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Abstract

Statistical independencés one of the most desiable
propertiesof a coordinatesystenfor representingagndmod-
eling images. In this paper we proposean algorithm to
rapidly constructa coodinatesysteniclosest” to the sta-
tistically independendnefroma dictionaryof basesud as
thewaveletpadetsandlocal Fourier bases.Thecriterion
isto minimizethesumof thecoordinate-wisalifferentialen-
tropy andis quite differentfrom the Joint BestBasis(JBB)
of Wickerhauser We demonstate the useof the LSDBfor
image approximationand modeling and compae its per
formancewith Karhunen-L@&veBasis(KLB) and JBB.

1. Intr oduction

Supposewe are given a set of similar imagessuchas
humanfacesand we want to learn the characteristicof
thoseimages,i.e., to representhem efficiently and build
aprobabilisticmodelthatcangenerateen imageghatare
similar to thosegivenimages. What shouldwe do, then?
The bestpossiblescenariowould be to find a statistically
independentoordinatesystem(basis)of that classof im-
ages. With this coordinatesystemwe could achieve opti-
mal compressiorof the imagesin that classby transmit-
ting eachcoordinatgfeature)separatelysingquantization
schemealependingon the maiginal distribution of eachco-
ordinate.Moreover, acompleteprobabilisticdescriptionof
animageclasswvould bemadepossibleny simply character
izing the probability distributionsof eachcoordinate.This
would allow usto sampleor simulateasmary new images
from this probability model as we want so that we could
examine“typical” imagesin this classand how they look
like. This would be a greattool for imagediagnostics.In
reality, however, it may not be possibleto obtaintruly in-
dependentoordinatedecausd) thedatamaynotbecom-
posedof truly independenteaturesn thefirst place,and?2)
evenif theimagesconsisiof independerfieaturesit maybe

toodifficult to constructafeasiblealgorithmto extractsuch
independenteaturesfaithfully becausef the high dimen-
sionalityof theproblem.Thereforejt makessensdo devise
analgorithmto rapidly computea good coordinatesystem
which is “closest” to the statisticallyindependenbne,and
to examinehow muchwe canachiezein approximatiorand
probabilisticmodelingusingsuchcoordinatedy assuming
thatthey arein factindependent.

Let usfirst review a few coordinatesystemsproposed
previously for suchapplications.

2.PCA, ICA, JBB, and All That

Let X € R™ beaninputimagespace,.e., a setof all
imagesof a particularclassunderconsiderationwheren is
a numberof pixelsin eachimage. Supposewne aregiven
N training (sample)images. T = {X,... , Xy} C X,
andlet usassumehatthesémagesare N independenteal-
izationsof somestochastigrocessvhoseprobability den-
sity function(pdf) is fx. Theultimatecharacterizatioof a
givenimageclassentailsestimatingfx from the available
trainingdatasef. Estimatingtheempiricalpdf from avail-
ablesampleshowever, is very difficult becausef the high
dimensionalityof theinput spaceX (curseof dimensional-
ity); we needa huge numberof training samplego geta
reliableestimateof fx, whichwe normallycannotaccess.

Now, let us considerwhatis a good coordinatesystem
to representand modeltheseimages. Let B is ary basis
spanningX C R™. We alsoview B asa matrix whose
columnsarethebasisvectorsin X. Let (B | T') beacertain
functionalmeasuringhe costor inefficiency of thebasisB
for our problemat handgiven a training datasetl. Then,
we seekthe bestcoordinatesB,

B, = arg g1€1rL1 C(B|7),

wherel is a setof all possiblebaseaunderconsideration.
Whetherwe constrainour searchby restricting L or not
makesa big differenceaswe will seesoon.



2.1 Karhunen-Loéeve Basis—Principal Component
Analysis

TheKarhunen-L@vebasis(KLB) a.k.a.PrincipalCom-
ponentAnalysis(PCA) providesuswith a decorrelatedo-
ordinatesystem.The KLB vectorsarethe eigervectorsof
the autocorrelation(or covariance)matrix of the process
obeying fx. The KLB satisfiesa numberof optimality
criteria, andin particulay it is the minimumentiopy basis
amongall theorthonormabase(n), i.e.,all therotations
of the coordinatesn R” [8]. Let B be ary basis(not nec-
essarilyorthonormaljn R”, i.e., B € GL(n,R), andletY
be the coordinateof theimage X relative to the basisB,
i.e.,Y = B~'X. Entropy of the enegy distribution over
thecoordinateaxescanbe considereastheinefficiency of
that coordinatesystem(i.e., the largerthe entropy, theless
efficient for featurecompression).Let us now definethe
entopyfunctionas

h(vB)) £

— il B]logvi[B],

i=1
where~;[B] is anormalizedenegy (or variance)of theith
coordinateof B, i.e., vi[B] = E[Y?]/Y7_, E[Y}], or
vilB] = Var[Y;]/ 377, Var[Y;]. In practice,we needto
usethe sampleestimatesy;[B] of v;[B] usingthe training
datasefl. Then,theKLB is characterizethy

Birp = arg Bferg?n) h(¥[B]). 1)

Ontheotherhand KLB hasseveraldravbacks.First of
all, thecriterion(1) doesnotmeasuré¢hestatisticaindepen-
denceof the coordinates.The KLB only takescareof the
secondorderstatisticsj.e., it does“decorrelatiori. There-
fore,the KLB is only optimalfor the multivariateGaussian
datasincethe decorrelationmplies the independencéor
Gaussiardata. The next seriousproblemis aninaccurag
of the sampleestimateof the autocorrelatioror covariance
matricesof the underlyingprocessfx. In generalwe do
not know thesematricesa priori, therefore we needto es-
timatethemusingthe availabletraining samples.This in-
accurag is particularlyseverefor largen (dimensiorof the
problem)with small N (the numberof training samples).
We will demonstratehis problemin Section4. The KLB
computationcostsO(min(n, N)3) (seemore detailedex-
planationin [7]). Note that having a small N is adwanta-
geousonly for computationakpeed not for the statistical
accurag. Ontheotherhand,if N increasesthenthe com-
putationalcostincreasesubically. Thisis adilemmaof the
KLB computation.

2.2 IndependentComponentAnalysis

To overcomethelimitation of the PCAto the secondbr-
der statistics,Comon[1] proposedhe so-calledindepen-

dentComponentAnalysis (ICA). Given a training dataset
T, ICA triesto find a invertible linear transformatiorthat
minimizesthestatisticadependencamongits coordinates.
In our notation,ICA canbewrittenas

Broa =arg min Croa(B|7),

BEGL(n,R)
whereC;c4(B|T) measureshe degreeof statisticalde-
pendencef thecoordinatesystemB for thetrainingdataset

T. Letusnow definedifferentialentrofy H (X)) of thepro-
cesobeying fx .

H(X)A - / Fx () log fx (z)dz. 2

A corvenientmeasurdo quantifythestatisticaldependeng
amongthe component®f X is the so-calledmutualinfor-
mation

/ fx(x)log 71_[@_](:5;)(%) dx

i=1

I(X)

which s simply relative entrogy betweenfx andthe prod-
uctof themaminals{ fx, }. We notethat/(X) = 0 if and
only if thecomponentsXy, ... , X,, aremutuallyindepen-
dent. Now, we canwrite the inefficiency of the coordinate
systemB as

Croa(B|T)=I1(Y) = —H(Y)+ Y H(Y), ()

whereY = B~!X. As mentionecearliet it is extremely
difficult to ha/eagoodestimatefx (orfy) for largen, and
eventhe casewith n > 3 is difficult in practice.Therefore,
Comonproposedo approximate(3) usingthe Edgevorth
expansionof fy aroundthe multivariate normal distribu-
tion with the samemeanand varianceasthe original pro-
cessandthis amountgo usingthe higherordercumulants
of Y. This computationaproceduras evenmorecompli-
catedandexpensve thanKLB; it costsO(n?°N). There-
fore,thelCA of Comonis notfeasiblefor theproblemswith
very highdimensionsp > N.

2.3. Joint BestBasis

In the meantime Wickerhauseproposeda JBB thatis
theminimumentrogy basisamongall thebasesn thespec-
ified dictionary of orthonormalbased9, Chap.11]. The
JBB criterionis simply written as:

Bipp = arg min h(y[B)).



A key differencefrom (1) is that B is searchedwithin a
specifieddictionary of orthonormalbasesD insteadof all

possiblerotationsO(n). Thereforejts computationatom-
plexity is reducedo O(n[log n]?), wherep = 1 for wavelet
paclet dictionariesor p = 2 for local Fourier dictionaries.
Recallthata dictionaryD containsmorethan2™ different
orthonormabased9]. Moreover, sinceeachfeatureis lo-

calizedboth in the spaceand spatialfrequeny domains,
analysisandinterpretatiorof theimageshecomeeasierand
moreintuitive.

3. Least Statistically-DependentBasis

Facedwith the difficulty of ICA, it makessenseo find
abasisfrom a dictionaryor library of baseghatminimizes
the statisticaldependeng amongthe coordinates. To do
this, let us considera changeof the basisof X in the defi-
nition of thedifferentialentropy (2). We caneasilyget

H(Y)=H(B™'X) = H(X) +log|det(B™)|.

Therefore,if B is a volume-preservingdinear transforma-
tion, or morespecifically B € SL(n, R), thenthedifferen-
tial entroyy is invariant undersuchtransformations.

H(Y)=H(B'X)=H(X).

Thisinvariancepropertyis thekey for ourLSDB algorithm.
As long aswe dealwith the basesn SL(n, R), we do not
needto computeor estimateH (X) in (3). The degreeof
the statisticaldependencamongthe coordinatesn a basis
can be quantifiedby only consideringthe secondterm in
(3) i.e., the sumof the differentialentrogy of the individ-
ual coordinatesOurrecentdiscussiorwith J.O. Sttombeg
clarifiedthatSL(n, R) containsnotonly O(n) includingall
the orthonormalwavelet paclet dictionariesand local co-
sine/sindlictionaries but alsoall the biorthogonalwavelet
pacletdictionariesvia thefastrotationalgorithmg3, Chap.
2]. Thesebiorthogonaldictionariessignificantly increase
our“vocahulary”

Now, we can statethe selectioncriterion of our Least
Statistically-Dependerasis(LSDB):

n
Brspp = arg min Z H(Y;). (4)
=1

The LSDB is thus obtainedby minimizing the sum of
the coordinate-wisedifferential entrory amongall pos-
sible (bi)orthogonal basesin a specified dictionary of
(bi)orthogonalbasesD. We note that the basissearchin
(4) is fastsincethe sum of the coordinate-wisalifferen-
tial entropy is anadditive measureln practice,asHall and
Morton[4] suggestsheentropy H(Y;) canbeestimatedy

N

~ 1 =

H(Y) =~ ) "log fv.(Yi),
k=1

Wherefyi is a histogramestimatorof the pdf fy,, andY j

is theith expansiorcoeficient(relatveto B) of thetraining
vectorX, k = 1,...,N. Sincethe histogramcomputa-
tionis relatively cheapthecomputationatompleity of the
entirealgorithmis dominatedy thecostof expandingnput
imagesin adictionaryof baseswhich costsO(n[log n]?).

Remark 3.1. We can contrastour LSDB with KLB and
JBB now. In the LSDB criterion(4), we have

n n

D HY) =) B

=1

1
logﬁ .

On the other hand, for KLB and JBB assumingthat
Y1 B[Y?] = 1, wehave

n

S HENZ) 2 Y B =3 E [bg YLY] ,

i=1

wherewe usedJensers inequality We caneasilyseethat
the criterionusedin KLB andJBB is not suitablefor mea-
suringdependengamongthe coordinatesn a basis.

4. Applications

In this sectionwe discusgwo applicationof theLSDB.
We usea setof faceimages,so-called“Rogues’ Gallery
Problem”to demonstrateurideas.This datasetonsistof
digitized picturesof facesof 143 people. Thesel43 peo-
ple area specificgroupof people;Caucasiarstudentgand
somefaculty) at Brown University, without glassesmus-
tache beard.Thedatasetvasprovidedto usby L. Sirovich
via M. V. Wickerhauser For more detaileddescriptionof
theseimagessee[5]. We notethathorizontaldilation has
beenapplied so that the pupils are placedon two fixed
pointsif necessary We first removed the “averageface”
from eachfaceto make “caricatures, asKirby andSirovich
putit [5]. All of ourbasiscomputationandprocessingre
basedon thesecaricaturesand the averagefaceis added
backto the resultswhenthey aredisplayedin the figures.
For all the JBB andLSDB computationswe usethe mul-
tiple folding 2D local cosinedictionary(with DCT V) [2].
We notethatthe preliminaryversionof the experimentaus-
ing the multiple folding LCT with DCT IlI-lll implementa-
tion werealsoreportedn [7]. In thefollowing experiments,
we usethetrainingdatasef containingr2faceimagesan-
domly selectedrom thetotal 143faces.

4.1 Compression—Aproximation
An obviousapplicationof the LSDB is imagecompres-

sion/approximation.Sincethe redundang is reducedex-
plicitly usingthecriteria(4), our strateyy is simple:sortthe
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Figure 1. Comparison of KLB, JBB, and LSDB.
The original data was not in the training
dataset.

LSDB coordinatesn decreasingrderin enegy, keeponly
the top m coordinatesnsteadof n, andapply the inverse
transform.FortheKLB andJBB, we usethe samestratayy.
We now examinehow thesebasescompress/approximate
thefacesnotin thetraining dataset.Figurel compareshe
performancef thesehreebasesSincethetotal numberof
thecomputablesigenficeqi.e.,theKLB vectors)are72for
thistrainingdatasetyefirst comparedheKLB approxima-
tion with thoseusingthe mostenegetic72 JBBandLSDB
vectors. These72 vectorswere selectedby accumulating
the enepy of the coordinatesf the entire 72 training im-
ages.If thetagetimagewerein thetrainingdata,thenthe
KLB approximationwould be perfect. However, because
the targetimageis in fact not in the training datasetthe
approximationusingthese72 KLB vectorsis not impres-
sive. In fact, it is not clearwhetherone canjudgewhether
this approximatiorrepresentshe samepersonasthe orig-
inal image. Usingthe KLB, we cannotdo betterthanthis.
Now, let us examinethe JBB and LSDB approximations.
Let usfirst notethatthe LSDB nicely splitthefacednto the
regionscorrespondingo hairs,foreheadsgyesandcheeks,
chins,andbackgroundsin particular theregionaroundthe
eyesaresplitinto a setof smallsegments.lt is interesting
to notethatKirby andSirovich carefully sggmentedutthe
oval-shapegbortionof thefacescontainingthe eyes,noses,
and mouthsand removed all the backgroundportion and
mostof thehair portionfor theircompressiomanalysissince
“it significantlyreducedheaccurag of theexpression[5].
We notethatthis naturalsplitting wasdoneautomaticallyin
our case.On theotherhand,JBB simply splitsimagesinto
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Figure 2. Comparison of the approximations
with 800 terms of various bases.

four quadrantsThe72termapproximation®y theJBBand
LSDB showvnin Figurel arenot necessarilpetterthanthe
oneby the KLB. However, they offer muchmorethanthe
KLB. With the JBB andLSDB, we canusemoretermsto
performbetterapproximation With the mostenegetic800
terms(i.e., about6% of the total numberof dimensions)
insteadof 72 terms,we cangetthe very goodapproxima-
tion asshawn in Figure2. In this figure, we comparethe
performancef thewaveletbasiswith the 12-tapCoiflet fil-
ter, Block DCT with windows of 8 x 8 pixels, LSDB with
multiple folding LCT, andJBB with multiple folding LCT.
We obsenethatthe LSDB approximatiorperceptuallyper
forms best,especiallyaroundimportantsignaturesuchas
theeyes,nose,andmouth.

4.2 Probabilistic Modeling

Let usnow considerhow to build a probabilisticmodel
of this classof imagesandhow to samplea typical or rep-
resentativdaceof this group.

We startwith the simplestmodel. This modelassumes
thatthe LSDB coordinatesarereally statisticallyindepen-
dent,i.e., a probabilisticdescriptionof a classof imagess
a productof empiricalmarginal pdf's of the LSDB coordi-
nates.We cantheneasilysimulatetypicalimagesfrom this
modelby 1) independentlamplingthe LSDB coeficients
usingthe standardsamplingmethodssuchastheinversion
methodor the rejectionmethod(see[6] for thesesampling
methods)and?2) performingtheinversetransformfrom the
LSDB coordinatego the pixel coordinates The upperleft
imageof Figure3 is asimulatedaceobtainedhisway:. It is
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Figure 3. Comparison of the “ne w faces.”

safeto saythatthis faceis far from arepresentatie faceof
this classof images.This experimentclearlyshovsthatthe
LSDB coordinatesrenotyetmutuallyindependentor this
dataset.Synthesisusingthe JBB coordinategnot showvn)
doesnotwork well either

Acceptingthatthe LSDB doesnot provide uswith truly
independentoordinatestherearetwo waysto go. Oneisto
modelthe dependengamongthe LSDB coordinatesstart-
ing from a simpledependeng modelsuchasthe pairwise
dependeng model, which we are currently investigating.
Here,we reportthe othermethod.We form m-dimensional
featurespaceby selectingthe top m LSDB coordinates,
thenfurther rotatethis featurespacecoordinatesy com-
putingthe KLB to have decorrelateatoordinatesThis can
bequitepowerful sincethesemn coordinatesrealreadysta-
tistically lessdependenthanthe original coordinatesand
we cancomputethe m-dimensionaKLB ratherquickly if
m L n.

In Figure 3, we comparetherealizationdrom threedif-
ferentmodels. The upperright imageis a realizationfrom
themodelusingthe 72 eigenficescomputedn theprevious
subsectionHere,we alsoassumedhatthe eigenficecoor
dinatesare mutually independentand samplecthe typical
coeficientsfrom eachcoordinatendependentlyWe abbre-
viatethismodelaskKLB-STD. Thelower-left imageis are-
alizationof themodelusingtheKLB of thetop800JBB co-
ordinates.Finally, thelower-right imageis a realizationof
themodelKLB-LSDB, i.e.,the KLB of thetop 800LSDB
coordinates.Thesearereally “new faces”;they do not ex-
ist in the training dataset(of course,in this world, there
may exist real peoplewho resemblahesefaces). Thereal-
izationsusingthe KLB-JBB modeltendto be moreblurry
thanthe othertwo models.Therealizationsusingthe KLB-

STDaresharpebecaus¢hey arelinearcombination®f the
originaltrainingimages but they look unnatural.Thereal-
izationsusing the KLB-LSDB model, on the other hand,
areslightly blurry, but look morenaturalthanthe othertwo
models.

5. Conclusion

We proposeda simpleandrapidalgorithmto construcia
goodcoordinatesystem . SDB, whichis “close” to the sta-
tistically independenbnefrom a (bi)orthogonalbasisdic-
tionariesclarifiedthedifferencebetweerntheLSDB andthe
JBB of Wickerhauseranddemonstratedomeof its appli-
cations.We arecurrentlyinvestigatingl) how to modelthe
dependengamongthe LSDB coordinates?) how to model
texturesfrom a singletrainingimage,3) applicationto de-
noising,and4) incorporationof the biorthogonaland ori-
entationsensitve dictionariessuchasthe brushletsandthe
local Fourierdictionary
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