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Abstract

Statistical independenceis one of the most desirable
propertiesof a coordinatesystemfor representingandmod-
eling images. In this paper, we proposean algorithm to
rapidly constructa coordinatesystem“closest” to thesta-
tistically independentonefroma dictionaryofbasessuch as
thewaveletpacketsand local Fourier bases.Thecriterion
is tominimizethesumof thecoordinate-wisedifferentialen-
tropyand is quitedifferent fromtheJoint BestBasis(JBB)
of Wickerhauser. We demonstrate the useof the LSDBfor
image approximationand modeling, and compare its per-
formancewith Karhunen-LòeveBasis(KLB) andJBB.

1. Intr oduction

Supposewe are given a set of similar imagessuchas
humanfacesand we want to learn the characteristicsof
thoseimages,i.e., to representthem efficiently and build
a probabilisticmodelthatcangeneratenew imagesthatare
similar to thosegiven images. What shouldwe do, then?
The bestpossiblescenariowould be to find a statistically
independentcoordinatesystem(basis)of that classof im-
ages. With this coordinatesystemwe could achieve opti-
mal compressionof the imagesin that classby transmit-
ting eachcoordinate(feature)separatelyusingquantization
schemedependingon themarginal distribution of eachco-
ordinate.Moreover, a completeprobabilisticdescriptionof
animageclasswouldbemadepossiblebysimplycharacter-
izing theprobabilitydistributionsof eachcoordinate.This
would allow usto sampleor simulateasmany new images
from this probability model as we want so that we could
examine“typical” imagesin this classandhow they look
like. This would be a greattool for imagediagnostics.In
reality, however, it may not be possibleto obtaintruly in-
dependentcoordinatesbecause1) thedatamaynotbecom-
posedof truly independentfeaturesin thefirst place,and2)
evenif theimagesconsistof independentfeatures,it maybe

toodifficult to constructa feasiblealgorithmto extractsuch
independentfeaturesfaithfully becauseof thehigh dimen-
sionalityof theproblem.Therefore,it makessensetodevise
analgorithmto rapidly computea goodcoordinatesystem
which is “closest” to thestatisticallyindependentone,and
to examinehow muchwecanachievein approximationand
probabilisticmodelingusingsuchcoordinatesby assuming
thatthey arein factindependent.

Let us first review a few coordinatesystemsproposed
previously for suchapplications.

2. PCA, ICA, JBB, and All That

Let
�������

be an input imagespace,i.e., a setof all
imagesof aparticularclassunderconsideration,where� is
a numberof pixels in eachimage. Supposewe aregiven�

training (sample)images. 	�
����������������������� �
,

andlet usassumethattheseimagesare
�

independentreal-
izationsof somestochasticprocesswhoseprobabilityden-
sity function(pdf) is �! . Theultimatecharacterizationof a
givenimageclassentailsestimating�� from theavailable
trainingdataset	 . Estimatingtheempiricalpdf from avail-
ablesamples,however, is very difficult becauseof thehigh
dimensionalityof theinput space

�
(curseof dimensional-

ity); we needa hugenumberof training samplesto get a
reliableestimateof �  , whichwenormallycannotaccess.

Now, let us considerwhat is a goodcoordinatesystem
to representand model theseimages. Let " is any basis
spanning

� � ���
. We also view " as a matrix whose

columnsarethebasisvectorsin
�

. Let #%$&"(')	+* beacertain
functionalmeasuringthecostor inefficiency of thebasis"
for our problemat handgiven a training dataset	 . Then,
weseekthebestcoordinates"-,"-,.
0/�132547698:+;=< #%$>"0')	+*?�
where @ is a setof all possiblebasesunderconsideration.
Whetherwe constrainour searchby restricting @ or not
makesa big differenceaswewill seesoon.



2.1. Karhunen-Loève Basis–Principal Component
Analysis

TheKarhunen-Lòevebasis(KLB) a.k.a.PrincipalCom-
ponentAnalysis(PCA) providesuswith a decorrelatedco-
ordinatesystem.TheKLB vectorsarethe eigenvectorsof
the autocorrelation(or covariance)matrix of the process
obeying �! . The KLB satisfiesa numberof optimality
criteria, andin particular, it is the minimumentropy basis
amongall theorthonormalbasesAB$C�D* , i.e.,all therotations
of thecoordinatesin

���
[8]. Let " beany basis(not nec-

essarilyorthonormal)in
���

, i.e., " �FEHG $&�I� � * , andlet J
be thecoordinatesof the image � relative to thebasis" ,
i.e., JK
L"NM � � . Entropy of theenergy distribution over
thecoordinateaxescanbeconsideredastheinefficiency of
thatcoordinatesystem(i.e., the larger theentropy, the less
efficient for featurecompression).Let us now definethe
entropyfunctionasO $&PRQ "-SC*5T
�U �V W X �ZY W Q "-S�[9\=2 Y W Q "-S]�
whereY W Q "^S is a normalizedenergy (or variance)of the _ th
coordinateof " , i.e., Y W Q "^S`
baNQ c�dW S&egf �h X � aNQ c^dh S , orY W Q "^SH
jig/k1�Q c W S&e f �h X � ig/�1�Q c h S . In practice,we needto
usethe sampleestimatesl Y W Q "^S of Y W Q "-S usingthe training
dataset	 . Then,theKLB is characterizedby"nm5o : 
�/k1�2p4B6q8:+;kr�s ��t O $ lP5Q "-SC*u� (1)

On theotherhand,KLB hasseveraldrawbacks.First of
all, thecriterion(1)doesnotmeasurethestatisticalindepen-
denceof the coordinates.TheKLB only takescareof the
secondorderstatistics,i.e., it does“decorrelation.” There-
fore, theKLB is only optimalfor themultivariateGaussian
datasincethe decorrelationimplies the independencefor
Gaussiandata. The next seriousproblemis an inaccuracy
of thesampleestimateof theautocorrelationor covariance
matricesof the underlyingprocess�! . In general,we do
not know thesematricesa priori, therefore,we needto es-
timatethemusingthe availabletraining samples.This in-
accuracy is particularlyseverefor large � (dimensionof the
problem)with small

�
(the numberof training samples).

We will demonstratethis problemin Section4. The KLB
computationcosts v7$C476q8w$&�I� � *yx�* (seemoredetailedex-
planationin [7]). Note that having a small

�
is advanta-

geousonly for computationalspeed,not for the statistical
accuracy. On theotherhand,if

�
increases,thenthecom-

putationalcostincreasescubically. This is adilemmaof the
KLB computation.

2.2. IndependentComponentAnalysis

To overcomethelimitation of thePCAto thesecondor-
der statistics,Comon[1] proposedthe so-calledIndepen-

dentComponentAnalysis (ICA). Given a training dataset	 , ICA tries to find a invertible linear transformationthat
minimizesthestatisticaldependenceamongits coordinates.
In ournotation,ICA canbewrittenas"nz|{D}~
�/k1�2 47698:+;k����s ��� ��t #�z|{D}R$>"0')	+*?�
where # z3{w} $&"0'�	+* measuresthe degreeof statisticalde-
pendenceof thecoordinatesystem" for thetrainingdataset	 . Let usnow definedifferentialentropy ��$>��* of thepro-
cessobeying �  .��$>�0* T
�UF���  $&�g*�[q\k2��  $>�g*����R� (2)

A convenientmeasureto quantifythestatisticaldependency
amongthecomponentsof � is theso-calledmutualinfor-
mation:� $&��*�
 ���  $>�g*�[9\=2 �  $>�g*� �W X � �!���u$C� W * ���
 U.��$&��*w� �V W X � ��$C� W *u�
which is simply relative entropy between�  andtheprod-
uct of themarginals ��� � �3� . We notethat

� $&��*.
�� if and
only if thecomponents� � ���������y� � aremutuallyindepen-
dent. Now, we canwrite the inefficiency of thecoordinate
system" as# z|{D} $&"0'�	+*%
 � $>J�*g
�U.��$>J`*Z� �V W X � ��$&c W *?� (3)

where JK
�" M � � . As mentionedearlier, it is extremely
difficult to haveagoodestimatel�  (or l�!� ) for large � , and
eventhecasewith ����� is difficult in practice.Therefore,
Comonproposedto approximate(3) usingthe Edgeworth
expansionof � � aroundthe multivariatenormaldistribu-
tion with the samemeanandvarianceasthe original pro-
cess,andthis amountsto usingthehigherordercumulants
of J . This computationalprocedureis evenmorecompli-
catedandexpensive thanKLB; it costsv7$&�Zd?  ¡ � * . There-
fore,theICA of Comonis notfeasiblefor theproblemswith
veryhighdimensions,�£¢ �

.

2.3. Joint BestBasis

In the meantime,Wickerhauserproposeda JBB that is
theminimumentropy basisamongall thebasesin thespec-
ified dictionaryof orthonormalbases[9, Chap.11]. The
JBBcriterionis simplywrittenas:"¥¤ :w: 
0/�132H47698:+;§¦ O $ lP5Q "^S¨*?�



A key differencefrom (1) is that " is searchedwithin a
specifieddictionaryof orthonormalbases© insteadof all
possiblerotationsAB$C�D* . Therefore,its computationalcom-
plexity is reducedto v7$&�gQ [q\k2���S«ªk* , where¬
�® for wavelet
packet dictionariesor ¬�
°¯ for local Fourierdictionaries.
Recallthata dictionary © containsmorethan ¯ � different
orthonormalbases[9]. Moreover, sinceeachfeatureis lo-
calizedboth in the spaceand spatial frequency domains,
analysisandinterpretationof theimagesbecomeeasierand
moreintuitive.

3. LeastStatistically-DependentBasis

Facedwith thedifficulty of ICA, it makessenseto find
a basisfrom a dictionaryor library of basesthatminimizes
the statisticaldependency amongthe coordinates.To do
this, let usconsidera changeof thebasisof � in thedefi-
nition of thedifferentialentropy (2). We caneasilyget��$&J�*+
���$>" M � ��*g
0��$&��*w��[q\k2n'y��±?²�$&" M � *�'³�
Therefore,if " is a volume-preservinglinear transforma-
tion, or morespecifically, " �µ´�G $&�I� � * , thenthedifferen-
tial entropy is invariant undersuchtransformations.��$&J~*g
���$>" M � ��*g
0��$&��*?�
Thisinvariancepropertyis thekey for ourLSDB algorithm.
As long aswe dealwith the basesin

´�G $C�I� � * , we do not
needto computeor estimate��$&��* in (3). The degreeof
thestatisticaldependenceamongthecoordinatesin a basis
can be quantifiedby only consideringthe secondterm in
(3) i.e., the sumof the differentialentropy of the individ-
ualcoordinates.Ourrecentdiscussionwith J.O.Strömberg
clarifiedthat

´�G $&�I� � * containsnotonly AB$&�D* includingall
the orthonormalwavelet packet dictionariesand local co-
sine/sinedictionaries,but alsoall thebiorthogonalwavelet
packetdictionariesvia thefastrotationalgorithms[3, Chap.
2]. Thesebiorthogonaldictionariessignificantly increase
our “vocabulary.”

Now, we can statethe selectioncriterion of our Least
Statistically-DependentBasis(LSDB):" o·¶§¸ : 
0/�132H4B6q8:g;§¦ �V W X � ��$&c W *?� (4)

The LSDB is thus obtainedby minimizing the sum of
the coordinate-wisedifferential entropy among all pos-
sible (bi)orthogonal basesin a specified dictionary of
(bi)orthogonalbases© . We note that the basissearchin
(4) is fast sincethe sum of the coordinate-wisedifferen-
tial entropy is anadditivemeasure.In practice,asHall and
Morton[4] suggests,theentropy ��$&c W * canbeestimatedbyl��$&c W *g
�U ®� �V¹ X � [9\=2 l��º��u$&c W � ¹ *u�

where l��º�� is a histogramestimatorof thepdf �kº�� , and c W � ¹
is the _ th expansioncoefficient(relativeto " ) of thetraining
vector � ¹ , »~
j®=��������� � . Sincethehistogramcomputa-
tion is relativelycheap,thecomputationalcomplexity of the
entirealgorithmis dominatedby thecostof expandinginput
imagesin a dictionaryof bases,whichcostsv7$&�gQ [q\k2���S«ªk* .
Remark 3.1. We can contrastour LSDB with KLB and
JBBnow. In theLSDB criterion(4), wehave�V W X � ��$&c W *g
 �V W X � a½¼q[q\k2 ®�kº���¾ �
On the other hand, for KLB and JBB assumingthatf �W X � a¿Q cÀdW S�
�® , wehave�V W X � O $&aNQ c dW S¨*RÁ �V W X � aNQ O $&c dW *)S�
 �V W X � aÃÂÄ[9\=2 ®c d ºwÅ�W Æ �
wherewe usedJensen’s inequality. We caneasilyseethat
thecriterionusedin KLB andJBB is not suitablefor mea-
suringdependency amongthecoordinatesin a basis.

4. Applications

In thissection,wediscusstwo applicationsof theLSDB.
We usea set of faceimages,so-called“Rogues’ Gallery
Problem”to demonstrateour ideas.Thisdatasetconsistsof
digitized picturesof facesof 143 people. These143 peo-
ple area specificgroupof people;Caucasianstudents(and
somefaculty) at Brown University, without glasses,mus-
tache,beard.Thedatasetwasprovidedto usby L. Sirovich
via M. V. Wickerhauser. For moredetaileddescriptionof
theseimages,see[5]. We notethathorizontaldilation has
beenapplied so that the pupils are placedon two fixed
points if necessary. We first removed the “averageface”
from eachfaceto make“caricatures,” asKirby andSirovich
put it [5]. All of ourbasiscomputationsandprocessingare
basedon thesecaricatures,and the averagefaceis added
backto the resultswhenthey aredisplayedin the figures.
For all theJBB andLSDB computations,we usethe mul-
tiple folding 2D local cosinedictionary(with DCT IV) [2].
We notethatthepreliminaryversionof theexperimentsus-
ing themultiple folding LCT with DCT II-III implementa-
tion werealsoreportedin [7]. In thefollowing experiments,
weusethetrainingdataset	 containing72faceimagesran-
domlyselectedfrom thetotal 143faces.

4.1. Compression–Approximation

An obviousapplicationof theLSDB is imagecompres-
sion/approximation.Sincethe redundancy is reducedex-
plicitly usingthecriteria(4), ourstrategy is simple:sortthe
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Figure 1. Comparison of KLB, JBB, and LSDB.
The original data was not in the training
dataset.

LSDB coordinatesin decreasingorderin energy, keeponly
the top È coordinatesinsteadof � , andapply the inverse
transform.For theKLB andJBB,weusethesamestrategy.
We now examinehow thesebasescompress/approximate
thefacesnot in thetraining dataset.Figure1 comparesthe
performanceof thesethreebases.Sincethetotalnumberof
thecomputableeigenfaces(i.e.,theKLB vectors)are72for
thistrainingdataset,wefirst comparedtheKLB approxima-
tion with thoseusingthemostenergetic72 JBBandLSDB
vectors. These72 vectorswereselectedby accumulating
the energy of the coordinatesof the entire72 training im-
ages.If thetargetimagewerein thetrainingdata,thenthe
KLB approximationwould be perfect. However, because
the target imageis in fact not in the training dataset,the
approximationusingthese72 KLB vectorsis not impres-
sive. In fact, it is not clearwhetheronecanjudgewhether
this approximationrepresentsthesamepersonastheorig-
inal image.Using theKLB, we cannotdo betterthanthis.
Now, let us examinethe JBB andLSDB approximations.
Let usfirst notethattheLSDB nicelysplit thefacesinto the
regionscorrespondingto hairs,foreheads,eyesandcheeks,
chins,andbackgrounds.In particular, theregionaroundthe
eyesaresplit into a setof small segments.It is interesting
to notethatKirby andSirovich carefullysegmentedout the
oval-shapedportionof thefacescontainingtheeyes,noses,
and mouthsand removed all the backgroundportion and
mostof thehairportionfor theircompressionanalysissince
“it significantlyreducedtheaccuracy of theexpression”[5].
Wenotethatthisnaturalsplittingwasdoneautomaticallyin
ourcase.On theotherhand,JBB simply splits imagesinto
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Figure 2. Comparison of the approximations
with 800 terms of various bases.

fourquadrants.The72termapproximationsby theJBBand
LSDB shown in Figure1 arenotnecessarilybetterthanthe
oneby theKLB. However, they offer muchmorethanthe
KLB. With theJBB andLSDB, we canusemoretermsto
performbetterapproximation.With themostenergetic800
terms(i.e., about6% of the total numberof dimensions)
insteadof 72 terms,we canget the very goodapproxima-
tion asshown in Figure2. In this figure, we comparethe
performanceof thewaveletbasiswith the12-tapCoifletfil-
ter, Block DCT with windows of ÐNÑµÐ pixels,LSDB with
multiple folding LCT, andJBB with multiple folding LCT.
WeobservethattheLSDB approximationperceptuallyper-
formsbest,especiallyaroundimportantsignaturessuchas
theeyes,nose,andmouth.

4.2. Probabilistic Modeling

Let usnow considerhow to build a probabilisticmodel
of this classof imagesandhow to samplea typical or rep-
resentativefaceof thisgroup.

We startwith the simplestmodel. This modelassumes
that the LSDB coordinatesarereally statisticallyindepen-
dent,i.e., a probabilisticdescriptionof a classof imagesis
a productof empiricalmarginal pdf’sof theLSDB coordi-
nates.We cantheneasilysimulatetypical imagesfrom this
modelby 1) independentlysamplingtheLSDB coefficients
usingthestandardsamplingmethodssuchastheinversion
methodor therejectionmethod(see[6] for thesesampling
methods),and2) performingtheinversetransformfrom the
LSDB coordinatesto thepixel coordinates.Theupper-left
imageof Figure3 is asimulatedfaceobtainedthisway. It is
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Figure 3. Comparison of the “ne w faces.”

safeto saythatthis faceis far from a representative faceof
thisclassof images.Thisexperimentclearlyshowsthatthe
LSDB coordinatesarenotyetmutuallyindependentfor this
dataset.Synthesisusingthe JBB coordinates(not shown)
doesnotwork well either.

AcceptingthattheLSDB doesnot provideuswith truly
independentcoordinates,therearetwo waystogo. Oneis to
modelthedependency amongtheLSDB coordinates,start-
ing from a simpledependency modelsuchasthe pairwise
dependency model, which we are currently investigating.
Here,wereporttheothermethod.We form È -dimensional
featurespaceby selectingthe top È LSDB coordinates,
then further rotatethis featurespacecoordinatesby com-
putingtheKLB to have decorrelatedcoordinates.This can
bequitepowerful sincetheseÈ coordinatesarealreadysta-
tistically lessdependentthan the original coordinatesand
we cancomputethe È -dimensionalKLB ratherquickly ifÈ½ÒÓ� .

In Figure3, we comparetherealizationsfrom threedif-
ferentmodels.Theupper-right imageis a realizationfrom
themodelusingthe72eigenfacescomputedin theprevious
subsection.Here,we alsoassumedthattheeigenfacecoor-
dinatesaremutually independent,andsampledthe typical
coefficientsfrom eachcoordinateindependently. Weabbre-
viatethismodelasKLB-STD. Thelower-left imageis a re-
alizationof themodelusingtheKLB of thetop800JBBco-
ordinates.Finally, the lower-right imageis a realizationof
themodelKLB-LSDB, i.e., theKLB of thetop 800LSDB
coordinates.Thesearereally “new faces”;they do not ex-
ist in the training dataset(of course,in this world, there
mayexist realpeoplewho resemblethesefaces).Thereal-
izationsusingtheKLB-JBB modeltendto bemoreblurry
thantheothertwo models.TherealizationsusingtheKLB-

STDaresharperbecausethey arelinearcombinationsof the
original trainingimages,but they look unnatural.Thereal-
izationsusing the KLB-LSDB model, on the other hand,
areslightly blurry, but look morenaturalthantheothertwo
models.

5. Conclusion

We proposedasimpleandrapidalgorithmto constructa
goodcoordinatesystem,LSDB,which is “close” to thesta-
tistically independentonefrom a (bi)orthogonalbasisdic-
tionaries,clarifiedthedifferencebetweentheLSDB andthe
JBB of Wickerhauser, anddemonstratedsomeof its appli-
cations.We arecurrentlyinvestigating1) how to modelthe
dependency amongtheLSDB coordinates,2) how to model
texturesfrom a singletraining image,3) applicationto de-
noising,and4) incorporationof the biorthogonalandori-
entationsensitive dictionariessuchasthebrushletsandthe
localFourierdictionary.
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