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              Do not worry if you have difficulties in math
              ,
              I can assure you mine are far greater
            
Albert Einstein

Preface
Hypergraphs are systems of finite sets and form, probably, the most general concept in discrete mathematics. This branch of mathematics has developed very rapidly during the latter part of the twentieth century, influenced by the advent of computer science. Many theorems on set systems were already known at the beginning of the twentieth century, but these results did not form a mathematical field in itself. It was only in the early 1960s that hypergraphs become an independent theory. Hence, hypergraph theory is a recent theory. It was mostly developed in Hungary and France under the leadership of mathematicians like Paul Erdös, László Lovász, Paul Turán,… but also by C. Berge, for the French school. Originally, developed in France by Claude Berge in 1960, it is a generalization of graph theory. The basic idea consists in considering sets as generalized edges and then in calling hypergraph the family of these edges (hyperedges). As extension of graphs, many results on trees, cycles, coverings, and colorings of hypergraphs will be seen in this book.
Hypergraphs model more general types of relations than graphs do. In the past decades, the theory of hypergraphs has proved to be of a major interest in applications to real-world problems. These mathematical tools can be used to model networks, biology networks, data structures, process scheduling, computations and a variety of other systems where complex relationships between the objects in the system play a dominant role. From a theoretical point of view, hypergraphs allow to generalize certain theorems on graphs, even to replace several theorems on graphs by a single theorem of hypergraphs. For instance, the Berge’s weak perfect graph conjecture, which says that a graph is perfect if and only if its complement is perfect, was proved thanks to the concept of normal hypergraph. From a practical point of view, they are now increasingly preferred to graphs.
In this book, we give a general and nonstandard presentation of the theory of hypergraphs, although many paragraphs deal with the traditional elements of this theory.

                In
                Chap. 1
                , we introduce the basic language of hypergraphs. The last paragraphs are devoted to more original concepts such as entropy of hypergraph. Similarities and kernels are also discussed. This chapter could be useful to engineers and anyone interested in applied science.
              

                Chapter 2
                provides the first properties such as the Helly property, the König property, and so on. Standard invariants of hypergraphs are also discussed. In
                Chap. 3
                , the classical notions of colorings are addressed.
              

                In the early 1980s, scientists information theory introduced decomposition-join approaches into the design and study of databases with large size. A decomposition of a relation induces a database scheme, that is a hypergraph on the attributer set. So tree and hypertree decompositions are introduced at the end of
                Chap. 4
                , as well as the concept of acyclicities which are important in computer science. The first paragraphs are devoted to specific classical hypergraphs. The last paragraph introduces planarity.
              

                With the emergence of information sciences and life science, the sizes of the systems we deal with are becoming bigger and bigger. Hence
                Chap. 5
                is devoted to the reduction of hypergraphs. These reductions make it possible to preserve good topological, combinatorial, and geometrical properties such as connexity, colorings, planarity, and so on. Thus, to solve a problem on hypergraph, we can develop algorithms on its reduced hypergraph.
              

                Chapter 6
                deals with directed hypergraphs. We give some of their basic properties, then we study the cycles in a directed hypergraph. We also introduce the notion a algebraic representation of a dirhypergraph.
              

                Chapter 7
                gives some applications, not exhaustive and some prospective on hypergraphs.
              
To summarize, this book can be divided into three, five, seven chapters or levels. Three chapters represent learning, five chapters represent the knowledge of the theory, seven chapters represent the culmination of everything the reader has worked in the three and five levels.

Alain Bretto
Paris
20th December 2012
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Abstract
View the significant developments of combinatoric thanks to computer science [And89, LW01], hypergraphs are increasingly important in science and engineering. Hypergraphs are a generalization of graphs, hence many of the definitions of graphs carry verbatim to hypergraphs. In this chapter we introduce basic notions about hypergraphs. Most of the vocabulary used in this book is given here and most of this one is a generalization of graphs languages [LvGCWS12].

View the significant developments of combinatoric thanks to computer science [And89, LW01], hypergraphs are increasingly important in science and engineering. Hypergraphs are a generalization of graphs, hence many of the definitions of graphs carry verbatim to hypergraphs. In this chapter we introduce basic notions about hypergraphs. Most of the vocabulary used in this book is given here and most of this one is a generalization of graphs languages [LvGCWS12].
1.1 First Definitions
Ahypergraph
              [image: $$H$$] denoted by [image: $$H = (V;\! E=(e_{i})_{i\in I})$$] on a finite set [image: $$V$$] is a family [image: $$(e_i)_{i\in I}$$], ([image: $$I$$] is a finite set of indexes) of subsets of [image: $$V$$] calledhyperedges. Sometimes [image: $$V$$] is denoted by [image: $$V(H)$$] and [image: $$E$$] by [image: $$E(H)$$].
Theorder of the hypergraph
              [image: $$H= (V;\! E)$$] is the cardinality of [image: $$V$$], i.e. [image: $$\vert V\vert = n$$]; itssize is the cardinality of [image: $$E$$], i.e. [image: $$\vert E\vert =m$$].
By definition theempty hypergraph is the hypergraph such that:	
                    [image: $$V = \emptyset $$];

	
                    [image: $$E = \emptyset $$].



Always by definition atrivial hypergraph is a hypergraph such that:	
                    [image: $$V \ne \emptyset $$];

	
                    [image: $$E = \emptyset $$].




            
 In the sequel, unless stated otherwise, hypergraphs have a nonempty set of vertices, a non-empty set of hyperedges and they do not contain empty hyperedge.
 Let [image: $$(e_{\!j})_{j\in J}$$], [image: $$J\subseteq I$$] be a subfamily of hyperedges of [image: $$E =(e_{i})_{i\in I}$$], we denote the set of vertices belonging to [image: $$\cup _{j\in J}e_{j}$$] by [image: $$V(\cup _{j\in J}e_{j})$$], but sometimes we use [image: $$e$$] for [image: $$V(e)$$]. For instance, sometimes we use [image: $$e\cap V^{\prime }$$] for [image: $$V(e)\cap V^{\prime }$$], [image: $$V^{\prime }\subseteq V$$].
If[image: $$\begin{aligned} \bigcup _{i\in I} e_{i} = V \end{aligned}$$]


the hypergraph is withoutisolated vertex, where a vertex [image: $$x$$] is isolated if[image: $$\begin{aligned} x\in V{\setminus }\bigcup _{i\in I} e_{i} . \end{aligned}$$]


A hyperedge [image: $$e\in E$$] such that [image: $$\vert e\vert =1$$] is aloop.
Two vertices in a hypergraph areadjacent if there is a hyperedge which contains both vertices. In particular, if [image: $$\{x\}$$] is an hyperedge then [image: $$x$$] is adjacent to itself. Two hyperedges in a hypergraph areincident if their intersection is not empty.
Let [image: $$H= (V;\! E =(e_{i})_{i\in I})$$] be a hypergraph:	Theinduced subhypergraph
                    [image: $$H(V^{\prime })$$] of the hypergraph [image: $$H$$] where [image: $$V^{\prime }\subseteq V$$] is the hypergraph [image: $$H(V^{\prime })=(V^{\prime }, E^{\prime })$$] defined as [image: $$\begin{aligned} E^{\prime } = \left\{ V(e_{i}) \cap V^{\prime } \ne \emptyset : e_{i} \in E \; \mathrm{{and\;either}}\; e_{i} \; \mathrm{{is\;a\;loop\;or}}\; \vert V(e_{i}) \cap V^{\prime }\vert \ge 2\right\} \end{aligned}$$]


 The letter [image: $$E^{\prime }$$] can be represented a multi-set. Moreover, according to the remark above we can add, if we need, the emptyset.

	Given a subset [image: $$V^{\prime }\subseteq V$$], thesubhypergraph
                    [image: $$H^{\prime }$$] is the hypergraph [image: $$\begin{aligned} H^{\prime } = (V^{\prime }, E^{\prime }= (e_{\!j})_{j\in J}) \; \mathrm{{such\; that\; for\; all}}\; e_{\!j} \in E^{\prime } : e_{\!j} \subseteq V^{\prime } ; \end{aligned}$$]



                  

	Apartial hypergraph generated by [image: $$J\subseteq I$$], [image: $$H^{\prime }$$] of [image: $$H$$] is a hypergraph [image: $$\begin{aligned} H^{\prime } = (V^{\prime }, \left( e_{\!j}\right) _{j\in J} ). \end{aligned}$$]


 where [image: $$\bigcup _{j\in J}e_{j}\subseteq V^{\prime }$$]. Notice that we may have [image: $$V^{\prime }=V$$].



The star
              [image: $$H(x)$$] centered in [image: $$x$$] is the family of hyperedges [image: $$(e_j)_{j\in J}$$] containing [image: $$x$$]; [image: $$d(x) = \vert J\vert $$] is thedegree of [image: $$x$$] excepted for a loop [image: $$\{x\}$$] where the degree [image: $$d(x)=2$$]. If the hypergraph is without repeated hyperedge the degree is denoted by [image: $$d(x) = \vert H(x)\vert $$], excepted for a loop [image: $$\{x\}$$] where the degree [image: $$d(x)=2$$]. The maximal degree of a hypergraph [image: $$H$$] is denoted by [image: $$\varDelta (H)$$].
If each vertex has the same degree, we say that the hypergraph isregular, or [image: $$k$$]-regular if for every [image: $$x\in V$$], [image: $$d(x) = k$$].
If the family of hyperedges is a set, i.e. if [image: $$i\ne j \Longleftrightarrow e_{i}\ne e_{j}$$], we say that [image: $$H$$] is without repeated hyperedge. Therank
              [image: $$r(H)$$] of [image: $$H$$] is the maximum cardinality of a hyperedge in the hypergraph: [image: $$r(H) = \max _{i\in I}\vert e_{i}\vert $$]; the minimum cardinality of a hyperedge is theco-rank
              [image: $$cr(H)$$] of [image: $$H$$]: [image: $$cr(H) = \min _{i\in I}\vert e_{i}\vert $$]. If [image: $$r(H)=cr(H) = k$$] the hypergraph isk-uniform or uniform.

1.2 Example of Hypergraph
Let [image: $$M$$] be a computer science meeting with [image: $$k\ge 1$$] sessions : [image: $$S_{1},S_{2},S_{3},\ldots , S_{k}$$]. Let [image: $$V$$] be the set of people at this meeting. Assume that each session is attended by one person at least. We can build a hypergraph in the following way:	The set of vertices is the set of people who attend the meeting;

	the family of hyperedges [image: $$(e_{i})_{i\in \{1, 2, \ldots k\}}$$] is built in the following way:	
                          [image: $$e_{i}$$], [image: $$i\in \{1, 2, \ldots k\}$$] is the subset of people who attend the meeting [image: $$S_{i}$$]
                        




                  




              Fano plane. TheFano plane is the finite projective plane of order [image: $$2$$], which have the smallest possible number of points and lines, [image: $$7$$] points with [image: $$3$$] points on every line and [image: $$3$$] lines through every point. To a Fano plane we can associate a hypergraph called Fano hypergraph:
              	The set of vertices is [image: $$V=\{0,1,2,3,4,5,6\}$$];

	The set of hyperedges is [image: $$E=\{013, 045, 026, 124, 346, 235, 156\}$$]
                  



The rank is equal to the co-rank which is equal to [image: $$3$$], hence, Fano hypergraph is [image: $$3$$]-unifirm. Figure 1.1 show Fano hypergraph

              Steiner systems. Let [image: $$t; k; n$$] be integers which satisfied: [image: $$2 \le t \le k < n$$]. ASteiner system denoted by [image: $$S(t; k; n)$$] is a [image: $$k$$]-uniform hypergraph [image: $$H = (V;\! E)$$] with [image: $$n$$] vertices such that for each subset [image: $$T\subseteq V$$] with [image: $$t$$] elements there is exactly one hyperedge [image: $$e\in E$$] satisfying [image: $$T\subseteq e$$]. For instance the complete graph [image: $$K_n$$] is a [image: $$S(2; 2; n)$$] Steiner system. An important example is the Steiner systems [image: $$S(2; 3; n)$$] which are calledSteiner triple systems. The Fano plane is an example of a Steiner triple system on 7 vertices.

              Linear spaces. A linear space is a hypergraphs in which each pair of distinct vertices is contained in precisely one edge. To exclude trivial cases, it is always assumed that there are no empty or singleton edges.
A hypergraph with only one edge which contains all vertices, this is called atrivial linear space.
Asimple hypergraph is a hypergraph [image: $$H = (V; E)$$] such that: [image: $$e_{i} \subseteq e_{j}\Longrightarrow i = j$$]. A simple hypergraph has no repeated hyperedge.
A hypergraph islinear if it is simple and [image: $$\vert e_{i}\cap e_{j}\vert \le 1$$] for all [image: $$i, j\in I$$] where [image: $$i \ne j$$].
The following algorithm gives thesimple hypergraph associated to a hypergraph (Fig. 1.2).[image: A311889_1_En_1_Fig1_HTML.gif]
Fig. 1.1The hypergraph above is Fano hypergraph




            
1.2.1 Simple Reduction Hypergraph Algorithm

                [image: A311889_1_En_1_Figa_HTML.gif]


              
Let [image: $$H = (V; E)$$] be a hypergraph without isolated vertex; apath
                [image: $$P$$] in [image: $$H$$] from [image: $$x$$] to [image: $$y$$], is a vertex-hyperedge alternative sequence:[image: $$\begin{aligned} x = x_1, e_1, x_2, e_2,\ldots , x_s, e_s, x_{s+1}= y \end{aligned}$$]


such that	
                      [image: $$x_1, x_2, \ldots , x_s, x_{s+1}$$] are distinct vertices with the possibility that [image: $$x_{1}= x_{s+1}$$];

	
                      [image: $$ e_1, e_2,\ldots , e_s$$] are distinct hyperedges;

	
                      [image: $$x_i, x_{i+1}\in e_i$$], [image: $$(i = 1, 2, . . . , s)$$].



If [image: $$x=x_1=x_{s+1}=y$$] the path is called a cycle.
The integer [image: $$s$$] is the length of path [image: $$P$$]. Notice that if there is a path from [image: $$x$$] to [image: $$y$$] there is also a path from [image: $$y$$] to [image: $$x$$]. In this case we say that [image: $$P$$]
                connects
                [image: $$x$$] and [image: $$y$$]. A hypergraph isconnected if for any pair of vertices, there is a path which connects these vertices; it not connected otherwise. In this case we may also say that it isdisconnected.
Thedistance
                [image: $$d(x, y)$$] between two vertices [image: $$x$$] and [image: $$y$$] is the minimum length of a path which connects [image: $$x$$] and [image: $$y$$]. If there is a pair of vertices [image: $$x, y$$] with no path from [image: $$x$$] to [image: $$y$$] (or from [image: $$y$$] to [image: $$x$$]), we define [image: $$d(x, y)= \infty $$] ([image: $$H$$] is not connected). Let [image: $$H = (V,E)$$] be a hypergraph, a connected component is a maximal set of vertices [image: $$X\subseteq V$$] such that, for all [image: $$x, y\in X$$], [image: $$d(x, y)\ne \infty $$]. Thediameter
                [image: $$d(H)$$] of [image: $$H$$] is defined by[image: $$\begin{aligned} d(H) = \max \{d(x, y)|x, y \in V \}. \end{aligned}$$]


The relation:	
                      [image: $$x\mathcal{R }y$$] if and only if either there is a path from [image: $$x$$] to [image: $$y$$], or [image: $$x= y$$].



is an equivalence relation; the classes of this relation are the connected components of the hypergraph (Fig. 1.3).[image: A311889_1_En_1_Fig2_HTML.gif]
Fig. 1.2The hypergraph [image: $$H$$] above has [image: $$11$$] vertices; [image: $$5$$] hyperedges; [image: $$1$$] loop: [image: $$e_{5}$$]; [image: $$2$$] isolated vertices: [image: $$x_{11}$$], [image: $$x_{9}$$]. The rank [image: $$r(H) = 4$$], the co-rank [image: $$cr(H) = 1$$]. The degree of [image: $$x_{1}$$] is [image: $$2$$]. [image: $$H^{\prime }= (V; \{e_{1}, e_{2}\})$$] is a partial hypergraph generated by [image: $$J = \{1, 2\}$$]; [image: $$H(V^{\prime }) = (V^{\prime }= \{x_{1},x_{4}, x_{6}, x_{8}, x_{10} \}; e^{\prime }_{1}= e_{1}\cap V^{\prime }= \{x_{1}, x_{4}\}; e^{\prime }_{2}= e_{2}\cap V^{\prime }=\{x_{4}, x_{6}, x_{8}\}; e^{\prime }_{4}= e_{4}\cap V^{\prime }= \{x_{1}, x_{8}\} ; e^{\prime }_{5}= e_{5} \cap V^{\prime }= \{x_{10}\} )$$] is an induced subhypergraph. Notice that [image: $$e_{3}\cap V^{\prime }= \{x_{6}\}$$] is not an hyperedge for this induced hypergraph. [image: $$H^{\prime } = (V^{\prime }= \{x_{1},x_{2}, x_{3}, x_{4}, x_{7} \}, E= \{e_{1}\})$$] is a subhypergraph with [image: $$1$$] isolated vertex: [image: $$ x_{7}$$]. Hypergraph [image: $$H$$] is linear and simple




                [image: A311889_1_En_1_Fig3_HTML.gif]
Fig. 1.3The hypergraph above has [image: $$2$$] connected components, [image: $$C_{1},C_{2}$$]. [image: $$P =x_{10}e_{4}x_{5}e_{3}x_{6}e_{2}x_{4}e_{1}x_{3}$$] is a path from [image: $$x_{10}$$] to [image: $$x_{3}$$], [image: $$P^{\prime } =x_{10}e_{4}x_{1}e_{1}x_{3}$$] is also a path from [image: $$x_{10}$$] to [image: $$x_{3}$$] and the distance [image: $$d(x_{10}, x_{3}) = 2$$] is the length of [image: $$P^{\prime }$$]. Notice that the distance [image: $$d(x_{10}, x_{3})$$] is also the length of the path [image: $$P^{\prime \prime }=x_{10}e_{4}x_{2}e_{1}x_{3}$$]
                      




              
Ahereditary hypergraph is a hypergraph [image: $$H = (V; E)$$] without empty hyperedge such that, for all [image: $$e\in E$$], any nonempty subset of [image: $$V(e)$$] is a hyperedge. If we add the empty set it is a simplicial complex.
Thehereditary closure, [image: $${\hat{H}} =({\hat{V}}; {\hat{E}})$$] of a hypergraph [image: $$H= (V; E)$$] without repeated hyperedge is the smallest hereditary hypergraph which contains [image: $$H$$] i. e.	
                      [image: $$\hat{V} = V$$];

	
                      [image: $$\hat{E} = (P(V(e)))_{e\in E}{\setminus } \emptyset $$] (where [image: $$P(X)$$] denote the powerset of [image: $$X$$]).



A hypergraph [image: $$H$$] iscomplete if [image: $$H = (V; E = P(V) {\setminus } \{\emptyset \})$$]. For [image: $$n = \vert V \vert $$], acomplete
                [image: $$k$$]-uniform hypergraph on [image: $$n \ge k\ge 2$$] vertices is a hypergraph which has all [image: $$k$$]-subsets of [image: $$V$$] as hyperedges, i. e. [image: $$E = P_{k}(V)$$], where [image: $$P_{k}(V)$$] is the set of all [image: $$k$$]-subset of [image: $$V$$]; it is denoted by [image: $$K^{k}_{n}$$].
Let [image: $$H = (V; E)$$] be a hypergraph which is without isolated vertex. Adual
                [image: $$H^{*} = (V^{*} ; E^{*})$$] of [image: $$H$$] is a hypergraph such that:	the set of vertices, [image: $$V^{*} =\{x^{*}_1 :, x^{*}_2 :, \ldots , x^{*}_m \}$$] is in bijection [image: $$f$$] with the set of hyperedges [image: $$E$$];

	the set of hyperedges is given by: [image: $$\begin{aligned} e^{*}_{1} = X_1, e^{*}_{2} = X_2, \ldots , e^{*}_{n} = X_{n}, \; \mathrm{{where}} \; e^{*}_{j}= X_j = \{ f(e_i)= x^{*}_i : x_j \in e_i \}. \end{aligned}$$]



                    



Without loss of generality, when there is no ambiguity, we identify [image: $$V^{*}$$] with [image: $$E$$]. Hence[image: $$\begin{aligned} e^{*}_{j}= X_j = \{e_i : x_j\in e_i\}, \; \mathrm{{for}}\; j\in \{1, 2, \ldots , n\}. \end{aligned}$$]


So there is a bijection [image: $$g$$] from the hyperedges [image: $$E$$] of [image: $$H$$] to the vertices [image: $$V^{*}$$] of [image: $$H^{*}$$]. Notice that, for a given hypergraph, all duals are isomorphic (see paragraph 1.3). The transpose [image: $$A^{t}$$] of the incidence matrix of a hypergraph [image: $$H$$] (see paragraph 1.3) is the incidence matrix of [image: $$H^*$$]: for [image: $$v^*_j \in V^*$$] and [image: $$e^*_i \in E^*, v^*_j \in e^*_i$$] if and only if [image: $$a_{ij} = 1$$]. Consequently [image: $$\left( H^*\right) ^* = H$$].
The dual of [image: $$H$$] can be written[image: $$\begin{aligned} H^* = (V^*= E,\ E^*= (H(x))_{x\in V}). \end{aligned}$$]


So we have:[image: $$\begin{aligned} \varDelta (H) = r(H^{*}). \end{aligned}$$]


So we have the following nomenclature between the hypergraph [image: $$H$$] and its dual [image: $$H^{*}$$]:[image: $$\begin{aligned} \begin{array}{ccc} \mathbf{H} &{}\qquad \qquad \qquad &{} \mathbf{H^{*}};\\ \hline x\in e &{}\qquad \qquad \qquad &{} f(x)\ni g(e);\\ d(x) &{}\qquad \qquad \qquad &{} \vert f(x)\vert ; \\ \vert e\vert &{}\qquad \qquad \qquad &{} d(f(e))\;\\ k-\text{ unform } &{}\qquad \qquad \qquad &{} k-\text{ regular }; \\ k-\text{ regular } &{}\qquad \qquad \qquad &{} k-\text{ unform }.\\ \end{array} \end{aligned}$$]



              


1.3 Algebraic Definitions for Hypergraphs
This section is devoted to the algebraic definitions which come from hypergraphs.
1.3.1 Matrices, Hypergraphs and Entropy
Let [image: $$H =(V; E)$$] be a hypergraph,[image: $$\begin{aligned} V = \{v_1, v_2, \ldots , v_n\}\; \mathrm{{and}}\; E = (e_1, e_2, \ldots , e_m) \end{aligned}$$]


with[image: $$\begin{aligned} \bigcup _{i\in I} e_{i} = V \end{aligned}$$]


(without isolated vertex). Then [image: $$H$$] has an [image: $$n \times m$$]
                incidence matrix
                [image: $$A = (a_{ij})$$] where:[image: $$\begin{aligned} a_{ij} = \left\{ \begin{array}{ll} 1 &{} {\mathrm{if}}\; v_i \in e_j \\ 0 &{} {\mathrm{otherwise}}. \end{array} \right. \end{aligned}$$]


This matrix may also write as a [image: $$m\times n$$] matrix. For example the incidence matrix of the hypergraph of Fig. 1.4 left side is the [image: $$3\times 5$$] matrix:[image: $$\begin{aligned} \begin{array}{l} e_1\\ e_2\\ e_3 \end{array} \mathop {\left( \begin{array}{c@{\qquad }c@{\qquad }c@{\qquad }c@{\qquad }c} 1 &{} 1 &{} 1 &{} 0 &{} 0\\ 0 &{} 0 &{} 1 &{} 1 &{} 0\\ 1 &{} 1 &{} 0 &{} 0 &{} 1 \end{array}\right) }\limits ^{ \begin{array}{l@{\quad \,}l@{\quad \,}l@{\quad \,}l@{\quad \,}l} x_1&x_2&x_3&x_4&x_5 \end{array}} \end{aligned}$$]


and the matrix of the dual, Fig. 1.4 right side, is the transpose of the matrix above. It is also easy to see that the incidence matrix of any induced subhypergraph (resp. subhypergraph, partial hypergraph) of [image: $$H$$] is a submatrix of the incidence matrix of [image: $$H$$]. Let [image: $$H = (V; E)$$] be a hypergraph. Theadjacency matrix
                [image: $$A(H)$$] of [image: $$H$$] is define in this way:
it is a square matrix which rows and columns are indexed by the vertices of [image: $$H$$] and for all [image: $$x, y\in V$$], [image: $$x\ne y$$] the entry [image: $$a_{x, y} = \vert \{e\in E: x, y\in e\}\vert $$] and [image: $$a_{x, x} = 0$$].[image: A311889_1_En_1_Fig4_HTML.gif]
Fig. 1.4
                        Left side of the above figure represents a hypergraph [image: $$H = (V; E)$$] with [image: $$V= \{x_{1},x_{2},x_{3},x_{4},x_{5} \}$$] and set of hyperedges [image: $$E=\{e_{1}, e_{2}, e_{3}\}$$]. Right side represents the dual [image: $$H^* = (V^*;E^*)$$] with [image: $$V^*=\{e_{1}, e_{2}, e_{3}\}$$] and [image: $$E^* =(X_{i})_{i\in \{1, 2, 3, 4, 5\}}$$]. We notice that [image: $$H$$] is without repeated hyperedge but its dual has one




              
This matrix is symmetric and all [image: $$a_{x, y}$$] belong to [image: $$\mathbb{N }$$]. It is also the matrix of a multigraph.
For instance the adjacency matrix of the hypergraph [image: $$H$$] in Fig. 1.4 is:[image: $$\begin{aligned} \begin{array}{l} x_1\\ x_2\\ x_3\\ x_4\\ x_5 \end{array} \mathop {\left( \begin{array}{c@{\qquad }c@{\qquad }c@{\qquad }c@{\qquad }c} 0 &{} 2 &{} 1 &{} 0 &{} 1 \\ 2 &{} 0 &{} 1 &{} 0 &{} 1 \\ 1 &{} 1 &{} 0 &{} 1 &{} 0 \\ 0 &{} 0 &{} 1 &{} 0 &{} 0 \\ 1 &{} 1 &{} 0 &{} 0 &{} 0 \end{array}\right) }\limits ^{ \begin{array}{l@{\quad \,}l@{\quad \,}l@{\quad \,}l@{\quad \,}l} x_1&x_2&x_3&x_4&x_5 \end{array}} \end{aligned}$$]


Define [image: $$D(x) = \sum _{y\in V}a_{x, y}$$]. Thelaplacian matrix of [image: $$H$$] is the matrix:[image: $$\begin{aligned} L(H) = D-A(H), \; \mathrm{{where}}\; D = diag(D(x_{1}),D(x_{2}),\ldots ,D(x_{n})). \end{aligned}$$]


Since [image: $$A(H)$$] can be seen as the adjacency matrix of a multigraph but also as a matrix of a positive weight graph it has some convenient properties:	it is symmetric;

	it has only real eigenvalues;

	
                      [image: $$L(H)$$] is positive semidefinite;

	the smallest eigenvalue is [image: $$\mu _{0}= 0$$].



Moreover:[image: $$\begin{aligned} \sum _{i =1}^{n}\mu _{i}= Tr(L(H)) = \sum _{i =1}^{n}D(x_{i}) \end{aligned}$$]

(1.1)

where [image: $$Tr(L(H))$$] is the trace of the matrix [image: $$L(H)$$].
Because hypergraphs can model many concepts in computer science, engineering, psychology, [image: $$\ldots $$], it is important to define the quantity of information they carry. We introduce below the notion of entropy associated to a hypergraph.
Now define[image: $$\begin{aligned} L^{^{\prime }}(H) = \frac{L(H)}{\sum _{x\in V}D(x)}= \frac{D-A(H)}{\sum _{x\in V}D(x)}. \end{aligned}$$]


The eigenvalues of this matrix are[image: $$\begin{aligned} \lambda _{0}=\frac{\mu _{0}}{\sum _{x\in V}D(x)}\le \lambda _{1}=\frac{\mu _{1}}{\sum _{x\in V}D(x)}\le \cdots \le \lambda _{n}=\frac{\mu _{n}}{\sum _{x\in V}D(x)}. \end{aligned}$$]


From Eq. 1.1,[image: $$\begin{aligned} \mathrm{{for\;all}}\; i\in \{1, 2, \ldots n\}:\; 0\le \lambda _{i}\le 1, \; \sum _{i =1}^{n} \lambda _{i} = 1. \end{aligned}$$]


Thus [image: $$(\lambda _{i})_{i\in \{1, 2, \ldots n\}}$$] is a discrete probability distribution. Hence we can define thealgebraic hypergraph entropy
                [image: $$I(H) $$] by:

                [image: $$\begin{aligned} I(H) = - \sum _{i = 1}^{n }\lambda _{i}\log _{2}\lambda _{i} \end{aligned}$$]

(1.2)


              

1.3.2 Similarity and Metric on Hypergraphs
When we have structures, one of the most important task is to compare them. This comparison can be done by using isomorphisms [Mac98]. Nevertheless there are [image: $$2$$] drawbacks to use isomorphisms.1.There is no efficient algorithm able to produce isomorphism between [image: $$2$$] hypergraphs.

 

2.Isomorphism is too rigid, it compares exactly two hypergraphs.

 


So we need to introduce a “similarity indicator”.
Let [image: $$H = (V; E=(e_{i})_{i\in I})$$] and [image: $$H^{^{\prime }} = (V; E^{\prime }=(e^{\prime }_{i})_{i\in I})$$] be hypergraphs without empty hyperedge.
Let [image: $$f_{P(E)}$$] and [image: $$f_{P(E^{\prime })}$$] be maps[image: $$\begin{aligned} f_{P(E)} : P(E) \longrightarrow P(E)\subseteq P(P(V)) \end{aligned}$$]


and[image: $$\begin{aligned} f_{P(E^{\prime })} : P(E^{\prime }) \longrightarrow P(E^{\prime })\subseteq P(P(V)) \end{aligned}$$]


Assume that [image: $$f_{P(E)} (A) = \emptyset $$] implies that [image: $$A= \emptyset $$] and [image: $$f_{P(E^{\prime })} (A) = \emptyset $$] implies that [image: $$A= \emptyset $$]. We now define a similarity function by:[image: $$\begin{aligned} P(E)\times P(E^{^{\prime }})&\longrightarrow \mathbb{R }^{+}\nonumber \\ (A\ne \emptyset , B\ne \emptyset )&\longmapsto s(A; B) =\frac{\vert f_{P(E)}(A)\cap f_{P(E^{\prime })}(B)\vert }{\vert f_{P(E)}(A) \cup f_{P(E^{\prime })}(B)\vert } \end{aligned}$$]


Sometimes we will use the following simplification:[image: $$\begin{aligned} f_{E} : E&\longrightarrow P(E)\nonumber \\ e&\longmapsto f_{E}(e) = f_{P(E)}(\{e\}) \end{aligned}$$]



              
 We introduce now the following similarity function:[image: $$\begin{aligned} E\times E^{^{\prime }}&\longrightarrow \mathbb{R }^{+}\nonumber \\ (e, e^{\prime })&\longmapsto s(e, e^{\prime }) =\frac{\vert f_{E}(e)\cap f_{E^{\prime }}(e^{\prime })\vert }{\vert f_{E}(e)\cup f_{E^{\prime }}(e^{\prime })\vert } \end{aligned}$$]



              

                  Example
                
 As an illustration, let us consider the example in Fig. 1.5, with the function [image: $$f_{P(E)} $$] defined as:[image: $$\begin{aligned} P(E)&\longrightarrow P(E) \nonumber \\ A&\longmapsto f_{P(E)} (A) =\{e\in E; V(A)\cap V(e) \ne \emptyset \} \end{aligned}$$]


Assume that [image: $$f_{P(E_1)}$$] and [image: $$f_{P(E_2)}$$] are defined as [image: $$f_{P(E)}$$]. We have quite high similarity values, which agree with the intuition, although the hypergraphs are not isomorphic:[image: $$\begin{aligned} s((e_{1}, e_{i}))&= \frac{3}{4}, i\in \{1, 2, 3\}; s(e_{2}, e_{i}) = \frac{3}{3}, i\in \{1, 2, 3\};\\ s(e_{3}, e_{i})&= \frac{3}{4}, i\in \{1, 2, 3\}; s(e_{4}, e_{i}) = \frac{2}{4}, i\in \{1, 2, 3\};\\ s(\{e_{1}, e_{2}\}; B)&= s(\{e_{1}, e_{3}\}; B) = s(\{e_{1}, e_{4}\}; B) = s(\{e_{2}, e_{3}\}; B)\\&=s(\{e_{2}, e_{4}\}; B)= s(\{e_{3}, e_{4}\}; B)= \frac{3}{4}, \end{aligned}$$]


for [image: $$B\subseteq E_{2}$$], [image: $$B\ne \emptyset $$];[image: $$\begin{aligned} s(\{e_{1}, e_{2},e_{3}\}; B)&= s(\{e_{2}, e_{3},e_{4}\}; B) = s(\{e_{1}, e_{3},e_{4}\}; B)\\&= s(\{e_{1}, e_{2},e_{4}\}; B) = \frac{3}{4}, \end{aligned}$$]


for [image: $$B\subseteq E_{2}$$], [image: $$B\ne \emptyset $$]; and[image: $$\begin{aligned} s(\{e_{1}, e_{2},e_{3}, e_{4}\}; B) = \frac{3}{4}, \end{aligned}$$]


for [image: $$B\subseteq E_{2}$$], [image: $$B\ne \emptyset $$]. To illustrate the pertinence of this function we give: 


                [image: A311889_1_En_1_Fig5_HTML.gif]
Fig. 1.5Two hypergraphs [image: $$H_{1} = (V; E_1)$$] and [image: $$H_{2} =(V; E_2)$$] defined on the same set of vertices. Hyperedges are displayed as sets of vertices




              

                  Proposition 1.1
                
 Let [image: $$H = (V; E= (e_{i})_{i\in I})$$] and [image: $$H^{^{\prime }} = (V; E^{\prime }=(e^{^{\prime }}_{i})_{i\in I})$$] be a hypergraph without empty hyperedge. Let[image: $$\begin{aligned} P(E)&\longrightarrow P(E) \nonumber \\ A&\longmapsto f_{P(E)}(A) \end{aligned}$$]


and[image: $$\begin{aligned} P(E^{\prime })&\longrightarrow P(E^{\prime }) \nonumber \\ A&\longmapsto f_{P(E^{\prime })}(A) \end{aligned}$$]


be two functions and let [image: $$s$$] be a similarity such that, for all [image: $$e \in E$$], [image: $$e\in f_{E}(e)$$] and [image: $$f_{E}(e)\ne \emptyset $$], and for all [image: $$e^{\prime }{\,\in \,}E^{\prime }$$], [image: $$e{\,\in \,}f_{E^{\prime }}(e^{\prime })$$] and [image: $$f_{E^{\prime }}(e^{\prime })\ne \emptyset $$]. We have the two following properties:(a)
                          [image: $$\forall (e_{i}, e_{j})\in E\times E^{^{\prime }}$$], [image: $$s((e_{i}, e_{j})) =0$$] if and only if [image: $$E\cap E^{^{\prime }}=\emptyset $$];

 

(b)if [image: $$\forall (e_{i}, e_{j})\in E\times E^{^{\prime }}$$], [image: $$s((e_{i}, e_{j})) =1$$] then [image: $$E = E^{^{\prime }}$$].

 



                


                  Proof
                
 It is obvious that if [image: $$E\cap E^{^{\prime }}=\emptyset $$] then [image: $$\forall (e_{i}, e_{j})\in E\times E^{^{\prime }}$$], [image: $$s((e_{i}, e_{j})) =0$$].
Now [image: $$\forall (e_{i}, e_{j})\in E\times E^{^{\prime }}$$],[image: $$\begin{aligned} s((e_{i}, e_{j})) =0\; \mathrm{{if\;and\;only\;if}}\; \forall (e_{i}, e_{j})\in E\times E^{^{\prime }}, \; f_{P(E)}(e_{i})\cap f_{P(E^{\prime })}(e_{j}) = \emptyset . \end{aligned}$$]


If [image: $$E\cap E^{^{\prime }}\ne \emptyset $$] then there is [image: $$e \in E\cap E^{^{\prime }}$$] and [image: $$e \in f_{P(E)}(e)\cap f_{P(E^{\prime })}(e)$$]; hence [image: $$s((e, e)) \ne 0$$].

                  [image: $$\forall (e_{i}, e_{j})\in E\times E^{^{\prime }}$$],[image: $$\begin{aligned} s((e_{i}, e_{j})) =1\; \mathrm{{if\;and\; only\; if}}\; \forall (e_{i}, e_{j})\in E\times E^{^{\prime }}, \; f_{E}(e_{i})= f_{E^{\prime }}(e_{j}). \end{aligned}$$]


Because for all [image: $$e\in E$$], [image: $$e\in f_{P(E)}(e)= f_{P(E^{\prime })}(e)$$], we have: [image: $$ E = E^{^{\prime }}$$]. [image: $$\square $$]
                

1.3.2.1 Positive Kernel and Similarity
Let [image: $$V$$] be a vector space over the field [image: $$\mathbb{R }$$]. Aninner product over [image: $$V$$] is a bilinear map:[image: $$\begin{aligned} \langle \cdot , \cdot \rangle : V \times V \rightarrow \mathbb{R } \end{aligned}$$]


verifying for all : [image: $${\vec {x}}, {\vec {y}}, {\vec {z}}\in V$$] and for all [image: $$a, b\in \mathbb{R }$$]
                  (a)
                          [image: $$\langle {\vec {x}}, {\vec {x}}\rangle \ge 0$$] with equality only if [image: $${\vec {x}} = {\vec {0}}$$];

 

(b)
                          [image: $$\langle a {\vec {x}}, {\vec {y}}\rangle = a \langle {\vec {x}},{\vec {y}}\rangle $$] and [image: $$ \langle {\vec {x}},b {\vec {y}}\rangle = b \langle {\vec {x}}, {\vec {y}}\rangle $$];

 

(c)
                          [image: $$\langle {\vec {x}}+{\vec {y}},{\vec {z}}\rangle = \langle {\vec {x}},{\vec {z}}\rangle + \langle {\vec {y}},{\vec {z}}\rangle $$] and [image: $$\langle {\vec {x}}, {\vec {y}}+{\vec {z}}\rangle = \langle {\vec {x}},{\vec {y}}\rangle + \langle {\vec {x}},{\vec {z}}\rangle $$].

 


A vector space equipped with a inner product is ainner product space. It is well known that a inner product on [image: $$\mathbb{R }^{n} $$] over the field [image: $$\mathbb{R }$$] can be written: [image: $$\langle {\vec {x}}, {\vec {y}}\rangle = {\vec {y}}^{\; t}M {\vec {x}}$$], where [image: $$M$$] is a matrix such that:[image: $$\begin{aligned} M_{i,j}=\langle {\vec {e}}_{i},{\vec {e}}_{j}\rangle ,\; \mathrm{{and\; where}}\; \{{\vec {e}}_{1}, {\vec {e}}_{2}, \ldots ,{\vec {e}}_{n},\}\; \mathrm{{is\; the\; standard\; basis\; of}} \; \mathbb{R }^{n}. \end{aligned}$$]


A real [image: $$n\times n$$] matrix [image: $$A$$] is calledpositive-semidefinite (sometimes nonnegative-definite) if[image: $$\begin{aligned} {\vec {x}}^{t} A {\vec {x}} \ge 0 \end{aligned}$$]


for all [image: $${\vec {x}}\in \mathbb{R }^{n}$$].
Moreover if [image: $${\vec {x}}^{t} A {\vec {x}} = 0$$] implies that [image: $$ {\vec {x}} =0$$] the matrix [image: $$A$$] ispositive-definite. From properties of the inner product the matrix [image: $$M$$] is symmetric positive-definite. In the sequel sometimes we denote [image: $$\langle {\vec {x}}_i,{\vec {x}}_j\rangle $$] by [image: $$\langle x_i,x_j\rangle $$].
Let [image: $$H$$] be inner product space, theGram matrix or Gramian of a set of vectors [image: $$\{x_1, x_{2}\dots , x_{n}\}$$] is the real matrix defined as:[image: $$\begin{aligned} G(x_1,\dots , x_n)=\left( \begin{array}{cccc} \langle x_1,x_1\rangle &{} \langle x_1,x_2\rangle &{}\dots &{} \langle x_1,x_n\rangle \\ \langle x_2,x_1\rangle &{} \langle x_2,x_2\rangle &{}\dots &{} \langle x_2,x_n\rangle \\ \vdots &{}\vdots &{}\ddots &{}\vdots \\ \langle x_n,x_1\rangle &{} \langle x_n,x_2\rangle &{}\dots &{} \langle x_n,x_n\rangle \end{array}\right) . \end{aligned}$$]


This matrix is positive-semidefinite.
In operator theory, a positive-definite kernel is a generalization of a positive-definite matrix. Let [image: $$X$$] be a nonempty set. A function[image: $$\begin{aligned} K: X \times X \rightarrow \mathbb{R } \end{aligned}$$]


such that	
                        [image: $$K(x, x^{\prime }) = K(x^{\prime }, x)$$], for all [image: $$x; x^{\prime } \in X$$];

	
                        [image: $$\sum _{i=1}^n\sum _{j=1}^n K(x_i, x_j) c_i c_j \ge 0$$], for all [image: $$n{\,\in \,}\mathbb{N }$$] and all [image: $$x_{1}, \ldots ,x_{n}{\,\in \,}X$$] and [image: $$c_{1}, \ldots ,c_{n} \in \mathbb{R }$$].



is a positive definite kernel or kernel for short.
For all [image: $$n\in \mathbb{N }$$] and all [image: $$x_{1}, \ldots ,x_{n}\in X$$] the matrix[image: $$\begin{aligned} K(x_1,\dots , x_n)=\left( \begin{array}{ccccccc} K(x_1,x_1) &{} K(x_1,x_2) &{}\dots &{} K(x_1,x_n)\\ K(x_2,x_1) &{} K(x_2,x_2) &{}\dots &{} K(x_2,x_n)\\ \vdots &{}\vdots &{}\ddots &{}\vdots \\ K(x_n,x_1) &{} K(x_n,x_2) &{}\dots &{} K(x_n,x_n) \end{array}\right) . \end{aligned}$$]


is also calledGram matrix of the kernel or Gramian kernel. Consequently the map [image: $$K$$] define above is a kernel if and only if for all [image: $$n\in \mathbb{N }$$] and all [image: $$x_{1},\ldots , x_{n}\in X$$] the matrix [image: $$K(x_1,\dots , x_n)$$] is positive definite.
Graphs model (see [BFH12]) a network of relationships between objects and, from a algorithmic point of view, they are the most general data structure. Graphs are probably the most used mathematical objects in applied mathematics. Applications are numerous and varied: geostatistics, bioinformatics, chemoinformatics, information extraction, text categorization, handwriting recognition and so on. The most important issue in graph theory, when dealing with the above applications, is to compare substructures of graphs and this in polynomial time. This is why the notion of kernel on graph [STV04] was intensively studied. Indeed kernels on graphs are:1.theoretically sound and widely applicable;

 

2.efficient to compute;

 

3.positive- semidefinite;

 

4.applicable to a wide range of graphs;

 

5.and so on.

 


Hypergraphs are structures that are now widely used in the above mentioned applications. We have the same problem of comparing structures in an effective time. To our knowledge very few kernels have been developed on hypergraphs.
Now let us go back to the notion of similarity [BB11, BBed]:[image: $$\begin{aligned} E\times E&\longrightarrow \mathbb{R }^{+}\nonumber \\ (e_{i}, e_{j})&\longmapsto s(e_{i}, e_{j}) =\frac{\vert f(e_{i}, )\cap f(e_{j})\vert }{\vert f(e_{i})\cup f(e_{j})\vert } \end{aligned}$$]


We remind the reader that hypergraphs have no empty hyperedge.
The associate matrix is: [image: $$M= (s(e_{i}; e_{j}))_{i,j}$$].
If [image: $$A=[a_{i, j}], B=[b_{i, j}]$$] are [image: $$n\times n$$] matrices, we write[image: $$\begin{aligned} A\circ B=[a_{i, j}\cdot b_{i, j}] \end{aligned}$$]


for their entrywise product; i.e. for the matrix whose [image: $$m_{i, j}$$] entry is [image: $$a_{i, j}\cdot b_{i, j}$$]. We will call this the Schur product of [image: $$A$$] and [image: $$B$$]. It is also called theHadamard product. It is well known that if [image: $$A, B$$] are definite positive, then so is [image: $$A\circ B$$].

                    Theorem 1.1
                  
 The matrix[image: $$\begin{aligned} M = \left( s(e_{i}; e_{j})\right) _{i, j\in \{1, 2, \ldots m\}} \end{aligned}$$]


is positive definite. 


                    Proof
                  
Let [image: $$H = (V; E)$$] be a hypergraph and[image: $$\begin{aligned} f: E \longrightarrow P(E) \end{aligned}$$]


be a map such that [image: $$f(e)\ne \emptyset $$], for all [image: $$e\in E$$].
Let [image: $$A = (a_{i, j})_{i, j\in \{1, 2, 3, \ldots , m\}}$$] be the following matrix:[image: $$\begin{aligned} a_{i, j} = \left\{ \begin{array}{ll} \vert f(e_{i})\cap f(e_{j})\vert &{} \mathrm{{{if}}} \; i < j.\\ \vert f(e_{i})\vert &{} \mathrm{{{if}}} \; i = j.\\ - \vert f(e_{i})\cap f(e_{j})\vert &{} \mathrm{{{if}}} \; i > j. \end{array}\right. \end{aligned}$$]


This matrix can be written in the following way:[image: $$\begin{aligned} A=\left( \begin{array}{cccccccccc} a_{1,1} &{} a_{1, 2} &{} a_{1, 3} &{} a_{1, 4} &{}\dots &{} \dots &{} \dots &{} \dots &{} \dots &{} a_{1, m} \\ -a_{1, 2} &{} a_{2, 2} &{} a_{2, 3} &{} a_{2, 4} &{}\dots &{} \dots &{} \dots &{} \dots &{} \dots &{} a_{2, m} \\ -a_{1, 3} &{} -a_{2, 3} &{} a_{3, 3} &{} a_{3, 4} &{}\dots &{} \dots &{} \dots &{} \dots &{} \dots &{} a_{3, m} \\ \vdots &{}\vdots &{}\ddots &{} \vdots &{} \vdots &{} \vdots &{} \vdots &{}\vdots &{} \vdots &{}\vdots \\ -a_{1, j} &{} -a_{2, j} &{} -a_{3, j} &{} -a_{3, j} &{}\dots &{} -a_{j-1, j}&{} a_{j, j}&{} a_{j, j+1}&{}\dots &{} a_{j, m} \\ \vdots &{}\vdots &{}\ddots &{} \vdots &{} \vdots &{} \vdots &{} \vdots &{}\vdots &{} \vdots &{}\vdots \\ -a_{1, m} &{} -a_{2, m} &{} -a_{3, m} &{}\dots &{} \dots &{}\dots &{}\dots &{} \dots &{} -a_{m-1, m} &{} a_{m, m} \end{array}\right) \end{aligned}$$]


Let [image: $$T$$] be the strictly upper triangular matrix of [image: $$A$$], i.e.[image: $$\begin{aligned} \mathbf{T } =\left[ \begin{array}{ccccc} 0 &{} a_{1,2} &{} a_{1,3} &{} \ldots &{} a_{1,m} \\ &{} 0 &{} a_{2,3} &{} \ldots &{} a_{2,m} \\ &{} &{} \ddots &{} \ddots &{} \vdots \\ &{} &{} &{} \ddots &{} a_{m-1,m}\\ 0 &{} &{} &{} &{} 0 \end{array}\right] \end{aligned}$$]


We have:[image: $$\begin{aligned} A = T-T{}^{t}+ D \end{aligned}$$]


where [image: $$D$$] is the diagonal matrix of [image: $$A$$]. Let [image: $$X{}^{t}= (x_{1}, x_{2}, x_{3}, \ldots , x_{m})$$] be a vector of [image: $$\mathbb{R }^{m}$$]. We have:[image: $$\begin{aligned} X{}^{t}AX = X{}^{t}(T-T{}^{t}{+} D)X {=} X{}^{t}TX-X{}^{t}T{}^{t}X{+} X{}^{t}DX = X{}^{t}DX = \sum _{i=1}^{m} a_{i, i}x_{i}^{2} >0. \end{aligned}$$]


Consequently the matrix [image: $$A$$] is definite positive.
Let [image: $$B = (b_{i, j})_{i, j\in \{1, 2, 3, \ldots , m\}}$$] be the following matrix:[image: $$\begin{aligned} b_{i, j} = \left\{ \begin{array}{ll} \frac{1}{\vert f(e_{i})\cup f(e_{j})\vert } &{} \mathrm{if } \; i < j.\\ \frac{1}{\vert f(e_{i})\vert } &{} \mathrm{if} \; i = j.\\ - \frac{1}{\vert f(e_{i})\cup f(e_{j})\vert } &{} \mathrm{if } \; i > j. \end{array}\right. \end{aligned}$$]


This matrix can be written like the matrix [image: $$A$$]. Hence[image: $$\begin{aligned} X{}^{t}BX = \sum _{i=1}^{m} b_{i, i}x_{i}^{2} >0. \end{aligned}$$]


So [image: $$B$$] is positive-definite .
It is easy to verify that [image: $$M = A\circ B$$]. We can conclude that [image: $$M$$] is a positive-definite matrix. [image: $$\square $$]
                  

We proved

                    Corollary 1.1
                  
 The similarity [image: $$s$$] defined above is a kernel. 

If [image: $$A$$] is a [image: $$m\times n$$] matrix and [image: $$B$$] is a [image: $$p\times q$$] matrix, then theKronecker product
                  [image: $$A \otimes B$$] is the [image: $$mp\times nq$$] block matrix[image: $$\begin{aligned} \mathbf{A }\otimes \mathbf{B } = \left( \begin{array}{ccccc}a_{11} B &{} \cdots &{} a_{1n}B \\ \vdots &{} \ddots &{} \vdots \\ a_{m1} B &{} \cdots &{} a_{mn} B \end{array} \right) \end{aligned}$$]


The Kronecker product of matrices corresponds to theabstract tensor product of linear maps. It is well known that if [image: $$A$$] and [image: $$B$$] are definite positive matrices [image: $$A \otimes B$$] is.
Let [image: $$H = (V; E)$$] and [image: $$H^{\prime } = (V^{\prime }; E^{\prime })$$] be two hypergraphs.
Now let us[image: $$\begin{aligned} \begin{array}{rl} E\times E &{}\longrightarrow \mathbb{R }^{+}\nonumber \\ (e_{i}, e_{j}) &{}\longmapsto s(e_{i}, e_{j}) =\frac{\vert f(e_{i}, )\cap f(e_{j})\vert }{\vert f(e_{i})\cup f(e_{j})\vert } \end{array} \end{aligned}$$]


and[image: $$\begin{aligned} \begin{array}{rl} E^{\prime }\times E^{\prime } &{}\longrightarrow \mathbb{R }^{+}\nonumber \\ (e^{\prime }_{i}, e^{\prime }_{j}) &{}\longmapsto s^{\prime }(e^{\prime }_{i}, e^{\prime }_{j}) =\frac{\vert f^{\prime }(e^{\prime }_{i}, )\cap f^{\prime }(e^{\prime }_{j})\vert }{\vert f^{\prime }(e^{\prime }_{i})\cup f^{\prime }(e^{\prime }_{j})\vert } \end{array} \end{aligned}$$]


having respectively [image: $$M$$] and [image: $$M^{\prime }$$] as matrix.
Hence the matrix[image: $$\begin{aligned} M^{\prime \prime } = M \otimes M^{\prime } \end{aligned}$$]


define a kernel. So we have:

                    Proposition 1.2
                  
 The following map:[image: $$\begin{aligned} (E\times E) \times (E^{\prime }\times E^{\prime })&\longrightarrow \mathbb{R }^{+}\nonumber \\ ( (e_{i}, e_{j}); (e^{\prime }_{i}, e^{\prime }_{j}) )&\longmapsto s^{\prime \prime }( (e_{i}, e_{j}); (e^{\prime }_{i}, e^{\prime }_{j})) = s(e_{i}, e_{j}) \otimes s^{\prime }(e^{\prime }_{i}, e^{\prime }_{j})\nonumber \\&\qquad \qquad \qquad \qquad \qquad \ = s(e_{i}, e_{j})\cdot s^{\prime }(e^{\prime }_{i}, e^{\prime }_{j}) \end{aligned}$$]


is a kernel 


1.3.2.2 Metric and Similarity on Hypergraphs
Let [image: $$X$$] be a set and let [image: $$d :X \times X \rightarrow \mathbb{R }^{+}$$] be a map. The couple [image: $$(X; d)$$] is ametric space if [image: $$d$$] is ametric, that is if [image: $$d$$] verifies:
for all any [image: $$x, y, z \in X$$], the following holds:1
                          [image: $$d(x,y) = 0$$] iff [image: $$x = y $$];

 

2
                          [image: $$d(x,y) = d(y,x)$$];

 

3
                          [image: $$ d(x,z) \le d(x,y) + d(y,z)$$].

 


In this section we suppose that for any hypergraph [image: $$H=(V; E)$$] we have [image: $$\emptyset \in E$$] and, for any map [image: $$f$$] on [image: $$E$$], [image: $$f(\emptyset ) = \emptyset $$].

                    Proposition 1.3
                  
 Let [image: $$H =(V; E)$$] be a hypergraph equipped with an injective map on [image: $$E$$] (that is [image: $$f(e)) =f(e^{\prime }) \Longrightarrow e =e^{\prime }$$]) and [image: $$s$$] be a similarity function, then:

                    [image: $$\widetilde{s}(e, e^{\prime }) = 1- s(e, e^{\prime })$$] is a metric. 


                    Proof
                  
 We may remark that:	
                          [image: $$2$$] is true;

	moreover: [image: $$\begin{aligned} \widetilde{s}(e, e^{\prime }) = 0 \Longrightarrow s(e, e^{\prime }) = 1 \Longrightarrow f(e) =f(e^{\prime }) \Longrightarrow e =e^{\prime }. \end{aligned}$$]


 The converse is obvious.



Show now that [image: $$\widetilde{s}$$] is a metric.
We have:[image: $$\begin{aligned} \widetilde{s}(e, e^{\prime }) {=} 1{-} \frac{\vert f(e)\cap f(e^{\prime })\vert }{\vert f(e)\cup f(e^{\prime })\vert } {=} \frac{\vert f(e)\cup f(e^{\prime })\vert {-} \vert f(e)\cap f(e^{\prime })\vert }{\vert f(e)\cup f(e^{\prime })\vert } = \frac{\vert f(e)\triangle f(e^{\prime })\vert }{\vert f(e)\cup f(e^{\prime })\vert }, \end{aligned}$$]


where [image: $$A\triangle B$$] is symmetric difference between [image: $$2$$] subsets of a set [image: $$X$$].
It is well known that the map[image: $$\begin{aligned} d :P(X) \times P(X) \rightarrow \mathbb{R }^{+} \end{aligned}$$]


defined by[image: $$\begin{aligned} d(A, B) =\vert A\triangle B\vert \end{aligned}$$]


is a metric. Indeed we have just to show the third axiom, the first and the second are easy.
let [image: $$x\not \in A\triangle C$$] and [image: $$x\not \in C\triangle B$$]. Assume that [image: $$x\in A$$], hence [image: $$x\in C$$], consequently [image: $$x\in B$$], and [image: $$x\not \in A\triangle B$$]. So, if [image: $$x\in A\triangle B$$] then [image: $$x\in A\triangle C$$] or [image: $$x\in C\triangle B$$]. We proved that[image: $$\begin{aligned} d(A, B)\le d(A, C)+ d(C, B). \end{aligned}$$]


Since [image: $$f$$] is injective from remark above, the map:[image: $$\begin{aligned} d :E \times E \rightarrow \mathbb{R }^{+} \end{aligned}$$]


defined by[image: $$\begin{aligned} d(e, e^{\prime }) =\vert f(e)\triangle f(e^{\prime })\vert \end{aligned}$$]


is a metric.
It is also well known that if [image: $$(X; d)$$] is a metric space and [image: $$a\in X$$] then:[image: $$\begin{aligned} D(x, y)= \frac{2d(x,y)}{d(x,a)+ d(y,a)+ d(x,y)}. \end{aligned}$$]


is a metric on [image: $$X$$].
The first axiom and the second axiom are easy. For the last one it is sufficient to show that [image: $$D(x, z)+ D(z,y)- D(x,y) \ge 0$$].
Now:[image: $$\begin{aligned} D(e, e^{\prime })= \frac{2\vert f(e)\triangle f(e^{\prime })\vert }{ \vert f(e)\triangle \emptyset \vert + \vert \emptyset \triangle f(e^{\prime })\vert + \vert f(e)\triangle f(e^{\prime })\vert } = \frac{2\vert f(e)\triangle f(e^{\prime })\vert }{2\vert f(e)\cup f(e^{\prime })\vert }=\widetilde{s}(e, e^{\prime }). \end{aligned}$$]


So [image: $$\widetilde{s}(e, e^{\prime })$$] is a metric calledhypergraph similarity metric. [image: $$\square $$]
                  

Notice that if [image: $$f$$] is not an injective map [image: $$\widetilde{s}(e, e^{\prime })$$] is apseudo-metric, i.e. the axiom [image: $$1$$] in definition of metric is not true.


1.3.3 Hypergraph Morphism; Groups and Symmetries
Let [image: $$H = (V; E)$$] and [image: $$H^{\prime } = (V^{\prime }; E^{\prime })$$] be two hypergraphs without repeated hyperedge. A morphism of hypergraph is a map[image: $$\begin{aligned} f : V \rightarrow V^{\prime } \end{aligned}$$]


such that if [image: $$e\in E$$] then [image: $$f(e)\in E^{\prime }$$].
We remind the reader that acategory
                [image: $$\mathcal{C }$$] is formed by:	a collection of objects denoted [image: $$Ob(\mathcal{C })$$];

	for every pair [image: $$X, Y\in Ob(\mathcal{C })$$], there is a set [image: $${\textit{Hom}}(X, Y)$$], called the morphisms from [image: $$X$$] to [image: $$Y$$] in [image: $$\mathcal{C }$$]. If [image: $$f$$] is a morphism from [image: $$X$$] to [image: $$Y$$], we write [image: $$f : X \longrightarrow Y$$];

	for every object [image: $$X$$], there is a morphism [image: $$id_{X} \in {\textit{Hom}}(X, X)$$], called the identity on [image: $$X$$];

	for every triple [image: $$X, Y, Z\in Ob(\mathcal{C })$$], there exists a partial binary operation from [image: $$\begin{aligned} { Hom}(X, Y)\times { Hom}(Y, Z) \rightarrow { Hom}(X, Z), \end{aligned}$$]


 called the composition of morphisms in [image: $$\mathcal{C }$$]: if [image: $$f: X \longrightarrow Y$$] and [image: $$g: Y \longrightarrow Z$$], the composition of [image: $$f$$] and [image: $$g$$] is notated [image: $$g \circ f: X \longrightarrow Z$$]. These operations verify the following two axioms:




                	Associativity: If [image: $$f:X \longrightarrow Y$$], [image: $$g:Y \longrightarrow Z\;\mathrm{{and}}\; h:Z \longrightarrow W$$], then [image: $$h \circ (g \circ f) = (h \circ g) \circ f$$].

	Identity: if [image: $$f:X \longrightarrow Y$$], then [image: $$id_{Y} \circ f=f$$] and [image: $$f \circ id_{X} = f$$].



The collection of hypergraphs is a category with hypergraph morphisms as morphisms (Fig. 1.6).[image: A311889_1_En_1_Fig6_HTML.gif]
Fig. 1.6It is easy to verify that the map between the two hypergraphs defined by [image: $$x_{1}\longmapsto y_{1}; x_{2}\longmapsto y_{2}; x_{3}\longmapsto y_{4}; x_{4}\longmapsto y_{5}; x_{5}\longmapsto y_{6}; x_{6}\longmapsto y_{5}$$]; [image: $$x_{7}\longmapsto y_{3}$$]; [image: $$x_{8}\longmapsto y_{3}$$]; [image: $$x_{9}\longmapsto y_{4}$$] is a morphism




              
A hypergraph [image: $$H = (V,E = (e_i)_{i\in I})$$] is isomorphic to a hypergraph [image: $$H^{\prime } = (V^{\prime },E^{\prime }=(e^{\prime }_j)_{j\in J})$$], written [image: $$H \simeq H^{\prime }$$], if it exists a bijection:[image: $$\begin{aligned} f : V \rightarrow V^{\prime } \end{aligned}$$]


and a bijection[image: $$\begin{aligned} \pi : I \rightarrow J \end{aligned}$$]


which induces a bijection:[image: $$\begin{aligned} g : E \rightarrow E^{\prime } \end{aligned}$$]


such that: [image: $$g(e_i) = e^{\prime }_{\pi (i)}$$], for all [image: $$e_{i}\in E$$].
The couple [image: $$(f; g)$$] is then called anisomorphism of hypergraphs.
There is another equivalent way to define isomorphisms when hypergraphs do not have any repeated hyperedge. An isomorphism between two hypergraphs without repeated hyperedge is a bijection[image: $$\begin{aligned} f : V \rightarrow V^{\prime } \end{aligned}$$]


such that[image: $$\begin{aligned} \forall e = \{x_{1},x_{2},\ldots x_{k} \}\subseteq V: e\in E \Longleftrightarrow f(e)= \{f(x_{1}),f(x_{2}),\ldots f(x_{k})\} \in E^{\prime } \end{aligned}$$]


In this case we just need [image: $$f$$].

                  Proposition 1.4
                

                  [image: $$H \simeq H^{\prime }$$] if and only if [image: $$H^* \simeq H^{\prime *}$$] (hypergraphs are without isolated vertex). 


                  Proof
                
Let [image: $$I(H)$$] and [image: $$I(H^{\prime })$$] be the incidence matrices of [image: $$H$$] and [image: $$H^{\prime }$$] respectively. [image: $$H \simeq H^{\prime }$$] if and only if there are two permutation matrices [image: $$P, Q$$] such that:[image: $$\begin{aligned} P\cdot I(H)\cdot Q = I(H^{\prime }). \end{aligned}$$]


The matrix of [image: $$H^*$$] (resp. of [image: $$H^{\prime *}$$]) is the transposed of the matrix [image: $$I(H)$$], that is [image: $$I^{t}(H)$$] (resp. [image: $$I^{t}(H^{\prime })$$]). Hence[image: $$\begin{aligned} I^{t}(H^{\prime })= (P\cdot I(H)\cdot Q)^{t} = Q^{t} \cdot I^{t}(H)\cdot P ^{t}\; \mathrm{{if\;and\;only}}\; i\;f H^* \simeq H^{\prime *}. \end{aligned}$$]



                  [image: $$\square $$]
                

If [image: $$H^{\prime } = H$$], an isomorphism is called anautomorphism of hypergraph. The set of automorphisms of a hypergraph [image: $$H= (V; E)$$] is a group under composition. We call itthe automorphism group of
                [image: $$H$$] and we denote it by [image: $$Aut(H)$$]. A simple hypergraph isvertex transitive if for any pair of vertices [image: $$x, y\in V$$] there is an automorphism [image: $$f$$] such that [image: $$f(x) =y$$]. In the same way a hypergraph ishyperedge transitive if for any pair of hyperedges [image: $$e, e^{\prime }\in E$$] there is an automorphism [image: $$f$$] such that [image: $$f(e) =e^{\prime }$$]. In other words, a simple hypergraph is vertex (resp. hyperedge) transitive if its automorphism group acts transitively on the set of vertices (resp. on the set of hyperedges). It issymmetric if it is both vertex and hyperedge transitive. It is not so difficult to see that a simple hypergraph [image: $$H$$] is hyperedge transitive if and only if its dual is vertex transitive [LW01].


1.4 Generalization of Hypergraphs
The concept of hypergraph can be generalized by allowing hyperedges to become vertices. Consequently, a hyperedge [image: $$e$$] may not only contain vertices, but may also contain hyperedges, which will be supposed different from [image: $$e$$]. For example:	Let [image: $$V =\{x_{1};x_{2};x_{3}\}$$]
                  

	
                    [image: $$E = \{ e_{1} = \{x_{1};x_{2}\}; e_{2} = \{x_{2};x_{3}, e_{1} \}; e_{3} = \{x_{1}; e_{1}; e_{2}\}\}$$]
                  



The incidence matrix of this type of hypergraph is a matrix, which size is the cardinality of [image: $$E$$] and the cardinality of [image: $$V$$] plus the cardinality of [image: $$E$$].
For instance the following matrix is the incidence matrix of the above hypergraph:[image: $$\begin{aligned} \begin{array}{l} e_1\\ e_2\\ e_3 \end{array} \mathop {\left( \begin{array}{c@{\qquad }c@{\qquad }c@{\qquad }c@{\qquad }c@{\qquad }c} 1 &{} 1 &{} 0 &{} 0 &{} 0 &{} 0\\ 0 &{} 1 &{} 1 &{} 1 &{} 0&{} 0\\ 1 &{} 0 &{} 0 &{} 1 &{} 1&{} 0 \end{array}\right) }\limits ^{\begin{array}{l@{\quad \,}l@{\quad \,}l@{\quad \,}l@{\quad \,}l@{\quad \,}l} x_1&x_2&x_3&e_1&e_2&e_3 \end{array}} \end{aligned}$$]



              [image: A311889_1_En_1_Figb_HTML.gif]
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Abstract
In the first chapter we saw that hypergraphs generalize standard graphs by defining edges between multiple vertices instead of only two vertices. Hence some properties must be a generalization of graph properties In this chapter, we introduce some basic properties of hypergraphs which will be used throughout this book.

In the first chapter we saw that hypergraphs generalize standard graphs by defining edges between multiple vertices instead of only two vertices. Hence some properties must be a generalization of graph properties In this chapter, we introduce some basic properties of hypergraphs which will be used throughout this book.
2.1 Graphs versus Hypergraphs
2.1.1 Graphs
A multigraph, [image: $$\varGamma =(V; E)$$] is a hypergraph such that the rank of [image: $$\varGamma $$] is at most two. The hyperedges are called edges. If the hypergraph is simple, without loop, it is a graph. Consequently any definition for hypergraphs holds for graphs. Given a graph [image: $$\varGamma $$], we denote by [image: $$\varGamma (x)$$] the neighborhood of a vertex [image: $$x$$], i.e. the set formed by all the vertices which form a edge with [image: $$x$$]:[image: $$\begin{aligned} \varGamma (x) = \{y\in V: \{x,y\}\in E\} \end{aligned}$$]


In the same way, we define the neighborhood of  [image: $$A \subseteq V $$] as[image: $$\begin{aligned} \varGamma (A) = \bigcup _{x \in A} \varGamma (x). \end{aligned}$$]


The open neighborhood of [image: $$A$$] is[image: $$\begin{aligned} \varGamma ^{o}(A)= \varGamma (A) \setminus A. \end{aligned}$$]


An induced subgraph generated by [image: $$V^{^{\prime }}\subseteq V$$] is denoted by [image: $$\varGamma (V^{^{\prime }})$$].
A graph [image: $$\varGamma =(V; E)$$] is bipartite if[image: $$\begin{aligned} V=V_{1}\cup V_{2}\; \text{ with }\; V_{1}\cap V_{2}=\emptyset \end{aligned}$$]


and every edge joins a vertex of [image: $$V_{1}$$] to a vertex [image: $$V_{2}$$].
It is well known that a graph [image: $$\varGamma =(V; E)$$] is bipartite if and only if it does not contain any cycle with an odd length [Wes01, Vol02].
A graph is complete if any pair of vertices is an edge. A clique of a graph [image: $$\varGamma =(V; E)$$] is a complete subgraph of [image: $$\varGamma $$].
The maximal cardinality of a clique of a graph [image: $$\varGamma $$] is denoted by [image: $$\omega (\varGamma )$$].
Remember that a graph is chordal if each of its cycles of four or more vertices has a chord, that is, an edge joining two non-consecutive vertices in the cycle.
For more informations about graphs see [Bol98, BLS99, BFH12, CL05, CZ04, GY06].

2.1.2 Graphs and Hypergraphs
Let [image: $$H = (V; E = (e_{i})_{i\in I})$$] be a hypergraph such that [image: $$E \ne \emptyset $$]. The line-graph (or representative graph, but also intersection graph) of [image: $$H$$] is the graph [image: $$L(H) = (V^{\prime }; E^{\prime })$$] such that:1.
                        [image: $$V^{\prime } := I$$] or [image: $$V^{\prime } := E$$] when [image: $$H$$] is without repeated hyperedge;

 

2.
                        [image: $$\{i, j \}\in E^{\prime }$$] ([image: $$i\ne j$$]) if and only if [image: $$e_{i}\cap e_{j} \ne \emptyset $$].

 


Figure 2.1 illustrates this definition.
Some properties of hypergraphs can be seen on the line-graph, for instance it is easy to show that:

                  Lemma 2.1
                
 The hypergraph [image: $$H$$] is connected if and only if [image: $$L(H)$$] is. 


                  Proposition 2.1
                
 Any non trivial graph [image: $$\varGamma $$] is the line-graph of a linear hypergraph. 


                  Proof
                
 Let [image: $$\varGamma =(V;E)$$] be a graph with [image: $$V= \{x_{1}, x_{2},\ldots x_{n} \}$$]. Without loosing generality, we suppose that [image: $$\varGamma $$] is connected (otherwise we treat the connected components one by one). We can construct a hypergraph [image: $$H =(W; X)$$] in the following way:	the set of vertices is the set of edges of [image: $$\varGamma $$], i. e. [image: $$W:= E$$]. It is possible since [image: $$\varGamma $$] is simple;

	the collection of hyperedges [image: $$X$$] is the family of [image: $$X_{i}$$] where [image: $$X_{i}$$] is the set of edges of [image: $$\varGamma $$] having [image: $$x_{i}$$] as incidence vertex.




                  [image: A311889_1_En_2_Fig1_HTML.gif]
Fig. 2.1Figure above shows a hypergraph [image: $$H = (V; E)$$], where [image: $$V = \{x_{1}, x_{2}, x_{3}, \ldots , x_{9}, \}$$], [image: $$E = \{e_{1}, e_{2}, e_{3}, e_{4}, e_{5} \}$$], and its representative. The vertices of [image: $$L(H)$$] are the black dots and its edges are the curves between these dots




                
So we can write:[image: $$\begin{aligned} H =(E; X= (X_{1},X_{2}, \ldots , X_{n})) \end{aligned}$$]


with:[image: $$\begin{aligned} X_{i}= \{e\in E: x_{i}\in e\} \; \text{ where } \; i\in \{1, 2, 3, \ldots n\} \end{aligned}$$]


Notice that if [image: $$\varGamma $$] has only one edge then[image: $$\begin{aligned} V= \{x_{1}, \;x_{2}\}\; \text{ and }\; X_{1} = X_{2}. \end{aligned}$$]


It is the only case where [image: $$H$$] has a repeated hyperedge.
If [image: $$\vert E\vert > 1$$], if [image: $$i\ne j$$] and [image: $$X_{i}\cap X_{j}\ne \emptyset $$]; there is exactly one, (since [image: $$\varGamma $$] is a simple graph) [image: $$e\in E$$] such that [image: $$e\in X_{i}\cap X_{j}$$] with [image: $$e=\{x_{i}, x_{j} \}$$]. It is clear that [image: $$\varGamma $$] is the line-graph of [image: $$H$$] (Fig. 2.2).[image: $$\square $$]
                

This proposition is illustrated in Fig. 6.3.
Let [image: $$H = (V; E)$$] be a hypergraph, the 2-section of [image: $$H$$] is the graph, denoted by [image: $$[H]_{2}$$], which vertices are the vertices of [image: $$H$$] and where two distinct vertices form an edge if and only if they are in the same hyperedge of [image: $$H$$]. An example of 2-section is given in Fig. 2.3.[image: A311889_1_En_2_Fig2_HTML.gif]
Fig. 2.2Figure above illustrates Proposition 2.1




                [image: A311889_1_En_2_Fig3_HTML.gif]
Fig. 2.3Figure above shows the 2-section of a hypergraph




              
We can generalize the 2-section in the following way:
Given a hypergraph [image: $$H = (V; E)$$] with [image: $$\vert V \vert =n$$] and [image: $$\vert E \vert = m$$], we build a labeled-edge multigraph denoted by [image: $$G[H]_{2}$$] and called generalized 2-section as follows:[image: $$\begin{aligned} V(G[H]_{2}) = V \end{aligned}$$]


and the vertices [image: $$x$$] and [image: $$y$$] are connected by an edge, labeled with [image: $$e$$], when [image: $$\{x,y\} \subseteq e$$].
We frequently denote by [image: $$(xy,e)$$], the labelled-edges of [image: $$G[H]_{2}$$], where [image: $$xy$$] is an edge and [image: $$e$$] is one hyperedge label of [image: $$xy$$]. Note that the total number of edges [image: $$xy$$] in [image: $$G[H]_{2}$$] is[image: $$\begin{aligned} \sum _{i=1}^{m}(|e_i|(|e_i| - 1)/2 , \end{aligned}$$]


which is of order bounded by[image: $$\begin{aligned} O(m r(H)^2). \end{aligned}$$]


Furthermore, the maximal degree [image: $$\varDelta (G[H]_{2})$$] of a vertex in [image: $$G[H]_{2}$$] is clearly bounded by[image: $$\begin{aligned} r(H)\varDelta (H). \end{aligned}$$]


The  incidence graph of a hypergraph [image: $$H=(V;E)$$] is a bipartite graph [image: $${ IG}(H)$$] with a vertex set [image: $$S= V\sqcup E$$], and where [image: $$x\in V$$] and [image: $$e\in E$$] are adjacent if and only if [image: $$x\in e$$].[image: A311889_1_En_2_Fig4_HTML.gif]
Fig. 2.4Above a hypergraph which has nine vertices and five hyperedges




                [image: A311889_1_En_2_Fig5_HTML.gif]
Fig. 2.5The incidence graph associated with the hypergraph [image: $$H$$]
                      




                [image: A311889_1_En_2_Fig6_HTML.gif]
Fig. 2.6Figure above shows a neighborhood hypergraph [image: $$H_{\varGamma } = (V, (e_x = \{x\}\cup \varGamma (x)))$$] associated with a graph [image: $$\varGamma $$]
                      




              
Let [image: $$H = (V; E)$$] be a hypergraph, the degree of a hyperedge, [image: $$e\,{\in }\,E$$] is its cardinality, that is [image: $$d(e) = \vert e \vert $$] (Fig. 2.4).

                  Proposition 2.2
                
 Let [image: $$H = (V; E)$$] be a hypergraph, we have :[image: $$\begin{aligned} \sum _{x\in V}d(x) = \sum _{e\in E}d(e). \end{aligned}$$]



                


                  Proof
                
 Let [image: $$IG(H)$$] be the incidence graph of [image: $$H$$]. We sum the degrees in the part [image: $$E$$] and in the part [image: $$V$$] in [image: $$IG(H)$$]. Since the sum of the degrees in these two parts are equal we obtain the result (Fig. 2.5). [image: $$\square $$]
                


                  Proposition 2.3
                
 The dual [image: $$H^{*}$$] of a linear hypergraph without isolated vertex is also linear. 


                  Proof
                
 Let [image: $$H$$] be a linear hypergraph. Assume that [image: $$H^{*}$$] is not linear. There is two distinct hyperedges [image: $$X_{i}$$] and [image: $$X_{j}$$] of [image: $$H^{*}$$] which intersect with at least two vertices [image: $$e_{1}$$] and [image: $$e_{2}$$]. The definition of duality implies that [image: $$x_{i}$$] and [image: $$x_{j}$$] belong to [image: $$e_{1}$$] and [image: $$e_{2}$$] (the hyperedges of [image: $$H$$] standing for the vertices [image: $$e_{1}$$], [image: $$e_{2}$$] of [image: $$H^{*}$$] respectively) so [image: $$H$$] is not linear. Contradiction (Fig. 2.6). [image: $$\square $$]
                

We have seen several methods to associate a graph to a hypergraph, the converse can be done also. Indeed, let [image: $$\varGamma =(V; E)$$] be a graph, we can associate a hypergraph called neighborhood hypergraph to this graph (Fig. 2.7):[image: $$\begin{aligned} H_{\varGamma } = (V, (e_x = \{x\}\cup \varGamma (x))_{x\in V}). \end{aligned}$$]


We can also associate a hypergraph without repeated hyperedge called without repeated hyperedge neighborhood hypergraph:[image: $$\begin{aligned} H_{\varGamma } = (V, \{e_x = \{x\}\cup \varGamma (x): x\in V\}). \end{aligned}$$]


We will say that the hyperedge [image: $$e_x$$] is generated by [image: $$x$$]. This concept is illustrated Fig. 2.6.[image: A311889_1_En_2_Fig7_HTML.gif]
Fig. 2.7Intersecting family




                [image: A311889_1_En_2_Fig8_HTML.gif]
Fig. 2.8The hypergraph above has not the Helly property since the intersecting family [image: $$e_{1}, e_{3},e_{4}$$] has an empty intersection, that is, [image: $$e_{1}\cap e_{3}\cap e_{4} = \emptyset $$]
                      




              


2.2 Intersecting Families, Helly Property
2.2.1 Intersecting Families
Let [image: $$H = (V; E = (e_{i})_{i\in I})$$] be a hypergraph. A subfamily of hyperedges [image: $$(e_{j})_{j\in J}$$], where [image: $$J\subseteq I$$] is an intersecting family if every pair of hyperedges has a non empty intersection. The maximum cardinality of [image: $$\vert J\vert $$] (of an intersecting family of [image: $$H$$]) is denoted by [image: $$\varDelta _{0}(H)$$].
 Remember that a star
                [image: $$H(x)$$] centered in [image: $$x$$] is the family of hyperedges [image: $$(e_j)_{j\in J}$$] containing [image: $$x$$]. The maximum cardinality of [image: $$\vert J\vert $$] is denoted by [image: $$\varDelta (H)$$]. Since a star is an intersecting family, obviously we have [image: $$\varDelta _{0}(H)\ge \varDelta (H)$$]. An intersecting family with [image: $$3$$] hyperedges [image: $$e_{1}, e_{3},e_{3}$$] and [image: $$e_{1}\cap e_{3}\cap e_{3} = \emptyset $$] is called a triangle. In the sequel sometimes we will write
                [image: $$e_{i}\cap e_{j}$$]
                for
                [image: $$V(e_{i})\cap V(e_{j})$$].

2.2.2 Helly Property
The Helly property plays a very important role in the theory of hypergraphs as the most important hypergraphs have this property [BUZ02, Vol02, Vol09]. A hypergraph has the Helly property if each intersecting family has a non-empty intersection (belonging to a star). It is obvious that if a hypergraph contains a triangle it has not the Helly property. A hypergraph having the Helly property will be called Helly hypergraph.
A hypergraph has the  strong Helly property if each partial induced subhypergraph has the Helly property. The hypergraph shown in Fig. 2.9 has the Helly property but it has not the strong Helly property.[image: A311889_1_En_2_Fig9_HTML.gif]
Fig. 2.9The hypergraph above has the Helly property but not the strong Helly property because the induced subhypergraph on [image: $$Y = V\setminus \{x_{4}\}$$] contains the triangle: [image: $$e^{\prime }_{1} = e_{1}\cap Y$$], [image: $$e^{\prime }_{2} = e_{2}\cap Y$$], [image: $$e^{\prime }_{3} = e_{3}\cap Y$$]
                      




              
 In the sequel, we write [image: $$e_{uv}$$] to express that the hyperedge [image: $$e_{uv}$$] contains the vertices [image: $$u,v$$].
We can characterize the strong Helly property by the following:

                  Theorem 2.1
                
 Let [image: $$H$$] be a hypergraph. Any partial induced subhypergraph of [image: $$H$$] has the Helly property if and only if  for any three vertices [image: $$x,y,z$$] and any three hyperedges [image: $$e_{xy},e_{xz},e_{yz}$$] of [image: $$H$$], where [image: $$x \in e_{xy} \cap e_{xz}$$], [image: $$y \in e_{xy} \cap e_{yz}$$], [image: $$z \in e_{xz} \cap e_{yz}$$] there exists [image: $$v \in \{x,y,z\}$$] such that [image: $$v \in e_{xy} \cap e_{xz} \cap e_{yz}$$]. 


                  Proof
                
 Assume that any partial induced subhypergraph of [image: $$H$$] has the Helly property. Then, for any three hyperedges [image: $$e_{xy},e_{xz},e_{yz}$$] of [image: $$H$$], where[image: $$\begin{aligned} x \in e_{xy} \cap e_{xz}, \; y \in e_{xy} \cap e_{yz}, \; z \in e_{xz} \cap e_{yz}, \end{aligned}$$]


just take the partial subhypergraph [image: $$H(Y)$$] induced by the set [image: $$Y = \{x,y,z\}$$] to see that there is a vertex [image: $$v \in \{x,y,z\}$$] such that:[image: $$\begin{aligned} v \in e_{xy} \cap e_{xz} \cap e_{yz}. \end{aligned}$$]


We prove the reversed implication by induction on [image: $$\ell $$], the maximal size of an intersecting family of an induced subhypergraph of [image: $$H$$]. The assertion is clearly true for [image: $$\ell =3$$]. Assume that for [image: $$i=3,4,\dots , \ell $$] any partial induced subhypergraph of [image: $$H$$] with intersecting families of at most [image: $$\ell $$] hyperedges has the Helly property. Let[image: $$\begin{aligned} e_1,e_2,\dots , e_{\ell +1} \end{aligned}$$]


be an arbitrary intersecting family of hyperedges of [image: $$H$$]. By induction,[image: $$\begin{aligned} \exists x \in \cap _{i\not = 1} e_i,\; \exists y \in \cap _{i\not = 2} e_i,\; \exists z \in \cap _{i\not = 3} e_i. \end{aligned}$$]


As [image: $$\{e_1,e_2,e_3\}$$] is an intersecting family, there is a vertex[image: $$\begin{aligned} \xi \in \{x, y,z\} \end{aligned}$$]


which is in the intersection [image: $$e_1 \cap e_2 \cap e_3$$]. Hence, [image: $$\xi \in \cap _i e_i$$] and the assertion holds for [image: $$(\ell +1)$$]. [image: $$\square $$]
                

By using the same arguments than in the proof of Theorem 2.1, we can deduce the following Gilmore’s characterization of the Helly property:

                  Corollary 2.1
                
(Gilmore) A hypergraph [image: $$H$$] has the Helly property if and only if, for any three vertices [image: $$x,y,z$$], the family of all hyperedges containing at least two of these vertices has a nonempty intersection. 

From this characterization we can deduce the following algorithms:[image: A311889_1_En_2_Figa_HTML.gif]


              
For the Helly property we have the following algorithm:[image: A311889_1_En_2_Figb_HTML.gif]


                [image: A311889_1_En_2_Fig10_HTML.gif]
Fig. 2.10A subtree hypergraph associated with a tree




              


2.3 Subtree Hypergraphs
let [image: $$H = (V; E)$$] be a hypergraph. This hypergraph is called  a subtree hypergraph if	there is a tree [image: $$\varGamma $$] with vertex set [image: $$V$$] such that each hyperedge [image: $$e\in E$$] induces a subtree in [image: $$\varGamma $$].



 
 Notice that, for the same hypergraph we may have several generated trees using the above method. Moreover if [image: $$H= (V{;}E)$$] is not a subtree hypergraph, for any tree on [image: $$V$$], there is at least one hyperedge which induces a disconnected subgraph.
Conversely, let [image: $$\varGamma = (V; A)$$] be a tree, i.e. a connected graph without cycle. We build a connected hypergraph [image: $$H$$] in the following way:	the set of vertices of [image: $$H$$] is the set of vertices of [image: $$\varGamma $$];

	the set of hyperedges is a family [image: $$E = (e_{i})_{i\in \{1, 2, \ldots , m\}}$$] of subset [image: $$V$$] such that the induced subgraph [image: $$\varGamma (V(e_{i}))$$] is a subtree of [image: $$\varGamma $$], (subgraph which is a tree).



Notice that, for the same tree we may have several hypergraphs generated by the method above. An example of subtree hypergraph is given in Fig. 2.10.

                Proposition 2.4
              
 Let [image: $$\varGamma = (V; A)$$] be a tree and [image: $$H$$] be a subtree hypergraph associated with [image: $$\varGamma $$], [image: $$H$$] has the Helly property. 


                Proof
              
 We are going to use Corollary 2.1. In a tree [image: $$\varGamma $$], there is exactly one path denoted by [image: $$Pa[x, y]$$] between two vertices [image: $$x, y$$], otherwise [image: $$\varGamma $$] would contain a cycle. Let [image: $$u, v, w$$] be three vertices of [image: $$H$$]. The paths[image: $$\begin{aligned} Pa[u, v],\; Pa[v, w]\; \text{ and }\; Pa[w, u] \end{aligned}$$]


have one common vertex, otherwise [image: $$\varGamma $$] would contain a cycle. Consequently, any family of hyperedges for which every hyperedge contains at least two of these vertices [image: $$u, v, w$$] has a nonempty intersection. [image: $$\square $$]
              


                Proposition 2.5
              
 Let [image: $$\varGamma = (V; A)$$] be a tree and [image: $$H$$] be a subtree hypergraph, associated with [image: $$\varGamma $$] then [image: $$L(H)$$] is chordal. 


                Proof
              
 Let [image: $$\varGamma =(V, A)$$] be a tree and [image: $$H = (V; E)$$] be a subtree hypergraph associated with it.
If [image: $$\vert V\vert = 1$$], [image: $$H$$] has just one vertex and one hyperedge. So, the linegraph of [image: $$H$$] has just one vertex and it is a clique, hence it is chordal.
Assume now that the assertion is true for any tree [image: $$\varGamma $$] with [image: $$n-1$$] vertices, [image: $$n>1$$].
Let [image: $$\varGamma $$] be a tree with [image: $$n$$] vertices. Let [image: $$x\in V$$] be a leaf (a vertex with a unique neighbor [image: $$y$$]). Remember that in a tree with at least [image: $$2$$] vertices there are at least [image: $$2$$] leaves. Let[image: $$\begin{aligned} \varGamma ^{^{\prime }} =(V\setminus \{x\}; A^{\prime }) \end{aligned}$$]


where [image: $$\varGamma ^{^{\prime }} $$] is the subgraph on [image: $$V\setminus \{x\}$$]; and[image: $$\begin{aligned} H^{\prime }(V\setminus \{x\}) =(V\setminus \{x\}; E^{\prime }),\; \vert V\vert >1. \end{aligned}$$]


The graph[image: $$\begin{aligned} \varGamma ^{^{\prime }} =(V\setminus \{x\}; A^{\prime }) \end{aligned}$$]


is a tree and[image: $$\begin{aligned} H^{\prime } =(V\setminus \{x\}; E^{\prime }) \end{aligned}$$]


is an induced subtree hypergraph associated with [image: $$\varGamma ^{^{\prime }}$$].
By induction, [image: $$L(H^{\prime })$$] is chordal.
If [image: $$\vert E\vert = \vert E^{\prime }\vert $$] then[image: $$\begin{aligned} L(H) \simeq L(H^{\prime }) \end{aligned}$$]


([image: $$\{x\}$$] is not a hyperedge of [image: $$H$$] and all hyperedges containing [image: $$x$$] contain the neighbor [image: $$y$$] of [image: $$x$$] in [image: $$\varGamma $$]) and [image: $$L(H)$$] is chordal.
If [image: $$\vert E\vert \ne \vert E^{\prime }\vert $$] then[image: $$\begin{aligned} \{x\}\in E\; \text{ and }\; \vert E\vert > \vert E^{\prime }\vert . \end{aligned}$$]


It is easy to show that the neighborhood of [image: $$\{x\}$$] in [image: $$L(H)$$] is a clique (this neighborhood stand for the hyperedges containing [image: $$x$$] (excepted [image: $$\{x\}$$]) ). So any cycle passing through [image: $$\{x\}$$] is chordal in [image: $$L (H)$$] and so [image: $$L(H)$$] is chordal. [image: $$\square $$]
              

Using Propositions 2.4, 2.5, it can be shown ([Sla78]) that

                Theorem2.2
              
 The hypergraph [image: $$H$$] is a subtree hypergraph if and only if [image: $$H$$] has the Helly property and its line graph is chordal. 

The dual of a subtree hypergraph is a concept used in relational database theory [Fag83].
From Proposition 2.6 and Proposition 2.7 below we have:

                Corollary 2.2
              
 The dual of a hypergraph [image: $$H$$] is conformal and its [image: $$2$$]-section is chordal if and only if [image: $$H$$] is a subtree hypergraph. 


2.4 Conformal Hypergraphs
A hypergraph [image: $$H$$] is conformal if any maximal clique (for the inclusion) of the 2-section [image: $$[H]_{2}$$] is a hyperedge of [image: $$H$$].[image: A311889_1_En_2_Fig11_HTML.gif]
Fig. 2.11The hypergraph above is not conformal since the maximal clique [image: $$\{x_{1}, x_{3}, x_{5}\}$$] is not a hyperedge. It may be noticed that if we add this clique as a hyperedge, the hypergraph becomes conformal but does not have the Helly property




            
Figure 2.11 shows the 2-section of a hypergraph [image: $$H$$]. It may be noticed that this hypergraph is not conformal.

                Proposition 2.6
              
 A hypergraph is conformal if and only if its dual has the Helly property. 


                Proof
              
 Let [image: $$H = (V; E)$$] be a hypergraph. Assume that [image: $$H$$] is conformal.
Let[image: $$\begin{aligned} X = \{ X^{*}_{1}, X^{*}_{2}, X^{*}_{3},\ldots X^{*}_{k}\}\; \text{ be } \text{ a } \text{ maximal } \text{ intersecting } \text{ family } \text{ of }\; H^{*}. \end{aligned}$$]



                [image: $$\begin{aligned} \text{ For } \text{ all }\; i, j\in \{1, 2, \ldots , k\}, X^{*}_{i}\cap X^{*}_{j}\ne \emptyset , \end{aligned}$$]


which implies that there is a hyperedge [image: $$e_{i,j}\in E$$] which contains [image: $$x_{i}, x_{j}$$] (the vertices of [image: $$H$$] standing for the hyperedges [image: $$X^{*}_{i}, X^{*}_{j}$$] respectively) for all [image: $$i, j\in \{1, 2, \ldots , k\}$$]. Hence the family [image: $$X$$] stands for a set of vertices of a maximal clique [image: $$K_{k}$$] of [image: $$[H]_{2}$$]. Since [image: $$H$$] is conformal, the clique [image: $$K_{k}$$] is contained in a hyperedge [image: $$e$$] which stands for a vertex of [image: $$H^{*}$$], consequently[image: $$\begin{aligned} e\in \bigcap _{j\in \{1, 2, \ldots k\}} X^{*}_{j} \end{aligned}$$]


and [image: $$X$$] is a star in [image: $$H^{*}$$].
Conversely, assume that [image: $$H^{*}$$] has the Helly property. Let [image: $$K_{k}$$] be a maximal clique of [image: $$[H]_{2}$$]. By definition of the [image: $$2$$]-section, for all [image: $$x_{i}, x_{j}\in K_{k}$$] there is a hyperedge which contains these two vertices. So the set of vertices of [image: $$K_{k}$$] stands for an intersecting family [image: $$X$$] of [image: $$H^{*}$$] which is included into a star since [image: $$H$$] has the Helly property. Hence there is a vertex of [image: $$H^{*}$$] which is common to any element of [image: $$X$$]. But this vertex stands for a hyperedge of [image: $$H$$] which contains any vertex of [image: $$ K_{k}$$]. So [image: $$H$$] is conformal. [image: $$\square $$]
              


                Proposition 2.7
              
 The line graph [image: $$L(H)$$] of a hypergraph [image: $$H$$] is the [image: $$2$$]-section of [image: $$H^{*}$$], i.e.[image: $$\begin{aligned} L(H)\simeq [H^{*}]_{2}. \end{aligned}$$]


Moreover the two following statements are equivalent, where [image: $$\varGamma $$] is a graph:(i)
                        [image: $$H$$] verifies the Helly property and [image: $$\varGamma $$] is the line graph of [image: $$H$$].

 

(ii)Maximal hyperedges (for inclusion) of [image: $$H^{*}$$] are maximal cliques of [image: $$\varGamma $$].

 



              


                Proof
              
 The vertices of both [image: $$L(H)$$] and [image: $$H^{*}$$] are the hyperedges of [image: $$H$$]. A pair of vertices [image: $$e_{i}$$], [image: $$e_{j}$$] of [image: $$L(H)$$] is an edge if and only if the corresponding hyperedges have a non-empty intersection. So these two vertices belong to the same hyperedge of [image: $$H^{*}$$]. Consequently [image: $$\{e_{i}$$], [image: $$e_{j}\}$$] is an edge of [image: $$[H^{*}]_{2}$$]. The converse inclusion is done in a similar way. Hence [image: $$L(H)$$] is isomorphic to [image: $$[H^{*}]_{2}$$] (modulo loops, since [image: $$H^{*}$$] may have some).
Assume that [image: $$H$$] has the Helly property. Hence [image: $$H^{*}$$] is conformal by Proposition 2.6. So (i) implies that [image: $$\varGamma = [H^{*}]_{2}$$] has the maximal hyperedges of [image: $$H^{*}$$] as maximal cliques. In the same way we have (ii) implies (i). [image: $$\square $$]
              


2.5 Stable (or Independent), Transversal and Matching
Let [image: $$H = (V; (e_i)_{i\in I})$$] be a hypergraph without isolated vertex.
A set [image: $$A\subseteq V$$] is a stable or an independent (resp. a strong stable) if no hyperedge is contained in [image: $$A$$] (resp. [image: $$\vert A\cap V(e_{i})\vert \le 1$$], for every [image: $$i\in I$$]).
The stability number
              [image: $$\alpha (H)$$] (resp. the strong stability number
              [image: $$\alpha ^{\prime } (H)$$]) is the maximum cardinality of a stable (resp. of a strong stable).
A set [image: $$B\subseteq V$$] is a transversal if it meets every hyperedge i.e.[image: $$\begin{aligned} \text{ for } \text{ all }\; e\in E,\; B\cap V(e)\ne \emptyset . \end{aligned}$$]


The minimum cardinality of a transversal is the transversal number. It is denoted by [image: $$\tau (H)$$].
A matching is a set of pairwise disjoint hyperedges of [image: $$H$$].
The matching number
              [image: $$\nu (H)$$] of [image: $$H$$] is the maximum cardinality of a matching.[image: A311889_1_En_2_Fig12_HTML.gif]
Fig. 2.12The set [image: $$\{x_{1};x_{3}; x_{5};x_{9};x_{11};x_{13}\}$$] is a stable of the hypergraph above but it is not a strong stable. The set [image: $$\{x_{3}; x_{8};x_{11};x_{13}\}$$] is a transversal; [image: $$\tau (H)=3$$], [image: $$\rho (H)=4$$] and [image: $$\nu (H) =3$$]. It is conformal and it has the Helly property




            
Ahyperedge cover is a subset of hyperedges:[image: $$\begin{aligned} (e_j)_{j\in J}, \; (J\subseteq I)\; \text{ such } \text{ that: }\; \bigcup _{j\in J} e_j = V. \end{aligned}$$]


Thehyperedge covering number, [image: $$\rho (H)$$] is the minimum cardinality of a hyperedge cover.
Figure 2.12 illustrates these definitions and numbers.
2.5.1 Examples:

                (1)The problem of scheduling the presentations in a conference is an example of the maximum independent set problem. Let us suppose that people are going to present their works, where each work may have more than one author and each person may have more than one work.
 The goal is to assign as many presentations as possible to the same time slot under the condition that each person can present at most one work in the same time slot.
 We construct a hypergraph with a vertex for each work and a hyperedge for each person, it is the set of works that he (or she) presents. Then a maximum strong independent set represents the maximum number of presentations that can be given at the same time.

 

(2)The problem of hiring a set of engineers at a factory is an example of the minimum transversal set problem.
 Let us suppose that engineers apply for positions with the lists of proficiency they may have, the factory management then tries to hire the least possible number of engineers so that each proficiency that the factory needs is covered by at least one engineer.
 We construct a hypergraph with a vertex for each engineer and an hyperedge for each proficiency, then a minimum transversal set represents the minimum group of engineers that need to be hired to cover all proficiencies at this factory.

 



              

                  Lemma 2.2
                
 Let [image: $$H = (V ; E)$$] be a hypergraph without isolated vertex. We have the following properties.(i)
                          [image: $$\nu (H)\le \tau (H)$$].

 

(ii)
                          [image: $$\rho (H) = \tau (H^{*})$$].

 

(iii)
                          [image: $$\alpha ^{\prime }(H) = \nu (H^{*})$$].

 

(iv)
                          [image: $$\alpha ^{\prime }(H) \le \rho (H)$$].

 



                


                  Proof
                
 Notice that for [image: $$T$$] a transversal and [image: $$C$$] a matching, we have:[image: $$\begin{aligned} \vert T\cap V(e)\vert \le 1\; {\text{ for } \text{ each }}\; e\in C, \end{aligned}$$]


consequently[image: $$\begin{aligned} \vert C \vert \le \vert T \vert . \end{aligned}$$]


So[image: $$\begin{aligned} \nu (H)\le \tau (H). \end{aligned}$$]


A hyperedge minimum covering of [image: $$H$$] becomes a transversal in [image: $$H^{*}$$] and conversely every minimum transversal of [image: $$H^{*}$$] becomes a minimum covering of [image: $$H$$].
Indeed the elements of a hyperedge covering in [image: $$H$$] becomes a set of vertices which meets every hyperedge in [image: $$H^{*}$$]. So[image: $$\begin{aligned} \rho (H) = \tau (H^{*}). \end{aligned}$$]


In the similar way[image: $$\begin{aligned} \alpha ^{\prime }(H) = \nu (H^{*}) \end{aligned}$$]


and so [image: $$\mathrm{{(ii)}}$$] is proved.
Hence[image: $$\begin{aligned} \alpha ^{\prime }(H) = \nu (H^{*})\le \tau (H^{*}) = \rho (H) \end{aligned}$$]


and (iii) is proved. [image: $$\square $$]
                



2.6 König Property and Dual König Property
The hypergraph [image: $$H$$] has the König property if[image: $$\begin{aligned} \nu (H) = \tau (H) \end{aligned}$$]


and the dual König property if and only if[image: $$\begin{aligned} \alpha ^{\prime }(H) = \rho (H). \end{aligned}$$]


The hypergraph in Fig. 2.13 has the Konig property and it has also the dual Konig property since[image: $$\begin{aligned} \alpha ^{^{\prime }}(H) = \rho (H) = 2. \end{aligned}$$]



              [image: A311889_1_En_2_Fig13_HTML.gif]
Fig. 2.13In the hypergraph above we have: [image: $$\tau (H)=2$$], [image: $$\rho (H)=2$$], [image: $$\nu (H) =2$$] and [image: $$\alpha ^{^{\prime }}(H) =2$$]. So this hypergraph has the König property and the dual König property




            

                Proposition 2.8
              
 Let [image: $$\varGamma = (V; E)$$] be a tree and let [image: $$H$$] be a subtree hypergraph associated with [image: $$\varGamma $$]. Then [image: $$H$$] has the König property, i.e.[image: $$\begin{aligned} \nu (H) = \tau (H). \end{aligned}$$]



              


                Proof
              
 Let [image: $$V^{^{\prime }}\subseteq V$$] such that the induced subgraph [image: $$\varGamma (V^{^{\prime }})$$] is a tree which contains a minimal transversal [image: $$T$$] of [image: $$H$$] in such a way that [image: $$\vert V^{^{\prime }}\vert $$] is minimum.
A leaf [image: $$x_{1}$$] of [image: $$\varGamma (V^{^{\prime }})$$] belongs to [image: $$T$$], otherwise [image: $$\varGamma (V^{^{\prime }}\setminus \{x_{1}\})$$] would be a tree which contains [image: $$T$$] contradicting the fact that [image: $$\vert V^{^{\prime }}\vert $$] is minimum.
The family[image: $$\begin{aligned} E(H_{1}) = ( e\in E(H), V(e)\cap T =\{x_{1}\}) \end{aligned}$$]


is non empty.
Indeed, [image: $$T$$] being a minimal transversal, there is [image: $$e\in E(H)$$] such that[image: $$\begin{aligned} V(e)\cap T \ni x_{1}. \end{aligned}$$]


If we assume now that, for all [image: $$e_{i}\in H(x_{1})$$], there is [image: $$x_{i}\in T$$], [image: $$x_{i}\ne x_{1}$$], such that [image: $$\{x_{1}, x_{i}\}\in e_{i}$$] then [image: $$T\setminus \{x_{1}\}$$] would be a transversal, contradicting the minimality of [image: $$T$$].
Now, since[image: $$\begin{aligned} T\setminus \{x_{1}\}\subseteq V^{\prime }\setminus \{x_{1}\} \end{aligned}$$]


where [image: $$\varGamma (V^{\prime }\setminus \{x_{1}\})$$] is a tree, there is a connected component [image: $$\varGamma (V\setminus \{x_{1}\})$$] of [image: $$\varGamma $$] which contains [image: $$T\setminus \{x_{1}\}$$].
Let [image: $$H^{\prime }$$] be the partial hypergraph obtained by deleting all hyperedges which contains [image: $$x_{1}$$], that is, [image: $$E(H^{\prime }) = E(H)\setminus H(x_{1})$$]. Clearly [image: $$H^{\prime }$$] has a transversal:[image: $$\begin{aligned} T^{\prime }\subseteq T\setminus \{x_{1}\} \subseteq V^{\prime }\setminus \{x_{1}\} \end{aligned}$$]


such that[image: $$\begin{aligned} \tau (H^{\prime }) = \vert T\vert -1. \end{aligned}$$]


Since [image: $$T^{\prime }$$] is a transversal and because the hyperedges of [image: $$H^{\prime }$$] are subtrees, we have[image: $$\begin{aligned} V(E(H^{\prime })) \subseteq V\setminus \{x_{1}\}. \end{aligned}$$]


By induction hypothesis[image: $$\begin{aligned} \tau (H^{\prime }) = \vert T\vert -1 = \nu (H^{\prime }). \end{aligned}$$]


There is[image: $$\begin{aligned} e_{1}\in E(H_{1}), \; \text{ such } \text{ that }\; V(e_{1})\cap V^{\prime } = \{x_{1}\}. \end{aligned}$$]


Indeed otherwise, for all [image: $$e\in E(H_{1})$$], we would have [image: $$\vert V(e_{1})\cap V^{\prime }\vert \ge 2$$] and [image: $$V^{\prime }\setminus \{x_{1}\}$$] would contain a transversal. Hence it would contain a minimal transversal of [image: $$H$$]; consequently [image: $$\vert V^{^{\prime }}\vert $$] would not be minimum. So[image: $$\begin{aligned} V(e_{1})\cap V^{\prime }\setminus \{x_{1}\} = \emptyset . \end{aligned}$$]


Now let [image: $$C^{\prime }$$] be a maximum matching of [image: $$H^{\prime }$$], [image: $$C^{\prime }\cup \{e_{1}\}$$] is a matching of [image: $$H$$] with a cardinality [image: $$\vert T\vert $$], consequently [image: $$\nu (H)\ge \tau (H)$$]. From Lemma 2.2 we get[image: $$\begin{aligned} \nu (H) =\tau (H). \end{aligned}$$]



                [image: $$\square $$]
              


2.7 linear Spaces
We remind the reader that a linear space is a hypergraph in which each pair of distinct vertices is contained in precisely one edge. A trivial linear space is a hypergraph with only one hyperedge which contains all vertices.

                Theorem 2.3
              
 If a non-trivial, non-empty linear space has [image: $$n$$] vertices and m edges then [image: $$m\ge n$$]. 


                Proof
              
 Assume that [image: $$H = (V; E)$$] is a linear space, with [image: $$\vert V \vert = n$$] and [image: $$\vert E\vert = m$$]. Suppose [image: $$1 < m \le n$$]. Choose a vertex [image: $$v\in V$$] and [image: $$e\in E$$] such that [image: $$v\notin e$$]. Since [image: $$H$$] is a linear space we have: [image: $$d(v)\ge \vert e \vert $$]. So from this and [image: $$m\ge n$$], it follows:[image: $$\begin{aligned} \frac{1}{n(m-d(v)}\ge \frac{1}{m(n-\vert e\vert )}. \end{aligned}$$]


Hence by Adding these inequalities for all pairs [image: $$v\notin e$$] we have:[image: $$\begin{aligned} 1=\sum _{v\in V}\sum _{e\not \ni v}\frac{1}{n(m-d(v))}\ge \sum _{e\in E} \sum _{v\notin e}\frac{1}{m(n-\vert e\vert )}= 1. \end{aligned}$$]


Indeed the inner sums are never empty since [image: $$1 < m$$]. Moreover
For the first inner sum:	fix a vertex [image: $$v$$], there are exactly [image: $$m-d(v)$$] hyperedges which do not contain [image: $$v$$].



For the second inner sum:	fix a hyperedge [image: $$e$$], there are exaclty [image: $$n-\vert e\vert $$] vertices which are not in [image: $$e$$].



Therefore we have:[image: $$\begin{aligned} \sum _{v\in V}\sum _{e\not \ni v}\frac{1}{n(m-d(v))}= \sum _{e\in E} \sum _{v\notin e}\frac{1}{m(n-\vert e\vert )}. \end{aligned}$$]


Consequently:[image: $$\begin{aligned} \sum _{v\in V}\frac{1}{n}= \sum _{e\in E}\frac{1}{m}; \end{aligned}$$]


hence[image: $$\begin{aligned} \frac{n-1}{n}-\frac{m-1}{m}= \frac{1}{n}- \frac{1}{m}; \end{aligned}$$]


which implies[image: $$\begin{aligned} n- m= m- n; \end{aligned}$$]


so, [image: $$n=m$$]. [image: $$\square $$]
              


              [image: A311889_1_En_2_Figc_HTML.gif]
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Abstract
The main problems in combinatorics are often related in the concept of coloring [CGL95a, CGL95b]. Hypergraph colorings is a well studied problem in the literature in combinatorics [Lov73]. Colorations have many applications in telecommunication, computer science and engineering. Unlike the graphs where we can tested in linear time if a graph is 2-colorable, testing if a given hypergraph is 2- colorable is NP-hard even for 3-uniform hypergraph. In this chapter, we present some results about coloring concepts. Some examples are given to illustrate the particular types of colorings.

The main problems in combinatorics are often related in the concept of coloring [GGL95a, GGL95b]. Hypergraph colorings is a well studied problem in the literature in combinatorics [Lov73]. Colorations have many applications in telecommunication, computer science and engineering. Unlike the graphs where we can tested in linear time if a graph is [image: $$2$$]-colorable, testing if a given hypergraph is [image: $$2$$]-colorable is NP-hard even for [image: $$3$$]-uniform hypergraph. In this chapter, we present some results about coloring concepts. Some examples are given to illustrate the particular types of colorings.
 In the sequel the hypergraphs considered are without loop and isolated vertex.
3.1 Coloring
Let [image: $$H = (V ; E=(e_i)_{i\in I})$$] be a hypergraph and [image: $$k\ge 2$$] be an integer. A [image: $$k$$]
              -coloring of the vertices of [image: $$H$$] is an allocation of colors to the vertices such that:(i)A vertex has just one color.

 

(ii)We use [image: $$k$$] colors to color the vertices.

 

(iii)No hyperedge with a cardinality more than 1 is monochromatic.

 


From this definition it is easy to see that any coloring induces a partition of the set of vertices in [image: $$k$$] classes:[image: $$\begin{aligned}&(C_{1}, C_{2},C_{3}, \ldots ,C_{k})\; {\text{ such } \text{ that } \text{ for }}\; e\in E(H),\; \vert e\vert >1 \; {\text{ then }}\; e\not \subseteq C_{i},\\&\qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \forall i\in \{1, 2, 3, \ldots , k\}. \end{aligned}$$]


The chromatic number
              [image: $$\chi (H)$$] of [image: $$H$$] is the smallest [image: $$k$$] such that [image: $$H$$] has a [image: $$k$$]-coloring (Fig. 3.1).[image: A311889_1_En_3_Fig1_HTML.gif]
Fig. 3.1Figure shows a colored hypergraph [image: $$H$$] where (r) is red and (b) is blue. We have [image: $$\chi (H)=2$$]
                    




            
The following example comes from [Ber73, Ber89]:

                Example
              
 If H is the hypergraph which vertices are the different waste products of a chemical production factory, and which hyperedges are the dangerous combinations of these waste products. The chromatic number of H is the smallest number of waste disposal sites that the factory needs in order to avoid any dangerous situation. 


                Proposition 3.1
              
 For any hypergraph [image: $$H=(V;E)$$] with an order equal to [image: $$n$$], we have [image: $$\chi (H)\cdot \alpha (H) \ge n$$]. 


                Proof
              
 Let [image: $$(C_{1}, C_{2},C_{3}\ldots ,C_{k})$$] be a [image: $$k$$]-coloring of [image: $$H$$] with [image: $$k = \chi (H)$$], we know that for [image: $$e\in E$$], [image: $$\vert e\vert >1$$] then [image: $$e\not \subseteq C_{i}$$], [image: $$\forall i\in \{1, 2, 3, \ldots , k\}$$], consequently [image: $$C_{i}$$] is a stable [image: $$\forall i\in \{1, 2, 3, \ldots , k\}$$], hence [image: $$\vert C_{i}\vert \le \alpha (H)$$], [image: $$\forall i\in \{1, 2, 3, \ldots , k\}$$].
We have:[image: $$\begin{aligned} n = \sum _{i = 1}^{k} \vert C_{i}\vert \le k.\alpha (H) = \chi (H)\cdot \alpha (H). \end{aligned}$$]



                [image: $${\square }$$]
              


                Proposition 3.2
              
 If [image: $$H =(V; E)$$] is a hypergraph with an order equal to [image: $$n$$], we have:[image: $$\begin{aligned} \chi (H) + \alpha (H) \le n+1. \end{aligned}$$]



              


                Proof
              
 Assume that [image: $$S$$] is a stable with [image: $$\vert S\vert = \alpha (H)$$]. We can color any vertex of [image: $$S$$] with the same color and using [image: $$n - \alpha (H)$$] other colors to color the set [image: $$V- S$$] with different colors. Hence we have :[image: $$\begin{aligned} \chi (H) \le n - \alpha (H) + 1 \end{aligned}$$]


that leads to[image: $$\begin{aligned} \chi (H) + \alpha (H) \le n+1. \end{aligned}$$]



                [image: $${\square }$$]
              

Theorem 3.2 below generalizes Brook’s Theorem. But before we remind the reader of this theorem:

                Theorem 3.1
              
 ( Brooks 1941)  Let [image: $$\varGamma = (V; E)$$] be a connected simple graph without loop. If [image: $$\varGamma $$] is neither a complete graph, nor a cycle with a odd length, then [image: $$\chi (\varGamma )\le \varDelta (\varGamma )$$]. 

The following result can be found in [Ber89].

                Theorem 3.2
              
 Let [image: $$H = (V; E)$$] be a linear hypergraph without loop. Then [image: $$\chi (H)\le \varDelta (H)$$] excepted in the two following cases:(i)
                        [image: $$\varDelta (H) =2$$] and a connected component of [image: $$H$$] is a graph which is a odd cycle.

 

(ii)
                        [image: $$\varDelta (H) >2$$] and a connected component of [image: $$H$$] is a complete graph with an order equal to [image: $$\varDelta (H)+1$$].

 


In these two cases we have:[image: $$\begin{aligned} \chi (H)= \varDelta (H)+1. \end{aligned}$$]



              

From this result we have:

                Corollary 3.1
              
 If [image: $$H = (V; E)$$] is a linear hypergraph without loop then[image: $$\begin{aligned} \chi (H)\le \varDelta (H)+1. \end{aligned}$$]



              


3.2 Particular Colorings
3.2.1 Strong Coloring
Let [image: $$H = (V; E)$$] be a hypergraph, a strong
                [image: $$k$$]
                -coloring is a partition [image: $$(C_{1},\;C_{2},\dots ,\;C_{k})$$] of [image: $$V$$] such that the same color does not appear twice in the same hyperedge. In another words:[image: $$\begin{aligned} \vert e \cap C_{i} \vert \le 1 \end{aligned}$$]


for any hyperedge and any element of the partition.
The strong chromatic number denoted by [image: $$\chi ^{\prime } (H)$$] is the smallest [image: $$k$$] such that [image: $$H$$] has a strong [image: $$k$$]-coloring.

                  Lemma 3.1
                
 A strong coloring is a coloring of [image: $$H$$]. Moreover we have[image: $$\begin{aligned} \chi ^{\prime } (H) \ge \chi (H) \end{aligned}$$]


and [image: $$\chi ^{\prime }(H)$$] is the chromatic number of the graph [image: $$[H]_{2}$$]. 


                  Proof
                
 It is easy to verify that a strong [image: $$k$$]-coloring of [image: $$H$$] is a [image: $$k$$]-coloring and so that[image: $$\begin{aligned} \chi ^{\prime } (H) \ge \chi (H). \end{aligned}$$]


The vertices of an edge of this graph requires two distinct colors to color them and every vertex of a hyperedge [image: $$e$$] has a different color. Consequently any vertex has exactly one color and we need [image: $$\chi ^{\prime } (H)$$] colors to color the vertices of [image: $$[H]_{2}$$] (which are the vertices of [image: $$H$$]) (Fig. 3.2).[image: A311889_1_En_3_Fig2_HTML.gif]
Fig. 3.2Figure shows a hypergraph [image: $$H = (V; E)$$] and a equitable [image: $$2$$]- coloring of it, where (r) is red and (b) is blue
                        




                
Moreover it is easy to see that a coloring of [image: $$[H]_{2}$$] is a strong coloring of [image: $$H$$]. Hence, the minimum number of colors to color [image: $$[H]_{2}$$] is the strong chromatic number of [image: $$H$$]. [image: $${\square }$$]
                


3.2.2 Equitable Coloring
Let [image: $$H = (V; E)$$] be a hypergraph, an equitable
                [image: $$k$$]
                -coloring is a [image: $$k$$]-partition [image: $$(C_{1},C_{2},\ldots ,C_{k})$$] of [image: $$V$$] such that, in every hyperedge [image: $$e$$], all the colors [image: $$\{1, 2, \ldots , k\}$$] appear the same number of times, to within one, if [image: $$k$$] does not divide [image: $$\vert e_{i}\vert $$].
It is:[image: $$\begin{aligned} {\text{ for } \text{ all } }\; e\in E, \; \Big \lfloor \frac{\vert e\vert }{k}\Big \rfloor \le \vert e\cap C_{i}\vert \le \Big \lceil \frac{\vert e\vert }{k}\Big \rceil , \; \; i\in \{1, 2, \ldots , k \} \end{aligned}$$]


It is easy to see that a strong [image: $$k$$]-coloring is an equitable [image: $$k$$]-coloring.

3.2.3 Good Coloring
Let [image: $$H = (V; E)$$] be a hypergraph, a good
                [image: $$k$$]
                -coloring is a [image: $$k$$]-partition [image: $$(C_{1},C_{2},\ldots ,C_{k})$$] of [image: $$V$$] such that every hyperedge [image: $$e$$] contains the largest possible number of different colors, i.e. for every [image: $$e\in E$$], the number of colors in [image: $$e$$] is [image: $$\min \{\vert e\vert ; k\}$$].

                  Example
                
 Suppose a network for mobile phones. We can model this network by a hypergraph in the following way:	the set of vertices is the set of transmission relays.

	a hyperedge is a set of transmission relays which can pairwise interfere and maximal for this property.



If we model a frequency by a color, a good coloring gives us the minimal number of frequencies, [image: $$k$$], we need so that communications do not interfere. In that case we have necessarily [image: $$k\ge r(H)$$], ([image: $$r(H)$$] is the rank of [image: $$H$$]). 

We have the following properties:

                  Lemma 3.2
                
 Let [image: $$H =(V; E)$$] be a hypergraph (with [image: $$m = \vert E \vert $$]), and [image: $$C=(C_{1},\;C_{2},\dots ,\;C_{k})$$] be a good [image: $$k$$]-coloring of [image: $$H$$], we have:(i)if [image: $$k\le cr(H)$$], ([image: $$cr(H)$$] is the co-rank of [image: $$H$$]) then [image: $$C$$] is a partition in [image: $$k$$] transversal sets;

 

(ii)if [image: $$k\ge r(H)$$] then the good coloring [image: $$C$$] is a strong coloring.

 



                


                  Proof
                
 Assume that [image: $$k\le cr(H)$$].
By definition of a good coloring, if [image: $$C_{i}$$] is a set of vertices with color [image: $$i$$], we must have:[image: $$\begin{aligned} C_{i}\cap e_{j}\ne \emptyset , \forall \; j\in \{1, 2, \ldots , m\}. \end{aligned}$$]


Hence [image: $$C_{i}$$] is a transversal of [image: $$H$$]. Assume now that [image: $$k\ge r(H)$$]. Let [image: $$e\in E$$], then [image: $$k\ge \vert e \vert $$], any two vertices belonging to [image: $$e$$] have different colors. Consequently, by definition of a strong coloring, the good coloring [image: $$C$$] is a strong coloring. [image: $${\square }$$]
                


3.2.4 Uniform Coloring
Let [image: $$H = (V; E)$$] be a hypergraph with [image: $$\vert V\vert =n$$].
A uniform
                [image: $$k$$]
                -coloring is a [image: $$k$$]-partition:[image: $$\begin{aligned} (C_{1},\;C_{2},\dots ,\;C_{k})\; \text{ of }\; V \end{aligned}$$]


such that the number of vertices of the same color is always the same, to within one, if [image: $$k$$] does not divide [image: $$n$$], i.e.[image: $$\begin{aligned} \Big \lfloor \frac{n}{k}\Big \rfloor \le \vert C_{i}\vert \le \Big \lceil \frac{n}{k}\Big \rceil , \; \; i\in \{1, 2, \ldots , k \}. \end{aligned}$$]



              

                  Example
                
 A airplane manufacturer has [image: $$p$$] days to construct a plane. If it exceeds these [image: $$p$$] days, it pays a fine for each extra day. The construction of the plane can be decomposed into [image: $$n$$] tasks:[image: $$\begin{aligned} V=\{x_{1}, x_{2}, x_{3}, \ldots , x_{n}\}. \end{aligned}$$]


One task can be done in a day and a task is made by a workshop. Some employees can make a set of tasks:[image: $$\begin{aligned} e_{1}\subseteq \{x_{1}, x_{2}, x_{3}, \ldots , x_{n}\}, \end{aligned}$$]


some others can make a set of tasks:[image: $$\begin{aligned} e_{2}\subseteq \{x_{1}, x_{2}, x_{3}, \ldots , x_{n}\} \end{aligned}$$]


and so on with [image: $$\cup _{i}e_{i}=V$$].
So we have a hypergraph on [image: $$V$$] without isolated vertex.	Is it possible to construct this plane with just [image: $$q$$] workshops in the required times?



Obviously we must have the necessary condition [image: $$q.p\ge n$$] which leads to [image: $$p\ge \lceil \frac{n}{q}\rceil $$]. This condition is sufficient if the hypergraph has a strong uniform [image: $$q$$]-coloring [image: $$C=(C_{1}, C_{2},\dots , C_{q})$$] where the color [image: $$C_{i}$$] stand for the set of tasks which is done the day [image: $$i$$], we have:(i)
                          [image: $$\vert C_{i}\cap e_{j}\vert \le 1$$], [image: $$j=1, 2, 3, \ldots , m$$]
                        

 

(ii)
                          [image: $$\lfloor \frac{n}{q}\rfloor \le \vert C_{i}\vert \le \lceil \frac{n}{q}\rceil \le p$$]
                        

 



                


3.2.5 Hyperedge Coloring
Let [image: $$H = (V; E)$$] be a hypergraph,  a hyperedge
                [image: $$k$$]
                -coloring of [image: $$H$$] is a coloring of the hyperedges such that:(i)A hyperedge has just one color.

 

(ii)We use [image: $$k$$] colors to color the hyperedges.

 

(iii)Two distinct intersecting hyperedges receive two different colors.

 


The size of a minimum hyperedge [image: $$k$$]-coloring is the chromatic index of [image: $$H$$]. We will denote it by [image: $$q(H)$$].

                  Lemma 3.3
                
 Let [image: $$H$$] be a hypergraph. We have:[image: $$\begin{aligned} q(H)\ge \varDelta _{0}(H)\ge \varDelta (H). \end{aligned}$$]


Where [image: $$\varDelta _{0}(H)$$] is the maximum cardinality of the intersecting families and [image: $$\varDelta (H)$$] is maximum cardinality of the stars. 


                  Proof
                
 Assume that [image: $$\varDelta _{0}(H) = l$$]. We need [image: $$l$$] distinct colors to color an intersecting family with at least [image: $$l$$] hyperedges. Hence[image: $$\begin{aligned} q(H)\ge \varDelta _{0}(H)\ge \varDelta (H). \end{aligned}$$]



                  [image: $${\square }$$]
                

A hypergraph has the hyperedge coloring property if [image: $$q(H) = \varDelta (H)$$]. For instance a star has the hyperedge coloring property.

                  Lemma 3.4
                
 The chromatic index of [image: $$H$$] is the chromatic number of [image: $$L(H)$$]. Moreover[image: $$\begin{aligned} q(H)= \chi ([H^{*}]_{2}). \end{aligned}$$]



                


                  Proof
                
 The first assertion is easy. By using Proposition 2.7, Chap. 2, we have the second one. [image: $${\square }$$]
                

The following example can be found in [Ber89].
Let [image: $$X$$] be a set of individuals; suppose that some individuals wish to have meetings during the day, each meeting being defined by a subset [image: $$e_{j}$$] of [image: $$X$$]. We suppose that each individual wishes to attend [image: $$k$$] meetings. Then we can complete all the meetings in [image: $$k$$] days if and only if the hypergraph [image: $$H = (X; E)=(e_{i})_{i\in I}$$] has the coloring hyperedge property.

3.2.6 Bicolorable Hypergraphs
Bicolorable (or [image: $$2$$]-colorable) hypergraphs are a generalization of bipartite graphs. We remind the reader that a graph is bipartite if and only if it is bicolorable. Recognizing if a graph is bipartite can be done in polynomial time. This is not the case for bicolorable hypergraphs: the problem of recognizing bicolorable hypergraphs is well known to be [image: $${ NP}$$]-complete [Lov73, EG96]. Sometime bicolorable hypergraphs are called bipartite hypergraphs. Figure 3.3 shows a non bicolorable hypergraph.[image: A311889_1_En_3_Fig3_HTML.gif]
Fig. 3.3Figure shows hypergraph [image: $$H$$] which is not bicolorable




              
We give in Theorem 3.3 and Corollary 3.2 below two sufficient conditions to recognize if a hypergraph is bicolorable.
A cycle [image: $$(x_{1}, e_{1},x_{2}, e_{2},\ldots , x_{k}, e_{k},x_{1})$$] is odd if it has a odd number of hyperedges.
An odd cycle [image: $$(x_{1}, e_{1},x_{2}, e_{2},\ldots , x_{k}, e_{k},x_{1})$$] with distinct vertices and[image: $$\begin{aligned} x_{1}\in e_{1}\cap e_{k} \end{aligned}$$]


is a Sterboul cycle if two non consecutive hyperedges are disjoint and, for every[image: $$\begin{aligned} i= 1, 2, \ldots , k-1, \; \vert e_{i}\cap e_{i+1}\vert = 1. \end{aligned}$$]


The proof of the following theorem can be found in [Déf08].

                  Theorem 3.3
                
 If the hypergraph [image: $$H$$] has no Sterboul cycle then it is bicolorable. 

Another interesting result is given by

                  Theorem 3.4
                
 Let [image: $$H = (V; E)$$] be a hypergraph without isolated vertex. If [image: $$H$$] is hyperedge-transitive then there exists a partition [image: $$(V_1, V_2,\ldots ,V_k)$$] such that:(i)
                          [image: $$\sum _{t= 1}^{k}r(H(V_{t})) = r(H)$$],

 

(ii)
                          [image: $$H(V_{t})$$] is transitive for all [image: $$t$$].

 



                


                  Proof
                
 Since [image: $$H$$] is hyperedge-transitive it is uniform, i.e. [image: $$\vert e_{i}\vert = l$$], for all [image: $$i\in \{1, 2, 3, \ldots , m\}$$].
Let [image: $$e_{1} = \{x_{1},x_{2},\ldots , x_{l}\}$$]; let [image: $$\phi _{i}$$] be an isomorphism such that [image: $$\phi _{i}(e_{1}) = e_{i}$$], for all [image: $$i\in \{1, 2, 3, \ldots , m\}$$].
Let [image: $$Y_{j}= \{\phi _{i}(x_{j}): i\in \{1, 2, 3, \ldots , m\}\}$$], for each [image: $$j\in \{1, 2, 3, \ldots , l\}$$]. The pair [image: $$H^{\prime } = (V; (Y_{j})_{j\in \{1, 2, \ldots , l\}})$$] is a hypergraph without isolated vertex. Indeed[image: $$\begin{aligned} \begin{array}{lll} \bigcup \nolimits _{j\in \{1, 2, 3, \ldots , l\}}Y_{j} &{} = &{}\bigcup \nolimits _{j\in \{1, 2, 3, \ldots , l\}}\{\phi _{i}(x_{j}), i\in \{1, 2, 3, \ldots , m\}\} \\ &{} = &{} \bigcup \nolimits _{i\in \{1, 2, 3, \ldots , m\}}\phi _{i}(e_{1}) \\ &{}= &{} \bigcup \nolimits _{i\in \{1, 2, 3, \ldots , m\}}e_{i} \\ &{}=&{}V \end{array} \end{aligned}$$]


where the last equality comes from the hypothesis that [image: $$H$$] does not have any isolated vertex.
Let [image: $$V_{1}, V_{2}, V_{3}, \ldots , V_{k}$$] be the connected components of [image: $$H^{\prime }$$].
Let [image: $$e_{1;t} =\{x_{j}\in e_{1}: Y_{j}\subseteq V_{t}\}$$], for all [image: $$t\in \{1, 2, \ldots k\}$$]. It is clear that the family [image: $$(e_{1;t})_{1\in \{1, 2, \ldots ,k\}}$$] is a partition of [image: $$e_{1}$$]. For each [image: $$x_{j}\in e_{1;t}$$] we have [image: $$\phi _{i}(x_{j})\in Y_{j}\cap e_{i} \subseteq e_{i}\cap V_{t}$$], and so [image: $$\phi _{i}(e_{1;t})\subseteq e_{i}\cap V_{t}$$].
Now,[image: $$\begin{aligned} \cup _{t}e_{1;t} = \cup _{t}\{x_{j}\in e_{1}; Y_{j}\subseteq V_{t}\}= e_{1} \end{aligned}$$]


and[image: $$\begin{aligned} \phi _{i}(\cup _{t}e_{1;t}) = \phi _{i}(e_{1}). \end{aligned}$$]


So[image: $$\begin{aligned} l = \vert e_{1}\vert = \sum _{t}\vert e_{1;t}\vert = \sum _{t}\vert \phi _{i}(e_{1;t})\vert \le \sum _{t} \vert e_{i}\cap V_{t}\vert = \vert e_{i} \vert = l. \end{aligned}$$]


It leads to[image: $$\begin{aligned} e_{i}\cap V_{t} = \phi _{i}(e_{1;t}). \end{aligned}$$]


Hence[image: $$\begin{aligned} \vert e_{i}\cap V_{t}\vert =\vert e_{1;t}\vert ,\; {\text{ for } \text{ every }}\; i\in \{1, 2, 3, \ldots , m\}. \end{aligned}$$]


Consequently [image: $$H(V_{t})$$] is uniform, for every [image: $$t\in \{1, 2, \ldots k\}$$], with [image: $$r(H(V_{t})) = \vert e_{1;t}\vert $$] and we have:[image: $$\begin{aligned} \sum _{t}r(H(V_{t})) = \sum _{t}\vert e_{1;t}\vert = \sum _{t}\vert e_{i}\cap V_{t}\vert = \vert e_{i}\vert = l. \end{aligned}$$]


Let [image: $$e_{i}^{\prime }, e_{j}^{\prime }$$] two hyperedges of [image: $$H(V_{t})$$], we have: [image: $$e_{i}^{\prime } = e_{i}\cap V_{t}$$] and [image: $$e_{j}^{\prime } = e_{j}\cap V_{t}$$]. It comes[image: $$\begin{aligned} \phi _{j}\circ \phi _{i}^{-1}(e_{i}\cap V_{t}) = \phi _{j}(e_{1; t})= e_{j}\cap V_{t}. \end{aligned}$$]


Since [image: $$H^{\prime }$$] has no isolated vertex and [image: $$H(V_{t})$$] is a connected component of [image: $$H^{\prime }$$], [image: $$H(V_{t})$$] has no isolated vertex.
Since for any pair of hyperedges [image: $$e_{i}^{\prime }, e_{j}^{\prime }$$] of [image: $$H(V_{t})$$],[image: $$\begin{aligned} \phi _{j}\circ \phi _{i}^{-1}\; \text{ maps }\; e_{i}^{\prime }\;\text{ to } \; e_{j}^{\prime }, \end{aligned}$$]


and [image: $$\phi _{j}$$] and [image: $$\phi _{i}^{-1}$$] are automorphisms of [image: $$H$$], it comes that[image: $$\begin{aligned} \phi _{j}\circ \phi _{i}^{-1}\; \text{ is } \text{ an } \text{ automorphism } \text{ of }\; H(V_{t}). \end{aligned}$$]


So [image: $$H(V_{t})$$] is hyperedge-transitive.
Let [image: $$x, y\in Y_{j}$$], so [image: $$x =\phi _{i}(x_{j})$$] and [image: $$y =\phi _{k}(x_{j})$$]. Hence [image: $$y =\phi _{k}\circ \phi _{i}^{-1}(x)$$].
Let now [image: $$x, y\in V_{t}$$]. Because [image: $$H^{\prime }= (V; (Y_{j})_{j\in \{1, 2, \ldots , l\}})$$] is a hypergraph on [image: $$V$$] without isolated vertex, and [image: $$V_{t}$$] is a connected component of [image: $$H^{\prime }$$], there is[image: $$\begin{aligned} Y_{r}\subset V_{t}\; {\text{ and }}\; Y_{s}\subseteq V_{t}\; {\text{ such } \text{ that }}\; x\in Y_{r}\; {\text{ and }} \;y\in Y_{s}. \end{aligned}$$]


Moreover there is a chain of [image: $$H^{\prime }$$]:[image: $$\begin{aligned} Y_{r}=Y_{r_{0}}, Y_{r_{1}}, \ldots Y_{r_{h}}=Y_{s}\; {\text{ with }}\; x_{k}\in Y_{r_{k-1}}\cap Y_{r_{k}},\; 1\le k\le s. \end{aligned}$$]


In the sequence [image: $$x=x_{0}, x_{1}, \ldots x_{s}=y$$], for any two consecutive vertices [image: $$x_{i},x_{i+1}$$] there is an automorphism which maps [image: $$x_{i}$$] to [image: $$x_{i+1}$$]. Consequently, there is an automorphism which map [image: $$x$$] and [image: $$y$$], and [image: $$H(V_{t})$$] is transitive. [image: $${\square }$$]
                


                  Corollary 3.2
                
 If [image: $$H = (V; E)$$] is a hyperedge-transitive hypergraph without isolated vertex that is not vertex-transitive then it is bicolorable. 


                  Proof
                
 Assume that [image: $$H$$] is not vertex-transitive. There is [image: $$x_{k}, x_{l}\in V$$] such that no automorphism map [image: $$x_{k}$$] to [image: $$x_{l}$$], and so [image: $$x_{l}\not \in Y_{k}$$] where[image: $$\begin{aligned} Y_{k} =\{\phi _{i}(x_{k}): 1\le i\le m \}. \end{aligned}$$]


Let [image: $$V^{\prime }$$] be the connected component of [image: $$H^{\prime }$$] (defined as above) containing [image: $$Y_{k}$$]. If [image: $$x_{l}\in X$$] and [image: $$x_{l}\in Y_{l}$$] then there is a path from [image: $$Y_{k}$$] to [image: $$ Y_{l}$$] and by applying the same arguments that the end of the proof of Theorem 3.4 there would be an automophism which map [image: $$x_{k}$$] to [image: $$x_{l}$$]. Consequently [image: $$H^{\prime }$$] has at least two connected components.
Let [image: $$V^{\prime }$$] be a connected component of [image: $$H^{\prime }$$]. The hypergraph [image: $$H(V^{\prime })$$] has no isolated vertex, and so [image: $$\vert V^{\prime }\vert \ge 2$$].
Let [image: $$x_{k}\in e_{1}$$] and let [image: $$Y_{k}\subseteq V^{\prime }$$] be a hyperedge of [image: $$H^{\prime }$$].
By definition of [image: $$\phi _{i}$$]:[image: $$\begin{aligned} \phi _{1}(x_{k})\in e_{1}, \phi _{2}(x_{k})\in e_{2}, \phi _{3}(x_{k})\in e_{3}, \ldots , \phi _{m}(x_{k})\in e_{m}. \end{aligned}$$]


So [image: $$Y_{k}$$] is a transversal of [image: $$H$$] and so [image: $$V^{\prime }$$] is also a transversal of [image: $$H$$].
We color now this transversal with the color blue, the other connected components of [image: $$H^{\prime }$$] will be colored with the color red. [image: $${\square }$$]
                


                  Theorem 3.5
                
 Let [image: $$\varGamma = (V; A )$$] be a tree and [image: $$H = (V; E)$$] is a subtree hypergraph associated with [image: $$\varGamma $$], then [image: $$H$$] is bicolorable. 


                  Proof
                
 If [image: $$\varGamma $$] is a tree, it is bicolorable and any subtree has a induced bicoloring from the [image: $$2$$]-coloring of [image: $$\varGamma $$]. So [image: $$H$$] has a bicoloring.[image: $${\square }$$]
                

A hypergraph [image: $$H= (V; E)$$] is critical if it is not [image: $$2$$]-colorable but any proper subhypergraph is [image: $$2$$]-colorable.
For instance, Fano hypergraph (Fig. 1.2) is critical. We have the following

                  Theorem 3.6
                
 A critical hypergraph has at least as many edges as vertices. 


                  Proof
                
 Remember to the reader that any linear homogeneous system of equations whose number of variables is greater than the number of equations has an infinte number of non-zero solutions.
Let [image: $$H= (V; E)$$] be a hypergraph with [image: $$V = \{x_{1}, x_{2},\ldots x_{n}\}$$], [image: $$\vert V\vert = n$$] and [image: $$\vert E\vert = m$$]. Assume that [image: $$m< n$$]. Let [image: $$I(H)= (u_{i, j})$$] be the [image: $$m\times n$$] incidence matrix of [image: $$H$$]. From above there is a [image: $$n$$]-dimensional vector [image: $$y = (y_{1}, y_{2}, \dots , y_{n})\ne 0$$] such that [image: $$I(H).y = 0$$]. Hence, we have[image: $$\begin{aligned} \sum _{j \in \{1, 2, \ldots n \}}u_{i, j} y_{j}= 0, \; \text{ for }\; i\in \{1, 2, \ldots , m\} \end{aligned}$$]

(3.1)

We may decompose [image: $$V$$] in three subsets:1.
                          [image: $$V^{+}= \{x_{k}: k\le n; y_{k}>0 \}$$]
                        

 

2.
                          [image: $$V^{-}= \{x_{k}: k\le n; y_{k} < 0 \}$$]
                        

 

3.
                          [image: $$V^{0}= \{x_{k}: k\le n; y_{k}=0 \}$$]
                        

 


From Eq. 3.1: [image: $$V^{+}\ne \emptyset $$] and [image: $$V^{-}\ne \emptyset $$]. Always using Eq. 3.1, there is no hyperedge in [image: $$V^{+}$$] and there is no hyperedge in [image: $$V^{-}$$]. Hence if [image: $$V^{0}= \emptyset $$] then [image: $$H$$] is bicolorable, contradiction, so [image: $$V^{0}\ne \emptyset $$]. Moreover there is [image: $$e\in E$$] such that [image: $$e\subseteq V^{0}$$], otherwise we may color [image: $$V^{+}$$] with the color blue and [image: $$(V^{-}\cup V^{0})$$] with the color red and we have a bicoloring of [image: $$V$$].
Now, since [image: $$V^{0}\ne V$$] the subhypergraph [image: $$H^{0}= (V^{0}; E^{0})$$] is, by hypothesis bicolorable. Let [image: $$(V_{1}, V_{2})$$] be a bicoloring of [image: $$H^{0}$$], then [image: $$V^{+}\cup V_{1}$$] and [image: $$V^{+}\cup V_{2}$$] is a bicoloring of [image: $$H$$]. Contradiction. So [image: $$m\ge n$$]. [image: $${\square }$$]
                

Let [image: $$\varGamma = (V; E)$$] be simple graph, (i.e. without loop and multi-edge). We construct a hypergraph [image: $$H(\varGamma )= (V(\varGamma ); E(\varGamma ))$$] as follow:1.the set of vertices is [image: $$V(\varGamma )= V$$];

 

2.the set of hyperedges is the set of minimal odd cycles of [image: $$\varGamma $$].

 


A nice result is given by:

                  Theorem3.7
                
 A graph [image: $$\varGamma = (V; E)$$] is [image: $$4$$]-colorable if and only if the hypergraph [image: $$H(\varGamma )$$] is bicolorable. 


                  Proof
                
 Assume that [image: $$H(\varGamma )$$] has a [image: $$2$$]-coloring [image: $$(A, B)$$]. The induced subgraph [image: $$\varGamma (A)$$] and [image: $$\varGamma (B)$$] have no odd cycle, otherwise [image: $$A$$] or [image: $$B$$] would contain a hyperedge. Hence, [image: $$\varGamma (A)$$] and [image: $$\varGamma (B)$$] are bipartite and they are [image: $$2$$]-colorable: [image: $$(A_{1}, A_{2})$$] and [image: $$(B_{1}, B_{2})$$] and [image: $$(A_{1}, A_{2}, B_{1}, B_{2}))$$] is a [image: $$4$$]-coloring of [image: $$\varGamma $$].
Now assume that [image: $$\varGamma = (V; E)$$] is [image: $$4$$]-colorable. Let [image: $$(A_{1}, A_{2}, B_{1}, B_{2}))$$] be a [image: $$4$$]-coloring of [image: $$\varGamma $$]; then [image: $$(A = A_{1}\cup A_{2}, B = B_{1}\cup B_{2}))$$] is a [image: $$2$$]-coloring of [image: $$H(\varGamma )$$] since [image: $$A$$] (resp. B) does not contain any odd cycle. [image: $${\square }$$]
                



3.3 Graph and Hypergraph Coloring Algorithm
We showed that some problems of hypergraph coloring can be reduced to graph coloring. It is possible to develop a simple algorithm to color the vertices of a graph.
Let [image: $$\varGamma = (V; E)$$] be a simple graph with [image: $$\vert V\vert =n$$]. Suppose that the vertices of [image: $$\varGamma = (V; E)$$] are ordered in an ascending order :[image: $$\begin{aligned} x_{1}, x_{2}, \ldots , x_{n}. \end{aligned}$$]


We are going to color the vertices by using always the smaller possible color, colors are represented by integers.[image: A311889_1_En_3_Figa_HTML.gif]


            
This algorithm belongs to the class of greedy algorithms.
A greedy algorithm is an algorithm whose principle is to do, step by step, a local optimum choice, with the aim of obtaining a global optimum result.
Remember to the reader that a decision problem is a problem which the answer is either yes or no [GJ79].
For instance:	Is that the hypergraph is connected?



The [image: $$P$$]
              class is the set of all decision problems whose solutions can be given in polynomial time;
The [image: $${ NP}$$]
              class is the set of all decision problems whose solutions can be verified in polynomial time;
A problem [image: $$p$$] is [image: $${ NP}$$]
              -complete (NPC for short) if and only if every other problem in [image: $${ NP}$$] can be transformed into [image: $$p$$] in polynomial time.
The problem	
                    [image: $$P = { NP}$$]?



is an open problem; it is probably one of the most important in mathematics today and in computer science [GJ79].
The above algorithm built a coloring and its complexity is polynomial. But it does not give the chromatic number.
Basically the number of colors given by this algorithm depend on the order of the vertices (there are [image: $$n!$$]), consequently there are few chances that this algorithm give a coloring with a minimum number of colors.
It is well known that the following problem is [image: $${ NP}$$]-complete:	
                    Data: a graph [image: $$\varGamma $$] and an integer [image: $$k$$].

	
                    Problem: is it possible to color the vertices of [image: $$\varGamma $$] with [image: $$k$$] colors?



Consequently there is no polynomial algorithm able to solve the above problem, excepted if [image: $$P ={ NP}$$].
In the above algorithm the vertex [image: $$x_{i}$$] we want to color has at most [image: $$\varDelta (\varGamma )$$] neighbors in the induced subgraph [image: $$\varGamma (\{x_{1}, x_{2}, x_{3}, \ldots , x_{i}\})$$].
More precisely, when the algorithm colors the vertex [image: $$x_{i}$$] in the loop For Each, there are at most [image: $$\varDelta (\varGamma )$$] predecessors in the order used in the algorithm. So there are at most [image: $$\varDelta (\varGamma )$$] colors that cannot be used to color it. Consequently, it will take at most [image: $$\varDelta (\varGamma )+1$$] colors to color the vertices of the graph with our algorithm.
Notice that the algorithm gives a coloring of [image: $$\varGamma $$] in polynomial time, but it does not give its chromatic number.
In the same way that Algorithm 4, we can use a greedy technique to color a hypergraph: finding a proper coloring of a hyper- graph [image: $$H = (V; E)$$] is to order [image: $$V$$] ascending order, color the vertices in this order by assigning the smallest positive integer to the current vertex so that it does not create a (completely) monochromatic hyperedge.[image: A311889_1_En_3_Figb_HTML.gif]


              [image: A311889_1_En_3_Figc_HTML.gif]


              [image: A311889_1_En_3_Equ39_HTML.gif]
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Abstract
Roughly speaking we introduced the more important concepts about hypergraphs, we will see a little bit more in the next chapters, but there are very important classes of hypergraphs. This chapter introduces some particular hypergraphs which either have good properties, or are very important for applications of the theory. In the sequel we will suppose most of the time that hypergraph are without repeated hyperedge.

Roughly speaking we introduced the more important concepts about hypergraphs, we will see a little bit more in the next chapters, but there are very important classes of hypergraphs. This chapter introduces some particular hypergraphs which either have good properties, or are very important for applications of the theory. In the sequel we will suppose most of the time that hypergraph are without repeated hyperedge.
4.1 Interval Hypergraphs
Let [image: $$V$$] be a nonempty set equipped with a total ordering [image: $$\le $$] on [image: $$V$$], that is, for any two distinct elements [image: $$x, y\in V$$], either [image: $$x \le y$$] or [image: $$y \le x$$]. The couple ([image: $$V;\le $$]) is called a totally or linearly ordered set. Given any two distinct elements [image: $$x, y\in V$$], we define the closed interval
              [image: $$[x; y]$$] or [image: $$I(x; y)$$] to be the set [image: $$\{z\in V | x\le z\le y\}$$].
A hypergraph [image: $$H = (V;E)$$] with finite vertex set V and hyperedge family [image: $$E$$] is said to beordered if there is a total order on [image: $$V$$] such that, for every hyperedge [image: $$e\in E$$], there exist two distinct vertices [image: $$x, y\in V$$] such that [image: $$e = I(x; y)$$]. A hypergraph (without loop) is an interval hypergraph if its vertices can be labelled by [image: $$1, 2, 3, \ldots , n$$] so that each hyperedge is made of vertices with consecutive label numbers, i.e. a hypergraph [image: $$H = (V;E)$$] is an interval hypergraph if its vertices can be totally ordered so that every hyperedge [image: $$e\in E$$] induced an interval in this ordering.
So ordered hypergraphs and interval hypergraphs are the same objects, and we use both definitions in the sequel (Figs. 4.1, 4.2 and 4.3).[image: A311889_1_En_4_Fig1_HTML.gif]
Fig. 4.1Example of interval hypergraph: [image: $$e_{1}= \{a:=1, b:=2, c:=3\}$$], [image: $$e_{2}= \{a:=1, b:=2\}$$], [image: $$e_{3}= \{b:=2, c:=3, d:=4\}$$], [image: $$e_{4}= \{d:=4, e:=5\}$$]
                    




            

                Lemma 4.1
              
 (MANTEL 1907) If [image: $$\varGamma = (V; E)$$] is a simple graph without triangle then[image: $$\begin{aligned} \vert E\vert \le \frac{\vert V \vert ^{2}}{4}. \end{aligned}$$]



              


                Proof
              
 Let [image: $$S$$] be a stable of [image: $$\varGamma $$] such that [image: $$\vert S \vert = \alpha (\varGamma ) = \alpha $$]. Since [image: $$\varGamma $$] is triangle free, we have [image: $$d(x)\le \alpha (\varGamma )$$], for all [image: $$x\in V$$]: indeed, suppose that there is [image: $$x\in V$$] with [image: $$d(x)> \alpha (\varGamma )$$]. Since [image: $$\varGamma $$] does not contain any triangle, the set [image: $$\varGamma (x)$$] is a stable (otherwise [image: $$\varGamma $$] would contain a triangle). In this case[image: $$\begin{aligned} d(x) = \vert \varGamma (x) \vert > \alpha (\varGamma ); \end{aligned}$$]


contradiction.
The set [image: $$T = V\setminus S$$] is a transversal of [image: $$\varGamma $$]: indeed if not, there is an edge [image: $$a= \{x; y\}$$] such that [image: $$x, y\not \in T$$], and so [image: $$x, y\in S$$] and [image: $$S$$] is not a stable.
Now, for all [image: $$y\in S$$] and [image: $$x\in \varGamma (y)$$], we have [image: $$x\in T$$].
So, since [image: $$\varGamma $$] is a simple graph,[image: $$\begin{aligned} d(y) = \vert \varGamma (y)\vert \le \sum _{x\in \varGamma (y)}d(x). \end{aligned}$$]


Hence[image: $$\begin{aligned} \sum _{y\in S}d(y) = \sum _{y\in S}\vert \varGamma (y)\vert \le \sum _{x\in T}d(x) \end{aligned}$$]


(since each edge participates exactly for [image: $$1$$] in the degree of a [image: $$y\in S$$] and for [image: $$1$$] in the degree a [image: $$x\in T$$]). We have:[image: $$\begin{aligned} \vert E\vert = \frac{1}{2}.\sum _{x\in V}d(x) = \frac{1}{2}. \left( \sum _{x\in T}d(x)+\sum _{y\in S}d(y)\right) \le \frac{1}{2}. \left( \sum _{x\in T}d(x)+\sum _{x\in T}d(x)\right) = \sum _{x\in T}d(x). \end{aligned}$$]


 Let [image: $$\vert T\vert = \beta = n- \alpha $$], where [image: $$n$$] is the order of [image: $$\varGamma $$]:[image: $$\begin{aligned} \vert E \vert \le \sum _{x\in T}d(x)\le \beta . \alpha \le \left( \frac{\alpha + \beta }{2}\right) ^{2}= \frac{n^{2}}{4} \end{aligned}$$]



                [image: $$\square $$]
              


                Theorem 4.1
              
 If [image: $$H$$] is a connected ordered hypergraph then:(1)
                        [image: $$H$$] is 2-colorable.

 

(2)
                        [image: $$\alpha (H)\ge \frac{\vert V(H)\vert }{2}$$]
                      

 

(3)If [image: $$H$$] is triangle-free then [image: $$\vert E(H)\vert \le \frac{\vert V(H)\vert ^{2}}{4}$$].

 



              


                Proof
              
 Let [image: $$V (H) = \{1; 2; 3; \ldots ; n\}$$]. We assign the color blue to the odd vertices and the color red to the other vertices. Since for all [image: $$e\in E$$], [image: $$e = I(x; y)$$] and [image: $$x\ne y$$], each hyperedge is colored with the two colors.
Let [image: $$V_{1}$$] be the set of vertices which have the color blue and let [image: $$V_{2}$$] be the set of vertices which have the color red. Either[image: $$\begin{aligned} \vert V_{1}\vert \ge \frac{n}{2}\; \text{ or }\; \vert V_{2}\vert \ge \frac{n}{2}. \end{aligned}$$]


Moreover neither [image: $$V_{1}$$] nor [image: $$V_{2}$$] contain any hyperedge and so they are stable. Consequently[image: $$\begin{aligned} \alpha (H)\ge \frac{\vert V(H)\vert }{2}. \end{aligned}$$]


Notice that we could also have proved this inequality by applying Proposition 3.1 Chap. 3.
Assume now that [image: $$H$$] is triangle-free. We construct a graph [image: $$\varGamma (H)$$] in the following way:	
                      [image: $$V(\varGamma (H))= V(H)$$];

	
                      [image: $$\{x; y\}\in E(\varGamma (H))$$] if and only if [image: $$I(x; y) \in E(H)$$].



We can see that : [image: $$\vert E(\varGamma (H))\vert = \vert E(H)\vert $$]. Moreover [image: $$H$$] is triangle-free if and only if [image: $$\varGamma (H)$$] is triangle free. The result follows by applying Lemma 4.1. [image: $$\square $$]
              

 We remind the reader that a subset [image: $$X$$] of the vector space [image: $$\mathbb{R }^k$$] is said to be aconvex set if the line segment joining any pair of points of [image: $$X$$] lies entirely in [image: $$X$$]. We remind also the reader of the well known Helly’s Theorem:

                Theorem 4.2
              
 (Helly’s Theorem) Suppose that [image: $$e_1,e_2,\dots ,e_k$$] is a finite family of convex subsets of [image: $$\mathbb{R }^d$$], and let [image: $$d < k$$]. If every intersection of [image: $$d + 1$$] of these sets is nonempty then the whole family has a nonempty intersection, that is:[image: $$\begin{aligned} \bigcap _{j=1}^k e_j\ne \varnothing . \end{aligned}$$]



              


                Theorem 4.3
              
 If [image: $$H = (V; E)$$] is an ordered hypergraph then [image: $$H$$] has the Helly property (see Chap. 2, Sect. 2.2). 


                Proof
              
 Let [image: $$(e_{j})_{j\in J}$$] be an intersecting family of [image: $$H$$]. Since the hyperedges of [image: $$H$$] are intervals, they are convex subsets of [image: $$\mathbb{R }$$]. Hence the result comes by Helly’s Theorem. [image: $$\square $$]
              


                Theorem 4.4
              
 If [image: $$H = (V; E)$$] is an ordered hypergraph then [image: $$H$$] has the König property. 


                Proof
              
 As the vertices of [image: $$H$$] are totally ordered, we can suppose that they are [image: $$1, 2, 3, \ldots , n$$]. We define a graph [image: $$\varGamma $$] with set of vertices [image: $$V$$] and by putting a hyperedge from [image: $$1$$] to [image: $$2$$], [image: $$2$$] to [image: $$3$$], [image: $$3$$] to [image: $$4$$], [image: $$\ldots $$], [image: $$n-1$$] to [image: $$n$$]. It is a chain and so a tree. Since [image: $$H$$] is a interval hypergraph it is easy to verify that every hyperedge is a subtree of [image: $$\varGamma $$]. Consequently [image: $$H$$] is a subtree hypergraph which, by Theorem 2.8, Chap.2, has the König property. [image: $$\square $$]
              


4.2 Unimodular Hypergraphs
4.2.1 Unimodular Hypergraphs and Discrepancy of Hypergraphs
4.2.1.1 Unimodular Hypergraphs
A matrix istotally unimodular if any of its square submatrix has a determinant equal to [image: $${-}1, 0$$] or [image: $$1$$]. So a totally unimodular matrix has its coefficients equal to [image: $${-}1, 0$$] or [image: $$1$$] (because any [image: $$1\times 1$$] square submatrix has a determinant equal to [image: $${-}1, 0$$] or [image: $$1$$]). Consequently any submatrix of a totally unimodular matrix is totally unimodular.
A hypergraph isunimodular if its incidence matrix is totally unimodular. It is clear that the transpose of a totally unimodular matrix is also totally unimodular. The same remark holds for any submatrix of a totally unimodular matrix. It comes

                    Lemma 4.2
                  
 The dual as well as any subhypergraph or partial hypergraph of a unimodular hypergraph is a unimodular hypergraph. 


4.2.1.2 Discrepancy of Hypergraphs
We seek to partition the vertex set of a hypergraph into two classes so that ideally each hyperedge contains the same number of vertices in both classes. Discrepancy describes the deviation from this ideal situation.
Formally: let [image: $$\{{-}1; 1\}$$] be the multiplicative group with two elements which is the multiplicative group of the field [image: $$\mathbb{F }_{3}= \frac{\mathbb{Z }}{3\mathbb{Z }}$$]. The surjective map[image: $$\begin{aligned} \begin{array}{llll} \chi :&{} V(H)&{} \longrightarrow &{} \{\pm 1\}\\ &{} x &{}\longmapsto &{}\chi (x) \end{array} \end{aligned}$$]


is a [image: $$2$$]-coloring, where [image: $${-}1$$] and [image: $${+}1$$] are the colors. This coloring gives rise to a partition of [image: $$V(H)$$] into two color classes [image: $$\chi ^{-1}( -1)$$] and [image: $$\chi ^{-1}(1)$$]. For any hyperedge [image: $$e \in E(H)$$] define:[image: $$\begin{aligned} \chi (e) = \sum _{x\in e} \chi (x). \end{aligned}$$]


Thediscrepancy of H with respect to
                  [image: $$\chi $$] and thediscrepancy of H are defined respectively by:[image: $$\begin{aligned} disc(H,\chi ) = \max _{e \in E} \vert \chi (e)\vert \end{aligned}$$]



                  [image: $$\begin{aligned} disc(H) = \min _{\chi :V(H)\longrightarrow \{\pm 1\}} disc(H, \chi ) \end{aligned}$$]


Thehereditary discrepancy of [image: $$H$$] is:[image: $$\begin{aligned} herdisc(H) = \max _{V^{\prime }\subseteq V}disc(H(V^{\prime })) \end{aligned}$$]



                

                    Theorem 4.5
                  
 Let [image: $$H = (V; E)$$] be a hypergraph, the following properties are equivalent:1.The hypergraph [image: $$H$$] is unimodular.

 

2.For all [image: $$V^{^{\prime }}\subseteq V$$] the induced hypergraph [image: $$H(V^{^{\prime }})$$] has a equitable [image: $$2$$]-coloring (see Chap. 3).

 

3.
                            [image: $$herdisc(H)\le 1$$].

 



                  


                    Proof
                  
 A. Ghouila-Houri showed in [GH62] that a [image: $$m\times n$$] matrix [image: $$A$$] is totally unimodular if and only if any nonempty subset of indices [image: $$J\subseteq \{1, 2, 3, \ldots , n\}$$] can be partitioned into [image: $$J_{1}$$] and [image: $$J_{2}$$] such that:[image: $$\begin{aligned} \vert \sum _{j\in J_{1}}a_{i, j} - \sum _{j\in J_{2}}a_{i, j}\vert \le 1, \; \forall \; i\le m. \end{aligned}$$]

(4.1)

Let [image: $$A(H)= (a_{i, j})$$] be the [image: $$m\times n$$] incidence matrix of [image: $$H$$].
Suppose that [image: $$H$$] is unimodular and so its matrix is totally unimodular. We have either [image: $$a_{i, j} = 0$$] or [image: $$a_{i, j} = 1$$] (the case [image: $$a_{i, j} = {-}1$$] being ruled out by definition of the incidence matrix). Let [image: $$\{J_{1}, \, J_{2}\}$$] be the partition given above for the matrix [image: $$A(H)$$].
Now[image: $$\begin{aligned} V_{1}(H) =\{x_{j}\in V(H): j\in J_{1}\}\; \mathrm{{and}}\; V_{2}(H) =\{x_{j}\in V(H) : j\in J_{2}\} \end{aligned}$$]


is a partition of [image: $$V(H)$$] verifying the two following properties:	for all [image: $$e\in E$$], [image: $$e\cap V_{1}(H)\ne \emptyset $$] and [image: $$e\cap V_{2}(H)\ne \emptyset $$] (by 4.1 and since either [image: $$a_{i, j} = 0$$] or [image: $$a_{i, j} = 1$$]);

	by giving the color blue to the vertices of [image: $$V_{1}(H)$$] and the color red to the vertices of [image: $$V_{2}(H)$$] and by using the fact that either [image: $$a_{i, j} = 0$$] or [image: $$a_{i, j} = 1$$], it is easy to check that, for all [image: $$e\in E$$], the two colors appear the same number of times in [image: $$e$$] (modulo [image: $$1$$], if [image: $$2$$] does not divide [image: $$\vert e\vert $$]).



Since any submatrix of a totally unimodular matrix is totally unimodular, every induced subhypergraph [image: $$H(V^{\prime })$$] of [image: $$H$$] is unimodular. Hence, by the same reasoning than above, we can find a equitable [image: $$2$$]-coloring for [image: $$H(V^{\prime })$$].
Now, let [image: $$H(V^{\prime })$$] be a induced subhypergraph of [image: $$H$$] with [image: $$\vert V^{\prime }\vert = n^{\prime }$$]. Assume that [image: $$H(V^{^{\prime }})$$] has a equitable [image: $$2$$]-coloring. For all hyperedge [image: $$e^{\prime }$$] of [image: $$H(V^{\prime })$$] there is [image: $$\chi ^{\prime }$$] such that[image: $$\begin{aligned} \left| \; \vert e^{\prime }\cap \chi ^{\prime \,-1}(-1) \vert - \vert e^{\prime }\cap \chi ^{\prime \, -1}(1)\vert \; \right| \le 1. \end{aligned}$$]


So the inequality (4.1) holds for [image: $$A(H(V^{\prime }))$$], where [image: $$J^{\prime }= \{1, 2, 3, \ldots , n^{\prime }\}$$], [image: $$J_{1}$$] is the set of indices of the vertices of [image: $$\chi ^{\prime \,-1}(-1)$$] and [image: $$J_{2}$$] is the set of indices of the vertices of [image: $$\chi ^{\prime \,-1}(1)$$].
So, for all induced subhypergraph [image: $$H(V^{\prime })$$], the matrix [image: $$A(H(V^{\prime }))$$] is totally unimodular by Ghouila-Houri’s result, and so in particular for [image: $$A(H)$$].
Suppose now that [image: $$herdisc(H)\le 1$$]. This is equivalent to the fact that, for all induced subhypergraph [image: $$H(V^{\prime })$$] of [image: $$H$$], there is a [image: $$2$$]-coloring [image: $$\chi {^{\prime }}$$] such that for all [image: $$e^{\prime }\in E(H(V^{\prime }))$$]:[image: $$\begin{aligned} \left| \; \vert e^{\prime }\cap \chi ^{\prime \, -1}(-1) \vert - \vert e^{\prime }\cap \chi ^{\prime \, -1}(1)\vert \; \right| \le 1 \end{aligned}$$]


that is, such that [image: $$\chi {^{\prime }}$$] a equitable. So [image: $$herdisc(H)\le 1$$] is equivalent to assertion 2. [image: $$\square $$]
                  

We remind the reader of the well knownChernoff’s Inequality.

                    Theorem 4.6
                  
 (Chernoff’s Inequality) Let [image: $$X_{1},X_{2},X_{3},\ldots , X_{n}$$] be independent random variables with common distribution function[image: $$\begin{aligned} P(X_{i} = 1) = P(X_{i} = -1) = \frac{1}{2}\; and\;let\; Y_{n} = X_{1} + X_{2}+ \cdots + X_{n}. \end{aligned}$$]


Then[image: $$\begin{aligned} P(Y_{n} > \lambda ) < \exp \left( \frac{-\lambda ^{2}}{2n}\right) \; for\;any\; \lambda > 0. \end{aligned}$$]



                  

We are going to show that there is an upper bound for [image: $$disc(H)$$].

                    Theorem 4.7
                  
 If [image: $$H =(V; E)$$] is a hypergraph such that [image: $$\vert V\vert =n$$] and [image: $$\vert E\vert =m$$] then [image: $$disc(H)\le \sqrt{2n \ln (2m)}$$]. 


                    Proof
                  
 Let[image: $$\begin{aligned} \chi :V(H)\longrightarrow \{-1,+1\} \end{aligned}$$]


be a random [image: $$2$$]-coloring, that is[image: $$\begin{aligned} P(\chi (x) = 1) = P(\chi (x) = {-}1) = \frac{1}{2} \end{aligned}$$]


independently for all [image: $$x\in V$$]. Hence if [image: $$e\in E,\; \vert e\vert = k$$], then[image: $$\begin{aligned} \chi (e)=\sum _{x\in e} \chi (e) = Y_{k}. \end{aligned}$$]


It comes for every [image: $$\lambda > 0$$]:[image: $$\begin{aligned} \begin{array}{lll} P(\vert \chi (e)\vert > \lambda ) &{} = &{} P(\vert Y_{k}\vert > \lambda )\\ &{}=&{} P(Y_{k} >\lambda )+ P(Y_{k}< -\lambda )\\ &{}=&{} P(Y_{k} >\lambda )+ P(Y_{k} >\lambda )\\ &{}=&{} 2.P( Y_{k}> \lambda )\\ &{}< &{}2.\exp (\frac{-\lambda ^{2}}{2k}) \\ &{}\le &{} 2.\exp (\frac{-\lambda ^{2}}{2n}) \\ \end{array} \end{aligned}$$]


Moreover [image: $$disc(H,\chi ) = \max _{e \in E} \vert \chi (e)\vert $$] and so:[image: $$\begin{aligned} \begin{array}{lll} P(disc(H,\chi )>\lambda ) &{} < &{} \sum \nolimits _{e\in E} P(\vert \chi (e)\vert > \lambda ) \\ &{} < &{} \sum \nolimits _{e\in E}2.\exp (\frac{-\lambda ^{2}}{2n}) \\ &{} = &{} \vert E\vert .2.\exp (\frac{-\lambda ^{2}}{2n} ) \end{array} \end{aligned}$$]


Clearly,[image: $$\begin{aligned} \vert E\vert . 2.\exp \left( \frac{-\lambda ^{2}}{2n}\right) = \vert E\vert . 2.\exp \left( \frac{-2n \ln (2m)}{2n}\right) = 1,\; \text{ where } \; \lambda = \sqrt{2n \ln (2m)}. \end{aligned}$$]


So[image: $$\begin{aligned} P\big (disc(H,\chi )> \sqrt{2n \ln (2m)}\big )< 1. \end{aligned}$$]


Equivalently[image: $$\begin{aligned} P\big (disc(H,\chi )\le \sqrt{2n \ln (2m)}\big )= 1 -P\big (disc(H,\chi )> \sqrt{2n \ln (2m)}\big )>0 \end{aligned}$$]


and so there is a [image: $$2$$]-coloring [image: $$\chi $$] such that[image: $$\begin{aligned} disc(H,\chi )\le \sqrt{2n \ln (2m)}\; \mathrm{{and}}\; disc(H)\le \sqrt{2n \ln (2m)}. \end{aligned}$$]



                    [image: $$\square $$]
                  


                    Proposition 4.1
                  
 An interval hypergraph is unimodular. 


                    Proof
                  
 If [image: $$H =(V; E)$$] is an interval hypergraph then there exists a total ordering on [image: $$V$$] such that every hyperedge is an interval relatively to this order. Clearly, for any [image: $$V^{\prime }\subseteq V$$], the induced subhypergraph [image: $$H(V^{\prime })$$] is also an interval hypergraph. Hence, by coloring the vertices of [image: $$V^{\prime }$$] successively in red and blue, we obtain a equitable [image: $$2$$]-coloring of [image: $$H(V^{\prime })$$]. We conclude by Theorem 4.5. [image: $$\square $$]
                  




4.3 Balanced Hypergraphs
Balanced hypergraphs are a particular class of hypergraphs. It has been studied by [Ber89, Leh85]
Notice that a cycle in a hypergraph of length [image: $$l$$] induced a cycle in its incidence graph with length [image: $$2l$$].
A hypergraph [image: $$H =(V; E)$$] is balanced if every odd cycle (cycle with a odd length) [image: $$x =x_{1},e_{1}, x_{2}, e_{2}, x_{3}, \ldots x_{k}, e_{k}, x_{k+1}=x$$] has an hyperedge [image: $$e_{i}$$] of the cycle which contains at least three vertices of the cycle.
It istotally balanced if every cycle [image: $$x =x_{1},e_{1}, x_{2}, e_{2}, x_{3}, \ldots , x_{k}, e_{k}, x_{k+1}=x$$], with a length [image: $$\ge 3$$] has an hyperedge [image: $$e_{i}$$] of the cycle which contains at least three vertices of the cycle.

                Remark 4.1
              
 Equivalently [image: $$H$$] is balanced (resp. totally balanced) if and only if any cycle [image: $$C_ {4k+2}$$] with [image: $$k\ge 1$$] (resp. [image: $$C_{2k}$$] with [image: $$k\ge 3$$]) of the incidence graph has a chord. Alternatively [image: $$H$$] is balanced (resp. totally balanced) if and only if its incidence matrix does not contains (up to permutations of rows and columns) as submatrix the following [image: $$l \times l$$] square matrix:[image: $$\begin{aligned} M_{l}=\left( \begin{array}{llllll} 1 &{} 1 &{} 0 &{} 0 &{} \ldots &{} 0 \\ 0 &{} 1 &{} 1 &{} 0 &{} \ldots &{} 0 \\ 0 &{} 0 &{} 1 &{} 1 &{} \ldots &{} 0 \\ \vdots &{}\ldots &{}\ldots &{}\ldots &{} \ldots &{}\vdots \\ 0 &{}\ldots &{}\ldots &{}\ldots &{}\ldots &{} 0 \\ 0 &{}\ldots &{}\ldots &{}\ldots &{}1 &{} 1 \\ 1 &{} 0 &{}0 &{} \ldots &{} 0&{} 1 \end{array} \right) \end{aligned}$$]


where [image: $$l\ge 3$$] is odd (resp. [image: $$l\ge 3$$]). So totally balanced hypergraphs are balanced hypergraphs. 


              [image: A311889_1_En_4_Fig2_HTML.gif]
Fig. 4.2Example of balanced hypergraph




            

                Proposition 4.2
              
 lf [image: $$H = (V; E)$$] is a totally balanced hypergraph (resp. balanced hypergraph) then every partial hypergraph [image: $$H^{\prime } = (V^{\prime }; E^{\prime })$$] is totally balanced (resp. balanced.) 


                Proof
              
 If [image: $$H^{\prime }$$] has a cycle (resp. an odd cycle) without any hyperedge containing three of its vertices then this sequence is also a cycle (resp. an odd cycle) of [image: $$H $$] without any hyperedge containing three of its vertices. This contradicts that [image: $$H$$] is totally balanced (resp. balanced). [image: $$\square $$]
              


                Proposition 4.3
              
 Let [image: $$H = (V; E)$$] be a hypergraph. The following statements are equivalent1.
                        [image: $$H $$] is totally balanced (resp. balanced);

 

2.Every subhypergraph [image: $$H^{\prime }$$] is totally balanced (resp. balanced);

 

3.Every induced subhypergraph [image: $$H(V^{\prime })$$] is totally balanced (resp. balanced).

 



              


                Proof
              
 Obviously the second statement implies the first one and the third one implies also the first one.
Suppose that [image: $$i)$$] is true. Assume now that [image: $$H^{\prime }$$] has an (odd) cycle without any hyperedge containing three of its vertices. Then this sequence defines in [image: $$H$$] an (odd) cycle without any hyperedge containing three of its vertices. Contradiction.
Suppose now that [image: $$H $$] is not totally balanced (resp. not balanced). There is a cycle (resp. odd cycle) of [image: $$H$$]:[image: $$\begin{aligned} x =x_{1},e_{1}, x_{2}, e_{2}, x_{3}, \ldots , x_{k}, e_{k}, x_{k+1}=x (k \ge 3), \end{aligned}$$]


where no hyperedge contains three vertices of this cycle. Hence the set of vertices [image: $$V^{\prime } = \{x_{1}, x_{2}, x_{3}, \ldots , x_{k}\}$$] induces a subhypergraph [image: $$H(V^{\prime })$$] which is a cycle with a length [image: $$k\ge 3$$] without any hyperedge which contains three vertices. Hence, [image: $$iii)$$] implies [image: $$i)$$]. [image: $$\square $$]
              


                Proposition 4.4
              
 The hypergraph [image: $$H$$] is totally balanced (resp. balanced) if and only the dual [image: $$H^{*}$$] is totally balanced (resp. balanced). 


                Proof
              
 The incidence matrix [image: $$I(H^{*})$$] contains a submatrix [image: $$M_{l}$$] (up to permutations of rows and columns) if and only if the matrix [image: $$I(H)$$] contains a submatrix [image: $$M_{l}$$] (up to permutations of rows and columns). We conclude by Remark 4.1. [image: $$\square $$]
              


                Proposition 4.5
              
 lf [image: $$H = (V; E = (e_{i})_{i\in I})$$] is a (totally) balanced hypergraph then [image: $$H$$] has the Helly property and it is conformal. 


                Proof
              
By induction on the number of hyperedges of an intersecting family. Clearly the statement is true for any subfamily with two hyperedges.
Assume now that it is true for every subfamily with strictly less than [image: $$k\ge 2$$] hyperedges.
Let [image: $$e_{1},e_{2},e_{3},\ldots , e_{k}$$] be an intersecting family. By the induction hypothesis, for each[image: $$\begin{aligned} t\le k\; \mathrm{{there\;is}}\ x_{t}\in \cap _{i\ne t}e_{i}. \end{aligned}$$]


We can assume that the [image: $$x_{t}$$]’s are all different otherwise [image: $$\cap e_{i}\ne \emptyset $$], proving the result. Now consider the following sequence:[image: $$\begin{aligned} x_{1},e_{2},x_{3},e_{1},x_{2}, e_{3}, x_{1}. \end{aligned}$$]


It is a odd cycle (since all hyperedges are distinct). Consequently there is one hyperedge (for example [image: $$e_{1}$$]) which contains [image: $$x_{1},x_{2}, x_{3}$$]. Hence[image: $$\begin{aligned} x_{1}\in \cap e_{i},\; i\in \{1, 2, 3, \ldots , k\}, \end{aligned}$$]


hence, [image: $$H$$] has the Helly property.
By Proposition 4.4, [image: $$H^{*}$$] is totally balanced and so it has the Helly property, consequently [image: $$H$$] is conformal by Proposition 2.6. [image: $$\square $$]
              

From Proposition 4.3 and Proposition 4.5 we have:

                Corollary 4.1
              
 Any (totally) balanced hypergraph has the strong Helly property. 


                Lemma 4.3
              
 For any (totally) balanced hypergraph, its line graph is chordal. 


                Proof
              
 Let[image: $$\begin{aligned} C = x_{1},e_{1}, x_{2}, e_{2}, x_{3}, \ldots x_{k}, e_{k}, x_{k+1} \end{aligned}$$]


be a cycle in a (totally) balanced hypergraph [image: $$H$$]. This cycle gives rise to a cycle with the same length in the line graph. Since there is a hyperedge which contains at least [image: $$3$$] vertices of [image: $$C$$], the cycle has a chord in the line graph. [image: $$\square $$]
              


                Theorem 4.8
              
 Every (totally) balanced hypergraph [image: $$H$$] is a subtree hypergraph. 


                Proof
              
 By Corollary 4.1 and Lemma 4.3, the hypergraph [image: $$H$$] has the strong Helly property and its line graph is chordal. We conclude by Theorem 2.2 Chap. 2. [image: $$\square $$]
              

From Proposition 4.8 we are going to refine Theorem 4.8, precisely we have:

                Proposition 4.6.
              
 If a hypergraph [image: $$H$$] is totally balanced then all subhypergraphs of [image: $$H$$] are subtree hypergraphs. 


                Proof
              
By Proposition 4.3 the hypergraph [image: $$H$$] is totally balanced if and only if all its subhypergraphs are totally balanced. So by Theorem 4.8 if [image: $$H$$] is totally balanced then all its subhypergraphs are subtree hypergraphs. [image: $$\square $$]
              

We have also:

                Proposition 4.7
              
 if all subhypergraphs of a hypergraph [image: $$H$$] are dual subtree hypergraphs, then [image: $$H$$] is totally balanced. 


                Proof
              
 Assume that [image: $$H$$] is not totally balanced, then [image: $$H$$] contains a cycle[image: $$\begin{aligned} x_{1}, e_{1}, x_{2}, e_{2}, \ldots , , x_{k}, e_{k}, x_{k+1} = x_{1}\ \text{(where }\; e_{k+1}\; \text{ is } \text{ identify } \text{ to }\; e_{1}\text{) } \end{aligned}$$]


without any hyperedge containing three of its vertices. This cycle is a subhypergraph [image: $$H^{\prime }$$] of [image: $$H$$]. If [image: $$H^{^{\prime }*}$$] is a subtree hypergraph, with associated tree [image: $$T$$], then [image: $$H^{\prime }(x_{i}) = \{e_{i}; e_{i+1}\}$$], hence [image: $$\{e_{i}; e_{i+1}\} \in E(T)$$] for all [image: $$i\in \{2, 3, \ldots k+1\}$$] by the definition of dual hypertree (Definition 4.1). This yields a cycle in [image: $$T$$], which contradicts that [image: $$T$$] is a tree. Hence [image: $$H^{^{\prime }*}$$] is not subtree hypergraph. Contradiction.
So we showed that if all subhypergraphs of [image: $$H^{*}$$] are subtree hypergraphs (if all subhypergraphs of [image: $$H$$] are dual subtree hypergraphs), then [image: $$H$$] is totally balanced. [image: $$\square $$]
              


              [image: A311889_1_En_4_Fig3_HTML.gif]
Fig. 4.3The hypergraph above is a subtree hypergraph but it is not balanced: we have the cycle [image: $$x_{1}, e_{1}, x_{2}, e_{2}, x_{3}, e_{3}, x_{1}$$] and no hyperedge contains the vertices [image: $$x_{1}, x_{2}, x_{3}$$]. Hence it is not totally balanced




            

                Proposition 4.8
              
 A hypergraph [image: $$H = (V; E)$$] is balanced if and only if, for every [image: $$V^{\prime }\subseteq V$$], the induced subhypergraph [image: $$H(V^{\prime })$$] satisfies [image: $$\chi (H(V^{\prime })) \le 2$$]. 


                Proof
              
 From the third point of Proposition 4.3, every induced subhypergraph [image: $$H(V^{\prime })$$] is balanced. From Theorem 4.8 it is a subtree hypergraph and so, by Theorem 3.5 Chap. 3, it has a bicoloring.
Now assume that, for each [image: $$V^{\prime }\subseteq V$$], [image: $$H(V^{\prime })$$] is [image: $$2$$]-colorable.
Suppose that [image: $$H$$] is not balanced: there is a cycle:[image: $$\begin{aligned} x =x_{1},e_{1}, x_{2}, e_{2}, x_{3}, \ldots , x_{2k+1}, e_{2k+1}, x_{2k+2}=x \end{aligned}$$]


without hyperedge containing three vertices among the [image: $$x_{i}$$]’s. The set[image: $$\begin{aligned} X= \{x =x_{1}, x_{2}, x_{3}, \ldots , x_{2k+1} \} \end{aligned}$$]


induces a subhypergraph [image: $$H(X)$$] which contains the edges of a graph [image: $$C_{2k+1}$$] which is not [image: $$2$$]-colorable. [image: $$\square $$]
              


4.4 Normal Hypergraphs
We remind the reader that [image: $$q(H)$$] is the chromatic index that is the size of a minimum hyperedge [image: $$k$$]-coloring of [image: $$H$$]. A hypergraph [image: $$H$$] is normal if every partial hypergraph [image: $$H^{\prime }$$] of [image: $$H$$] has the hyperedge coloring property i.e.[image: $$\begin{aligned} q(H^{\prime }) = \varDelta (H^{\prime }). \end{aligned}$$]


An example of normal hypergraph is given in Fig. 4.4.[image: A311889_1_En_4_Fig4_HTML.gif]
Fig. 4.4This hypergraph is normal. We have [image: $$q(H)=3$$] and [image: $$\varDelta (H) = 3$$] and [image: $$q(H^{\prime })=\varDelta (H^{\prime })$$] for each partial hypergraph [image: $$H^{\prime }$$]
                    




            
Let [image: $$\varGamma = (V; E)$$] be a simple graph, we remind the reader that:	
                    [image: $$\alpha (\varGamma ) = \max \{\vert V^{\prime }\vert :V^{\prime }\subseteq V, \; \mathrm{{and}}\; V^{\prime } \; \mathrm{{is\;an\;stable\;set\;of}} \; \varGamma \}$$];

	
                    [image: $$\omega (\varGamma ) = \max \{\vert V^{\prime }\vert : V^{\prime }\subseteq V, \; \mathrm{{and}}\; V^{\prime }\; \mathrm{{is\;a\;clique\;of}} \; \varGamma \}$$];

	
                    [image: $$\chi (\varGamma ) = \min \{k : \varGamma \; \mathrm{{has\;a}}\; k\mathrm{{-coloring}}\}$$];

	
                    [image: $$\theta (\varGamma ) = \min \{k : \varGamma \; \mathrm{{can\;be\;partitioned\;into}}\; k\; \mathrm{{disjoint\;cliques}}\}$$].



A graph [image: $$\varGamma $$] isperfect if the chromatic number of every induced subgraph equals the size of the largest clique of that subgraph.
 We remind that the complement of [image: $$\varGamma = (V; E)$$] is the graph [image: $$\overline{\varGamma } = (V; \overline{E})$$], where [image: $$\overline{E}$$] contains all the pairs of vertices of [image: $$V$$] not in [image: $$E$$].
We have the following wellknown result:

                Theorem 4.9
              
 (Perfect Graph Theorem (Lovász 1972)) A graph is perfect if and only if its complement is perfect. 

From the theorem it is easy to check that a graph [image: $$\varGamma $$] is perfect if it verifies one of these two equivalent conditions:	
                    [image: $$\chi (\varGamma ^{^{\prime }}) = \omega (\varGamma ^{^{\prime }})$$] for any induced subgraph [image: $$\varGamma ^{^{\prime }}$$];

	
                    [image: $$\theta (\varGamma ^{^{\prime }}) = \alpha (\varGamma ^{^{\prime }})$$] for any induced subgraph [image: $$\varGamma ^{^{\prime }}$$].




            

                Remark 4.2
              
 For instance chordal graphs, bipartite graphs (see Chap. 2 for the definitions of these graphs) are perfect [vol09]. 

We give now two important theorems about normal hypergraphs [Ber89]:

                Theorem 4.10
              
 Any normal hypergraph [image: $$H$$] is a bicolorable hypergraph. 

We remind the reader that the hypergraph [image: $$H$$] has the König property if [image: $$\nu (H) = \tau (H)$$], where [image: $$\tau (H)$$] is the minimum cardinality of a transversal and [image: $$\nu (H)$$] is the maximum cardinality of a matching.

                Theorem 4.11
              
 A hypergraph [image: $$H$$] is normal if and only if every partial hypergraph [image: $$H^{\prime }\subseteq H$$] has the König property. 

From the theorem above we have:

                Proposition 4.9.
              
 A hypergraph [image: $$H$$] is normal if and only if it satisfies the Helly property and its linegraph [image: $$L(H)$$] is perfect. 


                Proof
              
 Assume that [image: $$H$$] is normal. If [image: $$F$$] is an intersecting family then [image: $$\nu (F) = 1$$]. The family [image: $$F$$] is a partial hypergraph which, by Theorem 4.11, has the König property, i.e. [image: $$\tau (F) =\nu (F) = 1$$].
Consequently [image: $$F$$] is a star and [image: $$H$$] has the Helly property. We have[image: $$\begin{aligned} q(H) = \varDelta (H) \end{aligned}$$]


by definition of normality. From Lemma 3.4 Chap. 3,[image: $$\begin{aligned} q(H) = \chi ([H^{*}]_{2}) = \chi ^{\prime }(H^{*}). \end{aligned}$$]


Moreover [image: $$\varDelta (H) = r(H^{*})$$] and so[image: $$\begin{aligned} \chi ([H^{*}]_{2}) = \omega ([H^{*}]_{2}). \end{aligned}$$]


Since [image: $$q(H^{\prime }) = \varDelta (H^{\prime })$$] for every partial hypergraph [image: $$H^{\prime }$$], we have:[image: $$\begin{aligned} \chi ([H^{\prime *}]_{2}) = \omega ([H^{\prime *}]_{2}) \end{aligned}$$]


for any induced subgraph of [image: $$[H^{*}]_{2}$$], i.e. [image: $$[H^{*}]_{2}$$] is perfect and [image: $$L(H)=[H^{*}]_{2}$$].
Conversely suppose that [image: $$H$$] has the Helly property and its linegraph [image: $$L(H)$$] is perfect. From Proposition 2.7 Chap. 2, maximal hyperedges (for the inclusion) are maximal cliques of [image: $$[H^{*}]_{2}$$].
Hence every maximal clique of [image: $$[H^{*}]_{2}$$] stands for a star of [image: $$H$$] and[image: $$\begin{aligned} \varDelta (H) = \omega ([H^{*}]_{2}). \end{aligned}$$]


The graph [image: $$L(H)$$] being perfect we have:[image: $$\begin{aligned} \chi (L(H))=\chi ([H^{*}]_{2})= \omega ([H^{*}]_{2}). \end{aligned}$$]


Hence[image: $$\begin{aligned} \chi {^{\prime }}(H^{*}) = r(H^{*})\; \mathrm{{and\;so}}\; q(H) = \varDelta (H). \end{aligned}$$]


If [image: $$H$$] has the Helly property, any partial hypergraph of [image: $$H$$] has this property. If the line-graph [image: $$L(H)$$] is perfect then, for any partial hypergraph [image: $$H^{\prime }$$], [image: $$L(H^{\prime })$$] is an induced subgraph of [image: $$L(H)$$]. Hence it is also perfect. By using the same argument as above, we obtain[image: $$\begin{aligned} q(H^{\prime }) = \varDelta (H^{\prime })\; \mathrm{{for\;any\;partial\;hypergraph\;of}}\; H. \end{aligned}$$]



                [image: $$\square $$]
              


                Corollary 4.2
              
 Every subtree hypergraph is normal. 


                Proof
              
 Every connected component of a partial hypergraph of a subtree hypergraph is a subtree hypergraph. Moreover we know that a subtree hypergraph has the Helly property. From Proposition 2.5 Chap. 2 the line-graph of a subtree hypergraph is chordal. Hence, from Remark 4.2 above, its linegraph is perfect. [image: $$\square $$]
              


4.5 Arboreal Hypergraphs, Acyclicity and Hypertree Decomposition
Our ability to deal with problems based on hypergraph structure description is often limited by computational complexity. Indeed a large number of these problems are not tractable. Nevertheless, several NP-complete problems become tractable when the problem dealt with is represented by a acyclic hypergraph. Hence, acyclic hypergraphs, which are an extension of the trees of graph theory, are very useful in order to obtain larger tractable instances of hypergraph-based problems. Several types of cyclicity are used in applications, so we have to analyse these various types. In particular we must be able to measure the cyclicity of a hypergraph. In order to do so, the concept of hypergraph treewidth plays an important role [GGS09]. This notion must verify that:	hypergraph modeled problems are solvable in polynomial time for instances of these problems with bounded width.

	For any [image: $$k$$], we are able to check in polynomial time whether a hypergraph is of width [image: $$k$$]. In this case, it must be possible to produce an associated decomposition of the width
                    [image: $$k$$] of the given hypergraph.



This section introduces these notions.
 In the sequel we assume that most of hypergraphs are connected.
Let [image: $$H= (V; E)$$] be a simple hypergraph. A subset [image: $$A$$] of [image: $$V$$] is anarticulation set if it verifies the two following properties:	there are two hyperedges [image: $$e_{1}$$] and [image: $$e_{2}$$] such that: [image: $$A = e_{1} \cap e_{2}$$];

	the induced subhypergraph [image: $$H(V\setminus A)$$] is not connected or reduced to the empty hypergraph.



Articulation set in hypergraph plays the same role that articulation vertex in graph. We can generalize this notion to a non connected hypergraph: the induced subhypergraph [image: $$H(V\setminus A)$$] has more connected components than [image: $$H$$]. Figure 4.5 gives an example of articulation set.
Thehypergraph reduction is the process that makes simple a hypergraph, i.e.[image: $$\begin{aligned} \mathrm{{if}}\; e_{i}\subseteq e_{j},\; i\ne j\; \mathrm{{remove}}\; e_{i}. \end{aligned}$$]


In this case we say that the hypergraph is reduced.
A simple hypergraph is chordal if any cycle with a length [image: $${>}3$$] has two non consecutive vertices which are adjacent. This definition extend the definition of chordal graph. It is not so difficult to see that the [image: $$2$$]-section [image: $$[H]_2$$] is chordal if and only [image: $$H$$] is chordal.

                Definition 4.1
              
 A hypergraph [image: $$H =(V; E)$$] is adual subtree hypergraph if there is a tree [image: $$T$$] on the set of hyperedges [image: $$E$$] which are the vertices of [image: $$T$$] such that, for all [image: $$x\in V$$], the set [image: $$H(x)$$] of hyperedges containing [image: $$x$$] induces a subtree of [image: $$T$$]. This means in particular that the set of hyperedges [image: $$H(x)$$] forms a connected set of [image: $$T$$]. In other words [image: $$H$$] is a dual subtree hypergraph if [image: $$H^{*}$$] is a subtree hypergraph. 


              [image: A311889_1_En_4_Fig5_HTML.gif]
Fig. 4.5The set [image: $$A$$] is an articulation set




            
4.5.1 Acyclic hypergraph
A simple hypergraph [image: $$H$$] is[image: $$\alpha $$]-acyclic if any connected reduced (in the sense defined below) induced subhypergraph of [image: $$H$$] has an articulation set. There exists another definition of [image: $$\alpha $$]-acyclicity:
A hypergraph can be reduced to have no hyperedge by theGraham reduction. The Graham reduction for hypergraphs uses the two following operations:	GR1: Delete any vertex with a degree at most [image: $$1$$];

	GR2: Delete [image: $$e_{i}$$] if [image: $$e_{i}\subseteq e_{j}$$], [image: $$i\ne j$$].



A hypergraph is said to be [image: $$\alpha $$]-acyclic if it can be reduced to have no hyperedge (terminates) by applying recursively the Graham reduction. Otherwise, it is said to be [image: $$\alpha $$]-acyclic. Figure 4.6 gives an example of [image: $$\alpha $$]-acyclic hypergraph. The equivalence of these two definitions can be shown by induction on the set of hyperedges. We remind the reader of this result from [BLS99]:[image: A311889_1_En_4_Fig6_HTML.gif]
Fig. 4.6This hypergraph is [image: $$\alpha $$]-acyclic




              

                  Theorem 4.12
                
 Let [image: $$H = (V; E)$$] be a hypergraph. The following properties are equivalent.(a)
                          [image: $$H$$] is [image: $$\alpha $$]-acyclic.

 

(b)
                          [image: $$H$$] is a dual of a subtree hypergraph.

 

(c)
                          [image: $$H^{*}$$] is a subtree hypergraph.

 

(d)
                          [image: $$H$$] is a chordal hypergraph.

 

(e)The Graham reduction terminates.

 



                

A [image: $$\beta $$]-cycle in a simple hypergraph is a cycle:[image: $$\begin{aligned} (x_{0}, e_{1}, x_{1}, e_{2}, x_{2}, \ldots , e_{k}, x_{k}=x_{0}),\; k\ge 3 \end{aligned}$$]


such that, for all [image: $$i\in \{0, 1, 2, \ldots k-1\}$$], [image: $$x_{i}$$] belongs to [image: $$e_{i}$$] and [image: $$e_{i+1}$$] (we identify [image: $$e_{0}$$] with [image: $$e_{k}$$]) and no other [image: $$e_{j}$$] from the cycle.
A hypergraph is a[image: $$\beta $$]-acyclic if it does not contain any [image: $$\beta $$]-cycle. An example of [image: $$\beta $$]-acyclic hypergraph is given Fig. 4.7.[image: A311889_1_En_4_Fig7_HTML.gif]
Fig. 4.7This hypergraph is [image: $$\beta $$]-acyclic




              

                  Theorem 4.13
                
 Let [image: $$H = (V; E)$$] be a hypergraph. The following properties are equivalent:(a)The hypergraph [image: $$H$$] is [image: $$\beta $$]-acyclic.

 

(b)
                          [image: $$H$$] is a totally balanced.

 

(c)All its subhypergraphs are [image: $$\alpha $$]-acyclic.

 



                


                  Proof
                
 Assume that [image: $$H$$] is [image: $$\beta $$]-acyclic and let[image: $$\begin{aligned} (x_{0}, e_{1}, x_{1}, e_{2}, \ldots , e_{k}, x_{k}),\; k\ge 3, \end{aligned}$$]


be a cycle. There is [image: $$x_{i}$$] belonging to [image: $$e_{i}$$] and [image: $$e_{i+1}$$] which belongs to another hyperedge [image: $$e_{l}$$] of the cycle ([image: $$e_{l}$$] contains [image: $$x_{i}$$]). Consequently [image: $$e_{l}$$] contains three vertices of the cycle and so [image: $$H$$] is totally balanced.
Conversely if [image: $$H$$] is totally balanced it is easy to check that it is [image: $$\beta $$]-acyclic.
Now if [image: $$H$$] is a totally balanced, from Proposition 4.3, every subhypergraph [image: $$H^{\prime }$$] is totally balanced. From Proposition 4.4 [image: $$H^{\prime *}$$] is totally balanced and so it is a subtree hypergraph by Theorem 4.8. Hence [image: $$H^{\prime }$$] is the dual of a subtree hypergraph and so it is [image: $$\alpha $$]-acyclic by Theorem 4.12.
Conversely, if all subhypergraphs [image: $$H^{\prime }$$] of [image: $$H$$] are [image: $$\alpha $$]-acyclic, then from Theorem 4.12 all subhypergraphs [image: $$H^{\prime }$$] of [image: $$H$$] are duals of subtree hypergraph. From Proposition 4.7, [image: $$H$$] is totally balanced. [image: $$\square $$]
                


                [image: A311889_1_En_4_Fig8_HTML.gif]
Fig. 4.8This hypergraph is [image: $$\alpha $$]-acyclic by applying Graham reduction, but it contains a [image: $$\beta $$]-cycle: [image: $$x_{1}, e_{1}, x_{2}, e_{2}, x_{3}, e_{3}, x_{4}, e_{4}, x_{1}$$]
                      




              

4.5.2 Arboreal and Co-Arboreal Hypergraphs
We are going to see (Proposition 4.10 and Theorem 2.2) that subtree hypergraphs are equivalent toarboreal hypergraphs and so duals of subtree hypergraphs are equivalent toco-arboreal hypergraphs. We remind the reader that a hypergraph [image: $$\mathcal H $$] is arboreal if:	
                      [image: $$\mathcal H $$] has the Helly property.

	Each cycle which length at least [image: $$3$$] contains three hyperedges having a non-empty intersection.



A hypergraph [image: $$\mathcal H $$] is co-arboreal if it is the dual of an arboreal hypergraph, i.e. if:	
                      [image: $$\mathcal H $$] is conformal.

	Each cycle which length at least [image: $$3$$] has three vertices contained in the same hyperedge of [image: $$H$$].




              

                  Proposition 4.10
                
 A hypergraph [image: $$H$$] is arboreal if and only if it has the Helly property and its line-graph [image: $$L(H)$$] is triangulated (chordal). 


                  Proof
                
 Because “each cycle of length greater or equal to [image: $$3$$] contains three hyperedges having a non-empty intersection” can be expressed as “each cycle of length more or equal to [image: $$3$$] of [image: $$L(H)$$] has a chord”, this result is a paraphrase of the definition of arboreal hypergraph. [image: $$\square $$]
                

We introduce now the concept of a [image: $$\gamma $$]-acyclic hypergraph.
A[image: $$\gamma $$]-cycle in a simple hypergraph is a cycle[image: $$\begin{aligned} (x_{1}, e_{1}, x_{2}, e_{2}, x_{3}, \ldots e_{k}, x_{k}=x_{1}),\; k\ge 3, \end{aligned}$$]


such that, for all [image: $$i\in \{1, 2, \ldots k-1\}$$], [image: $$x_{i}$$] belongs to [image: $$e_{i}$$] and [image: $$e_{i+1}$$] and no other [image: $$e_{j}$$] from the cycle; the vertex [image: $$x_{k}$$] belongs to [image: $$e_{k}$$] and [image: $$e_{1}$$] but it may belong to another hyperedge of the cycle. So the difference between a [image: $$\gamma $$]-cycle and a [image: $$\beta $$]-cycle is just about the last vertex which may belong to several hyperedges of the cycle.
A hypergraph is a[image: $$\gamma $$]-acyclic if it does not contain any [image: $$\gamma $$]-cycle.

4.5.3 Tree and Hypertree Decomposition
 We remind the reader that a tree is called arooted tree if one vertex has been designated as the root, in which case the edges have a natural orientation, towards or away from the root.
Let [image: $$H = (V; E)$$] be a hypergraph. A tree-decomposition of [image: $$H$$] is a tuple [image: $$(T; B)$$] where [image: $$T = (V(T ),E(T))$$] is a rooted tree, [image: $$V(T)$$] is a finite set of vertices, [image: $$E(T)$$] is the set of edges of [image: $$T$$] and [image: $$B = (B_{t})_{t\in V(T)}$$] is a family of finite subsets of [image: $$V$$] called the bags of [image: $$T$$] satisfying:(1)for each [image: $$e\in E$$] there is [image: $$t\in V(T)$$] such that [image: $$e\subseteq B_{t}$$]. This condition is called the covering condition;

 

(2)for each [image: $$x\in V$$] the set [image: $$\{t\in V(T): x\in B_{t} \}$$] is non empty and connected in [image: $$T$$] (it is a subtree). This condition is called the connectedness condition.

 


Thewidth of a tree-decomposition of [image: $$H$$] is:[image: $$\begin{aligned} w(T, B) = \sup \{\vert B_{t}\vert -1: t\in V(T)\}\in \mathbb{N } \end{aligned}$$]


andtree-width of [image: $$H$$] is:[image: $$\begin{aligned} tw(H) = \min \{w(T, B) :w(T, B)\; \mathrm{is\;a\;tree}\text{- }\mathrm{decomposition\;of\;H}\} \end{aligned}$$]



                [image: A311889_1_En_4_Fig9_HTML.gif]
Fig. 4.9A hypergraph with its tree-decomposition with [image: $$B_{t_{1}} = \{x_{3}, x_{4}, x_{5}\}$$]; [image: $$B_{t_{2}} = \{ x_{1}, x_{2}, x_{3}\}$$]; [image: $$B_{t_{3}} = \{x_{5}, x_{6}, x_{7}\}$$]
                      




              
 We remind the reader that for every set [image: $$X$$], [image: $$\bigcup X = \{a: \exists x\in X, a\in x\}$$]
              
We can generalize this decomposition by:
Ahypertree decomposition of a hypergraph [image: $$H = (V; E)$$] is a triple [image: $$(T, B, C )$$] where:(1)(T, B) is a tree-decomposition of [image: $$H$$]
                      

 

(2)
                        [image: $$C = (C_{t})_{t\in V(T)}$$] is a family of subsets of [image: $$E$$] such that:(a)For each [image: $$t\in V(T)$$], we have: [image: $$B_{t}\subseteq \bigcup C_{t}$$];

 

(b)For each [image: $$t\in V(T)$$], [image: $$\bigcup C_{t}\cap B_{T_{t}} \subseteq B_{t}$$], where [image: $$T_{t}$$] denotes the maximal subtree of [image: $$T$$] with root [image: $$t$$] and [image: $$B_{T_{t}} = \bigcup _{s\in V(T_{t})}B_{s}$$].

 



                      

 


Thewidth of a hypertree-decomposition of [image: $$H$$] is:[image: $$\begin{aligned} w(T, B, C) = \sup \{\vert C_{t}\vert : t\in V(T)\}\in \mathbb{N } \end{aligned}$$]


andtree-width of [image: $$H$$] is:[image: $$\begin{aligned} hw(H) = \min \{w(T, B, C) : w(T, B, C)\; \mathrm{is\;a\;hypertree}\text{- }\mathrm{decomposition\;of\;H}\} \end{aligned}$$]



                [image: A311889_1_En_4_Fig10_HTML.gif]
Fig. 4.10A hypergraph with its hypertree-decomposition with [image: $$B_{t_{1}} = \{ x_{1}, x_{3}, x_{4}, x_{6}\}$$]; [image: $$B_{t_{2}} = \{x_{2}, x_{3}\}$$]; [image: $$B_{t_{3}} = \{x_{4}, x_{5}\}$$]; [image: $$B_{t_{4}} = \{x_{1}, x_{2}\}$$]; [image: $$B_{t_{5}} = \{x_{5}, x_{6}\}$$] and [image: $$C_{t_{i}} = B_{t_{i}}$$], for [image: $$i\in \{1, \ldots , 5\}$$]
                      




              

                  Proposition 4.11
                
 A hypergraph [image: $$H = (V; E)$$] is [image: $$\alpha $$]-acyclic if and only if there is a hypertree decomposition [image: $$(T,B, C)$$] such that, for every tree vertex [image: $$t\in V(T)$$], there exists a hyperedge [image: $$e\in E$$] such that [image: $$C_{t} = e$$] and [image: $$B_{t} = e$$]. 


                  Proof
                
 Assume that [image: $$H = (V; E)$$] is [image: $$\alpha $$]-acyclic.
By Theorem 4.12, [image: $$H$$] is the dual of a subtree hypergraph. So there is a tree [image: $$T$$] on the set of hyperedges such that for every [image: $$x\in V$$], [image: $$H(x)$$] is a subtree of [image: $$T$$].
The set [image: $$V(T)$$] is in bijection with the set of hyperedges of [image: $$H$$], so for [image: $$t\in V(T)$$], set [image: $$B_{t} = V(e)$$], [image: $$e\in E$$]. For each[image: $$\begin{aligned} x\in V,\; H(x) = \{e\in E: x\in e\} \end{aligned}$$]


is connected subtree of [image: $$T$$], hence, since [image: $$t$$] stand for a hyperedge [image: $$e$$], the set[image: $$\begin{aligned} \{t\in V(T): x\in B_{t} \} \end{aligned}$$]


is connected. Consequently [image: $$(T,B)$$] is a tree-decomposition. Now for [image: $$t\in V(T)$$], set [image: $$B_{t} = C_{t}$$]. Conditions [image: $$a)$$] and [image: $$b)$$] above are verified. So we have a hypertree decomposition [image: $$(T,B, C)$$] which satisfies the condition of the proposition.
Now assume that there exists a hypertree decomposition [image: $$(T,B, C)$$] which verifies the condition of the proposition. It is easy to verifies that [image: $$T$$] is a tree on the set of hyperedge such that [image: $$H(x)$$] is a connected subtree of [image: $$T$$]. Hence, [image: $$H = (V; E)$$] is the dual of a subtree hyperegraph and [image: $$H$$] is [image: $$\alpha $$]-acyclic, by Theorem 4.12 (Figs. 4.8, 4.9). [image: $$\square $$]
                

From Proposition 4.11, it is easy to show:

                  Corollary 4.3
                
 A hypergraph [image: $$H = (V; E)$$] is [image: $$\alpha $$]-acyclic if and only if [image: $$hw(H)\le 1$$]. 


                [image: A311889_1_En_4_Fig11_HTML.gif]
Fig. 4.11The hypergraph above is planar




              
We can see that the hypergraph Fig. 4.10 is [image: $$\alpha $$]-acyclic.
More informations about decomposition is developed in [AGG07, GGS09, GGM+05].


4.6 Planar Hypergraphs
The drawings of hypergraphs in the plane plays an important role in many applications such as, for instance, VLSI design, databases and information visualization. In this section, we give some results about this problem (Fig. 4.11).
We remind the reader that, for [image: $$H = (V; E)$$] a hypergraph, a vertex [image: $$x\in V$$] isincident to a hyperedge [image: $$e\in E$$], if [image: $$x\in e$$].
A simple hypergraph [image: $$H = (V; E)$$] admits anembedding in the plane, if each vertex corresponds exactly to a unique point of the plane, and every hyperedge corresponds exactly to unique closed region homeomorphic to a closed disk. A closed region corresponding to a hyperedge contains the points corresponding to the vertices of this hyperedge.

                Definition 4.2
              
 A simple hypergraph [image: $$H = (V; E)$$] admits aplanar embedding in the plane if it admits a embedding such that:	The boundary of a region standing for a hyperedge contains the points corresponding to the vertices of the hyperedge.

	Furthermore, the intersection of two such regions is the set of the points corresponding to the vertices in the intersection of the corresponding hyperedges.



The connected regions of the plane which do not correspond to the hyperedges form thefaces of the planar embedding of the hypergraph. 


              [image: A311889_1_En_4_Fig12_HTML.gif]
Fig. 4.12planar representation of the hypergraph [image: $$H$$] with [image: $$4$$] faces: [image: $$f_{1}, f_{2}, f_{3}, f_{4}$$]
                    




            

                Definition 4.3
              
 A simple hypergraph [image: $$H = (V; E)$$] has agraph planar embedding if there is a planar multigraph graph [image: $$\varGamma $$] such that [image: $$V(\varGamma ) = V(H)$$] and [image: $$\varGamma $$] can be drawn in the plane with faces of [image: $$\varGamma $$] colored with two colors (black and white) and satisfying:	there exists a bijection between the black faces of [image: $$\varGamma $$] and the hyeredges of [image: $$H$$] such that:	a vertex is incident with a black face of [image: $$\varGamma $$] (that is, it is on the boundary of the black face) if and only if it is incident with the corresponding hyperedge of [image: $$H$$].




                    




              


                Theorem 4.14
              
 Let [image: $$H = (V; E)$$] be a simple hypergraph. The three following properties are equivalent(i)the hypergraph [image: $$H$$] admits a planar embedding;

 

(ii)the hypergraph [image: $$H$$] admits a graph planar embedding;

 

(iii)the incidence graph [image: $$I(H)$$] is planar.

 



              


                Proof.
              
(Sketch of proof) Assume that [image: $$H = (V; E)$$] admits a graph planar embedding. Hence, there is a planar graph [image: $$\varGamma $$] such that [image: $$V(\varGamma ) = V$$] and [image: $$\varGamma $$] is drawn in the plane in such way the faces of [image: $$\varGamma $$] are colored in black and white, and vertices are on the boundaries of the black faces.
In the center of every black face put a vertex, called center vertex.
Choose a black face [image: $$f$$]. From the center vertex [image: $$x$$] of [image: $$f$$], joint each vertex on the boundary of [image: $$f$$] (which stands for the vertices of [image: $$H$$]) by a disjoint polygonal curve.
Delete the edges between the vertices along the boundary of [image: $$f$$].
Repeat the process for all center vertex.
The set [image: $$A$$] of center vertices are not adjacent by construction. The set of vertices on the boundaries of black faces which stand for the vertices of [image: $$H$$] are not adjacent since we have deleted the edges between them.
So we obtain a bipartite graph which is clearly an embedding (in the usual graph theory sense) of the incidence graph of [image: $$H$$]. It is a planar graph
Conversely, assume that [image: $$I(H)$$] is planar.
Without loosing generality we denote also [image: $$I(H)$$] an embedding in the plane of this graph.
Since [image: $$I(H)$$] is the incidence graph of [image: $$H$$], it is bipartite and there is a part, say [image: $$A$$], which represents the hyperedges, the other part, say [image: $$B$$] represents the vertices of [image: $$H$$]. Around each vertex [image: $$x$$] in [image: $$A$$] and its incident edges, draw a small band with a minimal width [image: $$\epsilon $$]. This small band must contain all the neighboring vertices of [image: $$x$$]. Let [image: $$x$$] be a vertex of [image: $$A$$]. this vertex is inside an area bounded by a the small band containing all vertices adjacent to [image: $$x$$].
By removing [image: $$x$$] from [image: $$A$$], we obtain a face with a boundary which go through all vertices which were adjacent to [image: $$x$$]. We repeat this process for all [image: $$x\in A$$] and we obtain a graph planar embedding [image: $$\varGamma $$] of [image: $$H$$].
To prove the equivalence between [image: $$(i)$$] and [image: $$(ii)$$] we proceed in the same way as above. [image: $$\square $$]
              


                Proposition 4.12
              
 A simple hypergraph [image: $$H$$] is planar if and only if its dual [image: $$H^{*}$$] is planar. 


                Proof
              
 If [image: $$H$$] is planar, from Theorem 4.14 the incidence graph [image: $$I(H)$$] is planar. The incidence graph [image: $$I(H^{*})$$] is obtained by swapping the role of the bipartition of [image: $$I(H)$$] (vertices become hyperedges and hyperedges become vertices).
Consequently [image: $$I(H^{*})$$] is planar. Hence, [image: $$H^{*}$$] is planar.
Since [image: $$(H^{*})^{*} = H$$], the converse is obtained in the same way. [image: $$\square $$]
              


                Remark 4.3
              
 Let [image: $$H$$] be a planar hypergraph. In the sequel we assume that cycles of [image: $$H$$] are boundaries of the faces of the embedding of [image: $$H$$]
              

It is easy to see that a cycle in a hypergraph [image: $$H$$] gives rise to a cycle in [image: $$I(H)$$] and a cycle in [image: $$I(H)$$] gives rise to a cycle in [image: $$H$$]. Hence, from Remark 4.3 we have:

                Lemma 4.4
              
 Let [image: $$H = (V; E)$$] be a planar simple hypergraph embedded in the plane with [image: $$f$$] faces. Let [image: $$I(H)$$] be its incidence graph embedding in the plane with [image: $$f^{\prime }$$] faces. Then [image: $$f^{\prime } =f$$]. 


                Proposition 4.13
              
 Let [image: $$H = (V; E)$$] be a planar simple hypergraph with [image: $$\vert V\vert = n$$] and [image: $$\vert E\vert = m$$] embedding in the plane with [image: $$f$$] faces. Then:[image: $$\begin{aligned} n - \sum _{i= 1}^{m}(\vert e_{i}\vert -1) + f = m- \sum _{j= 1}^{n}(\vert H(x_{j})\vert - 1) + f = 2. \end{aligned}$$]



              


                Proof
              
 We denote also by [image: $$I(H)$$] the planar embedding of [image: $$I(H)$$]. The number of vertices of [image: $$I(H)$$] is: [image: $$n^{\prime }= n+ m$$] and the number of edges is:[image: $$\begin{aligned} m^{\prime } = \sum _{i= 1}^{m}\vert e_{i}\vert = \sum _{j= 1}^{n}\vert H(x_{j})\vert \end{aligned}$$]


From Lemma 4.4, the number of faces of [image: $$I(H)$$] is [image: $$f^{\prime }=f$$]. From Theorem 4.14, [image: $$I(H)$$] is a planar graph, hence, from Euler’s formula we have: [image: $$n^{\prime }-m^{\prime } + f^{\prime } = 2$$]. Consequently:[image: $$\begin{aligned} n+m-\sum _{i= 1}^{m}\vert e_{i}\vert + f = n-\sum _{i= 1}^{m}(\vert e_{i}\vert - 1)+ f = 2 \end{aligned}$$]



                [image: $$\begin{aligned} n+ m- \sum _{j= 1}^{n}\vert H(x_{j})\vert + f = m- \sum _{j= 1}^{n}(\vert H(x_{j})\vert - 1)+ f = 2 \end{aligned}$$]


So we have the equation we are looking for. [image: $$\square $$]
              

For instance in Fig. 4.12 we have:[image: $$\begin{aligned} n-\sum _{i= 1}^{m}(\vert e_{i}\vert - 1)+ f = 9 - 4\times 3- 4 +5+ 4 = 2 \end{aligned}$$]


and[image: $$\begin{aligned} m- \sum _{j= 1}^{n}(\vert H(x_{j})\vert - 1)+ f = 5-2\times 3- 3\times 2- 4\times 1 +9 + 4 =2 \end{aligned}$$]



              [image: A311889_1_En_4_Figa_HTML.gif]


            

References
[GH62]
A. Ghouila-Houri, Caractérisation des matrices totalement unimodulaires. C. R. Acad. Sci. Paris 254, 1192–1194 (1962)MathSciNetMATH

[Ber89]
C. Berg, Hypergraphs, vol. 45 (North-Holland Mathematical Library, Amsterdam, 1989)

[Leh85]
J. Lehel, A characterization of totally balanced hypergraphs. Discret. Math. 57(1–2), 59–65 (1985)MathSciNetMATHCrossRef

[Vol09]
V.I. Voloshin, Introduction to Graph and Hypergraph Theory (Nova Science Publishers, New York, 2009)

[GGS09]
G. Gottlob, G. Greco, F. Scarcello, Tractable Optimization Problems through Hypergraph-Based Structural Restrictions, in ICALP (2), 2009 16–30

[BLS99]
A. Brandstädt, V. Bang Le, J.P. Spinrad, Graph classes: a survey, in Society for industrial and applied mathematics (SIAM), 1999

[AGG07]
I. Adler, G. Gottlob, M. Grohe, Hypertree width and related hypergraph invariants. Eur. J. Comb. 28(8), 2167–2181 (2007)MathSciNetMATHCrossRef

[GGM+05]
G. Gottlob, M. Grohe, N. Musliu, M. Samer, F. Scarcello, Hypertree decompositions: structure, algorithms, and applications, in Graph-Theoretic Concepts in Computer Science, 31st International Workshop, WG 2005, Lecture Notes in Computer Science, 23–25 June 2005, vol. 3787, pp. 1–15. (Springer, Metz, France, 2005)




Alain BrettoMathematical EngineeringHypergraph Theory2013An Introduction10.1007/978-3-319-00080-0_5© Springer International Publishing Switzerland 2013

5. Reduction-Contraction of Hypergraph

Alain Bretto1  
(1)Computer Science Department, Universite de Caen, GREYC-CNRS UMR 6072, 14032 Caen, France

 

 
Alain Bretto
Email: alain.bretto@unicaen.fr



Abstract
In many human activities we must first model. The choice of a good model is essential in order to be able to deal with the complexity of the phenomena we need to understand. The objects we want to represent use increasingly more data: large databases, satellite images, large clusters, ...

5.1 Introduction
In many human activities we must first model. The choice of a good model is essential in order to be able to deal with the complexity of the phenomena we need to understand. The objects we want to represent use increasingly more data: large databases, satellite images, large clusters, ...
In many areas of science, hypergraph theory can be used to analyse and to process, in a relevant way, the observed data. Most of computer problems can be modeled by hypergraphs. Nevertheless the main problem remains the complexity of the hypergraph used to model the data. Often this hypergraph is too large; with both too many vertices and too many hyperedges. So we need to reduce it in order to be able to exploit the data in a reasonable time.
This chapter presents some reduction algorithms for hypergraphs. These reductions have some very nice properties. We study them and we show that, for every hypergraph [image: $$H$$], its reduced hypergraph [image: $$RH$$] is a neighborhood hypergraph. Some applications of reductions can be found in [DBRL12, BB11].
In the sequel, without losing generality, we suppose that any hypergraph is without loop excepted if the loop is an isolated hyperedge, where a hyperedge is isolated if its intersection with any other hyperedge is empty. We suppose also that every hypergraph is simple, that is, without repeated hyperedge, and without isolated vertex.
We remind the reader that the eccentricity [image: $$\epsilon (v)$$] of a vertex [image: $$v$$] in a connected graph [image: $$\varGamma =(V; E)$$] is the maximum distance between [image: $$v$$] and any other vertex [image: $$u$$] of [image: $$\varGamma =(V; E)$$] i.e. for the vertex [image: $$v$$]:[image: $$\begin{aligned} \epsilon (v) = \sup \{d(v, u),\, u\in V\} \in \mathbb{N }. \end{aligned}$$]


If the graph is not connected we set: [image: $$\epsilon (v) = +\infty $$].
In this chapter we use a definition of morphism which is different from the one given in Chap. 1.
Let [image: $$H_{1} = (V_{1}; E_{1})$$] and [image: $$H_{2}=(V_{2}; E_{2})$$] be two simple hypergraphs.
A map [image: $$f$$] from [image: $$V_{1}$$] to [image: $$V_{2}$$] is a morphism or homomorphism if it verifies, for every [image: $$e_1 \in E_{1}$$] :[image: $$\begin{aligned} e_1 \in E_{1} \Longrightarrow f(e_1) =\{ f(x): x\in e_1\}\subseteq e_2 \in E_{2}. \end{aligned}$$]



            

5.2 Reduction Algorithms
5.2.1 A Generic Algorithm
5.2.1.1 Basic Concepts
In this section, we illustrate a hypergraph reduction algorithm which reduces a simple hypergraph. The full proposed hypergraph reduction algorithm of [image: $$H=(V;E)$$] is described in Algorithm 6 for a given order on [image: $$E$$]. The basic idea of the proposed algorithm can be summarized as follows: Step 1.For a given order [image: $$e_{1},e_{2}, \ldots , e_{m}$$] on [image: $$E$$], we compute the set of intersecting hyperedges [image: $$W$$] of [image: $$H$$]. That is, for each hyperedge [image: $$e_i \in E$$], we generate [image: $$W_{e_i}$$] as the set of hyperedges intersecting with [image: $$e_i$$], and we let [image: $$W = \cup _{ e_i \in E} \{W_{e_i}\}$$] to be the set of intersecting hyperedges.


Step 2.From [image: $$W$$], we keep only a subset [image: $$B$$] of [image: $$W$$] such that for any hyperedge [image: $$e$$] of [image: $$H$$] there is [image: $$W_{e_i}\in B$$] containing [image: $$e$$].


Step 3.From [image: $$B$$], we generate the Reduced Hypergraph [image: $$RH=(RV;RE)$$]. The [image: $$W_{e_i}$$]’s of [image: $$B$$] stand for the vertices of [image: $$RH$$]. From [image: $$RV$$] and using the [image: $$W_{e_i}$$], we generate [image: $$RE$$] as described in the algorithm. Notice that [image: $$RH$$] is a simple hypergraph.



 Notice that the reduction algorithms given in this chapter do not create any isolated vertex in the reduced hypergraph.[image: A311889_1_En_5_Figa_HTML.gif]


                
An example of application of the algorithm is presented in the figure below. We reduce the initial hypergraph by first starting with [image: $$e^{^{\prime }}$$] and then by starting with [image: $$e^{^{\prime \prime }}$$]. The HR-IH algorithm has several properties. Two of them are given below in Propositions 5.1 and 5.2 (Fig. 5.1).[image: A311889_1_En_5_Fig1_HTML.gif]
Fig. 5.1Hypergraph reduction algorithm using the intersecting hyperedges. To the left of the figure we start with the hyperedge [image: $$e^{^{\prime }}$$]. To the right of the figure we start with the hyperedge [image: $$e^{^{\prime \prime }}$$]. Notice that if we start with the hyperedge [image: $$e$$] we obtain the same hypergraph as by starting with [image: $$e^{^{\prime \prime }}$$]
                        




                

5.2.1.2 Basic Properties
We remind the reader that a without repeated hyperedge hypergraph [image: $$H$$] is a without repeated hyperedge neighborhood hypergraph if and only if there is a graph [image: $$\varGamma $$] such that:[image: $$\begin{aligned} H = (V, \{e_x = \{x\}\cup \varGamma (x): x\in V\}). \end{aligned}$$]



                

                    Proposition 5.1
                  
 The algorithm creates a without repeated hyperedge neighborhood hypergraph. Its complexity is in [image: $$O(m^{2})$$], where [image: $$m$$] is the size of the hypergraph (we suppose that all set operations can be executed in constant time). 


                    Proof
                  
 It is easy to see that the complexity of our algorithm is in [image: $$O(m^{2})$$].
Since [image: $$RE$$] is built through the set union operation by the instruction: [image: $$RE:= RE \cup \{A_{e_{i}}\}$$], [image: $$RH$$] is clearly a without repeated hyperedge hypergraph.
We can build a graph [image: $$\varGamma = (RV; A)$$] in the following way:1.The set of vertices is [image: $$RV$$].

 

2.Let [image: $$w_{e_{i}}, w_{e_{j}}\in RV$$], we put an edge between [image: $$w_{e_i}$$] and [image: $$w_{e_j}$$] iff [image: $$W_{e_{i}}\cap W_{e_{j}}\ne \emptyset $$] (except when [image: $$i = j$$]).

 


Let [image: $$A_{e_{i}}$$] be a hyperedge of [image: $$RH$$], [image: $$A_{e_{i}}= \{ w_{e_{j}}: W_{e_{i}}\cap W_{e_{j}}\ne \emptyset \}$$]. Consequently [image: $$A_{e_{i}}= \{w_{e_{i}}\}\cup \varGamma (w_{e_{i}})$$].
Now if [image: $$w_{e_{i}}\in RV$$]:[image: $$\begin{aligned} w_{e_{j}}\in \varGamma (w_{e_{i}})\Longleftrightarrow W_{e_{i}}\cap W_{e_{j}}\ne \emptyset \Longleftrightarrow \{w_{e_{i}}\}\cup \varGamma (w_{e_{i}})= A_{e_{i}} \end{aligned}$$]



                    [image: $${\square }$$]
                  

In the algorithm [image: $$E$$] is linearly ordered. This order on [image: $$E$$] induces a linear order on [image: $$B$$], called the Reduction Algorithm Order ([image: $$RAO$$]), defined by:[image: $$\begin{aligned} W_{e_{i}}\le _{RAO} W_{e_{j}} \Longleftrightarrow e_{i}\le e_{j} \Longleftrightarrow i\le j. \end{aligned}$$]


So ([image: $$B; \le _{RAO}$$]) is a totally ordered poset. We let[image: $$\begin{aligned} V(W_{e_{i}}) = \bigcup _{e_{j}\in W_{e_{i}}}\{ v : v\in e_{j}\}. \end{aligned}$$]



                

                    Proposition 5.2
                  
 Let [image: $$H =(V; E)$$] and let [image: $$RH = (RV; RE)$$] its reduction. There is a morphism [image: $$f$$] from [image: $$H$$] to [image: $$RH$$]. 


                    Proof
                  
 Let first [image: $$h$$] be defined by:[image: $$\begin{aligned} h :\; V \longrightarrow&B \\ v\mapsto&\min \nolimits _{\le _{RAO}}\{W_{e_{j}} : v\in V(W_{e_{j}}) \} \end{aligned}$$]


Since [image: $$B$$] is linearly ordered and [image: $$H$$] is without repeated hyperedge, [image: $$h$$] is a map. There is a bijection [image: $$g$$] from [image: $$B$$] onto [image: $$RV$$], consequently [image: $$f = g\circ h$$] is a map from [image: $$V$$] to [image: $$RV$$] (Fig. 5.2).
Let [image: $$e_{i}\in E$$], [image: $$v\in e_{i}$$] and[image: $$\begin{aligned} f(v) = \min _{\le _{RAO}}\{W_{e_{l}}: v\in V(W_{e_{l}}) \} = W_{e_{t}}. \end{aligned}$$]


Because [image: $$v \in V(W_{e_{t}})$$] we have [image: $$e_{i}\in W_{e_{t}}$$]. Let [image: $$u\in e_{i}$$], [image: $$v\ne u$$] and[image: $$\begin{aligned} f(u) = \min _{\le _{RAO}}\{W_{e_{l}}: u\in V(W_{e_{l}}) \} = W_{e_{s}}. \end{aligned}$$]


Because [image: $$u\in V(W_{e_{s}})$$], [image: $$e_{i}\in W_{e_{s}}$$]. Consequently[image: $$\begin{aligned} W_{e_{t}}\cap W_{e_{s}}\ne \emptyset \; \mathrm{{and}} \; W_{e_{t}}, W_{e_{s}}\in A_{e_{i}}. \end{aligned}$$]


By reasoning in the same way, for all vertices of [image: $$e_{i}$$], we can show that[image: $$\begin{aligned} f(e_{i}) =\{ f(v): v\in e_{i}\}\subseteq A_{e_{i}}. \end{aligned}$$]



                    [image: $${\square }$$]
                  


                  [image: A311889_1_En_5_Fig2_HTML.gif]
Fig. 5.2In the above hypergraph [image: $$H = (V; E)$$], we have [image: $$W_{e_{1}}= \{e_{1}, e_{2}, e_{4} \}$$], [image: $$W_{e_{2}}= \{e_{1}, e_{2}, e_{3},e_{4}\}$$] and [image: $$B =\{W_{e_{1}},W_{e_{2}} \}$$]. Hence [image: $$RV = \{w_{e_{1}},w_{e_{2}} \}$$]. The morphism [image: $$f$$] defined in Proposition 5.2 maps every vertex of [image: $$V$$] to [image: $$w_{e_{1}}$$]. Consequently [image: $$f$$] is not surjective




                  [image: A311889_1_En_5_Figb_HTML.gif]


                

                    Lemma 5.1
                  
 Let [image: $$H = (V; E)$$] be a simple hypergraph and [image: $$RH =(RV; RE)$$] be its reduction. We have:(i)
                            [image: $$\vert E\vert = \vert RE\vert $$] if and only if, for all [image: $$e\in E$$], [image: $$e$$] is an isolated hyperedge.

 

(ii)
                            [image: $$\vert E\vert > \vert RE\vert $$] if and only if [image: $$\vert E\vert > 1$$] and [image: $$H$$] contains a connected component with more than [image: $$2$$] hyperedges.

 



                  


                    Proof
                  
 Suppose that every hyperedge of [image: $$H$$] is isolated. Because [image: $$H$$] is simple, for all [image: $$e_{i}, e_{j}\in E$$], [image: $$i\ne j$$], [image: $$e_{i}\cap e_{j} = \emptyset $$]. Hence, for all [image: $$e\in E$$], [image: $$W_{e} =\{e\}$$] and [image: $$A_{e} = \{W_{e}\}$$], hence [image: $$\vert E\vert = \vert RE\vert $$].
Now assume that [image: $$\vert E\vert = \vert RE\vert $$]. We proceed by induction on [image: $$\vert E\vert $$]:
If [image: $$\vert E\vert =1$$] the result is clearly true.
Assume now that the assertion is true for any hypergraph with [image: $$\vert E\vert =m-1$$], [image: $$m>1$$].
Let [image: $$H = (V; E)$$] be a hypergraph with [image: $$\vert E\vert =m$$] such that [image: $$\vert E\vert = \vert RE\vert $$]. So there is a bijection [image: $$f$$] between [image: $$E$$] and [image: $$RE$$]. Clearly, up to a permutation we can suppose that,[image: $$\begin{aligned} \mathrm{{for\;every}}\; e\in E, f(e) = A_{e}\in RE. \end{aligned}$$]


Hence [image: $$f$$] gives rise to a bijection between[image: $$\begin{aligned} E\setminus \{e\}\; \mathrm{{and}}\; RE\setminus \{f(e)\}. \end{aligned}$$]


By induction hypothesis, every hyperedge of the partial hypergraph [image: $$H_{e}=(V_{e}; E\setminus \{e\})$$] are isolated, where [image: $$V_{e}$$] is [image: $$V$$] minus the vertices which become isolated when removing [image: $$e$$] from [image: $$E$$].
Suppose now that there is [image: $$a\in E$$], [image: $$a\ne e$$] such that [image: $$a\cap e \ne \emptyset $$]. There is a bijection from [image: $$E\setminus \{a\}$$] to [image: $$RE\setminus \{f(a)\}$$] and by induction hypothesis [image: $$H_{a} =(V_{a}; E\setminus \{a\})$$] has all its hyperedges isolated.
Consequently [image: $$a$$] is the unique hyperedge such that [image: $$a\,\cap \, e \ne \emptyset $$]. So that either [image: $$W_{e} =\{a, e\}$$] or [image: $$W_{a} =\{a, e\}$$]. Hence we have:[image: $$\begin{aligned} f(e) = A_{e} = \{W_{e}\} = \{W_{a}\}=A_{a} = f(a), \end{aligned}$$]


and so [image: $$a =e$$]. Contradiction.
Without losing generality, we suppose that [image: $$H$$] is a connected hypergraph with [image: $$\vert E\vert > 1$$]. By Proposition 5.1:[image: $$\begin{aligned} \vert B\vert = \vert RV\vert \ge \vert RE \vert . \end{aligned}$$]


Moreover, by the loop Construction of the covering of the set of intersecting hyperedges (Step 2), we have [image: $$\vert B\vert \le \vert E \vert $$] and so[image: $$\begin{aligned} \vert E\vert \ge \vert B\vert \ge \vert RE \vert . \end{aligned}$$]


Since [image: $$H$$] is connected with [image: $$\vert E\vert > 1$$], by [image: $$(i)$$] it comes[image: $$\begin{aligned} \vert RE \vert < \vert E \vert . \end{aligned}$$]


Assume now that [image: $$\vert E\vert > \vert RE\vert $$] and so [image: $$\vert E\vert > 1$$] (the trivial hypergraph without vertex being not considered here). From [image: $$(i)$$] there is a connected component with [image: $$2$$] hyperedges at least. [image: $${\square }$$]
                  

Below, we present an algorithm able to extract a graph from a reduced hypergraph (Algorithm 6).[image: A311889_1_En_5_Figc_HTML.gif]


                  [image: A311889_1_En_5_Fig3_HTML.gif]
Fig. 5.3The hypergraph [image: $$H$$] above is connected. Nevertheless, if we follow the order [image: $$e_{1}, e_{2}, e_{3}, e_{4}$$] in the construction of the covering of the set of intersecting hyperedges (Steps 1, 2, 3 in Algorithm 6), we obtain [image: $$W_{e_{1}} = \{e_{1}, e_{2}\}$$] and [image: $$W_{e_{3}}= \{e_{3}, e_{4}\}$$]. Consequently, [image: $$RH$$] has two vertices and two hyperedges [image: $$A_{e_{1}} =\{w_{e_{1}}\}$$] and [image: $$A_{e_{3}} =\{w_{e_{3}}\}$$] which are loops. So [image: $$H$$] is a connected hypergraph but [image: $$RH$$] is not




                


5.2.2 A Minimum Spanning Tree Algorithm (HR-MST)
The order on the hyperedge set given in the reduction algorithm, Algorithm 6 may generate problems. In particular the hypergraph [image: $$H$$] may be connected while [image: $$RH$$] is not (see Fig. 5.3). Hence we introduce in this section a new algorithm (Algorithm 9) in order to overcome this problem. In order to simplify the notations we continue to use [image: $$RH$$] to denote the reduction of [image: $$H$$] obtained with this algorithm.
5.2.2.1 Basic Concepts

                    Remark 5.1
                  
 It is not so difficult to see that, by using the loop defined in Algorithm 6 (Step 1), we can construct the neighborhood hypergraph of the line graph [image: $$L(H)$$] of [image: $$H$$]. This hypergraph will be denoted by [image: $$H_{L(H)}$$]. 

In order to overcome the disconnection problem caused by the hyperedge set order, we introduce a HR-MST reduction algorithm (Algorithm 9). Both Step 1 and Step 2 in Algorithm 6 are replaced by the generation of a set of vertices [image: $$V^{\prime }$$] of a partial hypergraph [image: $$H^{\prime }$$] of [image: $$H_{L(H)}$$]. We assume that [image: $$H$$] is connected. The generation of [image: $$H^{\prime }$$] of [image: $$H_{L(H)}$$] is illustrated in Algorithm 9. In the same way as for the first algorithm, we generate the reduced hypergraph. The reduced hypergraph [image: $$RH=(RV,RE)$$] has the same set of vertices than the partial hypergraph. From [image: $$RH$$] and using the [image: $$W_{e_i}$$]’s, we generate [image: $$RE$$].
We remind the reader that a weight function is a function from a set [image: $$X$$] to [image: $$\mathbb{R }^{+}$$].[image: A311889_1_En_5_Figd_HTML.gif]


                

5.2.2.2 Properties of Algorithm 9

                    Lemma 5.2
                  
 The hypergraph [image: $$H = (V; E)$$] is connected if and only if the hypergraph [image: $$RH =(RV; RE)$$] obtained by Algorithm 9 is. 


                    Proof
                  
 It is easy to see that if [image: $$RH$$] is connected then [image: $$H$$] is also connected.
Now suppose that [image: $$H$$] is connected and let [image: $$W_{e_{i}}, W_{e_{j}}$$] corresponding to [image: $$w_{e_{i}}, w_{e_{j}}\in RV$$]. We have [image: $$e_{i}\in W_{e_{i}}$$] and [image: $$e_{j}\in W_{e_{j}}$$]. Because [image: $$H$$] is connected, for all [image: $$x\in e_{i}$$] and [image: $$y\in e_{j}$$], there is a path from [image: $$x$$] to [image: $$y$$] :[image: $$\begin{aligned} x = v_{1}, e_{1}, v_{2}, e_{2}, \ldots , v_{k}, e_{k}, v_{k+1}=y. \end{aligned}$$]


It is easy to show that [image: $$L(H)$$] is connected, consequently [image: $$T_{e}$$] is. We have two cases:1.
                            [image: $$x = v_{1}\in e_{1}$$] and [image: $$v_{k+1}=y\in e_{k}$$] are on the same “branch” of [image: $$T_{e}$$] (cf. Algorithm 9).
 By construction of Algorithm 9, there are [image: $$\begin{aligned} W_{e_{u}}\ni e_{1},\; W_{e_{v}}\ni e_{2},\; \ldots ,\; W_{e_{z}}\ni e_{k}, \end{aligned}$$]


 belonging to [image: $$RV$$] such that [image: $$\begin{aligned} W_{e_{i}}\cap W_{e_{u}}\ne \emptyset ,\; W_{e_{u}}\cap W_{e_{v}}\ne \emptyset ,\; \ldots , \; W_{e_{z}}\cap W_{e_{j}}\ne \emptyset . \end{aligned}$$]


 Consequently there is a chain from [image: $$w_{e_{i}}$$] to [image: $$w_{e_{j}}$$] in [image: $$RH$$].

 

2.
                            [image: $$x= v_{1}\in e_{1}$$] and [image: $$v_{k+1}=y\in e_{k}$$] are on two different “branches” of [image: $$T_{e}$$]. There is a chain from [image: $$x$$] to a vertex [image: $$u\in e$$] and from [image: $$u$$] to [image: $$y$$]. In the same way as above, it can be shown that there is a chain from [image: $$w_{e_{i}}$$] to [image: $$w_{e_{j}}$$] in [image: $$RH$$].

 



                    [image: $${\square }$$]
                  

We define by induction the following process:(i)
                          [image: $$R^{0}H = H$$]
                        

 

(ii)
                          [image: $$R^{i+1}H = RR^{i}H$$], [image: $$i\ge 0$$].

 


Notice that it is easy to show that Lemma 5.1 is also valid for the reduction obtained by Algorithm 9.

                    Proposition 5.3
                  
 Let [image: $$H = (V; E)$$] be a hypergraph with [image: $$2$$] hyperedges at least. A hypergraph [image: $$H^{\prime }\subseteq H$$] is a connected component of [image: $$H$$] if and only if there is [image: $$i\ge 1$$] such the iterated reduction of [image: $$H^{\prime }$$] by Algorithm 9 gives rise to an isolated hyperedge which is [image: $$R^{i}H^{\prime }$$]. 


                    Proof
                  
 Let [image: $$j\ge 0$$]. By Lemma 5.1, [image: $$R^{j+1}H^{\prime }$$] has fewer hyperedges than [image: $$R^{j}H$$]. Moreover, by Lemma 5.2, if [image: $$R^{j}H^{\prime }$$] is connected then [image: $$R^{j+1}H^{\prime }$$] is connected. The hypergraph [image: $$H$$] being finite the result follows.
Now assume that there is [image: $$i\ge 1$$] such that [image: $$R^{i}H^{\prime }$$] is an isolated hyperedge. Hence [image: $$R^{i}H^{\prime }$$] is connected and so is [image: $$R^{i-1}H^{\prime }$$]. By reiterating this reasoning we show that [image: $$H^{\prime }$$] is connected. [image: $${\square }$$]
                  


                    Proposition 5.4
                  
 Let [image: $$H_{1}=(V; E)$$] and [image: $$H_{2}=(S; A)$$] be two hypergraphs. If [image: $$H_{1} \overset{f}{\simeq } H_{2}$$] then there is a reduction [image: $$RH$$] such that [image: $$RH_{1} \overset{g}{\simeq } RH_{2}$$], where [image: $$g$$] is defined from [image: $$f$$]. 


                    Proof
                  
 Let [image: $$f$$] be an isomorphism between [image: $$H_{1}$$] and [image: $$H_{2}$$] and let [image: $$ e_{1}, e_{2}, \ldots , e_{m}$$] be an enumeration of [image: $$E$$]. Let us reorder the set of hyperedges of [image: $$H_{2}$$] in the following way:[image: $$\begin{aligned} f(e_{1})=a_{1};f(e_{2})=a_{2}; \ldots ; f(e_{m})= a_{m}, \;\; a_{i}\in A,\; i\in \{1,2,\ldots , m\} \end{aligned}$$]


Because [image: $$f$$] is an isomorphism we have:[image: $$\begin{aligned} \vert a_{i} \vert = \vert \; f(e_{i}) \vert = \vert e_{i}\vert , \ \ \forall i\in \{1, 2, \ldots m\} \end{aligned}$$]


With the same notation than the one used in Algorithms 6 or 9:[image: $$\begin{aligned}&W_{e_{i}} =\{e_{i} =e_{k_{1}},e_{k_{2}},\ldots , e_{k_{t}} \},\mathrm{{such\;that}}:\\&\qquad \qquad \qquad e_{i}\cap e_{k_{l}}\ne \emptyset , \forall l\in \{1, 2, \ldots , t\} \end{aligned}$$]


Hence:[image: $$\begin{aligned} e_{i}\cap e_{k_{l}}\ne \emptyset \Leftrightarrow f(e_{i}\cap e_{k_{l}})\ne \emptyset \Leftrightarrow f(e_{i})\cap f(e_{k_{l}})\ne \emptyset \end{aligned}$$]


So we have:[image: $$\begin{aligned} \vert W_{e_{i}}\vert = \vert \{f(e_{k_{1}}),f(e_{k_{2}}),\ldots ,f(e_{k_{t}}) \} \vert = \vert W_{f(e_{i})}\vert . \end{aligned}$$]


Let[image: $$\begin{aligned} W=\{W_{e_{i}} : i\in \{1,\ldots m\}\}\; \mathrm{{and}}\; W^{^{\prime }} = \{W_{f(e_{i})} : i\in \{1, 2, \ldots m\}\}. \end{aligned}$$]


Let[image: $$\begin{aligned} h: W\longrightarrow W^{^{\prime }}\; \mathrm{{defined\; by}}\; h(W_{e_{i}}) = W_{f(e_{i})}. \end{aligned}$$]


If [image: $$W_{e_{i}}= W_{e_{j}}$$] then [image: $$W_{f(e_{i})} = W_{f(e_{j})}$$], and so [image: $$h$$] is a mapping. It is surjective and injective, so it is a bijection. This bijection induces a bijection from [image: $$RV$$] to [image: $$RS$$] which is denoted by [image: $$g$$] (we identify [image: $$W_{e_{i}}$$] with the vertex [image: $$w_{e_{i}}$$]). Now let [image: $$A_{e_{i}}$$] be a hyperedge of [image: $$RH_{1}$$], then:[image: $$\begin{aligned} A_{e_{i}} =\{ W_{e_{i}} = W_{e_{l_{1}}}, W_{e_{l_{2}}},\ldots , W_{e_{l_{k}}}\} \end{aligned}$$]


with[image: $$\begin{aligned} W_{e_{i}} \cap W_{e_{l_{j}}}\ne \emptyset ,\; \text{ for } \text{ every }\; j\in \{1, 2, \ldots , k\}. \end{aligned}$$]


Hence[image: $$\begin{aligned} g(W_{e_{i}} \cap W_{e_{l_{j}}}) = g( W_{e_{i}})\cap g(W_{e_{l_{j}}})\ne \emptyset . \end{aligned}$$]


Consequently[image: $$\begin{aligned} g(W_{e_{l_{j}}}) = W_{f(e_{l_{j}})}\in A_{f(e_{i})}. \end{aligned}$$]


Because [image: $$\vert A_{e_{i}}\vert = \vert A_{f(e_{i})}\vert $$], [image: $$g$$] is an isomorphism from [image: $$RH_{1}$$] to [image: $$RH_{2}$$]. [image: $${\square }$$]
                  


                    Proposition 5.5
                  
 Let [image: $$H=(V; E)$$] be a hypergraph and [image: $$RH$$] be its reduction. Every partition of [image: $$RH =(RV; RE)$$] into induced subhypergraphs gives rise to a partition of [image: $$H$$] into induced subhypergraphs. 


                    Proof
                  
 Let [image: $$(RH_{i})_{i\in \{1,2, \ldots , k\}}$$] be a partition of [image: $$RH$$] in partial subhypergraphs, where [image: $$RH_{i} = (RV_{i}; RE_{i})$$]. So by hypothesis [image: $$(RV_{i})_{i\in \{1,2, \ldots , k\}}$$] is a partition of [image: $$RV$$].
Let [image: $$f$$] be the morphism defined in the proof of Proposition 5.2. We have:[image: $$\begin{aligned} f^{-1}(RV)&= f^{-1}(\sqcup _{i\in \{1,2, \ldots , k\}}RV_{i})\nonumber \\&=\sqcup _{i\in \{1,2, \ldots , k\}}{}^{f^{-1}}(RV_{i})\nonumber \\&=\sqcup _{j\in \{1,2, \ldots , t\}}{}^{f^{-1}}(RV_{j}) \end{aligned}$$]


where, up to a permutation of [image: $$\{1, 2, \dots , k\}$$]:	
                          [image: $$t= k$$] if, for all [image: $$j\in \{1,2, \ldots , t=k\}$$], we have [image: $$f^{-1}(RV_{j})\ne \emptyset $$];

	
                          [image: $$t< k$$] if, for all [image: $$t<l\le k$$], we have [image: $$f^{-1}(RV_{l})= \emptyset $$].



So [image: $$(H_{i})_{i\in \{1,2, \ldots , k\}}$$] is a partition in induced subhypergraphs of [image: $$H$$], where [image: $$H_{i}$$] is the subhypergraph generated by [image: $$f^{-1}(RV_{i})$$]. [image: $${\square }$$]
                  


                  [image: A311889_1_En_5_Fige_HTML.gif]


                  [image: A311889_1_En_5_Equ33_HTML.gif]
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Abstract
Outside the classical theory of hypergraphs, there is a beginning of theory which is not yet stabilized, it is the theory of directed hypergraphs. This chapter investigates the notion of directed hypergraph (dirhypergraph). We try to clarify its vocabulary.

Outside the classical theory of hypergraphs, there is a beginning of theory which is not yet stabilized, it is the theory of directed hypergraphs. This chapter investigates the notion of directed hypergraph (dirhypergraph). We try to clarify its vocabulary. This concept is a generalization of directed graphs (digraphs). We give the basic definitions and some elementary properties. From these basic definitions and properties some problems arise such as:	The minimum cost hyperflow.

	The strongly connected directed hypergraph characterization.

	Can the graph orientation theorem [Rob39, JJG06] be extended to hypergraphs?



Many other problems about directed hypergraphs come from digraph theory.
Directed hypergraphs can be very useful in many areas of sciences. Indeed directed hypergraphs modelling is used in:	Formal language theory;

	Relational database theory;

	Scheduling;

	And many other fields.




          
6.1 Basic Definitions
Adirected hypergraph (dirhypergraph) is a ordered pair:[image: $$\begin{aligned} \overrightarrow{H} = \left( V; \overrightarrow{E}=\left\{ \overrightarrow{e_i}: i \in I\right\} \right) \end{aligned}$$]


where [image: $$V$$] is a finite set of vertices and [image: $$\overrightarrow{E}$$] is a set ofhyperarcs with finite index set [image: $$I$$]. Each hyperarc [image: $$\overrightarrow{e_i}$$] is a ordered pair[image: $$\begin{aligned} \overrightarrow{e_i}=\left( \overrightarrow{e_i^+}=\left( e_i^+,i\right) ;\overrightarrow{e_i^-}=\left( i,e_i^-\right) \right) \end{aligned}$$]


where [image: $$e_i^+ \subseteq V$$] is the set of vertices of [image: $$\overrightarrow{e_i^+}$$] and [image: $$e_i^- \subseteq V$$] is the set of vertices of [image: $$\overrightarrow{e_i^-}$$]. The vertices of [image: $$\overrightarrow{e_i}$$] are denoted by [image: $$e_i =e_i^+\cup e_i^-$$] and [image: $$E = (e_i)_ {i\in I}$$].
 The definition of directed hypergraph given in this book allows us to distinguish between two types of information, the information given by the heads and the tails, and the information given by the vertices contained in the heads and the tails. Thus our definition is more precise than the definition usually given in the literature.
The hypergraph [image: $$H =(V; E)$$] is theunderlying hypergraph of the dirhypergraph [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$]. The element [image: $$\overrightarrow{e_i^+}$$] is called thetail of the hyperarc [image: $$\overrightarrow{e_i}$$], whereas [image: $$\overrightarrow{e_i^-}$$] is itshead. Alimb is either a head or a tail.
Thanks to the hyperarc number [image: $$i$$] stored in the limb, it is possible to find out the hyperarc the limb comes from, even in the case where several limbs have the same set of vertices, which is the other piece of information stored in the limb.
We denote by [image: $$e_i^\pm $$] the set of vertices of the limb and by [image: $$\overrightarrow{e_i^\pm }$$] a tail or head. The set of tails is denoted by [image: $$\overrightarrow{E^+}$$] and the set of heads is denoted by [image: $$\overrightarrow{E^-}$$].
 We suppose that, for all [image: $$\overrightarrow{e} = (\overrightarrow{e^{+}}, \overrightarrow{e^{-}})\in \overrightarrow{E}$$], [image: $$e^{+}\cap e^{-} =\emptyset $$], [image: $$e^+ \ne \emptyset $$] and [image: $$e^- \ne \emptyset $$].
Let us define [image: $$V(E^{-}) = \bigcup _{i\in I}e_{i}^{-}$$], [image: $$V(E^{+}) = \bigcup _{i\in I}e_{i}^{+}$$] and [image: $$E^+ = (e_i^+)_{i \in I}$$], [image: $$E^-= (e_i^-)_{i \in I}$$]. A vertex [image: $$x\in V$$] is isolated if [image: $$x\in V\setminus (V(E^{-})\cup V(E^{+}) )$$].
A dirhypergraph [image: $$\overrightarrow{H}$$] is simple if for all [image: $$\overrightarrow{e}_i, \overrightarrow{e}_j, \overrightarrow{e}, \overrightarrow{a} \in \overrightarrow{E}$$], the following conditions are satisfied.	if [image: $$e_i \subseteq e_j$$] then [image: $$i =j$$];

	if [image: $$e^+ \cap a^+ \ne \emptyset \;\text{ then }\;e^- \cap a^-= \emptyset $$]; if [image: $$e^+ \cap a^- \ne \emptyset \;\text{ then }\;e^- \cap a^+= \emptyset $$];

	if [image: $$e^- \cap a^- \ne \emptyset \;\text{ then }\;e^+ \cap a^+= \emptyset $$]; if [image: $$e^- \cap a^+ \ne \emptyset \;\text{ then }\;e^+ \cap a^-= \emptyset $$].



 
 In the sequel we suppose that every dirhypergraph is simple without isolated vertex.
The notion ofinduced subdirhypergraph (where empty tail and empty head are not allowed),subdirhypergraph and partial dirhypergraph of a dirhypergraph can be defined in the same way as for the undirected hypergraphs case.
Let [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] be a simple dirhypergraph. For each vertex [image: $$x \in V$$],[image: $$\begin{aligned} H^{+}(x) = \{\overrightarrow{e^+}\in \overrightarrow{E^+}: x \in e^+\}\; \text{ and }\; H^{-}(x) = \{\overrightarrow{e^-}\in \overrightarrow{E^-}: x \in e^-\} \end{aligned}$$]


are respectively thetail star and thehead star centered in [image: $$x$$]. We define[image: $$\begin{aligned} \overrightarrow{H}^{+}(x) = \{\overrightarrow{e}\in \overrightarrow{E}: x \in e^+\} \; \text{ and }\; \overrightarrow{H}^{-}(x) = \{\overrightarrow{e}\in \overrightarrow{E}: x \in e^-\} \end{aligned}$$]


as the positive star and the negative star centered in [image: $$x$$]. The cardinalities of these sets, are denoted by [image: $$d^+(x)$$] and [image: $$d^-(x)$$] and are called respectively the positive degree and the negative degree of [image: $$x$$] in the dirhypergraph [image: $$\overrightarrow{H}$$]. Moreover, [image: $$d(x) = d^+(x) + d^-(x)$$] is the degree of [image: $$x$$] in the dirhypergraph [image: $$\overrightarrow{H}$$] . The star
              [image: $$\overrightarrow{H}(x)$$] of a vertex [image: $$x \in V$$] is[image: $$\begin{aligned} \{\overrightarrow{e} : x \in e\}=\overrightarrow{H}^-(x) \cup \overrightarrow{H}^+(x). \end{aligned}$$]


We denote by [image: $$H(x)$$], where [image: $$x \in V$$], the set [image: $$\{e^\pm \in E^+ \cup E^- : x \in e^\pm \}$$].
A simple dirhypergraph [image: $$\overrightarrow{H} = \left( V; \overrightarrow{E}=\left( \overrightarrow{e_i}\right) _{i \in I}\right) $$] is2k-uniform if there is [image: $$k\in \mathbb N $$], [image: $$k\ge 1$$], such that, for all [image: $$i\in I$$]: [image: $$\vert e^{+}_{i}\vert = \vert e^{-}_{i}\vert = k$$].
A
directed path or hyperpath  from [image: $$x$$] to [image: $$y$$] in [image: $$\overrightarrow{H} = (V;\overrightarrow{E})$$] is a sequence[image: $$\begin{aligned} P_{x, y}= (x = v_{1}, \overrightarrow{e_{1}}, v_{2},\overrightarrow{e_{2}}, v_{3}, \ldots v_{t}, \overrightarrow{e_{t}}, v_{t+1}= y) \end{aligned}$$]


such that[image: $$\begin{aligned} x = v_{1}\in e_{1}^{+}, y = v_{t+1}\in e_{t}^{-}\; \text{ and }\; v_{i}\in e_{i-1}^{-}\cap e_{i}^{+} for i\in \{2, 3, \ldots , t\}. \end{aligned}$$]


A directed path[image: $$\begin{aligned} P_{x, y}= (x = v_{1}, \overrightarrow{e_{1}}, v_{2},\overrightarrow{e_{2}}, v_{3}, \ldots , v_{t}, \overrightarrow{e_{t}}, v_{t+1}= y) \end{aligned}$$]


is simple if all hyperarcs are distinct. If [image: $$x = y$$] then the directed path is said to be a
directed cycle or hypercycle. The path [image: $$P_{x, y}$$] issemi elementary if all vertices are distinct. A directed path[image: $$\begin{aligned} P_{x, y}= (x = v_{1}, \overrightarrow{e_{1}}, v_{2},\overrightarrow{e_{2}}, v_{3}, \ldots , v_{t}, \overrightarrow{e_{t}}, v_{t+1}= y) \end{aligned}$$]


iselementary if for all [image: $$v_{i}$$]:	
                    [image: $$v_{i}\not \in \bigcup _{l < i}e_{l}^{+}$$], for every [image: $$i\in \{1, 2, \ldots , t\}$$],

	
                    [image: $$v_{i}\not \in \bigcup _{l < i-1}e_{l}^{-}$$], for every [image: $$i\in \{2, \ldots , t\}$$]
                  



A directed path ishypercycle free if it does not contain any directed path which is a cycle.
A directed path[image: $$\begin{aligned} P_{x, y}= (x = v_{1}, \overrightarrow{e_{1}}, v_{2},\overrightarrow{e_{2}}, v_{3}, \ldots v_{t}, \overrightarrow{e_{t}}, v_{t+1}= y) \end{aligned}$$]


is anelementary hypercycle or hypercircuit if:	it is simple, elementary and such that [image: $$x = y$$].



A directed hypergraph isconnected if its underlying hypergraph [image: $$H =(V; E)$$] is connected. It isstrongly connected if for every pair of vertices there is a directed hyperpath linking these two vertices. A dirhypergraph [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] issymmetric if and only if for all [image: $$\overrightarrow{e} =(\overrightarrow{e^{+}}; \overrightarrow{e^{-}})\in \overrightarrow{E}$$] there is [image: $$\overrightarrow{a} =(\overrightarrow{a^{+}}; \overrightarrow{a^{-}})\in \overrightarrow{E}$$], such that [image: $$a^{+}= e^{-}$$] and [image: $$a^{-}= e^{+}$$]. In this case [image: $$\overrightarrow{H}$$] is not simple.

6.2 Basic Properties of Directed Hypergraphs
The line directed graph orline digraph of [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] is the directed graph (digraph), [image: $$L(\overrightarrow{H}) = (W; \overrightarrow{A})$$] defined by:	the set of vertices is [image: $$W= \overrightarrow{E}$$].

	the set [image: $$\overrightarrow{A}$$] is made of all couples [image: $$(\overrightarrow{e_i}, \overrightarrow{e_j})$$], [image: $$\overrightarrow{e_i}, \overrightarrow{e_j} \in \overrightarrow{E}$$], such that [image: $$e^{-}_{i}\cap e^{+}_{j}\ne \emptyset $$]
                  



It is easy to show that:

                Lemma 6.1
              
 The dirhypergraph [image: $$\overrightarrow{H}$$] is (strongly) connected if and only if [image: $$L(\overrightarrow{H})$$] is (strongly) connected. 

To each dirhypergraph[image: $$\begin{aligned} \overrightarrow{H} = \left( V; \overrightarrow{E}=\left\{ \overrightarrow{e_i}: i \in I\right\} \right) \end{aligned}$$]


we associate aincidence digraph
              [image: $$\varGamma = (W; \overrightarrow{A})$$] defined by:	
                    [image: $$W := V\sqcup \overrightarrow{E}$$];

	
                    [image: $$\overrightarrow{A} = \{(x, \overrightarrow{e_i}): x\in e_i^+\}\cup \{(\overrightarrow{e_j}, y): y\in e_j^-\}$$].



It is a bipartite digraph (where a digraph is bipartite if the underlying graph is). Figure 6.1 shows the incidence digraph of the dirhypergraph of Fig. 6.2.[image: A311889_1_En_6_Fig1_HTML.gif]
Fig. 6.1The dirhypergraph above has [image: $$9$$] vertices; [image: $$3$$] hyperedges: [image: $$\vec {e}_{1}= ((e_1^+, 1);(1, e_1^-))$$]; [image: $$\vec {e}_{2}=((e_2^+, 2); (2, e_2^-))$$]; [image: $$\vec {e}_{3}=((e_3^+, 3); (3, e_3^-))$$]. We have represented also the line directed graph




              [image: A311889_1_En_6_Fig2_HTML.gif]
Fig. 6.2The incidence digraph of the dirhypergraph given in Fig. 6.1
                    




            
The dual dirhypergraph of a dirhypergraph without isolated vertex [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$], is the dirhypergraph[image: $$\begin{aligned} \overrightarrow{H^{*}} = (E; (\overrightarrow{H}^{+}(x);\overrightarrow{H}^{-}(x))_{x\in V} ). \end{aligned}$$]


The 2-section of [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] is the digraph denoted by [image: $$[\overrightarrow{H}]_{2}$$] and it is defined by:	the set of vertices is [image: $$V$$].

	
                    [image: $$(x; y)$$] is an arc of [image: $$[\overrightarrow{H}]_{2}$$] if and only if there is [image: $$\overrightarrow{e} =(e^{+}; e^{-})\in \overrightarrow{E}$$] such that [image: $$x\in e^{+}$$] and [image: $$y \in e^{-}.$$]
                  



We defined [image: $$d(e^{+}) = \vert e^{+}\vert $$], [image: $$d(e^{-}) = \vert e^{-}\vert $$] and [image: $$d(e) = \vert e^{+}\vert + \vert e^{-}\vert = \vert e\vert $$] (since [image: $$e^{+}\cap e^{-} = \emptyset $$] by hypothesis).

                Proposition 6.1
              
 Let [image: $$\overrightarrow{H} = \left( V; \overrightarrow{E}=\left\{ \overrightarrow{e_i}: i \in I\right\} \right) $$] be a [image: $$2k$$]-uniform dirhypergraph with [image: $$\vert \overrightarrow{E}\vert = m$$]. We have:(i)
                        [image: $$\sum _{x\in V}d(x) = \sum _{e\in E}d(e) = 2km$$];

 

(ii)
                        [image: $$\sum _{x\in V}d^{+}(x) = \sum _{e^{+}\in E^{+}}d(e^{+})=km$$];

 

(iii)
                        [image: $$\sum _{x\in V}d^{-}(x) = \sum _{e^{-}\in E^{-}}d(e^{-})=km$$].

 



              


                Proof
              
 We construct the incidence digraph of [image: $$\overrightarrow{H}$$], we have [image: $$(i)$$]. Since [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] is [image: $$2k$$]-uniform:[image: $$\begin{aligned} \sum _{e^{+}\in E^{+}}d(e^{+})=km = \sum _{e^{-}\in E^{-}}d(e^{-})=km. \end{aligned}$$]


Moreover[image: $$\begin{aligned} \sum _{x\in V}d(x^{+}) = km= \sum _{x\in V}d(x^{-}) \end{aligned}$$]


since the incidence digraph is a bipartite digraph. [image: $$\square $$]
              


                Proposition 6.2
              
 Let [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] be a dirhypergraph. We have:[image: $$\begin{aligned} L(\overrightarrow{H}) \simeq [\overrightarrow{H^{*}}]_{2} \end{aligned}$$]



              


                Proof
              
The set of vertices of [image: $$L(\overrightarrow{H})$$] and the set of vertices of [image: $$[\overrightarrow{H}^{*}]_{2}$$] are the identical.
We have: [image: $$(\overrightarrow{e_{i}}; \overrightarrow{e_{j}})\in L(\overrightarrow{H})\Longleftrightarrow e_{i}^{-}\cap e_{j}^{+}\ne \emptyset \Longleftrightarrow x\in e_{i}^{-}\cap e_{j}^{+} \Longleftrightarrow $$]
                [image: $$\overrightarrow{e_{i}}\in H^{+}(x)$$] and [image: $$\overrightarrow{e_{j}}\in H^{-}(x) \Longleftrightarrow (\overrightarrow{e_{i}}; \overrightarrow{e_{j}})\in [{\overrightarrow{H}}^{*}]_{2}$$]. [image: $$\square $$]
              

A dirhypergraph [image: $$\overrightarrow{H} = (V; \overrightarrow{E} = \{\overrightarrow{e}_{i}: i\in I\})$$] is linear if for all distinct [image: $$i, j\in I$$], [image: $$\vert \overrightarrow{e}_{i}\cap \overrightarrow{e}_{j}\vert \le 1$$]. We remind the reader that a digraph is a dirhypergraph such that every hyperarc has [image: $$2$$] vertices; these hyperarcs are called arc. Apending vertex
              [image: $$x$$] is a vertex with [image: $$d(x) =1$$]. If [image: $$\overrightarrow{a} = (x, y)$$] is an arc we denote by [image: $$x= t(\overrightarrow{a})$$] and [image: $$y=h(\overrightarrow{a})$$] the tail and the head of [image: $$\overrightarrow{a} $$].
 Notice that the digraphs used in this chapter are simple and without symmetric arc: if we have an arc [image: $$(x, y)$$] we cannot have the arc [image: $$(y, x)$$].
A digraph is non trivial if the underlying graph is non trivial, i.e. the graph without orientation is non trivial.

                Proposition 6.3
              
 Every non trivial digraph [image: $$\overrightarrow{\varGamma } = (V; \overrightarrow{E})$$] is the line digraph of a linear dirhypergraph with the possibility to have either empty heads or empty tails. 


                Proof
              
 Let [image: $$\overrightarrow{\varGamma } = (V; \overrightarrow{E})$$] be a digraph satisfying the above convention and the conditions of the proposition. Without loosing generality we can suppose that [image: $$\overrightarrow{\varGamma }$$] is connected. As the undirected case we can construct a dirhypergraph [image: $$\overrightarrow{H} = (W; \overrightarrow{X})$$] in the following way:	the set of vertices is the set of arcs, i.e. [image: $$W:= \overrightarrow{E}$$].

	The hyperarcs [image: $$\overrightarrow{X}_{i}$$], [image: $$i\in \{1, 2, 3, \ldots , n\}$$] is the set of arcs of [image: $$\overrightarrow{\varGamma }$$] having [image: $$x_{i}$$] as incidence vertex:	the tail of [image: $$\overrightarrow{X}_{i}$$] is: [image: $$\overrightarrow{X}^{+}_{i}= \{\overrightarrow{a}\in \overrightarrow{E} : x_{i}\in a^-) \}$$];

	the head of [image: $$\overrightarrow{X}_{i}$$] is [image: $$\overrightarrow{X}^{-}_{i}= \{\overrightarrow{a}\in \overrightarrow{E} : x_{i}\in a^+ \}$$].




                    




                	If [image: $$\vert E \vert =1$$]. Let [image: $$\overrightarrow{a} = (x, y)$$] be the arc of [image: $$\varGamma $$]. We have: [image: $$X^{-} = Y ^{+}$$] and [image: $$X^{+} {=} Y ^{-} {=} \emptyset $$].

	Suppose now that [image: $$\vert E \vert >1$$]. If [image: $$i\ne j$$] and [image: $$\overrightarrow{X}_{i}\cap \overrightarrow{X}_{j}\ne \emptyset $$], then there is exactly one (since [image: $$\overrightarrow{\varGamma }$$] is a simple digraph without symmetric arc) [image: $$\overrightarrow{a}\in \overrightarrow{E}$$] such that [image: $$\overrightarrow{a}\in \overrightarrow{X}_{i}\cap \overrightarrow{X}_{j}$$] (with [image: $$\overrightarrow{a}=(x_{i}, x_{j})$$], for instance). So [image: $$x_{i}\in a^+$$] and [image: $$x_{j}\in a^-$$]. Hence [image: $$\overrightarrow{a}\in \overrightarrow{X}^{-}_{i}$$] and [image: $$\overrightarrow{a}\in \overrightarrow{X}^{+}_{j}$$]. By definition, it is clear that [image: $$\overrightarrow{\varGamma }$$] is the line directed graph of [image: $$\overrightarrow{H}$$]. [image: $$\square $$]
                    




              


6.3 Hypercycles in a Dirhypergraph
AnEuler hypercycle of a connected dirhypergraph [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] is a hypercycle that includes each hyperarc exactly once; in this case we will say that [image: $$\overrightarrow{H}$$] isEulerian. Eulerian digraphs are easily characterized by (Fig. 6.3):[image: A311889_1_En_6_Fig3_HTML.gif]
Fig. 6.3The figure above illustrates Proposition 6.2




            

                Theorem 6.1
              
 A connected digraph [image: $$\overrightarrow{\varGamma } = (V; \overrightarrow{E})$$] is Eulerian if and only if for all [image: $$x\in V$$], [image: $$d^{+}(x) = d^{-}(x)$$]. 


                Proof
              
 It is easy to see that the condition is necessary.
In order to prove the converse implication, we construct a simple direct path [image: $$P$$] in the following way:
We start with an empty path and choose a vertex [image: $$x\in V$$]. Since [image: $$\overrightarrow{\varGamma }$$] is connected and because the condition, there is a vertex [image: $$y\in \varGamma ^{+}(x)$$] (where ([image: $$\varGamma ^{+}(x)$$] is the out-neighborhood of [image: $$x$$]). We add [image: $$x$$] to [image: $$P$$] and also the arc [image: $$\overrightarrow{e}=(x, y)$$]. Since [image: $$d^+(u) = d^-(u)$$] for all [image: $$u\in V$$], there is an arc [image: $$\overrightarrow{a} = (y, z)$$] such that [image: $$y\in \varGamma ^{-}(z)$$], add to [image: $$P$$] the vertex [image: $$y$$] and the arc [image: $$\overrightarrow{a} = (y, z)\not \in P$$] to [image: $$P$$]. We proceed in the same way: after adding [image: $$u$$] and [image: $$\overrightarrow{b} =(u,v)$$] we choose a vertex [image: $$w\in \varGamma ^{+}(v)$$] and we add [image: $$\overrightarrow{c} =(v, w)$$] with [image: $$\overrightarrow{c}\not \in P$$]. It is always possible since [image: $$d^+(u) = d^-(u)$$] for all [image: $$u\in V$$]. Due to this condition and since the number of arcs is finite, the above process terminates. Moreover, it terminates only if the last arc appended to [image: $$P$$] is an arc which head is the vertex [image: $$x$$] and all arcs of [image: $$\overrightarrow{\varGamma }$$] with tail [image: $$x$$] are already in [image: $$P$$].
If all arcs of [image: $$\overrightarrow{\varGamma }$$] are in [image: $$P$$], it is over. If not, it means that [image: $$P$$] contains a vertex [image: $$h\in P$$] which is in a tail of an arc [image: $$\overrightarrow{d} = (h, p)$$] which is not in [image: $$P$$]. We add [image: $$\overrightarrow{d}$$] to [image: $$P$$]. Then, either [image: $$P$$] contains all arcs and it is over, or since [image: $$\overrightarrow{\varGamma }$$] is connected, there is a vertex [image: $$k\in P$$] which is in a tail of an arc [image: $$\overrightarrow{f}$$] which is not in [image: $$P$$]. We continue the process as above. This process terminates since the number of arcs is finite. [image: $$\square $$]
              


                Remark 6.1
              
The condition of Theorem 6.1 is not a sufficient condition for Eulerian dirhypergraph, this condition is not even necessary (see Fig. 6.4). 


              [image: A311889_1_En_6_Fig4_HTML.gif]
Fig. 6.4Clearly the dirhypergraph above is Eulerian, but the condition [image: $$d^+(x) = d^-(x)$$] is not true for all [image: $$x\in V$$]
                    




            
Basically the situation for dirhypergraphs is more complicated. We remind the reader that a digraph isHamiltonian if there is a cycle which goes through all vertices exactly once.
Given a digraph [image: $$\varGamma = (V, \overrightarrow{A})$$], the contraction of an arc is defined as the operation of removing [image: $$\overrightarrow{a} = (x, y) \in \overrightarrow{A}$$] from [image: $$\varGamma $$] and identifying [image: $$x$$] and [image: $$y$$] (by introducing a single new vertex denoted by [image: $$xy$$]) so that every arc (other than [image: $$(x, y)$$]) originally incident to either [image: $$x$$] or [image: $$y$$] becomes incident to [image: $$xy$$].We denote by [image: $$\varGamma /\overrightarrow{a}$$] the digraph resulting from the contraction of the arc [image: $$\overrightarrow{a}$$].
Let [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] be a dirhypergraph and let [image: $$[{\overrightarrow{H}}^{*}]_{2}$$] be the [image: $$2$$]-section of its dual. Thecontraction of
              [image: $$2$$]
              hyperarcs
              [image: $$\overrightarrow{e}, \overrightarrow{e^{\prime }} \in \overrightarrow{E}$$] such that [image: $$e^+\cap e^{^{\prime }-}\ne \emptyset $$] is the contraction of the corresponding arc in [image: $$[\overrightarrow{H}^{*}]_{2}$$]. The digraph [image: $$[\overrightarrow{H}^{*}]_{2}/ (e, e^{\prime })$$] is the [image: $$2$$]-section of a dual dirhypergraph of a dirhypergraph denote by [image: $$\overrightarrow{H}/ (e, e^{\prime })$$]. Notice that this dirhypergraph could have a hyperarc [image: $$\overrightarrow{a}$$] such that [image: $$a^+\cap a^-\ne \emptyset $$].
By Proposition 6.2:[image: $$\begin{aligned} L(\overrightarrow{H}) \simeq [{\overrightarrow{H}}^{*}]_{2}. \end{aligned}$$]


Hence, a cycle without repeated vertex in [image: $$L(\overrightarrow{H})$$] corresponds to a cycle without repeated vertex [image: $$C$$] in [image: $$[\overrightarrow{H}^{*}]_{2}$$], and clearly [image: $$C$$] corresponds to a hypercycle in [image: $$\overrightarrow{H}$$].
Assume now that [image: $$L(\overrightarrow{H})$$] is Hamiltonian. Let [image: $$\overrightarrow{a} = (e, e^{\prime })$$] be an arc of [image: $$L(\overrightarrow{H})$$]. Clearly[image: $$\begin{aligned} L(\overrightarrow{H})/ \overrightarrow{a}\; \text{ is } \text{ Hamiltonian. } \end{aligned}$$]


Since [image: $$L(\overrightarrow{H}) \simeq [\overrightarrow{H}^{*}]_{2}$$] there is an isomorphism [image: $$f$$] between these two graphs. Then[image: $$\begin{aligned} L(\overrightarrow{H})/ \overrightarrow{a} \simeq [{\overrightarrow{H}}^{*}]_{2}/f(\overrightarrow{a}), \end{aligned}$$]


and every Hamiltonian cycle in [image: $$L(\overrightarrow{H})/\overrightarrow{a}$$] corresponds to a Hamiltonian cycle [image: $$C$$] in [image: $$[\overrightarrow{H^{*}}]_{2}/f(\overrightarrow{a})$$], which corresponds to a hypercycle in [image: $$\overrightarrow{H}/(e, e^{\prime })$$]. More precisely:
Let [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] be a dirhypergraph and let [image: $$L(\overrightarrow{H})$$] be its line directed graph. Assume that [image: $$L(\overrightarrow{H})$$] is Hamiltonian.
Suppose that the length of the Hamiltonian cycle [image: $$C$$] is [image: $$3$$]. It is easy to see that [image: $$C$$] corresponds to an Eulerian hypercycle with length [image: $$3$$] in [image: $$\overrightarrow{H}$$].
Assume now that this equivalence is true for any Hamiltonian cycle in [image: $$L(\overrightarrow{H})$$] with a length less or equal to [image: $$m-1$$], [image: $$m\ge 4$$].
Let [image: $$C$$] be an Hamiltonian cycle in [image: $$L(\overrightarrow{H})$$] with length equal to [image: $$m$$]. Let [image: $$\overrightarrow{a} = (e, e^{\prime })$$] be an arc of [image: $$L(\overrightarrow{H})$$]. From above [image: $$L(\overrightarrow{H})/\overrightarrow{a}$$] is Hamiltonian and [image: $$[\overrightarrow{H^{*}}]_{2}/f(\overrightarrow{a})$$] is also Hamiltonian. By induction hypothesis, it is equivalent to say that:[image: $$\begin{aligned} \overrightarrow{H}/ (e, e^{\prime })\; \text{ is } \text{ Eulerian }. \end{aligned}$$]


Consequently [image: $$\overrightarrow{H}$$] is Eulerian.
So we gave a sketch of proof of:

                Lemma 6.2
              
 Let [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] be a dirhypergraph and let [image: $$L(\overrightarrow{H})$$] be its line directed graph. The dirhypergraph [image: $$\overrightarrow{H}$$] is Eulerian if and only if [image: $$L(\overrightarrow{H})$$] is Hamiltonian. 

We remind the reader [GJ79] that a decision problem (that is, a problem which answer is yes or not) [image: $$\mathcal{P }_{1}$$] ispolynomially reducible to a decision problem [image: $$\mathcal{P }_{2}$$] if and only if there is a algorithmic map [image: $$\tau $$] that transforms in polynomial time all yes instances of [image: $$\mathcal{P }_{1}$$] into yes instances of [image: $$\mathcal{P }_{2}$$], and all no instances of [image: $$\mathcal{P }_{1}$$] into no instances of [image: $$\mathcal{P }_{2}$$]. We write [image: $$\mathcal{P }_{1}\le _{p}\mathcal{P }_{2}$$] to express that [image: $$\mathcal{P }_{1}$$] is polynomially reducible to [image: $$\mathcal{P }_{2}$$]. Notice that the time complexity to resolve the problem [image: $$\mathcal{P }_{2}$$] is at least the time complexity to resolve the problem [image: $$\mathcal{P }_{1}$$].
If[image: $$\begin{aligned} \mathcal{P }_{1}\le _{p}\mathcal{P }_{2}\; \text{ and } \text{ if }\; \mathcal{P }_{2}\le _{p}\mathcal{P }_{1} \end{aligned}$$]


then [image: $$\mathcal{P }_{1}$$] is polynomially equivalent to [image: $$\mathcal{P }_{2}$$]. We denote this by[image: $$\begin{aligned} \mathcal{P }_{2}\equiv _{p}\mathcal{P }_{1}. \end{aligned}$$]


It is well known that given a digraph [image: $$\varGamma $$] on [image: $$n$$] vertices and [image: $$m$$] edges, the problem:	Is there a Hamiltonian circuit in [image: $$\varGamma $$]?



is [image: $$NP$$]-complete.

                Theorem 6.2
              
 Let [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] be a dirhypergraph. The following problem1.Is there a Eulerian hypercycle in [image: $$\overrightarrow{H}$$]?

 


is [image: $$NP$$]-complete. 


                Proof
              
 Let us denote by [image: $$\mathcal{HD }ig$$] the problem of Hamiltonicity of digraphs and [image: $$\mathcal{ED }iryp$$] the problem of Eulerianity of dihypergraphs.
By Proposition 6.3 every connected simple digraph is the line digraph of a linear dirhypergraph. Hence from the proof of Proposition 6.3, there is a polynomial algorithmic map which is able to transform each connected simple digraph into a linear dirhypergraph.
Since from Lemma 6.2 the dirhypergraph [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] is Eulerian if and only if the line directed graph [image: $$L(\overrightarrow{H})$$] is Hamiltonian, we have:[image: $$\begin{aligned} \mathcal{HD }ig \le _{p} \mathcal{ED }irhyp. \end{aligned}$$]


From above testing if a digraph is Hamiltonian is [image: $$NP$$]-complete. So the problem of tested if a dihypergraph is Eulerian is at least [image: $$NP$$]-complete. Now let [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] be a dirhypergraph. There is polynomial algorithmic map which transforms every linear dirhypergraph into a simple digraph. By applying the same reasoning as above, the problem of testing if a dihypergraph is Eulerian can be polynomially reduced to the Hamiltonian digraph problem. So[image: $$\begin{aligned} \mathcal{HD }ig \equiv _{p} \mathcal{ED }iryp. \end{aligned}$$]



                [image: $${\square }$$]
              


                Proposition 6.4
              
 let [image: $$\overrightarrow{H} = (V; \overrightarrow{E} =\{\overrightarrow{e}_{i}: i\in I\})$$] be a linear dirhypergraph verifying the following properties:	For all [image: $$\overrightarrow{e}\in \overrightarrow{E}$$]
                      [image: $$x\in V$$], [image: $$\sum _{x\in e^{+}}d^{-}(x) =\sum _{x\in e^{-}} d^{+}(x)$$];



then [image: $$L(\overrightarrow{H})$$] is Eulerian. 


                Proof
              
Let [image: $$\overrightarrow{e}$$] be a hyperarc of [image: $$\overrightarrow{H}$$]. It is a vertex of [image: $$L(\overrightarrow{H})$$] and we have:[image: $$\begin{aligned} d(\overrightarrow{e}) = \sum _{x\in e^{+}}d^{-}(x) + \sum _{y\in e^{-}}d^{+}(y) \end{aligned}$$]


Moreover[image: $$\begin{aligned} d^{+}(\overrightarrow{e}) = \sum _{x\in e^{-}}d^{+}(x); \end{aligned}$$]


and[image: $$\begin{aligned} d^{-}(\overrightarrow{e}) = \sum _{x\in e^{+}}d^{-}(x). \end{aligned}$$]


Hence [image: $$d^{+}(\overrightarrow{e})=d^{-}(\overrightarrow{e})$$] and, by applying Theorem 6.1 we have the result (Fig. 6.5).[image: $$\square $$]
              


              [image: A311889_1_En_6_Fig5_HTML.gif]
Fig. 6.5It is easy to verify that the line directed graph of the dirhypergraph above is Eulerian. Notice that the dirhypergraph is not Eulerian and that the line directed graph is not hamiltonian




            
Let [image: $$\overrightarrow{s} =(\overrightarrow{s^{+}}; \overrightarrow{s^{-}})$$] be a hyperarc, [image: $$s^{+}$$] is a hypersource if it verifies the following properties:	for all [image: $$x\in s^{+}$$], [image: $$d^{-}(x) = 0$$] and for all [image: $$\overrightarrow{e}\in \overrightarrow{E}$$] such that [image: $$e^{+}\cap s^{+}\ne \emptyset $$] then [image: $$e^{+}= s^{+}$$].



Similarly, let [image: $$\overrightarrow{t} =(\overrightarrow{t^{+}}; \overrightarrow{t^{-}})$$] be a hyperarc, [image: $$t^{-}$$] is a hypersink if it verifies the following properties:	for all [image: $$x\in t^{-}$$], [image: $$d^{+}(x) = 0$$] and for all [image: $$\overrightarrow{e}\in \overrightarrow{E}$$] such that [image: $$e^{-}\cap t^{-}\ne \emptyset $$] then [image: $$e^{-}= t^{-}$$].




            

                Lemma 6.3
              
 Let [image: $$\overrightarrow{\varGamma } = (V; \overrightarrow{E})$$] be a digraph. If [image: $$\overrightarrow{\varGamma }$$] is without circuit then it has a vertex [image: $$x\in V$$] such that [image: $$d^{-}(x) =0$$] and a vertex [image: $$y\in V$$] such that [image: $$d^{+}(y) =0$$]. 


                Proof
              
Let [image: $$\overrightarrow{\varGamma } = (V; \overrightarrow{E})$$] be a digraph and let [image: $$x_{1}\in V$$]. If [image: $$d^{-}(x_{1}) =0$$] it is over, otherwise there is [image: $$x_{2}\in V$$] such that [image: $$(x_{2}, x_{1})\in \overrightarrow{E}$$]. If [image: $$d^{-}(x_{1}) =0$$] it is over, otherwise there is [image: $$x_{3}\in V$$] such that [image: $$(x_{3}, x_{2})\in \overrightarrow{E}$$] and so on. The digraph being finite and does not having any circuit, in this way we obtain necessarily a vertex [image: $$x_{k}\in V$$] such that [image: $$d^{-}(x_{k}) =0$$].
To prove that there is a vertex [image: $$y\in V$$] such that [image: $$d^{+}(y) =0$$] we apply the similar reasoning. [image: $$\square $$]
              

Clearly we have:

                Proposition 6.5
              
 Let [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] be a dirhypergraph and let [image: $$L(\overrightarrow{\varGamma }) = (W; \overrightarrow{A})$$] its line directed graph. The two following assertions are equivalent:(i)The dirhypergraph [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] is without hypercycle.

 

(ii)The line directed graph [image: $$L(\overrightarrow{\varGamma }) = (W; \overrightarrow{A})$$] is without circuit.

 



              

So:

                Corollary 6.1
              
 Let [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] be a dirhypergraph. The two following assertions are equivalent:(i)The dirhypergraph [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] is without hypercycle.

 

(ii)The dirhypergraph [image: $$\overrightarrow{H} = (V; \overrightarrow{E})$$] has a hypersource and a hypersink.

 



              


6.4 Algebraic Representation of Dirhypergraphs
The algebraic theory of graphs is a very important branch of graph theory [Big94, GR01, LS04, Moh91]. It has led to interesting results on the study of graph invariants. Unfortunately the algebraic theory of hypergraphs is undeveloped. We try in this section to provide some lines of work.
6.4.1 Dirhypergraphs Isomorphism
We remind the reader that all dirhypergraphs in this section are simple.
Let [image: $$\overrightarrow{H} = (V; \overrightarrow{E} =\{\overrightarrow{e}_{i}: i\in I\})$$] and let [image: $$\overrightarrow{H}^{\prime } = (V^{\prime }; \overrightarrow{E}^{\prime } =\{\overrightarrow{a}_{j}: j\in J\})$$] be two dirhypergraphs.
The dirhypergraph [image: $$\overrightarrow{H}$$] isisomorphic to the dirhypergraph [image: $$\overrightarrow{H}^{\prime }$$] if there is a bijection[image: $$\begin{aligned} f : V \rightarrow V^{\prime } \end{aligned}$$]


and a bijection[image: $$\begin{aligned} \pi : I \rightarrow J \end{aligned}$$]


which induces a bijection:[image: $$\begin{aligned} g : \overrightarrow{E} \rightarrow \overrightarrow{E^{\prime }} \end{aligned}$$]


such that [image: $$g(\overrightarrow{e}_{i}) = \overrightarrow{a}_{\pi (i)}$$], for all [image: $$\overrightarrow{e}_{i}\in \overrightarrow{E}$$] and [image: $$\overrightarrow{a}_{\pi (i)}\in \overrightarrow{E^{\prime }} $$], and such that[image: $$\begin{aligned} g(\overrightarrow{e}_{i})&= g((e^{+}_{i}, i); (i, e^{-}_{i}))\\&= ((f(e^{+}_{i}), \pi (i)); (\pi (i), f(e^{-}_{i}))) \\&= ((a^{+}_{\pi (i)}, \pi (i)); (\pi (i)), a^{-}_{\pi (i)}))\\&= (\overrightarrow{a^{+}}_{\pi (i)}; \overrightarrow{a^{-}}_{\pi (i)}).\\ \end{aligned}$$]


The couple[image: $$(f, g)$$] is called anisomorphism.
Assume now that there is no repeated tail and no repeated head. In that case, the dirhypergraph [image: $$\overrightarrow{H}$$] is isomorphic to the dirhypergraph [image: $$\overrightarrow{H}^{\prime }$$] if there is a bijection[image: $$\begin{aligned} f : V \rightarrow V^{\prime } \end{aligned}$$]


which induce a bijection:[image: $$\begin{aligned} g : \overrightarrow{E} \rightarrow \overrightarrow{E}^{\prime } \end{aligned}$$]


such that[image: $$\begin{aligned} \overrightarrow{e}_{i}\in \overrightarrow{E} \Longleftrightarrow g(\overrightarrow{e}_{i})\in \overrightarrow{E}^{\prime } \end{aligned}$$]


and such that[image: $$\begin{aligned} g(\overrightarrow{e}_{i}) = g((e^{+}_{i}, i); (i, e^{-}_{i})) = g(\overrightarrow{e^{+}}_{i}, \overrightarrow{e^{-}}_{i}) = (f(e^{+}_{i}), f(e^{-}_{i}))\in \overrightarrow{E^{\prime }} . \end{aligned}$$]



              

6.4.2 Algebraic Representation: Definition
Let [image: $$\overrightarrow{H} = (V; \overrightarrow{E} = \{\overrightarrow{e_{i}}: i\in I\})$$] be a dirhypergraph. Analgebraic representation over a field
                [image: $$\mathbf k $$] of the dirhypergraph [image: $$\overrightarrow{H}$$] is:1.a couple of vector spaces [image: $$(\mathcal{V }(e_i^+); \mathcal{V }(e_i^-))$$] over the field [image: $$\mathbf k $$] associated to each hyperarc [image: $$\overrightarrow{e_i}=(\overrightarrow{e_i^+};\overrightarrow{e_i^-})$$], and such that the elements of the set [image: $$e_i^+$$] (resp. [image: $$e_i^-$$]) stand for the elements of a set of linearly independent vectors of [image: $$\mathcal{V }(e_i^+)$$], denoted by [image: $$\mathcal{B }(e_i^+)$$] (resp. of [image: $$\mathcal{V }(e_i^-)$$], denoted by [image: $$\mathcal{B }(e_i^-)$$]). We will write: [image: $$\begin{aligned} (\mathcal{V }(e_i^+), \mathcal{V }(e_i^-))\; \text{ if } \text{ and } \text{ only } \text{ if }\; \overrightarrow{e_{i}}\in \overrightarrow{E}. \end{aligned}$$]



                      

 


together with:(ii)a family of [image: $$k$$]-linear maps: [image: $$\begin{aligned} (\mathcal{L }(\overrightarrow{e_i}): \mathcal{V }(e_i^+) \rightarrow \mathcal{V }(e_i^-))_{\overrightarrow{e_{i}}\in \overrightarrow{E}} \end{aligned}$$]


 which maps, possibly partially from [image: $$\mathcal{B }(e_i^+)$$] to [image: $$\mathcal{B }(e_i^-)$$].

 



              

                  Remark 6.2
                
 The linear map in the definition above may depend on the cardinality of [image: $$\mathcal{B }(e_i^+)$$], this is the reason why we allow partial linear maps. 


6.4.3 Algebraic Representation Isomorphism
Let [image: $$\overrightarrow{H} = (V; \overrightarrow{E}= \{\overrightarrow{e_{i}}: i\in I\})$$] and [image: $$\overrightarrow{H^{\prime }} = (V^{\prime }; \overrightarrow{E^{\prime }}= \{\overrightarrow{e^{\prime }_{j}}: j\in J\})$$] be two dirhypergraphs.
Let [image: $$R= ((\mathcal{V }(e_i^+), \mathcal{V }(e_i^-)); \mathcal{L }(\overrightarrow{e_i})_{i\in I})$$] be a representation of [image: $$\overrightarrow{H}$$] and let

                [image: $$R^{\prime }= ((\mathcal{V }(e_j^{^{\prime }+}), \mathcal{V }(e_j^{^{\prime }-})); \mathcal{L }^{\prime }(\overrightarrow{e^{\prime }_j})_{j\in J})$$] be a representation of [image: $$\overrightarrow{H^{\prime }}$$]. An isomorphim between the representations [image: $$R$$] and [image: $$R^{\prime }$$] is	a bijection [image: $$\pi : I \longrightarrow J$$];

	for every [image: $$i\in I$$] a couple of bijective linear maps: [image: $$\begin{aligned} \alpha _{i,\pi (i)} : \mathcal{V }(e_i^+) \rightarrow \mathcal{V }(e_{\pi (i)}^{^{\prime }+}) \end{aligned}$$]


 and [image: $$\begin{aligned} \beta _{i,\pi (i)} : \mathcal{V }(e_i^-) \rightarrow \mathcal{V }(e_{\pi (i)}^{^{\prime }-}) \end{aligned}$$]


 satisfying:	
                            [image: $$\alpha _{i,\pi (i)}(\mathcal{B }(e_i^+))= \mathcal{B }(e_{\pi (i)}^{^{\prime }+})$$] and [image: $$\beta _{i,\pi (i)}(\mathcal{B }(e_i^-))= \mathcal{B }(e_{\pi (i)}^{^{\prime }-})$$];




                    



and such that the diagram[image: A311889_1_En_6_Equ1_HTML.gif]

(6.1)

commutes for every [image: $$i \in I$$].

                  Theorem 6.3
                
 Let [image: $$\overrightarrow{H} = (V; \overrightarrow{E}= \{\overrightarrow{e_{i}}: i\in I\})$$] and [image: $$\overrightarrow{H^{\prime }} = (V^{\prime }; \overrightarrow{E^{\prime }}= \{\overrightarrow{e^{\prime }_{j}}: j\in J\})$$] be two isomorphic [image: $$2k$$]-uniform dirhypergraphs equipped respectively with a representation [image: $$R$$] and [image: $$R^{\prime }$$], then there exists a representation [image: $$W$$] of [image: $$\overrightarrow{H}$$] and a representation [image: $$W^{\prime }$$] of [image: $$\overrightarrow{H^{\prime }}$$] such that [image: $$W$$] is isomorphic to [image: $$W^{\prime }$$]. 


                  Proof
                
Let [image: $$R= ((\mathcal{V }(e_i^+), \mathcal{V }(e_i^-)); \mathcal{L }(\overrightarrow{e_i})_{i\in I})$$] be a representation of [image: $$\overrightarrow{H}$$] and let [image: $$R^{\prime }= ((\mathcal{V }(e_j^{^{\prime }+}), \mathcal{V }(e_j^{^{\prime }-})); \mathcal{L }^{\prime }(\overrightarrow{e^{\prime }_j})_{j\in J})$$] be a representation of [image: $$\overrightarrow{H^{\prime }}$$]. Let[image: $$\begin{aligned} \mathcal{V }^{\prime }(e_i^+)\subseteq \mathcal{V }(e_i^+); \mathcal{V }^{\prime }(e_i^-)\subseteq \mathcal{V }(e_i^-), \mathcal{V }^{\prime }(e_i^{^{\prime }+})\subseteq \mathcal{V }(e_i^{^{\prime }+}), \mathcal{V }^{\prime }(e_i^{^{\prime } -})\subseteq \mathcal{V }(e_i^{^{\prime } - }) \end{aligned}$$]


be the subspaces generated respectively by[image: $$\begin{aligned} \mathcal{B }(e_i^+); \mathcal{B }(e_i^-); \mathcal{B }(e_{j}^{^{\prime }+}); \mathcal{B }(e_{j}^{^{\prime }-})\; \text{ for } \text{ all }\; i\in I\; \text{ and }\; j\in J. \end{aligned}$$]


Let [image: $$(f, g)$$] be an isomorphism between [image: $$\overrightarrow{H}$$] and [image: $$\overrightarrow{H^{\prime }}$$]. The bijection [image: $$g$$] comes from a bijection [image: $$\pi : I \longrightarrow J$$]. So there is a bijection from [image: $$e_i^+$$] to [image: $$e_{\pi (i)}^{^{\prime }+}$$] and a bijection from [image: $$e_i^-$$] to [image: $$e_{\pi (i)}^{^{\prime } -}$$] (for all [image: $$i\in I$$]) which can be extended to two bijective linear maps [image: $$\alpha _{i,\pi (i)}$$] and [image: $$\beta _{i,\pi (i)}$$] respectively from [image: $$\mathcal{V }^{\prime }(e_i^{+})$$] to [image: $$\mathcal{V }^{\prime }(e_i^{^{\prime }+})$$] and [image: $$\mathcal{V }^{\prime }(e_i^{-})$$] to [image: $$\mathcal{V }^{\prime }(e_i^{^{\prime }-})$$], and such that[image: $$\begin{aligned} \alpha _{i,\pi (i)}(\mathcal{B }(e_i^+))= \mathcal{B }(e_{\pi (i)}^{^{\prime }+})\; \text{ and }\; \beta _{i,\pi (i)}(\mathcal{B }(e_i^-))= \mathcal{B }(e_{\pi (i)}^{^{\prime }-}). \end{aligned}$$]


Now, since[image: $$\begin{aligned} \vert e_i^+\vert = \vert e_i^-\vert =\vert e_i^{^{\prime } +}\vert = \vert e_i^{^{\prime } -}\vert \; \text{ for } \text{ all }\; i\in I\; \text{ and }\; j\in J, \end{aligned}$$]


there is a bijection from [image: $$e_i^+$$] to [image: $$ e_i^-$$] and a bijection from [image: $$e_i^{^{\prime } +}$$] to [image: $$e_i^{^{\prime } -}$$] which can be extended to two bijective linear maps from [image: $$\mathcal{V }^{\prime }(e_j^{+})$$] to [image: $$\mathcal{V }^{\prime }(e_j^{-})$$] and from [image: $$\mathcal{V }^{\prime }(e_j^{^{\prime }+})$$] to [image: $$\mathcal{V }^{\prime }(e_j^{^{\prime }-})$$]. Without loosing generality we can choose the bijections such that the diagram 6.1 commutes. [image: $$\square $$]
                


                [image: A311889_1_En_6_Figa_HTML.gif]
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Abstract
Like in most fruitful mathematical theories, the theory of hypergraphs has many applications. Hypergraphs model many practical problems in many different sciences. it makes very little time (20 years) that the theory of hypergraphs is used to model situations in the applied sciences. We find this theory in psychology, genetics, [image: $$\ldots $$] but also in various human activities. Hypergraphs have shown their power as a tool to understand problems in a wide variety of scientific field. Moreover it well known now that hypergraph theory is a very useful tool to resolve optimization problems such as scheduling problems, location problems and so on. This chapter shows some possible uses of hypergraphs in Applied Sciences.

Like in most fruitful mathematical theories, the theory of hypergraphs has many applications. Hypergraphs model many practical problems in many different sciences. it makes very little time (20 years) that the theory of hypergraphs is used to model situations in the applied sciences. We find this theory in psychology, genetics, [image: $$\ldots $$] but also in various human activities. Hypergraphs have shown their power as a tool to understand problems in a wide variety of scientific field.
Moreover it well known now that hypergraph theory is a very useful tool to resolve optimization problems such as scheduling problems, location problems and so on. This chapter shows some possible uses of hypergraphs in Applied Sciences.
7.1 Hypergraph Theory and System Modeling for Engineering
Modeling is a particularly important aspect in apprehending the continuous or discrete physical systems. The mathematical foundations of the modeling come from:	Algebraic theory

	The concepts of duality

	Complex and real analysis

	And many others



Since combinatorics is the common denominator of these mathematical areas, combinatorial paradigms are suited to express the mathematical properties of physical objects. Thus, it is natural to develop the hypergraph theory as a modeling concept. In this section, we are going to briefly present some applications of hypergraphs in science and engineering. It turns out that hypergraph theory can be used in many areas of sciences. We does not claim to be exhaustive. We limit ourselves to present some aspects of the application of hypergraphs in order to prove the relevance of this theory in science and engineering.
7.1.1 Chemical Hypergraph Theory
The graph theory is very useful in chemistry. The representation of molecular structures by graphs is widely used in computational chemistry. But the main drawback of the graph theory is the lack of convenient tools to represent organometallic compounds, benzenoid systems and so on.
A hypergraph [image: $$\mathcal H = (V, E)$$] is a molecular hypergraph if it represents molecular structure, where [image: $$x\in V$$] corresponds to an individual atom, hyperedges with degrees greater than [image: $$2$$] correspond to polycentric bonds and hyperedges with [image: $$deg(x) = 2$$] correspond to simple covalent bonds.
Hypergraphs appear to be more convenient to describe some chemical structures. Hence the concept of molecular hypergraph may be seen as a generalization of the concept of molecular graph. More informations can be found in [KS01]. Hypergraphs have also shown their interest in biology [KHT09].

7.1.2 Hypergraph Theory for Telecomunmications
A hypergraph theory can be used to model cellular mobile communication systems. A cellular system is a set of cells where two cells can use the same channel if the distance between them is at least some predefined value [image: $$D$$]. This situation can be represented by a graph where:(a)Each vertex represents a cell.

 

(b)An edge exists between two vertices if and only if the distance between the corresponding cells is less than the distance called reuse distance  and denoted by [image: $$D$$].

 


A forbidden set is a group of cells all of which cannot use a channel simultaneously.
A minimal forbidden set is a forbidden set which is minimal with respect to this property, i.e. no proper subset of a minimal forbidden set is forbidden.
From these definitions it is possible to derive a better modelization using hypergraphs. We proceed in the following way:(a)Each vertex represents a cell.

 

(b)A hyperedge is minimal forbidden set.

 



              

7.1.3 Hypergraph Theory and Parallel Data Structures
Hypergraphs provide an effective mean of modeling parallel data structures. A shared memory multiprocessor system consists of a number of processors and memory modules. We define a template as a set of data elements that need to be processed in parallel. Hence the data elements from a template should be stored in different memory modules. So we define a hypergraph in the following way:(a)A data is represented by a vertex.

 

(b)The hyperedges are the templates.

 


From this model and by using the properties of hypergraphs one can resolve various problems such as the conflict-free access to data in parallel memory systems. Some informations can be found in [HK00].

7.1.4 Hypergraphs and Constraint Satisfaction Problems
A constraint satisfaction problem, [image: $$\mathcal P $$] is defined as a tuple:[image: $$\begin{aligned} \mathcal P = (V, \; D,\; R_{1}(S_{1}),\; \ldots , R_{k}(S_{k})) \end{aligned}$$]


where:	
                      [image: $$V$$] is a finite set of variables.

	
                      [image: $$D$$] is a finite set of values which is called the domain of [image: $$\mathcal P $$].

	Each [image: $$R_{i}(S_{i})$$] is a constraint.	
                            [image: $$S_{i}$$] is an ordered list of [image: $$n_{i}$$] variables, called the constraint scope.

	
                            [image: $$R_{i}$$] is a relation over [image: $$D$$] of arity [image: $$n_{i}$$], called the constraint relation.




                    



To a constraint satisfaction problem one can associate a hypergraph in the following way:(a)The vertices of the hypergraph are the variables of the problem.

 

(b)There is a hyperedge containing the vertices [image: $$v_{1}, \;v_{2}, \;\ldots , v_{t}$$] when there is some constraint [image: $$R_{i}(S_{i})$$] with scope [image: $$S_{i} = \{v_{1}, \;v_{2}, \;\ldots v_{t}\}$$].

 



              

7.1.5 Hypergraphs and Database Schemes
Hypergraphs have been introduced in database theory in order to model relational database schemes [Fag83]. The classes of acyclic hypergraphs defined in Sect. 4.5.0.3 play an important part in the modeling of relational database schemes.
A database can be viewed in the following way:	A set of attributes.

	A set of relations between these attributes.



Hence we have the following hypergraph:(a)The set of vertices is the set of attributes.

 

(b)The set of hyperedges is the set of relations between these attributes.

 


We also find the theory of hypergraphs in data mining [HBC07].

7.1.6 Hypergraphs and Image Processing
A digital image on a grid ([image: $$4$$]-connected grid, [image: $$8$$]-connected grid, [image: $$\ldots $$]) is a two-dimensional discrete function that has been digitized both in spatial coordinates and in feature value. We may represent a digital image by an application[image: $$\begin{aligned} I:X \subseteq Z^m \rightarrow \mathcal{C} \subseteq Z^n, \end{aligned}$$]


with [image: $$n \ge 1$$], [image: $$m = 2$$] and we have a [image: $$2$$]-dimensional image or [image: $$m= 3$$] and we have a [image: $$3$$]-dimensional image and where [image: $${ \mathcal C}$$] is the set of the feature intensity levels and [image: $$X$$] represent a set of points called the image points. The couple [image: $$ (x, I(x)) $$] is called a pixel.
Let [image: $$d$$] be a distance on [image: $$\mathcal C$$], for given [image: $$\beta $$] there exists a neighborhood relation on an image [image: $$I$$] defined by:[image: $$\begin{aligned} \forall x \in X,\; \varGamma _{\alpha ,\,\beta }(x) = \left\{ x^{\prime } \in X, x^{\prime } \ne x\; |\; d(\mathcal{I}(x),\mathcal{I}(x^{\prime })) < \alpha \; \mathrm{{and}}\; d^{\prime }(x,x^{\prime }) \le \beta \right\} \end{aligned}$$]


where [image: $$d^{\prime }$$] is the distance on the grid and [image: $$\alpha $$] is attribute on the image. The neighborhood of [image: $$x$$] on the grid is denoted by [image: $$\varGamma _{\beta }(x)$$]. So each image can be associated to a hypergraph:[image: $$\begin{aligned} H_{\alpha ,\,\beta } = \big (X, (\{x\} \cup \varGamma _{\alpha ,\,\beta }(x))_{x \in X} \big ). \end{aligned}$$]


The attribute [image: $$\alpha $$] can be computed in an adaptive way depending on local properties of the image.	If [image: $$\alpha $$] is constant, the hypergraph is called the Image Neighborhood Hypergraph (INH).

	If [image: $$\alpha $$] is not constant, for instance [image: $$\alpha $$] may be estimated by the standard deviation of the intensity levels of the pixels of [image: $$\{x\} \cup \varGamma _\beta (x)$$], the hypergraph is called the Image Adaptative Neighborhood Hypergraph (IANH).



From this hypergraph we may developp some applications:	we can do image segmentation,

	we use also Image (Adaptative) Neighborhood Hypergraph for the edge detection

	and thanks to our model we developed a noise cancellation algorithm.



Some others applications such as data compression can be also developed from our hypergraph model.
More informations can be found in [BG05, DBRL12].[image: A311889_1_En_7_Figa_HTML.gif]


              

7.1.7 Other Applications
Hypergraph theory can lead to numerous other applications [HK00, HOS12, Rob39, STV04, Smo07, Zyk74]. Indeed we can find hypergraph models in machine learning, data mining, and so on . [BP09, STV04, Sla78, Smo07, Rob39]
The properties of hypergraphs are equally important, for example hypergraph transversal computation has a large number of applications in many areas of computer science, such as distribued systems, databases, artificial intelligence, and so on. Hypergraph partitioning is also a very interesting property [BP09, HK00]. The partitioning of a hypergraph can be defined as follows:(a)The set of vertices is partioned into [image: $$k$$] disjoint subsets [image: $$V_{1},\;V_{2},\; \ldots , V_{k}$$].

 

(b)The partial subhypergraphs (or the set of hyperedges) generated by [image: $$V_{1},\;V_{2},\; \ldots , V_{k}$$] verify the properties [image: $$P_{1},\;P_{2},\; \ldots , P_{k}$$].

 


This property yields interesting results in many areas such as VLSI design, data mining, and so on.
Directed hypergraphs can be very useful in many areas of sciences. Indeed directed hypergraphs are used as models in:	Formal languages.

	Relational data bases.

	Scheduling.



and many other applications. Numerous computational studies using hypergraphs have shown the importance of this field in many areas of science [Gol11, BP09, Bre04, HOS12, Hua08], and other fruitful applications should be developed in the future.[image: A311889_1_En_7_Figb_HTML.gif]


                [image: $$\begin{aligned} \begin{array}{ccccc} &{}&{}\bigstar &{}&{}\\ &{}\bigstar &{}&{}\bigstar \\ &{}&{}\bigstar &{}&{}\\ &{}\bigstar &{}&{}\bigstar &{}\\ &{}&{}\bigstar &{}&{} \end{array} \end{aligned}$$]
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Algorithm 1: SwongHelly

Data: H = (V: E) a hypergraph and G[H | its generalized 2-section
Result: H has or has not the strong Helly property
begln
foreach (xy. e;) € E(G[H1,) do
foreach pair of edges (x3.e2). (yz. &3) € E(G[H]a) do
I xgeNeNesandy @ eiNexNesandz & e NexNes then
| output(the strong Helly property does not hold.)
end
end
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Algorithm 9: Hypergraph Reduction using MST

Data: L(H) = (E: 4) and Ay,

Result: Reduced hypergeaph RH of H

begin

A weight function c of the set o edge of L(H) = (E; A);
foreach a € A do

For each ¢ € E, calculate a minimum weight spanving tree 7, of L(H);
Choose ¢ & E, and calculate the eccentricity €(e) of e in in To;
ife(e) = 1 then

RV = el

V= ek

else
RV = {wels
foreach i = 110 <€) do
foreach ¢ € E, ¢ % esuch that d(e. ¢) < 2i do
V=V Ul
ifd(e.¢) = 2 then
| RV:=RVU fwek:
end
end
E=E\V:
end
if £ # 0 then
foreach ¢ € Edo
| RV = RV U e}
end
end
end
The set of hyperediges RE = (4¢),chv is generated asin Algorithm 6;
RH := (RV:RE);
end
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Algorithm 6: Hypergraph Reduction using Intersecting Hyperedges.

Data:H = (V: E),E = (e1. 2. ... e) is ovdered.
Result: RH = (RV: RE) the reduced of H.

3
Step 1. The set of intersecting hyperedges;
foreach ¢ ¢ E do
W, =
foreach ¢; € E do

if e Nej # f then

| W= W Uleg):
end
end
W= WUW,):
end

Step 2. The covering of the set of intersecting hyperedges:
Bi=ii=1;
while E # i do
U=E\W,:
if U] < |E| then
| Bi=BU(W,):
end
E
i:
end
Step 3. The RH generation;
The set of vertices of RH;
RV:=0
foreach W, < B do
| RV = RV U w,,):
end
‘The set of hyperedges of RE;
RE =,
foreach W, € B do
Ao =0,
foreach W, < B do

1 W,, MW, # 0 then

| Aq = Aq Ulwg)

E\W,:
i+l

RE UAc);

RH := (RV: RE)
end
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Algorithm 2: Helly

Data: H = (V: E) a hypergeaph and G[H | its generalized 2-section
Result: A has or has not the Helly property
begln
Toreach pair of vertices x, y of H do
X, = all hyperedges containing both x and y;
foreach vertex v of H do
if x and y are bothneighbors of v then

X, := all hyperedges containing both x and v
X, 1= all hyperedges containing both y and v
X=Xy UXaUX,

If the intersection of all elements of X is empty then
output(the Helly property

does not hold)
end

end
end
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Algorithm 4: ColoringGraph

Data: 4, A, ... Ay, ; adjacency list of vertices I
Data: x1. x2. x3. ... x, (ascending order of the vertices of I).
Result: Coloring of the vertices of I'

foreach i, i from 2 to n do
flap) = min{j: £() # j: forallr =
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end

~ 1 suchthat x; €






OEBPS/A311889_1_En_1_Chapter_IEq462.gif
idx € Hom(X, X)





OEBPS/A311889_1_En_1_Chapter_IEq461.gif





OEBPS/A311889_1_En_1_Chapter_IEq460.gif
fX—Y





OEBPS/A311889_1_En_1_Chapter_IEq466.gif
fX—Y





OEBPS/A311889_1_En_1_Chapter_IEq465.gif





OEBPS/A311889_1_En_1_Chapter_IEq464.gif
X,Y,Z € 0bC)





OEBPS/A311889_1_En_1_Chapter_IEq463.gif





OEBPS/A311889_1_En_1_Chapter_IEq469.gif





OEBPS/A311889_1_En_1_Chapter_IEq468.gif





OEBPS/A311889_1_En_1_Chapter_IEq467.gif





OEBPS/A311889_1_En_3_Fig3_HTML.gif





OEBPS/A311889_1_En_5_Chapter_Equ29.gif
W NW, #0, for every j€{1,2,...,k}





OEBPS/A311889_1_En_5_Chapter_Equ28.gif
We, =W We, T






OEBPS/A311889_1_En_5_Chapter_Equ27.gif
B W — W' defined by h(1W2,) = Wy,





OEBPS/A311889_1_En_5_Chapter_Equ26.gif
W= {We i€ {l,..m}}and W = {Ws, i€ {1,2,...m}}





OEBPS/A311889_1_En_5_Chapter_Equ25.gif
sfler)} =Wl





OEBPS/A311889_1_En_5_Chapter_Equ32.gif
FURV) =






OEBPS/A311889_1_En_5_Chapter_Equ31.gif
90We) = Wiy € A5tey





OEBPS/A311889_1_En_5_Chapter_Equ30.gif
9(We, N = g(We) Ng(1We ) # 0





OEBPS/A311889_1_En_5_Chapter_Equ19.gif
Weden We,3es, oy We 3 ep





OEBPS/A311889_1_En_5_Chapter_Equ18.gif
T =L E1 V0 C0 s Uk Gl Vi1 = Y,





OEBPS/A311889_1_En_5_Chapter_Equ17.gif
|RE| < |E|





OEBPS/A311889_1_En_5_Chapter_Equ16.gif
|E| = |B| z |RE|





OEBPS/A311889_1_En_5_Chapter_Equ15.gif
|B|=|RV| = |RE|





OEBPS/A311889_1_En_5_Chapter_Equ14.gif
Ao ={W.} = (o} = 4, = f(a)





OEBPS/A311889_1_En_2_Chapter_Equ1.gif
(z)={yeV {z,v} e E}





OEBPS/A311889_1_En_5_Chapter_Equ24.gif
eiNey # 0o fleNey) #0e fle) N fler) 20





OEBPS/A311889_1_En_2_Chapter_Equ5.gif
H=(EX=(X3,Xy,..., X))





OEBPS/A311889_1_En_5_Chapter_Equ23.gif
We, ={& = ex,er - x},5uch that
e 20YE (1,24}





OEBPS/A311889_1_En_2_Chapter_Equ4.gif
JUT; with 10T






OEBPS/A311889_1_En_5_Chapter_Equ22.gif





OEBPS/A311889_1_En_2_Chapter_Equ3.gif





OEBPS/A311889_1_En_2_Chapter_Equ2.gif
ra)=Jre

A





OEBPS/A311889_1_En_5_Chapter_Equ21.gif
fler) = ay; flea)

my 6 €4, 1€{12,...,m






OEBPS/A311889_1_En_5_Chapter_Equ20.gif
W W, #0, W, W, #0, ., W N, #£0





OEBPS/A311889_1_En_2_Chapter_Equ9.gif





OEBPS/A311889_1_En_2_Chapter_Equ8.gif
V(G[H],






OEBPS/A311889_1_En_2_Chapter_Equ7.gif
{z1, 2} and Xy =X,





OEBPS/A311889_1_En_2_Chapter_Equ6.gif
Xi={c€E zi€c} vhere i €{1,2,3,...n}





OEBPS/A311889_1_En_4_Chapter_IEq679.gif





OEBPS/A311889_1_En_4_Chapter_IEq672.gif
Vl=n





OEBPS/A311889_1_En_4_Chapter_IEq671.gif
H=(V.E)





OEBPS/A311889_1_En_4_Chapter_IEq674.gif





OEBPS/A311889_1_En_4_Chapter_IEq673.gif
|El =m





OEBPS/A311889_1_En_4_Chapter_IEq676.gif





OEBPS/A311889_1_En_4_Chapter_IEq675.gif





OEBPS/A311889_1_En_4_Chapter_IEq678.gif
n=n+m





OEBPS/A311889_1_En_4_Chapter_IEq677.gif





OEBPS/A311889_1_En_5_Chapter_Equ13.gif
E\ {e} and RE\ {f(e)}





OEBPS/A311889_1_En_5_Chapter_Equ12.gif
for every e € E, A.€RE






OEBPS/A311889_1_En_5_Chapter_Equ11.gif
) veea} C A,





OEBPS/A311889_1_En_5_Chapter_Equ10.gif
We, MW, #0and W, W, € A,





OEBPS/A311889_1_En_4_Chapter_IEq670.gif





OEBPS/A311889_1_En_4_Chapter_IEq683.gif





OEBPS/A311889_1_En_4_Chapter_IEq682.gif
n—m'+ f





OEBPS/A311889_1_En_4_Chapter_IEq681.gif





OEBPS/A311889_1_En_4_Chapter_IEq680.gif





OEBPS/A311889_1_En_4_Chapter_IEq658.gif





OEBPS/A311889_1_En_4_Chapter_Equ19.gif
P(X; P(X;=-1) L ndlet Yy = Xat Xa 4 X






OEBPS/A311889_1_En_4_Chapter_IEq657.gif
(H)'=H





OEBPS/A311889_1_En_4_Chapter_IEq659.gif





OEBPS/A311889_1_En_4_Chapter_Equ15.gif
herdisc(H) = max dise( H(1"))





OEBPS/A311889_1_En_4_Chapter_Equ16.gif
{z; € V(H):j € J}} and V(. {z,eV(H) je I}





OEBPS/A311889_1_En_4_Chapter_Equ17.gif
[

nx

’=1

=l o)l <1





OEBPS/A311889_1_En_4_Chapter_Equ18.gif
[

nx

’=1

=l n )] <1





OEBPS/A311889_1_En_4_Chapter_IEq650.gif





OEBPS/A311889_1_En_4_Chapter_Equ22.gif
P(x(z)=1)= P(x(z) =






OEBPS/A311889_1_En_4_Chapter_Equ23.gif





OEBPS/A311889_1_En_4_Chapter_IEq652.gif





OEBPS/A311889_1_En_4_Chapter_Equ24.gif
Plx(e)l > )
(V> 3)+ B(Y, < =)

WA





OEBPS/A311889_1_En_4_Chapter_IEq651.gif





OEBPS/A311889_1_En_4_Chapter_Equ25.gif
P

sc(H,x) > A)

Teet

P(x(e)l >M






OEBPS/A311889_1_En_4_Chapter_IEq654.gif





OEBPS/A311889_1_En_4_Chapter_IEq653.gif





OEBPS/A311889_1_En_4_Chapter_Equ20.gif
P(Y, >)\)<exp(,’:“\ for any A >0






OEBPS/A311889_1_En_4_Chapter_IEq656.gif





OEBPS/A311889_1_En_4_Chapter_Equ21.gif
)— {141}





OEBPS/A311889_1_En_4_Chapter_IEq655.gif





OEBPS/A311889_1_En_4_Chapter_IEq669.gif





OEBPS/A311889_1_En_4_Chapter_IEq668.gif





OEBPS/A311889_1_En_4_Chapter_Equ26.gif
=1, where A = /2n1n(2m),






OEBPS/A311889_1_En_4_Chapter_Equ27.gif





OEBPS/A311889_1_En_4_Chapter_Equ28.gif





OEBPS/A311889_1_En_4_Chapter_Equ29.gif
disc(H,x)






OEBPS/A311889_1_En_4_Chapter_Equ33.gif
T4, €2, T3, €1, T3, €3, Ty





OEBPS/A311889_1_En_4_Chapter_IEq661.gif





OEBPS/A311889_1_En_4_Chapter_Equ34.gif
71 €0Ne;, 1€ {1,2,3,...,k},





OEBPS/A311889_1_En_4_Chapter_IEq660.gif





OEBPS/A311889_1_En_4_Chapter_Equ35.gif
C =y, 01, 70,0, T3, 1 Tk €1y T





OEBPS/A311889_1_En_4_Chapter_IEq663.gif





OEBPS/A311889_1_En_4_Chapter_Equ36.gif
T1,€1,23, €011 1Ty 6k T = T3 (Where ey is identify to e))





OEBPS/A311889_1_En_4_Chapter_IEq662.gif





OEBPS/A311889_1_En_4_Chapter_IEq665.gif





OEBPS/A311889_1_En_4_Chapter_Equ30.gif
~_——

M=





OEBPS/A311889_1_En_4_Chapter_IEq664.gif





OEBPS/A311889_1_En_4_Chapter_IEq667.gif





OEBPS/A311889_1_En_4_Chapter_Equ31.gif
T =€ T €0, T3 s Tk €k Trpr = 2(k 2 3),





OEBPS/A311889_1_En_4_Chapter_Equ32.gif
t < k there is 7, € Niue;





OEBPS/A311889_1_En_4_Chapter_IEq666.gif
H=(V.E)





OEBPS/A311889_1_En_4_Chapter_IEq636.gif





OEBPS/A311889_1_En_4_Chapter_IEq635.gif





OEBPS/A311889_1_En_4_Chapter_IEq638.gif





OEBPS/A311889_1_En_4_Chapter_IEq637.gif





OEBPS/A311889_1_En_4_Chapter_Equ37.gif
T = T1,C1T0,€0, T3y s Tokds C2kgty Takg2 = T





OEBPS/A311889_1_En_4_Chapter_IEq639.gif





OEBPS/A311889_1_En_4_Chapter_Equ38.gif
71,22, 73,

sZoka}





OEBPS/A311889_1_En_4_Chapter_Equ39.gif





OEBPS/A311889_1_En_4_Chapter_Equ44.gif
A(H) = w([H)





OEBPS/A311889_1_En_4_Chapter_Equ45.gif





OEBPS/A311889_1_En_4_Chapter_Equ46.gif





OEBPS/A311889_1_En_4_Chapter_IEq630.gif





OEBPS/A311889_1_En_4_Chapter_Equ47.gif
(H') for any partial hypergraph of H.





OEBPS/A311889_1_En_4_Chapter_Equ40.gif





OEBPS/A311889_1_En_4_Chapter_IEq632.gif





OEBPS/A311889_1_En_4_Chapter_Equ41.gif





OEBPS/A311889_1_En_4_Chapter_IEq631.gif





OEBPS/A311889_1_En_4_Chapter_Equ42.gif





OEBPS/A311889_1_En_4_Chapter_IEq634.gif





OEBPS/A311889_1_En_4_Chapter_IEq633.gif





OEBPS/A311889_1_En_4_Chapter_Equ43.gif





OEBPS/A311889_1_En_4_Chapter_IEq647.gif





OEBPS/A311889_1_En_4_Chapter_IEq646.gif





OEBPS/A311889_1_En_4_Chapter_IEq649.gif





OEBPS/A311889_1_En_4_Chapter_IEq648.gif





OEBPS/A311889_1_En_4_Chapter_Equ48.gif
if e; Cej, i # ) remove e;





OEBPS/A311889_1_En_4_Chapter_Equ49.gif
(z0, 1,21, €2, 72,

€0 T = o),





OEBPS/A311889_1_En_4_Chapter_Equ55.gif
hw(H) =min{w(T,B,C) : w(T,B,C) is a hypertree- decomposition of H}





OEBPS/A311889_1_En_4_Chapter_Equ56.gif
{e€E zee}





OEBPS/A311889_1_En_4_Chapter_Equ57.gif
{teV(T) ze B}





OEBPS/A311889_1_En_4_Chapter_IEq641.gif





OEBPS/A311889_1_En_4_Chapter_IEq640.gif





OEBPS/A311889_1_En_4_Chapter_Equ58.gif
=Y (HE) -+ f
=t






OEBPS/A311889_1_En_4_Chapter_IEq643.gif





OEBPS/A311889_1_En_4_Chapter_Equ51.gif
(zenznens,. ez =n1), k2 3,





OEBPS/A311889_1_En_4_Chapter_Equ52.gif
sup{|B:| —1:te V(T)} €N





OEBPS/A311889_1_En_4_Chapter_IEq642.gif





OEBPS/A311889_1_En_4_Chapter_Equ53.gif
tw(H) = min{w(T, B) : w(T, B) ic a tree- decomposition of H}





OEBPS/A311889_1_En_4_Chapter_IEq645.gif





OEBPS/A311889_1_En_4_Chapter_IEq644.gif





OEBPS/A311889_1_En_4_Chapter_Equ54.gif
w(T,B,C) =sup{|Cy| 't V(T)} N





OEBPS/A311889_1_En_4_Chapter_Equ50.gif
(zosenzen .. senzi) k23,





OEBPS/A311889_1_En_4_Chapter_IEq614.gif





OEBPS/A311889_1_En_4_Chapter_IEq613.gif





OEBPS/A311889_1_En_4_Chapter_IEq616.gif





OEBPS/A311889_1_En_4_Chapter_IEq615.gif





OEBPS/A311889_1_En_4_Chapter_Equ59.gif
| =" |H(z))
=





OEBPS/A311889_1_En_4_Chapter_IEq618.gif





OEBPS/A311889_1_En_4_Chapter_IEq617.gif





OEBPS/A311889_1_En_4_Chapter_IEq619.gif





OEBPS/A311889_1_En_4_Chapter_IEq610.gif





OEBPS/A311889_1_En_4_Chapter_Equ62.gif
4x3—445+4






OEBPS/A311889_1_En_4_Chapter_Equ63.gif
m= > (1HE)| - D+ f

=t






OEBPS/A311889_1_En_4_Chapter_IEq612.gif
H=(V.E)





OEBPS/A311889_1_En_4_Chapter_IEq611.gif





OEBPS/A311889_1_En_4_Chapter_Equ60.gif





OEBPS/A311889_1_En_4_Chapter_Equ61.gif
ntm—>" |H(z)|+f =Y (HG) -+ f=2

=t =1






OEBPS/A311889_1_En_4_Chapter_IEq625.gif





OEBPS/A311889_1_En_4_Chapter_IEq624.gif





OEBPS/A311889_1_En_4_Chapter_IEq627.gif





OEBPS/A311889_1_En_4_Chapter_IEq626.gif





OEBPS/A311889_1_En_4_Chapter_IEq629.gif





OEBPS/A311889_1_En_4_Chapter_IEq628.gif





OEBPS/A311889_1_En_4_Chapter_IEq621.gif





OEBPS/A311889_1_En_4_Chapter_IEq620.gif





OEBPS/A311889_1_En_4_Chapter_IEq623.gif





OEBPS/A311889_1_En_4_Chapter_IEq622.gif





OEBPS/A311889_1_En_4_Chapter_IEq603.gif





OEBPS/A311889_1_En_4_Chapter_IEq602.gif





OEBPS/A311889_1_En_4_Chapter_IEq605.gif





OEBPS/A311889_1_En_4_Chapter_IEq604.gif





OEBPS/A311889_1_En_4_Chapter_IEq607.gif





OEBPS/A311889_1_En_4_Chapter_IEq606.gif





OEBPS/A311889_1_En_4_Chapter_IEq609.gif





OEBPS/A311889_1_En_4_Chapter_IEq608.gif
H=(V.E)





OEBPS/A311889_1_En_4_Chapter_IEq601.gif





OEBPS/A311889_1_En_4_Chapter_IEq600.gif





OEBPS/A311889_1_En_1_Fig6_HTML.gif
Y g





OEBPS/A311889_1_En_1_Chapter_IEq18.gif
V#£D





OEBPS/A311889_1_En_1_Chapter_IEq19.gif





OEBPS/A311889_1_En_1_Chapter_IEq16.gif





OEBPS/A311889_1_En_1_Chapter_IEq17.gif





OEBPS/A311889_1_En_1_Chapter_IEq14.gif





OEBPS/A311889_1_En_1_Chapter_IEq15.gif
|El =m





OEBPS/A311889_1_En_1_Chapter_IEq12.gif





OEBPS/A311889_1_En_1_Chapter_IEq13.gif
Vl=n





OEBPS/A311889_1_En_1_Chapter_IEq10.gif





OEBPS/A311889_1_En_1_Chapter_IEq11.gif
H=(VE)





OEBPS/A311889_1_En_5_Figc_HTML.gif
Algorithm 8: Graph associated (0 a Reduced Hypergraph

Data: RH = (RV: RE) the reduced hypergraph of A.
Result: I" = (RV: A) a simple graph associated o RH.
begin
A=0;
foreach w,, € RV do
foreach wg € Ae, i #jdo
i We, (W, 0 then
| A=A e vl
end
end
end
I'=(RV;A);
end






