .= s, (see [27] for U compact and [57] for U Polish). Levin
[31] proved that if (U, d) is compact, c(x,x)=0, c(x,y)=0, and c(x, y)+
¢(y, x)>0 for x # y, then o, = ., if and only if c(x, y)+c(y, x) =d(x, y). In the
following example, the differences between the functionals &, and <. are
especially noticeable.
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ExaMpPLE. Let U=R"' and c(x, y)=|x—y|h(max (|x —al, |y —a|), where
h(t) is a nondecreasing non-negative continuous function on the half-line [0, 00).
Then

e

APy, Py)= I |Fi(x) — F(x)|h(|x - al) dx,

1
A (Py, Py) = J c(Fy'(1), F7'(1)) dt,
0
where F; is the distribution function corresponding to P, and F;' is its inverse,
j=1,2.

The functional &, is frequently used in mathematical-economic models (see
[46], [34], [144], [155]) but it is not applied in probability problems. Observe
however the following relationship between the Fortet-Mourier metric and rela-
tion (2.11). In 1953, Fortet and Mourier [82] introduced a metric which is
topologically equivalent to 1,, p=1 (see [76]-[79], [116], [117], [43]) given by

:fe@"}

FM,(Py, Py) =sup{

J fd(P,—P,)

and

Er= {g: U->R',sup r'? sup {I_g(x___)_:_g_g_)_l x#y,d(x,a)=r,d(y,a)= r} = 1}
r=1 d(x, J’)

and a is a fixed point of the s.m.s. U. The functional %/, has a dual representation

of the form (2.11),

FM,(P,, P) = inf{J D,(x, y)P(dx, dy): Pe P'(P,, Pz)},

UxU
Dy(x, y)=d(x, y) max[1,d" '(x, a), d*"\(y, a)], x,yeU.

2.3. Gini’s measure of discrepancy. Already at the beginning of this century,
the following question arose among probabilists: What is the proper way to
measure the degree of difference between two random quantities (see the review
article [101])? Specific contributions to the solution of this problem, which is
closely related to Kantorovich’s problem 2.2, were made by Gini (see [88]-[92]),
Hoeftding [98], Fréchet [84] and by their successors (see [4], [35], [56], [61]-[68],
[70]-[72], [81], [97], [102]-[111], [113], [115], [120]-[128], [131], [136], [138],
[140]). In 1914, Gini [88], [89] introduced the concept of ‘“‘simple measure of
discrepancy” which coincides with Kantorovich’s metric &,(U = R, d(x, y) =
|x —y|). Namely, Gini [88]-[90] studied the functional

(2.12) H(F, F,)= inf{J . |x—y| dF(x, y): Fe &(F,, Fz)}

in the space & of one-dimensional distribution functions (d.f.) F; and F,. In
(2.12), #(F,, F,) is the class of all two-dimensional d.f. F with fixed marginal
distributions F;(x) = F(x, ©) and F,(x) = F(, x), x € R'. Gini and his students
devoted a great deal of study to the properties of the sample measure of dis-
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crepancy, Glivenko’s theorem and goodness-of-fit tests in terms of ¥ (see [61],
[63]-[66],[70]-[72],[81], [88]-[92],[97],[103]-[106],[110],[115], [122]-[127]).
Of especial importance in these investigations was the question of finding explicit
expressions for the measure of discrepancy and its generalizations. Thus in 1943,
Salvemini [123] showed that

(e

(2.13) H(F,, F) =I | Fi(x) — Fy(x)| dx

in the class of discrete d.f. and Dall’Aglio [70] extended (2.13) to all of %.
Formula (2.13) was proved and generalized in many ways (see for example, [27],
[4], [22], [14], [142], [21], [79], [38], [118], [67]-[68], [136]). For example, by
virtue of the Hoeftding-Fréchet inequalities (see [98], [83])

E(x’y)éF(xay)gF_‘(xay)’Feg(FlaFZ)’
E(x,}’)Emax{Fl(x)+F2(Y)-1,0},
F(xs )’)Emin {Fl(x)s Fz(J")}, x’y€R19

any convex non-negative function ¢ on R’ satisfies the relations

inf{J _¢dF: Fe #(F, Fz)} - j @dF= j o(F7'(u) - F5'(u)) du,
(2.14) N K ’

sup J ¢odF: Fe Ff(F,,Fz)}=J‘ ¢ dF
R? R?

= J'l ¢(Fy'(u)—F;'(1-u)) du

0

(see [68], [136]). In particular,

1 1/p
1,(Py, P))= {J |FT'(t) = F2 () dt} , p=1,
0

(see [981, [84], [107], [62] for p=2 and [63], [70], [72] for p=1) and
1( Py, P,) =sup {| F7'(x) = F;'(x)|: x€[0, 1]}

(see [39]). The metric 1, (see [83], [84]) is sometimes called Fréchet distance
(see[71]-[73]). Let F*(F,, F,) denote the subset of #(F;, F,) of two-dimensional
d.f. for which the infimum in (2.12) is attained. If H € ¥(F,, F,) and H(x, x) =
F(x,x),xe R, then He F*(F,, F,) (see [72], [22]). The following example
shows that the class #*(F,, F,) need not be a singleton set.

ExAaMPLE. Let F, and F, be discrete d.f. for which there exist a positive &
and points x,> x,; and y,> y; such that

Fl(x,+0)—-F1(x,—0)§€ al'ld Fz(y,+0)"'F2(y,—0)§8, i=1,2.

Then the measure P induced by F has a positive mass ¢ at the points (x; y:),
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i=1,2. Let P be a discrete measure on R’ defined by the conditions:

P{(x, yi)}=ﬁ{(xi, y)}—e, i=1,2,
P{(xy, y2)} = P{(xh y2)}+e,

P{(x,, y))}= P{(xz, y2)}+e
and

P{(x, )} =P{(x »)}

at all remaining points. Such a measure exists (cf. [136]) and its d.f. F belongs
to F*(F,, F,).

Other examples are discussed in Sudakov’s paper [50].

The problem of describing the set of all optimal transference plans was
studied in [23]-[24], [50], [74]-[75]. We point out that obtaining explicit
expressions for the Kantorovich metric in the multi-dimensional case U =R",
n>1, is an open question. We mention two results on the evaluation of 1,(P, Q),
where P and Q are normal distributions in R" with the means up and o and
real covariance matrices 2p and 2.

(i) If 2pZo =23 p, then (see [73])

inf{j . Ix=YI3P(dx, dy): Pe (P, Q)}

=lmp—poll3+tr Ep+2o—-2(2p20)"?),

where

Ix=yle=X bxi=nf,  x=Ca,cux), y=0n-,0)eR"

(The condition 2p3,=3,%p was not assumed to hold in [73] but as Shortt
noted (in a private communication) without this condition the derivation of the
formula is not legitimate.)

(ii) inf{J' ||x—y||f13(dx, dy): Pe (P, Q)}
R2n
=|lup—polli+tr Cp+2o—-2(VE, 2oV =02,

where [[x—y|l, =X, |x;— il (see [93]).

The question of estimating the Kantorovich metric arises in many problems
on the stability of stochastic models (see [14]-[20], [141]-[142]) but it is of
especial interest in solving the problem of the uniqueness of a Gibbsian random
field and in problems of phase transitions in statistical physics (see [8]-[10],
[69],[5],[51],[55],[146]-[152], [154]), in particular, where U = R" and d(x,y) =
Ix=yl:.

In[11], [14], [16]1-[20], [141]-[142], an estimate is given for the Kantorovich
metric with the help of the first pseudomoment when U is a Banach space with
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norm || ||:
1,(P, Q) =inf{J Ix—yll P(dx, dy): Pe P(P, Q)}
UxU
=n(RQ)= | IxIIP-0ldx
U
The next three estimates refine the upper bound when U= R" and || || = - |,

For n=1, they become equalities.
(i) Let P and Q have the densities p and q. Then

ll(P’ Q) = al(R Q)a

where

1
J (P=@)(x/t, -+, x, /)"  dt| dx, - - - dx, = vy (P, Q).

0

«@)= Ixl

(ii) Let (pi—qi)(x1, -+, x)=J g1 (p—q)(%1,* * *, X,) dX;1y - + * dX,.. Then
(see [42])
1,(P, Q)= ay(P, Q),

where

o)

dt,

J:l (p1—q1)(xy) dx,

£

+J J (Pi—q)(xy,* -+, x;) dx;
0

t
(iii) In the one-dimensional case, the Kantorovich metric

aZ(P, Q)=J'

—00

dt;

L
J' (pi—aq)(xy, -+ -, x;) dx;

dti] dx, -+ dx, = v(P, Q).

H(F, G) =inf {Eq|X — Y|: € F(F, G)} =J |F'(x)— G™\(x)| dx

“is attained” on the pair of random variables X*=F (V) and Y*= G (V),
where V is a uniformly distributed random variable in (0,1). In the multi-
dimensional case, the Kantorovich metric has the form

H(P, Q) =inf{Eqs|X-Y|: ® e F"(F, G)},

where F and G are the respective d.f. of measures P and Q and F"(F, G) is
the space of all 2n-dimensional d.f. ® with fixed marginal distributions

(D(xla'“’xmw,”'aw)=F(xla”‘9xr|)a
(I)(ma...awaxla".,xn)=G(x1"”"xn)(xls.”aanRl)'

The following estimate is due to Kalashnikov. Let the random vectors X=
(X1, +,X,)and Y=(Y,, -, Y,) have respective d.f. F and G. Put ¢(x,)=P
(Xh<x1), @(xiv1s X1, 0, %) =P (Xip1 <x4| Xy =%y, -+, X;=x;) and define
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functions ¢ similarly for the vector Y. Let Vi,---,V, be independent r.v.
distributed uniformly on (0, 1). Let
Xf=¢7'(V), X¥=¢'(VuX?), -+, Xi=¢ '(Vu; X¥, -+, X%,
Y;k= ‘I/_I(VI)’ Y2 = ¢_1(V2; Y;k)a Y Y:':= l//_l( Vn; Y;ky T, Y;‘:—l)'

Then the random vectors X* = (X¥, -+, X¥) and Y*=(Y¥, -+, Y¥) have d.f.
F and G and hence

K(P, Q) =E[X*-Y*|.

In the case ||| =] -|l; and U=R", the following lower bound exists for
(P, Q). Let the measure P have one-dimensional marginal d.f. F;, - -, F, and
Q the marginal d.f. Gy, - - -, G,.. Then #(P, Q) =Y |_, [*, |Fi(x)— Gi(x)| dx, and
equality is attained when P is uniquely determined by the collection Fi, - - -, F,
and Q by the collection G,, - - -, G, (see [136], [140]).

2.4. Ornstein distance. Let (U, d) be a s.m.s. and let d,,, a € [0, ], be the
analogue of the Hamming metric U™", namely,

1f ¢ “ xn
dn,a(x’y)=;[z da(xia y:)] ) X=(X1,‘ * ',x,,)e U s
i=1

Y=, y)elU™ 0<a <o, a'=min(1,1/a),

1 n
dn,o(X, y)= ; gl I{x; # yi},

duesty) = max {d(x, y): i =1, n}

For any Borel probability measures P and Q on U™, define the following
analogue of the Kantorovich distance:

D,.(P, Q) =inf{j d,.dP: Pe P(P, Q)}.
Ux2n

The distance D, o is known among specialists in the theory of dynamical systems
and coding theory as Ornstein’s d-distance (see [114], [94]-[96], [145]). In [94]
(see also [136]), a generalization of the Ornstein distance is considered called
the p-distance which coincides with D, ;. In information theory, the Kantorovich
metric D, ; is known as the Vassershtein (sometimes Lévy-Vassershtein) distance
(see [5], [10], [136]). It is possible to show that

de(P~Q) :f: UN >R, Ln,a(ﬁél},

Lo (f) =sup{lf(x) = f(WI/dna(x,y), x#y,ye U™}

for all a €[0, ) (see Theorem 3 below).

D, .(P, Q) =SUP{
(2.15)

2.5. Multi-dimensional Kantorovich problem. Consider the following prob-
lem which generalizes all of the preceding statements.
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Let P= {P,,i=1,---, N} be the set of probability measures given on a s.m.s.
(U, d) and let ‘/B(f’) be the space of all Borel probability measures P on the direct
product UN with fixed projections P; on the ith coordinates, i=1, - - - , N. Evaluate
the functional

(2.16) A.(P) =inf{f _cdP: Pe zB(ﬁ)},

where c is a given continuous function on U™ (see [40], [109], [128], [136]).

This transport problem of infinite-dimensional linear programming is of
interest in its own right in problems of stability of stochastic models (see [11],
[141], [22], [40]). This is related to the fact that if {P{",---, P{}, i=1,2, are
two sets of probability measures on (U, d) and PV =P{" x- .. x P{ are their
products, then the value of the Kantorovich functional

APV, PD) = inf{j c*dP: Pe P(PV, p<2>)},
UxZN
C*(xl, XN, yla ce ayN)= ¢(cl(xl9 yl)a T, cN(xN, yN))a
xi’yielja i=l,"‘,M
where ¢ is some continuous function on R™, coincides with
Ac(PD, o P, PP, PR)

=inf” L dP: PeR(PY, -+, PY, PP, -+, P(,?,)}.
u*?

When U = R!, the following theorem of Lorentz (see [109], [128], [136],
[40]) establishes an explicit representation for the functional A (P). A function
W:R?- R! is said to be 2-antitone if

W(x, y)+ W(x',y)— W(x,y)— W(x',y)=0 forallx=x,y=y'"

A function W: R~ > R', N=2, is said to be N-antitone if W is 2-antitone in
any two of its arguments (for different examples of N-antitone functions, see
[68], [136], [40]). Let the probability measure P; have a d.f. F;, i=1,---, N,
and let H(x) =min {F,(x): i=1, - - -, N}. Then any continuous N-antitone func-
tion W satisfies the relation (see [136])

j WdH = Ay (P)
RN

if and only if at least one of the following two conditions holds:
(a) W= h for some continuous function h satisfying

I th‘<oo, PeR(P);
RN

() sup {|f gv WdP|: Pe B(P)} <.
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3. Multi-Dimensional Kantorovich Theorem

In this section we shall prove the duality theorem for the multi-dimensional
Kantorovich problem and we shall study the topological structure of the functional
(2.16).

For brevity, ? will denote the space 2 of all Borel probability measures
on a s.m.s. (U, d). Let N(N =2) be an integer and let ||b]| (be R™, m=(3)) be
a monotone seminorm ||, i.e., |‘| is @ seminorm in R™ with the following
property: if 0<bi<b!, i=1,---,m, then |b'|=]|b"|. For example,
bl =27, 67177, bl =max {|bi|: i=1,---,m}, |bll=[T7_, b| and |b]|=
[IZ:L b-|”+|22"=k+1 bi'p]l/Pa p=1. Forany x=(x;, "+, xy)e U™", let

@(x) = ”d(xh x2)’ d(xl’ X3), Y d(xl, xN)’ d(x2, X3), DY d(xN-b xN)"‘

Let P= (P, -, Py) be a finite set of measures in # and let
(3.1) Ap(P) =inf{J D dP: PE‘B(I")},
UXN

where D(x) = H(%(x)), xe U*N and H € %,.

Let 2" be the space of all measures in 2 for which |, H(d(x, a)) P(dx) <o,
ac U. For any Uyc U define the class Lip (Uy)=U ., Lip; (Us), where
Lipy,o(Uo) ={f: U~ R": |f(x) = f(y)| = ad(x, y) for all x, y € Us, sup {|f(x): xe
U,} < oo}

Define the class 8(Uy) ={f=(f;, -, fn): Zf:lfi(xi)g D (x,,- -+, xn) for
x;€ Uy, fieLip (Uy),i=1, -+, N}and for any class % of vectors f=(f, - - -, fx)
of measurable functions, let

- N
K(P,%I)=sup{2 J ﬁdPi:fe%I}
i=1 U
and hence the following inequality holds:
(3.2) Ap(P)ZK(P; B(U)).

The next theorem (an extension of Kantorovich’s theorem to the multi-
dimensional case) shows that exact equality holds in (3.2).

Theorem 3. For any s.m.s. (U,d) and for any set P=(P,--,P,),Pc¢c
PR i=1,---,N,

(3.3) Ap(P)=K(P; ®(U)).
If the set P consists of tight measures, then the infimum is attained in (3.1).
Proor. 1. Suppose first that d is a bounded metric in U and let
pi(xy ) =sup{|D(x,* * -, xn) = D(y1,* -+, yn)l: xi=y;eU,
j=1,---,Nj#i}

(3.4)

forx;, y;e U,i=1,---, N. Since H is a convex function, p,, - - -, py are bounded
metrics. Let Uy< U and let &(U,) be the space of all collections f=(f;, - - -, fx)
of measurable functions on U, such that fi(x;)+- - -+ fN(xn) = D(xy,* * *, Xn),
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Xy, , x, € Up. Let &"(U,) be a subset of &’'(U,) of collections f for which
|lfi(x)—fiN=pi(x,¥),x,ye Uy, i=1,- - -, N.We wish to show that if P.(U,) =1,
i=1,---, N, then

(3.3 K(P; &'(Uy) =K(P; B"(V)).
Let fe &'(U,). We define sequentially the functions
fTGe) =inf {D(x,, - - -, xn) = fo(x3) =+ - = fn(xn):
Xy, ++,xy € Ug, x,€ U,
fF(e) =inf {D(x,, - - -, xn) = fF(x,) =f3(x3) = - - = fn(xn):
X €U x5, ,xyeUp}, %€ U, -,
SR(xn)=inf {D(x,, - -, x5) = fF(x) = - - = fhoi(xno1):
Xy, ,xn1€ UL, xye U

The collection f*=(f¥, - - -, f%) belongs to the set &"(U) and f¥ = f;(x) for all
i=1, -+, Nand xe U,. Hence, Y|, [, idP,=¥_, [, f¥ dP; which implies the
inequality

(3.6) K(P; &'(Uy)) =K(P; "(Uy))
from which (3.5) clearly follows.

Case 1. Let U be a finite space with the elements u,, - - -, u,. From the
duality principle in linear programming, we have

AD(ﬁ)zinf{i e i D(uip.“auiN)r(ih...aiN):

i=1 in=

’n-(il,‘ s iN)gO’ Z W(ih. ) .,iN)‘:Pk(uik)ak:l,' . °,N}
k

ij: j#

=Ssup { i Y fi(u) P(u;): glfj(“j)§ D(uy,+ -+, un), Uy, ", Uy E U}

i=1j=1

=K(P; &'(U)).
Therefore (3.6) implies the chain of inequalities
K(B:; B(U)) =K(P; B"(U)) =K(P; &'(U)) = Ap(P),

from which (3.3) follows by virtue of (3.2).

Cast 2. Let U be a compact set. For any n=1,2,- -, choose disjoint
non-empty Borel sets A,, - - -, A,, of diameter less than 1/n whose union is U.
Define a mapping h,,: U~ U, ={uy, - -, u,, }suchthat h,(A) =u,i=1,- -, m,
According to (3.5), we have for the collection B, =(P,° h;', -+, Py h,') the
relation

i=

(3.7) K(P,; ®'(U,) =sup { ‘::1 I fi(hy(u)) Pi(du): fe &'( U)}-
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If fe®'(U), then Y|, fi(h,(4))= D(uy, - - -, u,)+ K/n, where the constant K
is independent of n and u,, - - -, u,, € U. Hence, from (3.7) we have

(3.8) K(P,;®'(U,))=K(P;®'(U))+K/n.

According to Case 1, there exists a measure P ¢ iB(f’,,) such that
(3.9) J DdP™ =K(P,; &'(U,)).
UxN

Since P,o h,' converges weakly to P,i=1,---, N, the sequence {P'™ n=
1,2, -} is weakly compact. Let P* be a limit of it in the sense of weak
convergence. From (3.8) and (3.9) it follows that

,[Um DdP*=K(P;®'(U)).
Cask 3. Let (U, d) be a bounded s.m.s. Since
ju H(d(x, a))Pi(dx) <o,
the convexity of H and (3.4) imply that
Ju pi(x, a)P,(dx) <o, i=1,---,N.

Let the P, be tight measures. Then for each n=1,2, - - - there exists a compact
set K,, such that

(3.10) sup J (1+pi(x, @) P(dx)<1/n.
1sisN JU\K,
For any Ae®B(U), put

P,,(A)=P(ANK,)+P(U\K,)8,(A), P, =(Pyp ", Pny),
where

1, a€A,

8.(A)=
a(4) {O, ag A,
is the indicator function of the set A. By (3.5),

K(B,; 8'(K,U{a}))

(3.11) ésup{g j ﬁ(x)Pi(dx)+J

i=1

pi(x, a)Pi(dx):fe @5(U)}

U\K,
=K(P;®(U))+N/n.

According to Case 2, there exists a measure P e 8(P) such that
(3.12) J DdP™ =K(P,; ®'(K,U{a}).
UxN

We then obtain (3.3) from relations (3.11) and (3.12) similarly to Case 2.
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Now let Py, - - -, Py be measures that are not necessarily tight (see [79],
[40]). Let U be the completion of U. To any positive ¢, choose the largest set A
such that d(x,y)=e/2 for all x#y, x,ye A. The set A is countable: A=
{xl,xz, ). Let A,={xe U: d(x,x,)<e/2=d(x, x;) for all j<n} andlet A, =

A,NU. Then A,, n=1,2,- - -, are disjoint Borel sets in U and A,,n=1,2,- -,
are disjoint sets in U of dlameter less than &. Let P, be the measure generated
on Uby P, i=1,- N. Then for Q=(P,, -, Py) there exists a measure

2 €PB(Q) such that

f . DR =K(Q: B(U)).

Let P,,.(B)=P(BNA,,) for all Be B(U), i=1, -, N. To any multiple index
m=(my, -, my), my=1,2,-+--, i=1,--+, N, define the measure (see [79],
[40])

Mm =cmP1m1x' * 'XPNmN,
where the constant ¢, is chosen S0 that p,(A, X XA, )=@(A, X XA, ).
Let u, =Y ., im Then u, € R(P) and, to each positive &,

pe(D(y1, -, yn)> a+2e|el)
SY {pum(Ap X+ XA, ) D(xy, -+, xn) > at+ellel]}

§lz(@(J’1, v 9yN)>a)’
where e is a unit vector in R™. Since H(t) is strictly increasing and D(x) =
H(2(x)),

[ o

LXN D(x)p.(dx)=| w(D(x)>1)dH(1)

JO
[ co

2 (D(x)> 1) dH(t+2e]le])) + H (22 e]])

iA

JO

~

A

o D)+ L (H(D(x)+2le]) - D) £ (dx)

+H(2¢llel]).

From the Orlicz condition, it follows that for any positive p, the inequality
| e +2eted - Donacax
=sup {H(t+2¢|le])~ H(1): 1[0, 2p] e[|}
+¢ g ju H(d(x, a))I{d(x, a)>p/N}P(dx)

i=1

holds, where c, is a constant independent of £ and p. As ¢ > 0 and p - 0, we obtain

-0

lim sup J _Dap, éj_w Ddi=K(Q; &(0))=K(P; G(U)).
U U
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II. Let U be any s.m.s. Suppose that P, - - -, Py are tight measures. For any
n=1,2,- -, define the bounded metric d, = nd/(n+d). Write D,(x,, -+, Xn) =
H(||d,(xy, X2), * + *, An(x1, XN), du(X2, X3), * + *, d,(XN-1, Xn)||). According to part
I of the proof, there exists a measure P e B(P) such that

(3.13) J D,dP™ =K(P;®(U, d,)).
UxN

Since P, n=1,2,---, is a uniformly tight sequence, on passing to a sub-
sequence if necessary, we may assume that P converges weakly to P ¢ R(P).
By Skorokhod’s theorem (see [47], [77], [79]), there exist a probability space
(Q, u) and a sequence {X,,k=0,1,---} of N-dimensional random vectors
defined on (€, x) and assuming values on U™". Moreover, for any k=0, 1, - -,
the vector X, has distribution P‘® and the sequence X, X, - converges
w-almost everywhere to X,. According to (3.13), we have K(P;®(U, d)) =
| D(Xi) du - [ D(X,) du. Hence

K(P; ®(U))z lim K(P; 8(U, d) 2 An(P),

which by virtue of (3.2) implies (3.3). The theorem is proved.

As already mentioned, the multi-dimensional Kantorovich theorem can be
interpreted naturally as a criterion for the closeness of n-dimensional sets of
probability measures. Let (U, d;) be as.ms.,and P, Q;e Py, i=1,- -, n. Write
P=(P,---,P), 0=(Q,,Q) P, QecP, and Alxy)=
H(||di(x1, 31), " * *, d(Xn, ya)|), where x=(x;, -, x,) and y(y, - *,¥.)€
U, x-+-XU,=%and | -], is a monotone seminorm in R". The analogue of the
Kantorovich distance in % = Py, X+ -+ X Py is defined as follows:

(3.14) fu(B, Q)= infj A(x,y)P(dx dy): PeR(P, Q),

A XA

where R(P, Q) is the space of all probability measures on %A XA with fixed
one-dimensional marginal distributions Py, -+, P,, Qy, - -+, Q,. The Orlicz con-
dition implies that & ;; satisfies the following analogue of the triangle inequality:

Ru(P,, B) = culRu (P, P+ R u(Py, B)1.

If H(t)=1t", p=1, then 8" is the usual metric in ?. Copying the proof of
Theorem 3, we can obtain the following duality theorem for & .

Corollary 1. If [, H(d(x,a))(P+Q;)(dx)<co for some a;eU,i=
1,---,n, then

Ku(P, é)=sup{ ) Lf:dpﬁju g:dP;: f, g Lip (U)),

i=1

(3.15)
i= 1’ Y n’ Elf;(xl)+gl(yl)§A(xa y), X,yegl}-

If P and é are sets of tight measures, then the infimum is attained in (3.14).
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In the special case H(t)=t?, |bll,=|Y/_, b, we have the following
expression for the metric & = & .
Corollary 2. If IU’_ d;(x, a;))(P;+ Q;)(dx) < for some a;ec U,i=1,---, n,
then

(B, Q) =inf{j S d(x, ) P(dx dy): PeR(P, é)}

AxA i=1

(3.16) = § a [vad(n—o,-)\:feup],l W)

= Z:ZI &fa,-(Pi, Q.)

The representation (3.16) is a direct consequence of both (3.15) and the
one-dimensional Theorem 1.

The distance &) assigns a natural metric structure in % and an important
question is that of finding criteria for the convergence of collections of measures
Pe @ in terms of & . Let us state a multi-dimensional analogue of the Kan-
torovich-Rubinshtein theorem.

Corollary 3. Let PX=(P{¥, ... PMed k=0,1,---, and let

J H(d(xi’ ai))PEk)(dxi)<w, i=1" * "nakzoa la. T
U,

Then limy,o S (PX, P©)>0 if and only if, foralli=1,-- -, n,

P™ 5 PO and j H(d(x, ¢))(P{™ = P{¥)(dx;) >0, m~co,

for some (and hence for all) c; € U,
To conclude, we turn our attention to the relationship between Theorem 3
and the multi-dimensional Strassen theorem.

Theorem 4. (See [40].) Suppose that (U, d) is a s.m.s.,
(3.17) HF(pn)=inf{a>0: u(PD(x)>a)<a}
is the Ky Fan functional in P <~, and
II(P)=inf{a>0; P,(B,)+" - -+ Pn_1(Bn_1)
=Py(B§)+a+N-2forallB,, - ,Bn_,€B(U)}

(3.18)

is the Prokhorov functional in ?™N, where B* ={xy€ U: D(x, -+, xn) = a for

some x,€ By, +, Xny_1€ By_1}. Then
(3.19) inf {HF(u): p e R(P)}=T1(P),

and if Pis a set of tight measures, then the infimum is attained in (3.17).

This theorem was proved by Schay [130] in the case of a Polish space. From
(3.3) and (3.19) follows the next inequality relating the functional K(P) and the
Prokhorov functional (3.18) in the multi-dimensional case: forany H € #,, M >0
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and ae U,
H(P)H(II(P)) =K(P) = H(II(P)) + ¢, H(M)II(P)
(3.20) N
+c Y J H(d(x;, a))I(d(x;, a)> N)P;(dx;),
i=1JU

where ¢,= Q') I=[log, (A,,N?)]+1, ¢;= Nc,, [x] is the integral part of x and
Am =max1§j.§m {”(lla T im)“: ik=0, k;éja ,j: 1}'

We point out that (3.20) easily leads to the assertion in Corollary 3 to
Theorem 3.

4. Applications of the Monge-Kantorovich Problem

As was clarified in the preceding sections, the MKP studies natural metrical
structure—the Kantorovich functional &/, and minimal metrics 1, that have good
metrical and topological properties. Thus, for example, the minimal structure of
. and 1, (Theorem 1) is especially useful in problems of stability of stochastic
models (see [11]-[20], [141]-[142], [3], [22], [10], [54]). It is natural to use the
topological structure of the functionals &/, and 1, (Theorem 2) in the limit-type
theorems assuring weak convergence plus convergence of moments such as
theorems for moments (see [1], [28], [58]) and global limit theorems (see [29]).

In this section, we shall study the Glivenko-Cantelli theorem, a functional
limit theorem, and the stability of queueing systems (QS) in terms of the func-
tionals &/, and 1,. These of course do not exhaust the possible applications of
Theorem 1 in the area of stochastics but they do describe a wide spectrum of
the possible applications of the theorem.

4.1. Glivenko—Cantelli theorem. Let (U, d) be a s.m.s. and let ?, be the set
of all probability measures on U. Let X, X, - - - be a sequence of r.v. with values
in U and with respective distributions P, P,, - + - € ?y. For any n=1, define the
“empirical measure”

Bn=(8x,+- - +8x,)/n
and ‘“‘average” measure
P,=(Py+---+P,)/n.

Let &, be the functional (2.1), where ce€€,. We now state the well-known
theorems of Fortet-Mourier [82], Varadarajan [137], and Wellner [139] in terms
of o, relying on Theorem 2.

Theorem (Fortet-Mourier). If P,=P,=---=p and  co(x,y)=
d(x,y)/(1+d(x,y)), then . (pn, n)->0 almost surely (a.s.) as n—-> .
Theorem (Varadarajan). If P,=P,=---=u and ¢ (ce€,) is a bounded

function, then . (u,, u)—>0 a.s. as n—>co.

Theorem (Wellner). If P,, P,, - -  is a tight sequence, then s, (jt,, P,)~>0 a.s.
as n- oo,

The following theorem extends the results of Fortet-Mourier, Varadarajan
and Wellner to the case of an arbitrary functional &, ce €.
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Theorem 5. Suppose that s,, s, - - - is a sequence of measurable operators in U
and
D;=sup {d(six, x): xe U},

Li=sup {d(sx, sp)/d(x, y): x#y,x,ye U},
®i=min [Dia (Li+1)&¢co(ax,-9 R), 1]’ i=132’. .

Let Y;=s,(X;), Q; be the distribution of Y, Q,=(Q,+---+Q,)/n and v,=
(8y, -+ -+8y,)/n If Q1, Qy, - - - is a tight sequence,

4.1) 0,=0,+-:-+0,)/n->0 as., n-> oo,
ce €, and for some ac U
(4.2) lim sup J c(x, a)I{d(x, a)> M}(u,+ P,)(dx) =0 as.,

M-o0 n U

then A, (w,, P,)>0 a.s. as n .

Proor. From Wellner’s theorem gsee [139], and also [79], Theorem 8.3)
and (2.5), it follows that lim, &, (v, Q,) =0 a.s. We next estimate /¢ (un, P.)
obtaining

(43) 'Sdco(“‘m Pn)édco(ym Q-n)+(B1+' ' '+Bn)/na

where

B.-=SUP{ J Lf(si(x)) =f(x)1(8x, = P)(dx): f: U> R,
U

FE) =1F D)= co(x, 3), x, ye U}.

B; satisﬁgs the estimate B; =2 min (L,, 1,4(L; + 1), (8x, P;)). According to (4.1),
e (pns P,) >0 as. as n>00. By Theorem 1 and Strassen’s theorem (2.8), it is
possible to derive these inequalities: for any positive M,

(e P) _ (o Pa)

(4'4) 1+ 77([1«", 13") = t‘o(/"m Pn) é 7T([.L”Pn)+ 1 + ’ﬂ'(/drn, Fn)’
and
“5) A (pimy P) = H(m (s B,)) +2cpm (s, P,)H(M)

ten J c(x, a)[{d(x, a)> M}(p, + P,)(dx),
U

where 7 is the Lévy-Prokhorov metric. (For a derivation of relations such as
(4.4) and (4.5), see [14].) From (4.1), (4.4) and (4.5), it follows that &, (u,, P,) >0
a.s. as n-> 0,

Corollary 1. If c(ce€@,) is a bounded function and ©,-0 a.s., then
Ae(phny, P,) >0 a.s. as n - oo,

Corollary 1 is a consequence of Wellner’s theorem when s5;(x)=x, xe U.
The following example shows that the conditions imposed in Corollary 1 are
actually weaker as compared to the conditions of Wellner’s theorem.
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ExaMmpLE. Let (U, |- ||) be a separable normed space. Let x, € U, || x| > k7,

k=1,2,---, and let X = x, a.s. If we put si(x)=x—x, then Q,=8,and ®,=0
a.s. Thus . (u,, P,)=0 a.s. but P, is not a tight sequence.
In the following we shall assume that P, = P,="---=pu. In that event, the

Glivenko-Cantelli theorem can be stated as follows in terms of &/, and 1,.

Corollary 2. Let ce €, and [, c¢(x, a)u(dx)<oco. Then sf,(pt,, u) >0 a.s. as
n-00. In particular, if

I d?(x, a)p(dx) <o, 0<p<oo,
U

then 1,(w,, w)->0 a.s. as n—-> .

Corollary 2 was proved for the case p =1 by Fortet and Mourier [82], for
p=1in[116], and for the general case in [117], [43]. Theorem 1 gives an explicit
representation of the functionals /., c€ €,, when U = R (see (2.14)). Corollary
2 may be formulated in this case as follows.

Corollary 3. Let cc€,, U=R', and d(x,y)=|x—y|. Let F,(x) be the
empirical distribution function corresponding to the theoretical distribution function
F(x) with [ c(x,0) dF(x) finite. Then

J'1 c(F,(x), FY(x))dx->0 a.s.

0

In particular, if

Jlxl"dF(x)<°0,p§1,

then

1
J |F N (x)=F '(x)[Pdx>0 as.
0

Corollary 3 was proved earlier for the cases p=1 in [82]; p=2, F(x)=x,
x€[0,1] in [82]; and p=2, F(x) a continuous strictly increasing function in
[127]; for the general case, see [116], [117] and [43].

A consequence of the Fortet-Mourier theorem (see [76], Theorem 7, and
[79], Theorem 8.4) is Ranga Rao’s result [119]: for any class /# of equicontinuous
and uniformly bounded functions,

(4.6) sup{ j fd(,u,,—u)‘;feﬂ}eo a.s., n-> 0o,

In many problems (see, for example [68] and the references cited there), it is
natural to study the closeness of u, to w in terms of the functional

N (fny ) =sup quduﬁ L gdu: (f, g)eN},

where & is some class of pairs of measurable functions on U. Theorem 2 and
Corollary 2 to Theorem 5 furnish the convergence of u, to w in terms of 7.
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Corollary 4. Let H be a continuous non-negative function such that
lim,,osup {H(s): 0=s=1t}=0 and there exist a point t, and Hy€ ¥, for which
H(t)= Hy(t) fort=t, Letc=H - dand IU c(x, a)P(dx) <oco. Then ny(pup, p)—>0
a.s. as n-> 0o, where N is the class of all pairs of measurable functions (f, g) for
which f(x)+g(y)=c(x,y), x,ye U.

We study next the estimation of the convergence speed in the Glivenko-
Cantelli theorem in terms of . Estimates of this sort are useful if one has to
estimate not only the speed of convergence of the distribution w, to u in weak
metrics but also the speed of convergence of their moments. Thus, for example,
if E1,(un p)=0(¢(n)), n->o0, for some pe(0,), then Theorem 1 and
Strassen’s theorem (2.8) imply that (E(7(wn, 1)) ?*V/? =0 (¢(n)), n-> o0, where
p'=max (1, p) (see [14], [21]) and by Minkowski’s inequality it follows that

1/p’ 1/p’
U d”(x,a)un(dx)] —U d"(x,a)u(dx)]
U U

for any point a e U.

We shall estimate Es&f.(u,, u) in terms of the e-entropy of the measure u
as was suggested by Dudley in [78] (see also [85]). Let N(u, €, §) be the smallest
number of sets of diameter at most 2¢ whose union covers U except for a set
A, with u(A,) = 8. Using Kolmogorov’s definition of the e-entropy of a set U,
we call log N(u, ¢, €) the e-entropy of the measure u. (see [78]). The next theorem
was proved by Dudley [78] for ¢ = c,.

Theorem 6. Let c=Hode @, and H(t)=t"h(t), where 0<a =1 and h(t)
is a nondecreasing function on [0, c©). Let 8, = IU ¢"(x, a)u(dx) < oo for somer>1
and ae U.

(a) If there exist numbers k=2 and K <o such that

E =o0(¢(n))

(4.7) N(p,; gl gk =Dy < Kek
then
(48) E sty 1) S Cn 071,

where C is a constant depending just on a, k and K.
(b) If h(0)>0 and, for some positive ¢, and b,

(4.9) N(p, e/, H=c,e*
then there exists a c,= c,(u) such that
(4.10) Est,(pn, )= con
THE PROOF OF THEOREM 6 is based on [78] and the inequality
(4.11) A (p, v)=S2H(N)A, (p, v)+2cy | c(x, a)I{d(x, a)> N/2}(u + v)(dx),

where ¢, =d*/(1+d*), N>0 and u and v are arbitrary measures on 2. If
(U, d)=(RE -1, my =] Ix|"u(dx)<co, where v =kad/[(ka—d)(k=2)],
ka > d, k> 2, then requirement (4.7) is satisfied. If (U, d) = (R**, | - ||), where ka
is an integer and w is an absolutely continuous distribution, then condition (4.9)
is satisfied. The estimate Esf.(u,, 1) =cn~"* is exact as to order when h(0) =0,
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ka is an integer, U = R** and u is an absolutely continuous distribution having
uniformly bounded moments 8,, r>1, and m,, y>1.

4.2. Functional central limit theorem. Let &,,, &0, *, € P =1,2,-++, be
a double sequence of independent r.v. with d.f. F,,, k=1, -, k,, obeying the
condition of limiting negligibility

(4.12) lim  max P(|&x]>€)=0
and the conditions
kn
(4.13) E£, =0, E&=0%>0, Y 0% =0.
k=1

Let {,o=0and & =&+ - -+ &, 1 =k =k, and form a random polygonal line
£, (1) with vertices (2., D¢,x) (see [36]). Let P,, from the space of probability
measures defined on (C[0, 1], ||x|| =sup {|x(#)|: t€[0, 1]}) be the distribution of
£,(t) and let W be a Wiener measure in C[0, 1]. On the basis of Theorem 2, we
can state the following version of the Donsker-Prokhorov theorem for the
functional ..

Theorem 7. Suppose that conditions (4.12) and (4.13) hold and that
EH(|éul) <, k=1,2,--+,k, n=1,2,--- He¥,. Then the convergence
A (P,, W)>0, n>0, is equivalent to the fulfillment of the Lindeberg condition

n—>00 p ..y

k
(4.14) lim Y I x*> dF,(x)=0, £>0,
|x|>¢€

and the Bernshtein condition

k

m lim sup Z J H(|x|) dF,(x)=0.
|x|>N

li
N->co n-co” (74

(4.15)

ProoOF. By Theorem 3.1 of [36], the necessity of (4.14) is a straightforward
consequence of Theorem 2. Let us prove the necessity of (4.15). Define the
functional b: C[0, 1]~ R' by the relation b(x) = x(1). Since, for any N > 22,

J LD dH(t)§4ch P(120s |2 1) dH (1),
N N/2

it follows that EH (||, ||) <co for all n=1,2,- - -. By Theorem 2, the relations
P, W and | H(||x|)(P,— W)(dx) -0 hold as n-co and since for any N

o0

EH(|b(£,)DI{Ib({,)|> N} =2 JN P(|¢.|> 1) dH(t),  Ny=H '(H(N)/2),

we have P,ob™ * Wob " and | H(|x|)(P,cb™' = Wob™")(dx)>0 as n-> .
By virtue of Theorem 1 of [28], the necessity of condition (4.15) has been proved.
The sufficiency of (4.14) and (4.15) is proved in a similar way.

Corollary 1 (Bernshtein). Let &, &, * - - be a sequence of independent r.v. such
that B¢l =b; and E|¢)P <o, i=1,2,--+,p>2. Let B,=b,+---+b,, {,=
£+ -+ &, and let the sequence B,'/°£,j=1,2, - - -, satisfy the limiting negligibil-
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ity condition. Let X, (t) be the random polygonal line with vertices (By/ B,, B,,"*¢,)
and let P, be its distribution. Then the convergence

(4.16) 1,(P,, W)~>0, n- oo,

is equivalent to the fulfillment of the condition
(4.17) lim B;”? ¥ E|&[P=0.
n->co i=1

The following statement may be called the Bernshtein-Kantorovich invari-
ance principle.

Corollary 2. Suppose that ¢, ¢' € €, the series scheme {&,.} satisfies the condi-
tions of Theorem 7, and conditions (4.14) and (4.15) hold. Then s .(P,°b”",
Weob™')>0 as n>o for any functional on C[0,1] for which N(b;c,c')=
sup {c'(b(x), b(y)/c(x, y): x #y, x, y€ C[0, 1]} <0,

Let c'(t,s)=H'(|t—s|) and t, s € R'. Consider the following examples of func-
tionals b with finite N(b; ¢, ¢').

(a) If H= H' and b has a finite Lipschitz form

6]l =sup {|b(x) = b(¥)I/[|x = y|: x# y, x, ye C[0, 1]} < oo,

then N(b; ¢, ¢') <oo. Functionals such as these are b,(x) = x(a), a€[0, 1]; by(x) =
max {x(#): te [0, 11}; bs(x) = ||x|| and by(x)= [ ¢(x(2)) dt, where || =1.

(b) Let H(f)=1t" and H'(t)=t", 0<p<p'. Then N(b}'";c,c') <o and
N(by; ¢, 'Y< if

le(x)—eWI=lx-y[P”, x,ye C[0,11.

We state one further consequence of Theorem 7.

Let the series scheme {£,} satisfy the conditions ofATheorem 7 and let
Na(t) =L for te (t,,(k_l)z tu), k=1, k, 1,(0)=0. Let P, be the distribution
of 7,. The distribution P, belongs to the space of probability measures defined
on the Skorokhod space D[0, 1] (see [2]).

Corollary 3. The convergence .szic(ﬁ,,, W)->0 as n—>© is equivalent to the
Sulfillment of (4.14) and (4.15).

4.3. Stability of queueing systems. As a model example of the applicability
of Kantorovich’s theorem in the stability problem for queueing systems, we
consider the stability of the system G|G|1|co. (A detailed discussion of this
problem and its generalizations is presented in Kalashnikov and Rachev’s paper:
“A characterization of queueing system models and its stability,” which will be
published in the collection: Stability of Stochastic Models, VNIISI, Moscow,
1984.) Sequences of non-negative r.v. {e,} -0 and {s, } -, are treated as sequences
of the lengths of the time intervals between the n-th and (n+1)-st arrivals and
the service times of the n-th arrival, respectively. Define the recursive sequence

(4.18) wo=0, Wy =max (w,+s, — e, 0), n=1,2,---.

The quantity w, may be viewed as the waiting time for the n-th arrival to begin
to be serviced. Introduce the notation: e, = (e, - - -, ), sk = (85" * *, Sk), k>,
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e=(ey, ey, ), and s=(so, 5y, * - *). Along with the model defined by relations
(4.18), we consider a sequence of analogous models by indexing it with the letter
r (r=1). Namely, all quantities pertaining to the r-th model will be designated
in the same way as the model (4.18) but will have a superscript r: !, s, w(,
and so on. It is convenient to regard the value r =00 (which can be omitted) as
corresponding to the original model. All of the random variables are assumed
to be defined on the same probability space. For brevity, functionals ® depending
just on the distributions of the r.v. X and Y will be denoted by ®(X, Y).

For the system G|G|1|c in question, define for k= 1 non-negative functions
@ on (RS [Ix|), |61, - -+, %) = x|+ - - - +[xl, as follows:

(pk(gla R gks M7 nk) =max [0’ Mk — gk, (nk_gk)_'-(nk-l_gk—l)a
Slm—&)+ (&)

It is not hard to see that (€, n—1, Sn—r,a—1) is the waiting time for th n-th arrival
under the condition that w,,_, =0.

Let c € €,. The system G|G|1|co is uniformly stable with respect to the functional
A, on finite time intervals if, for every positive T, the following limit relation holds:

s(r)(T &f)“suP max d[‘Pk(enn-f—k lsnn+k 1) ¢k(enn+k 1s Snn+k 1)]

n=z0 1sk=T
(4.19)
>0 asr->oo.

The relation (4.19) means that the largest deviation between the variables
Wnrkand wi),, k=1, - - - T, converges to zero as r - o0 if at time n both compared
systems are free, and for any positive T this convergence is uniform in n.

Theorem 8. If for eachr=1,2, - - -, the sequences ¢” and s'” are indepen-
dent, then

8(T; A.) = cyy Sup Ho(€nns1-15 €omst—1)
n=0

(4.20) -
+ CH Sug dc(sn,n+T—l, sn,n+T—1)-
n=

Corollary 1. Under the assumptions of Theorem 8, for any p €[0, ],

(4 21) 5(r)(T lp) = Sup lp(en,n+T 1s en n+T 1)+Sulg lp(sn n+T—1s S(,, n+T—l)
n=

From (4.20) and (4.21), it is possible to derive an estimate of the stability
of the system G|G|1|c in the sense of (4.19). It can be expressed in terms of the
deviations of the vectors eﬁ,f ) 17—y and sﬁ,f ) e1r—y from €, n+1-1and 8, 71, TESPEC-
tively. Such deviations are easy to estimate if we impose additional restrictions
on ¢ and s, r=1,2, - - -. For example, when the terms of the sequences are
independent, the following estimates hold:

n+T-1

'ﬂc(en,ni-T—l, e(n?H-T—l) = C?.; z dc(ej’ e}r))’ q = [10g2 T] + 1,
Jj=n

n+T-1
lp(en,n+T-l’ e(n',‘21+T—l) = z lp(eja e§r))’ ng éwv
j=n
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which can be even further simplified when the terms of these sequences are
identically distributed. On the basis of (4.20) and (4.21), it is possible to construct
stability estimates for the system that are uniform over the entire time axis (see

[11], [12], [15], [22], [99], [3D).

To conclude, the author considers it his accepted duty to thank Academician
Yu. V. Prokhorov for suggesting that this review paper be written. The author
offers his thanks to Academician L. V. Kantorovich and to R. L. Dobrushin, V.
M. Zolotarev and V. N. Sudakov for stimulating discussions relating to the content
of the article. The author expresses his thanks to the governing body of the
Mathematics Institute of the USSR Academy of Sciences and the Probability-
Theoretic Section for the beautiful working conditions allotted to him.
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