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Abstract

Statisticaindependencis oneof the mostdesirablepropertieof a coordinatesystentor represent-
ing andmodelingimages.In reality, however, truly independentoordinatesnaynotexist for agivenset
of images,or it may betoo difficult to computethemin practice. Thereforewe proposea nev method
to rapidly computethe leaststatistically-dependenitasis(LSDB) from a basisdictionary(e.g.,thelocal
cosineor waveletpacletdictionaries)containinga hugenumberof orthonormalor biorthogonalbases.
Our new basisselectioncriterionis minimizationof the mutualinformationof the distributionsof the
basiscoeficientsasa measuref statisticaldependenceayhichin turn is equivalentto minimizationof
thesumof thedifferentialentrofy of eachcoordinatan the basisdictionary In this senseywe canview
this LSDB algorithmasthe best-basisversionof the IndependenComponentAnalysis (ICA), which
is increasinglygaining popularity This criterionis differentfrom that of the Joint BestBasis(JBB)
proposedy Wickerhauserwhich canbe viewed asthe best-basisersionof the Karhunen-L@we basis
(KLB).

We demonstratéhe usefulnessf the LSDB for imageapproximatiorandmodelingandcomparets
performancewith thatof KLB andJBB usinga collectionof real geophysicahcousticvaveformsand
animagedatabasef humanfaces.

Index Terms—Statisticaindependenceé{arhunen-L&ve expansionprincipalcomponenanalysis,
independentomponenanalysisdimensiorreduction bestbasis waveletpaclets,local cosine
transform,jmageapproximationjimagemodeling

1 INTRODUCTION

Supposewe are given a setof similar imagessuchas humanfaces(or a setof finger prints or a setof
mammogramsandwe wantto learn the characteristicef thoseimages,i.e., to represenbr approximate
themefficiently, analyzecertainfeaturesandbuild a stochastiomodelthat cangeneratenenv imagesthat



aresimilar to thosegivenimages.What shouldwe do, then? The bestpossiblescenariovould beto find
a statistically-indeprdent coordinatesystem(basis)of that classof images. With this coordinatesystem
we couldachiere optimalcompressiomf theimagesn thatclassby transmittingeachcoordinatgfeature)
separatelyisingquantizatiorschemedependingon the statisticsof eachcoordinate Moreover, acomplete
probabilisticdescriptiornof animageclasswould be madepossibleby simply characterizinghe probability
distributions of eachcoordinate. We could sampleor simulateas mary new imagesfrom this stochastic
modelaswe wantso thatwe canexaminevariability of imagesin this classandhow they look like. This
would be a greattool for imagediagnostics. In reality, howvever, it may not be possibleto obtaintruly
independentoordinatesecausel) the datamay not be composedf truly independenfeaturesin the
first place,and2) evenif theimagesconsistof independenteaturesjt may betoo difficult to constructa
feasiblealgorithmto extract suchfeaturesbecausef the high dimensionalityof the problem(imaginea
large databaseonsistingof 512 by 512 pixel images). Therefore,it makes senseto devise an algorithm
to rapidly computea goodcoordinatesystemwhichis “closest’to the statistically-indeprdert one,andto
examinehow muchwe canachiare in approximationand stochastianodelingusing suchcoordinatesy
assuminghatthey aretruly independent.

In fact, theimportanceof theindependentoordinatedaslong beenrecognizedy severalresearchers
in thevariousfieldsincludingstatistics signalandimageprocessingandpatternrecognition.Iln the seminal
paperby SatosiWatanabd1] aboutthe Karhunen-Lewe (KL) expansion—alsd&nown asPrincipalCom-
ponentAnalysis(PCA)—andits applicationto patternrecognition he aguedthejustificationof the useof
theKL coordinategor “featurecompressionasfollows:

It would be desirablefrom the viewpoint thatinformationcompressioimeanselimination of
redundanyg, to usevariableswhich are statisticallyindependentput in the absenceof such
variables statisticallyuncorrelatedrariablesmaybethe next best.

Then,hewentonto shav thattheKL basis(KLB) is theminimumentiopy basisamongall the orthonormal
basesn R", wheren is a numberof pixelsin imagesunderconsideration.This wasa greatachie&zement
around1965, andin fact, KLB was probablythe bestavailable featureextractiontool aroundthat time.
However, KLB-PCA only providesthe decorelated coordinatesandonly takes careof the secondorder
statistics.Of course|f the underlyingdataobeys the multivariateGaussiardistribution, decorrelatiorim-
pliesindependenceBut in general the naturalimagessuchasfacesarefar from Gaussiar(seee.g.,[2]).
Moreover, KLB-PCA hasotherdravbackssuchashigh computationatostandinaccurag of sampleesti-
mateof covariancematriceswvhichwill bedescribedn detailin Section2.

More recently the conceptcalledindependen€omponeninalysis(ICA) hasbecomepopularin par
ticular, in the field of signal processind3] and computationaheurosciencé4]. The ICA incorporates
higherorderstatisticshanKLB-PCA,; it triesto obtainthestatistically-indepncert coordinatesystenmore
directly thanKLB-PCA. It is very difficult, however, to computeit numerically in particularfor high di-
mensionablata,sincethey rely onthehigherordercumulants.
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Thirty yearssinceWatanabes work haschangedhe landscapeWe have now alibrary of local bases,
which consistsof variousdictionariesof basesuchaswaveletpaclet basesandlocal cosinebasesat our
disposahbsfeatureextractiontools. Theseareadaptablendflexible setof baseghatcanbetailoredto ones
needsvery efficiently. They have beenincreasinglypopularin variousfeatureextractionbusinessuchas
denoising[5, 6, 7], classificationandregression[8, 9, 10]. The authorand his colleaguesin particular
R.R. CoifmanandM. V. Wickerhauserave beenadwocatingthe useof theso-called'bestbasisparadigm”
consistingof thefollowing threesteps:1) Selecta bestpossiblebasisfrom a dictionaryor library of bases
by optimizinga certainfunctionalthatquickly evaluateshe efficacy of eachbasisin the dictionary/library
for the problemat hand;2) Discardthe unimportantcoordinatedrom the selectedbasis;and 3) Usethe
survived coordinatego solve the problem. Dependingon the problemat hand,we needto usea different
efficacy measurdor the basisevaluation,andit is of critical importanceo chooseanappropriateneasure.

Wickerhauseproposedhe so-called‘joint bestbasis”(JBB) with which hetried to alleviate someof
the dravbacksof the KLB-PCA [11]. Independentlyfrom Watanabehe proposedo find a basisfrom a
dictionarythat minimizesentropy of the enegy distribution over its coordinates Watanabes argumentis
thataKLB is thebestbasisover all possibleorthonormabasef R™ with respecto the minimumentrogy
criterionwhereadVickerhauses algorithmcanquickly computeanapproximatekKLB thatis the bestbasis
over all basesselectabldrom the dictionaryor library of orthonormabaseswith the samecriterion. Thus,
the JBB correspondso the KLB-PCA, but notto the ICA: it doesnot addresshe statisticalindependence
of the coordinate®xplicitly.

In this paperwe proposeyetanothebestbasisaimingmoredirectly to the statisticaindependencthan
KLB andJBB. Sincethereis no guaranteg¢hattheimagesunderconsideratiortonsistof truly independent
coordinatesacompromisedbut efficientstrat@y is to extractabasisvhosecoordinatesireleaststatistically
dependenfrom thedictionaryor library of basesWe call this basisthe leaststatistically-depetent basis
(LSDB).

This paperis organizedasfollows. In Section2, we setup our notationand briefly review the KLB-
PCA, ICA, andJBB usingour notation. In Section3, we considera measuref statisticaldependencef
a given basisand proposethe LSDB algorithm. In Section4, we apply LSDB to animportantproblem
of signalandimageapproximationand compareour methodwith KLB and JBB usingthe geophysical
acoustiowaveformsandthe humanfaceimages.Thenin Section5, we considerhow to build a stochastic
modelsgiven a collectionof similar signalsor images.We proposea few simplemodelsusingthe LSDB
coordinatesWe endthis papemwith discussiorof therelationof theLSDB to theothermethodsanddescribe
someof our ongoingandfuturework in Section6.



2 FEATURE EXTRACTION AND BASIS SEARCH

Let X € R™ beaninputimagespace,.e., a setof all imagesof a particularclassunderconsideration,
wheren is a numberof pixelsin eachimage. Supposene are given N training (sample)images, 7 =
{z1,... ,zy} C X, andlet us assumethat theseimagesare N independentealizationsof a random
vectorX € X whoseunknavn probability densityfunction (pdf) is fx. Theultimatecharacterizatioof a
givenimageclassentailsestimatingfx from thetrainingdataset’. Estimatingthe empiricalpdf from the
available samplesn T, however, is very difficult becausef the curseof dimensionality;we needa huge
numberof training samplego estimatefx reliably, which we normally cannotaccessor handle. In our
typicalssituation,we have n > N. Thereforewe needto reducethe dimensionalityof the problemwithout
losing importantinformationfor imageapproximatiorand modeling. As Scottmentionsin his book [12,
Chap.7], this strat@y is alsosupportedy theempiricalobserationthatmultivariatedatain R™ arealmost
never n-dimensionabndthereoften exist lower dimensionaktructuref data. Thatis, a classof images
oftenhasanintrinsic dimensionn < n (oftenm < n). Therefore it would be muchmoreefficientand
effective to analyzethe datain the smallerdimensionakubspacéF of X, if possible.We call F a featue
spaceandamap¢ : X — F afeatue extractor. Then,thekey is how to constructhis“good” featurespace
JF consistingof importantfeaturesandto designthe correspondindgeatureextractor¢.

Now, let us considerwhatarethe “good” featuresfor approximatiorand modelingof images.In this
study we defineimage featues as the expansioncoeficients (or their nonlinearfunctions)of animage
relative to somebasis.Let B beary basisspanningl C R™. Wealsoview B asamatrixwhosecolumnsare
the basisvectorsrepresenting3, andassumeB € GL(n, R), acollection(in facta group)of all invertible
real-\aluedmatricesof sizen x n. Let €(B | T') bea certainfunctionalmeasuringhe costor inefficiengy of
thebasisB for approximatiorandmodelingof theimageclassgiventhetrainingdatasefl. Then,we seek
thebestcoordinatess,:

B, = arg glelILl C(B|T),

wherelL is a setof all possiblebasesunderconsideration Whetherwe constrainour searchby restricting
L or not makes a big differenceaswe will seesoon. Now the featureextractor ¢ canbe definedasthe
selectiorof m coordinatedrom the basisB, potentiallyfollowedby somenonlineamappingof them(e.g.,
computingenegy).

Karhunen-Loewe Basis—Principal ComponentAnalysis

TheKarhunen-Léwe basis(KLB), alsoknown asPrincipalComponeninalysis(PCA), providesa decor
relatedcoordinatesystem. The KLB vectorsarethe eigervectorsof the covariancematrix of the process
obeying fx. TheKLB satisfiesanumberof optimality criteria,andin particular it is the minimumentiopy
basisamongall the orthonormalbasedO(n), i.e., all therotationsof the coordinatesn R™ [1]. Let B be
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ary basisB € O(n), andletY = BT X bethecoordinate®f theimageX relative to thebasisB. Entropy

of the enegy distribution over the coordinateaxescanbe consideredastheinefficiengy of thatcoordinate
systemsincetheentropy of theenegy distribution measureghe ‘evennessor ‘flatness’of thatdistrikbution.

Hence,in generalthelargerthe entropy, thelessefficient for imageapproximation.Notethatthis entrogy

is differentfrom the Shannorentropy of the processX, which we discussin the next sectionin details.
Watanabes viewpointis to interprettheenegy distribution over the coordinategafternormalization)asthe

discreteprobability distribution. Let usnow definethe entropyfunctionas

h(v[B]) £ = ilB]logilB],

i=1
wherey;[B] isanormalizecenegy (or variance)f theith coordinateof B, i.e.,v;[B] = E[Y?]/ > i-1 E[Yj?],
orv;[B] = Var[Y;]/ »_%_, Var[Yj]. In practice we needto usethe sampleestimatesy;[B] of v;[B] using
thetrainingdatasefr. Then,theKLB is characterizethy
Birp = arg min h(3[B)). 1)

On the otherhand, the KLB hasseveral dravbacks. First of all, the criterion (1) doesnot measure
the statisticalindependencef the coordinates. The KLB only takes careof the secondorder statistics:
it doesjust “decorrelatiori, andgivesus only “the next best” coordinatesas Watanabeput it. Therefore,
the KLB provides a statistically-indeprdent coordinatesystem—which is the bestthing one can hope
for descriptionand modeling—onlyfor the multivariate Gaussiardatasincethe decorrelatioimplies the
independencéor Gaussiardata. The next seriousproblemis an inaccurag of the sampleestimateof
the covariancematrix of the underlyingprocessfx. In general,we do not know this matrix a priori,
thereforewe needto estimateat usingthe availabletrainingsamplesThisinaccurag is particularlysesere
for large n (dimensionof the problem)with small N (the numberof training samples). This entangles
with the computationatompleity asfollows. Let T bethe samplemeanof thetrainingdataset, andlet
X =(x1—=, - ,&y—x) € RN Thenthesamplecovariancematrixis %XXT. Supposé¢hesingular
valuedecompositio{SVD) of X is X = UXVT. (Thereis no needto performfull SVD in practice.This
is just for the explanationof the KLB computation.)Note thattherank of X is min(n, N). Thereforejf
n < N (thisis aclassicalsituationin statisticswherethe dimensionalityis smallandthe large numberof
samplesareavailable),theKLB is Bx g = U € O(n) andits computationatostis O(n?) for solvingthe
eigevalue problem, X XU = ULET. Now if n > N (mostof our problemsof interestare underthis
catgyory), the columnvectorsof XV arethefirst N eigewectorsof the samplecovariancematrix %XXT
becauseX XT XV = XVETE. Wethenneedto solve the eigevalue problemX” XV = VTS which
is simplyan N x N problem,i.e., requiresO(N3) computation.In summarythe KLB computatiorncosts
O(min(n, N)3). Note thathaving a small N is advantageousnly for computationakpeed,not for the
statisticalaccurag. Ontheotherhand,if N increaseghenthecomputationatostincreasesubically This
is adilemmaof the KLB computation.



2.1 IndependentComponentAnalysis

Tolift thePCAfrom its limitation to the secondorderstatistics Comon[3] proposedheso-calledndepen-
dentComponen®nalysis(ICA). Bell andSejnavski discussedhe closelyrelatedconceptof “information
maximization"andits neuralnetwork implementatiorj4].

Given a training datasetT, the ICA tries to find an invertible linear transformationn GL(n,R) that
minimizesthe statisticaldependencamongits coordinatesin our notation,ICA canbewrittenas

B = i C B|T
1cA argBE(I}nLl(l;ll,R) 1ca(B|7),

whereCrc4 (B |T) measureshe degreeof statisticaldependencef the coordinatesystemB using the
trainingdatase®. Let usnow definedifferentialentroly H(X) of theprocesbeying fx.

H(X) 2 - / fx(x) log fx(z)dz. @)

A corvenientmeasureo quantify the statisticaldependencamongthe component®f X is the so-called
mutualinformation

n
/fX log Ix(@ ) d:c = —H(X)+ Y H(X;),
which is simply relative entiopy betweenfx andthe productof the maginal pdf's {fx,}. We notethat
I(X) = 0 if andonly if the componentsXy,... , X,, aremutuallyindependentNow, we canwrite the

inefficiengy of thecoordinatesystemB € GL(n,R) as
Croa(B|T) =1(Y) = —H(Y)+ Y H(Y)), (3)

whereY = B~1X, andthefI(Y) and{ﬁ(Yi)} aretheempiricalestimate®f the corresponding@ntropies
usingthetrainingdatasef. It is extremelydifficult, hovever, to have agoodestimateof H(Y') viatheem-
pirical pdf fy for largen, andeventhecasewith n > 3 is difficult in practice.Therefore Comonproposed
to approximatg3) usingthe Edgevorth expansionof fy aroundthe multivariatenormaldistribution with
the samemeanandvarianceasthe original processandthis amountgo usingthe higherordercumulants
of Y. This computationaprocedurds even more complicatedand expensve thanthat of KLB; it costs
O(n?5N). Thereforethedirectapplicationof theICA of Comonis notfeasiblefor the problemswith very
highdimensionpn > N.

A dictionary and library of bases

Throughouthis studywe will usethelocal basislibrary asabasictool to extractfeaturessincethis library
canresole the problemsof the PCA andthe ICA. Below we will summarizethe characteristicof this
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library. For the details,see[13, 14, 15, 16, 17]. This basislibrary consistsof a collection of the local
basisdictionaries suchaswaveletpaclets,local cosine/sindaseslocal FourierbasesandbrushletsEach
dictionaryconsistof aredundanhumber(e.g.,n log n) of the basisvectorswith the specificcharactersn
scale,position,andfrequenyg. Thesebasisvectorsare organizedasa quadtreen a hierarchical manner
rangingfrom very localizedspikesto global oscillationswith differentfrequenciegandorientationdn the
local Fourier and brushletdictionaries). Expandingan imageinto sucha dictionaryis fast, O(n[log n|F),
wherep = 1 for a wavelet paclet dictionaryandp = 2 for the local cosine/sine/&urier and brushlet
dictionaries.Thanksto this tree structure eachdictionarycontainsa hugenumberof possiblebaseqe.g.,
morethan2” bases).Moreover, one can usethe bottom-upprocedureo efficiently searcha good basis
tailoredto aspecificapplicationfrom suchahugenumberof possiblebasedy optimizinga certaincriterion.
This searchalgorithm, using divide-and-conque{i.e., split-and-mege) algorithm, is calledthe best-basis
algorithm[13]. Therefore this dictionaryprovidesanadaptve, flexible, hierarchicalandcomputationally
efficient setof featuresat our disposal.With a library of basesn our handsour patterndescriptve powver
are enhancedyet we cankeepits computationacompleity low. This stratgly—viewing animageasa
collectionof moremeaningfulfeaturesratherthana collectionof pixels—alsoappeargo be emplgredin
the primatevision-brainsystemg18, 19].

Joint BestBasis

Underthe best-basiparadigmWickerhausefl1] proposedindependenthfrom Watanabepn conceptof a
JointBestBasis(JBB) thatis theminimumentrofy basisamongall thebasesn adictionaryof orthonormal
basesWickerhauses original motivationwasto computethe KLB vectorsandcoeficientsapproximately
but efficiently. The JBB criterionis simply written as:

Bypp = arg min h(3(B]).

A key differencefrom (1) is that B is searchedvithin a specifieddictionaryof orthonormabasesD instead
of all possiblerotationsO(n). Thereforejts computationatompleity is reducedo O(n[lognl?),p = 1,2.
Recallthata dictionaryD containsmorethan2™ differentorthonormalbaseq15]. Moreover, sinceeach
featureis localizedbothin spaceandspatialfrequeng, theanalysisandinterpretatiorof theimageshecome
easierandmoreintuitive.

3 LEAST STATISTICALL Y-DEPENDENT BASIS

Facedwith the difficulty of ICA, it malkessenseto find a basisfrom a dictionaryor library of baseghat
minimizesthe statisticaldependencamongits coordinatesTo do this, let usconsidera changeof the basis
of X in thedefinitionof thedifferentialentrofy (2). We caneasilyget

H(Y)=H(B 'X)=H(X) +log|det(B')| = H(X) — log | det(B)|.
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Thereforejf B is avolume-preservingjineartransformationpr morespecifically B € SL(n, R), thenthe
differentialentroy is invariant undersuchatransformation:

H(Y)=H(B™'X) = H(X).

This invariancepropertyis the key for our algorithm. The degreeof the statisticaldependencamongthe
coordinatesn abasisin SL(n, R) canbequantifiedby only consideringhesecondermin (3), i.e.,thesum
of thedifferentialentroyy of theindividual coordinatesEstimatingH (X) of highdimensionalmagess an
extremelydifficult task,but we do not needto estimatet aslong aswe compareheefficagy of thebasesn
SL(n, R). Ourrecentdiscussiorwith J. O. Strombeg clarifiedthatSL(n, R) containsall the biorthogonal
wavelet paclet dictionariesif they arerealizedby the fastrotationalgorithmsdescribedn [20, Chap.2].
ThesebiorthogonaHlictionariessignificantlyincreaseour “vocalulary” for patterndescription.
Now, we canstatethe selectioncriterionof our LeastStatistically-DependéerBasis(LSDB):

n
Brspp = a,rgglei%ZH(y;). (4)
=1

The LSDB is thusobtainedby minimizing the sumof the coordinate-wisalifferential entroly amongall
possible(bi)orthogonabasesn a specifiedbasisdictionaryD. We notethatthe basissearchin (4) is fast
sincethe sumof the coordinate-wisdaifferentialentrofy is an additve measure.In practice,asHall and
Morton[21] suggeststheempiricalestimatefI(Y;) of theentropy H(Y;) canbe obtainedby

N
(V) =~ > log Fu(yie) ©)
k=1

wherefAyl. is anempiricalestimateof fy, usingthetrainingdataset” by eitherhistogramsor kernels,and
yik 1S the ith expansioncoeficient (relative to B) of the training vectorz,, £k = 1,... ,N. Sincethe
histogramcomputatioris relatively cheapj.e., O(n), thecomputationatompleity of the entirealgorithm
is dominatedy the costof expandinginputimagesn abasisdictionary i.e., O(n[log n]?).

Remark 3.1. We cancontrastour LSDB with KLB andJBB now. In the LSDB criterion(4), we have

éH(Yi) :éE [logfin].

Ontheotherhand,for KLB andJBBassuminghat}_" ; E[Y;?] = 1, we have

SR > Y B = 3B [lgy%] ,
i=1 i=1 i=1 ;

wherewe usedJensers inequality We caneasilyseethatthe criterion usedin KLB andJBB is not suit-
ablefor measuringlependencamongthe coordinatesn a basis.To illustratethis point, we conductedhe
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following simpleexperiments.Let X be a two-dimensionatandomvectorthatis generatedy two inde-
pendentuniform randomvariableon [—1, 1] followed by 45° rotation,andwe generated 000samplesas
displayedin Figurel (a). Then,we computedthe KLB, JBB, andLSDB. Both the JBB andLSDB were
obtainedusingthe HaarWalshdictionarysincewe have only n = 2 in this example. The original points
wereprojectedontothesecoordinateshatareshavn in Figurel (b),(c),(d). The LSDB recoreredtheinde-
pendentoordinatesThe JBB selectedhe standardasis(i.e.,no change) TheKLB selectedsomerotated
coordinatesystemwhich is similar to the standardasisratherthanthe 45° rotation. Becausehe original
distribution wasnot Gaussianthe KLB could not give us the independentoordinates We testedthe 15°

and30° rotationsinsteadof 45° rotationsothatthe LSDB with HaarWalshdictionarycannotexactly cap-
turetheindependentoordinatesin thesecasesthe LSDB selectedhe standardasisfor 15° rotation,and
45° rotationfor 30° rotation.TheJBB still selectedhestandardasisandtheKLB selectedheonesimilar
to thestandardasis for bothcasesHence the LSDB providedthe better(lessdependentyoordinateshan
theKLB andJBB.

4 SIGNAL AND IMA GE APPROXIMA TION BY LSDB

In this sectionwe apply the LSDB to signal and image approximationand compressiorproblems,and
comparéts performancavith thatof theKLB andthe JBB. Sincetheredundang is reducedxplicitly using
the criteria (4), our stratgy for approximatioris simple: sortthe LSDB coordinatesn enegy decreasing
order keeponly thetop m coordinatesnsteadof n, andapplytheinversetransform.FortheKLB andJBB,
we usethe samestrat@y. We usegeophysicahcoustiovaveformsandfaceimagedor our experiments.

4.1 Geoplysical Acoustic Waveforms

For the detailedbackgroundf this datasetsee[10]. Here,we wantto approximate/compreshe acoustic
waveforms(recordedin a boreholewith 256 time samplegper waveform) propagatedhroughsandstone
layersin thesubsurice.We have 201 such“sandwaveforms”asshavn in Figure2. Firstwe randomlysplit
theminto thetrainingdatasetonsistingof 101waveformsandthetestdatasetonsistingof 100waveforms.

First, we computedhe meansignalof thetrainingdataseandremovedthis meanwaveformfrom both
the training andtestdatasets.Then,we computedthe KLB, JBB, andLSDB of the training dataset.We
usedthelocal cosinedictionaryfor computingthe JBB andLSDB sincethelocal cosinedictionaryallows
usto segmenttime axismoreeasilythanthewaveletpaclet dictionaries It turnedoutthatboththe JBB and
LSDB selectedxactly the samebasis.Top 20 mostenegetic basisvectorsareshavn in Figure3.

We thencomputedhe relative £2 error of the approximatiorusingthesebasisvectorsasa function of
the numberof termsretainedfor approximatingthe original signals. Figure4 compareghe performance
of the KLB with thatof the LSDB/JBBaswell asDCT for the training andtestdatasetsFor thetraining



(a) Standard Basis
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Figurel: Comparisorof theKLB, JBB,andLSDB coordinategor thesimpletwo-dimensionatlistribution.
Pointsobeying asimpletwo-dimensionaprobabilitydistribution areshavn relatve to (a) thestandardasis;
(b) theKLB; (c) theJBB;and(d) theLSDB.
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(a) Sandstone Waveforms (b) 10 Random Picks
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Figure2: The acousticwaveformspropagatedhroughsandstondayers. (a) Original 201 waveformsdis-
playedas gray scaleimages. The horizontalaxis representsime samplegwith samplingrate 10 usec).
(b) Tenwaveformsrandomlyselectedrom the 201 waveformsaredisplayedaswiggles(the positve parts
are paintedin black). (c) The meanwaveform of the training datasetonsistingof 101 randomlypicked
waveforms.

11



(a) KLB vectors (b) JBB/LSDB vectors
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Figure3: (a) Top 20 KLB vectors. (b) Top 20 JBB/LSDB vectors. The basisvectorsare sortedin the
enegy-decreasingrder
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(a) Training Dataset Errors (b) Test Dataset Errors
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Figure4: Relative 2 approximatiorerrorsof the geophysicahcoustiovaveformsusingDCT, KLB, LSDB
plottedasfunctionsof the numberof termsusedfor approximation(a) Averageerrorsover all thetraining
signals;(b) Averageerrorsover all thetestsignals.
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datasettheKLB approximatiorwasperfect.In fact,theKLB approximatiorwith 86 termsalreadyreached
therelative £2 errorof 2.425 x 1073 onaverage.ThesameKLB approximateshe testdatasebetterthan
the LSDB only up to 89 terms. If we try to have moreaccurag by increasinghe numberof terms, it got
worsethanthe LSDB approximation.This impliesthatthesegeophysicahcoustiovaveformsdo not obey
the multivariate Gaussiardistribution, and the samplemeanand the covariancematricescomputedfrom
the training datasetwere not enoughto capturethe statisticsof the testdataset. On the other hand,the
LSDB/IBB andDCT approximationsare quite consistenfor both the training andthe testdatasets.The
locality of the basisfunctionsof the LSDB/JBBin this caseclearlygave a betterperformancehanthe DCT
basisfunctionsthatarecompletelyglobalin time.

4.2 “Rogues’ Gallery” Problem

We now examinethe approximationcapability of LSDB for a setof faceimages,the so-called‘Rogues’
Gallery”problem.This datasetonsistsof digitized picturesof facesof 143 people. Thesel43 peopleare
a specificgroup of people;Caucasiarstudentgand somefaculty) at Brown University without glasses,
mustachebeard.Thedatasetvasprovidedto usby L. Sirovich via M. V. WickerhauserFor moredetailed
descriptionof theseimages,see[22]. We notethat horizontaldilation hasbeenappliedso thatthe pupils
areplacedon two fixed pointsif necessaryFigure5 displayssomesampledrom this dataseaswell asthe
“average’face,.e.,themeanof the 143faces.In thefollowing experimentswe splittheavailable143faces
randomlyinto thetrainingdatasef” containing72 faceimagesandthe testdatasetontaining71 faces.We
now examinehow theKLB, JBB,andLSDB approximatehefacesof thetrainingandtestdatasetsWe first
removedthe “averageface” of thetrainingdatase{whichis quite similar to the averagefaceof theall 143
facesdisplayedin Figure5) from eachfacein boththetraining andtestdataset$o make “caricatures, as
Kirby andSirovich putit [22]. All of our basiscomputation@ndprocessingirebasednthesecaricatures.

For all the JBB andLSDB computationdelowr, we usethe multiple folding 2D local cosinedictionary
(with DCT 1V) [23] becausdheir compressiortapabilityis superiorto the fixed folding local cosinesas
FangandSéré demonstratedh [23].

Figure 6 compareghe performanceof the KLB, JBB, and LSDB usingthe top 72 terms. Sincethe
numberof trainingimagess 72,the KLB approximatiorhereis simply a projectionof a targetimageonto
the 72 dimensionakubspacapannedy the 72 “eigenfaces”(the computableKLB vectors).This original
imagein Figure6 belongsto the testdatasetnot to the training dataset.If the tagetimagewerein the
trainingdatasetthentheKLB approximatiorwould be perfect.However, becaus¢hetargetimageis notin
thetraining datasetthe approximatiorusingthese72 KLB vectorsis notimpressie. In fact,it is notclear
whetheronecanjudgewhetherthis approximatiorrepresentshe samepersorasthe originalimage.Using
this standardKLB, we cannotdo betterthanthis. This essentiallyimpliesthatthe facesin the “Rogues’
Gallery” datasetio not obey themultivariateGaussiardistribution, andthe meanandthe covariancematrix
computedrom thetrainingdatasetid not capturethe variability of thefacesn thetestdatasetNow, let us
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Figure6: Comparisorof KLB, JBB, andLSDB usingthe top 72 terms. The original datawasnot in the
trainingdataset.
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examinethe JBB andLSDB approximationsComparedo the KLB, which hasonly 72 meaningfulvectors
in thiscasewe cancomputeacompletebasisfor boththeJBB andtheLSDB. Let usfirst notethattheLSDB
nicely split thefacednto a setof meaningfulregions. In particular theregionsaroundthe eyesaresplit into
asetof smallsggments andmostof the backgroundegionsaresplitinto alargersegments.lt is interesting
to notethatKirby andSirovich carefully croppedthe oval-shapedgortion of thefacescontainingthe eyes,
nosesandmouthsandremaoved all the backgroundand mostof the hair portion for their approximations
since'it significantlyreducedhe accurag of the expression’[22]. We notethatthis naturalsplitting was
doneautomaticallyin our case.On the otherhand,JBB simply splitstheimagesinto four quadrantsThe
72termapproximation®y the JBB andLSDB shawvn in Figure6 arenot necessarilypetterthantheoneby
the KLB. However, they offer muchmorethanthe KLB. With the JBB andLSDB, we canusemoreterms
to performbetterapproximation.With the mostenegetic 800 terms(i.e., about6% of the total numberof
dimensions)nsteadof 72 terms,we cangetthe very good approximationas shavn in Figure7. In this
figure,we comparehe performancef thevariousadaptve andnon-adaptie basesAs non-adaptie bases,
we usedthewaveletbasiswith the 12-tapCaoiflet filter andthefixedfolding local cosinetransform(FLCT)
by splitting theimageshomogeneouslinto a setof subimage®f 8 x 8 pixels. Thelatteris very closeto
theblock DCT algorithmoftenusedfor JPEGcompressionalthoughthe FLCT haslessedgeeffectthanthe
block DCT. As adaptve basesye usedthe JBB with multiplefolding local cosinetransform(MFLCT), and
the LSDB with MFLCT. We obsenre thatthe LSDB approximationperceptuallyperformsbest,especially
aroundimportantsignaturesuchasthe eyes,nose andmouth.

Figure8 shavsthetop 5 mostenegetic basisvectorsin eachof thebasesi.e.,KLB, C12-waveletbasis,
FLCT 8 x 8, JBB, andLSDB. As onecansee,the KLB vectors,of course,resembleactualfaces. The
basisvectorsof the waveletbasisand JBB both shaw relatively global behaior. The FLCT 8 x 8 shaws
extremelylocal behaior: they areDC componentsitthe particularblocks. The LSDB with MFLCT shaws
intermediatédbehaior featuringmultiple folding, i.e., some“shadavs” in the symmetricmanner

We computedthe efficieng of the approximationof thesebasesn termsof averagerelative £2 error
versusthe numberof coordinatesetained.Figure9 comparegheir performancenf the top 72 termswith
that of the KLB. The KLB performedbestfor both the training and test datasets.As explainedabove,
althoughthe KLB worked perfectlyfor the training datasetthe otherbaseperformedcloselyto the KLB
for thetestdatasetMoreover, the KLB approximatioronly allows usto use72 termsin this casewhereas
the otherbasesallows usasmary termsaswe wish up to 128 x 128. As shavn in Figure 10, if we want
to have betterapproximationsthenwe needto usethe otherbaseswith moreterms. Fromthis figure, we
obsere thatthe LSDB performsbestif onekeepsmorethan315terms. Anotherinterestingobserationis
the stability of the adaptve bases.The behaior of the KLB wasdrasticallydifferentbetweerthetraining
andtestdatasetsOn the otherhand,the LSDB andthe JBB behaed consistentlyjust like the othernon-
adaptve basesuchasthewaveletsandFLCT.
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4.3 ‘Secondrotation’ by KLB

As discussedh Section2 anddemonstratedbove with “Rogues’Gallery” problem,we cancomputeonly
N KLB vectorsif we have only N trainingimages. We cannotgo beyond this numberandthis canbe a
seriouslimitation for the KLB. We cancomputemorethan N KLB vectorshy the following idea. First,
we compresghe trainingimagesusingsomegoodbasis,say LSDB. Then,usingthetop k£ coordinatef
thatbasis,where N < k < n, we cancomputethe KLB on top of thosek coordinates.In otherwords,
we performthe secondrotation of the coordinategthe basisusedfor compressiomloesthe first rotation).
Of coursetherankof the covariancematrixis still NV in this case put nothingexceptthelimitation on our
computationatesourcepreventsus from computingthe k-dimensionaKLB. For example,on a desktop
PC or aworkstation,onecaneasilyusek = 800 to £k = 1000. Figure1ll demonstratethisidea. As one
canseethesecondotationby KLB computedrom the800LSDB coordinategwe abbreviatethis askKLB-
LSDB800)givesusthe sameperformanceasthe KLB up to thefirst 60 termsor so. But this doesnotend
with 72 terms. It continuesuntil it reachego k£ = 800, wherethe approximatiorerroris exactly the same
asthe LSDB. For the training datasetthe KLB-LSDB800 reachego the minimumwith the 72 termsand
doesnotimprove arymore,asexpected.For thetestdatasethowever, it performsbetterthanthe LSDB up
to 182terms;thenthe LSDB takesover. Thisindicateghatthesecondotationby the KLB maynotalways
be advantagedor imageapproximation.lt turnedout, however, thatsuchrotationscanbe quite usefulfor
imagemodeling,whichwill bediscussedn the next section.

5 STOCHASTIC MODEL BUILDING USING LSDB

Imagemodelingis animportantapplicationareawhereLSDB may contrilute. As mentionedn Introduc-
tion, if we cansuccessfullybuild a good stochastianodelof a specificimageclass,thenwe cansample
andsimulateasmary new imagesfrom the modelaswe wish. Suchsimulationmay be particularlyuseful
for imagediagnosticsin this sectionwe proposdawo stochastienodelsof animageclassusingthe LSDB

coordinates.

5.1 Image Modelswith LSDB asindependentcoordinates

We startwith thesimplestpossiblemodel. This modelassumeshatthe LSDB coordinate®f agivenimage
classaretruly statisticallyindependenti.e., a probabilisticdescriptionof thatimageclassis a productof
empiricalmaginal pdf's of theLSDB coordinatesLetY = BgéDBX bearandomvectorrepresentingn
inputrandomvector X in the LSDB coordinates(Notethatif Brspg € O(n), thenB; ¢ = Brspp)
Now this simplestmodelcanbewrittenas

fr@) = fr@ ... un) = [] Fr () (6)
=1
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Thereforethis modelcanbe describedhs
ImageModel = Descriptionof the LSDB + Statisticsof eachLSDB coordinate. @)

Here thedescriptiorof the LSDB consistof thespecificatiorof thebasisdictionaryusedandthe specifica-
tion of the LSDB vectorsobtainedvia (4) in thatdictionary Thestatisticsof eachLSDB coordinatemeans
eitherits empiricalpdf (epdf) or empiricalcumulative distribution function (ecdf). Samplingnew images
from this modelis easy We usethe inversionmethodfor eachcoordinateto samplea typical coeficient
of thatcoordinate.Let Fiv ;(y) beanecdfof the ith LSDB coordinateY; andlet F;(y) be aninterpolated
versionof Fy; sothattheinverseexists. If U ~ unif(0,1), thenF;"! (U) obeys F;, i.e.,Y; andF; 1 (U)
sharethesameecdfF; sincePr{F, ' (U) < y} = Pr{U < F;(y)} = Fi(y). Oncewe sampleall the coefi-
cientsof the LSDB coordinateso getY ., = (F; '(Th),... , F; Y (U,)" whereUy, ... ,U, aredifferent
realizationsf theunif(0, 1) distribution, thenwe cansynthesizeantypicalimageby theinversetransform
X new = BrspsY new Se€[24] for simulationmethodstherthantheinversionmethod.

If the imagesof the classcontainnoise and the noisemodelis known a priori, e.g., additve white

Gaussiamoise(WGN), thenwe cansetup a bettermodelincludingdenoisingasfollows:

ImageModel = Descriptionof theLSDB + Statisticsof thetopm LSDB coordinates

+ Statisticsof theremaining(n — m) LSDB coordinates. 8)

Here,the m coordinatedo be keptasa part of the signal (meaningful)componentanbe selectedvia a
certaincriterionsuchasthe MDL criteriondevelopedin [6]. Thelast(n — m) termscorrespondo noise.
Soif we donotwantto includenoisein the model,we canthrow away this part.

5.1.1 Geophysical Acoustic Waveforms

Here,we wantto modelthe sandstonevaveformsusedin the previous section. Figure 12 shavs 10 syn-
thesizedwvaveformsby assuminghatthe basiscoordinatesareall statisticallyindependentsamplingeach
coeficient separatelyand reconstructinghem. For eachcase,we usedall 256 coordinates.As we can
seefrom Figure12, the waveformsusingthe KLB andthe LSDB bothvisually look similar to the original
waveformsshavn in Figure2 (b). Althoughwe cannotquantifyhow closeto the trueindependencanless
we cancomputethe entrofy of the processH (X') in Equation(3), this experimentindicatesthatboththe
KLB andthe LSDB coordinatesare almoststatisticallyindependenfor this dataset.On the otherhand,
consideringhe physicsof the wave propagationthereshouldbe somedependencbetweerthe so-called
P wave componentgcompressionalvaves)aroundtime samples80 andthe so-calledS wave components
(sheawaves)aroundime sample< 60,andthis dependengcis characteristito theunderlyingmediawhere
thewavespropagated10]. Exploringsuchdependencis oneof our future projectsaswill bediscussedn
Section6.
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Sample waveforms Synthesis by KLB Synthesis by LSDB

Figure12: (a) 10 examplesandwaveformsrandomlyselectedrom thetraining dataset(b) 10 synthesized
waveformsusingthe KLB. (c¢) 10 synthesizedvaveformsusingthe LSDB.
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Figure 13: Sampledmagesfrom the simpleindependencenodel(7) usingthe pixel basis(the first row),
theKLB (thesecondow) andthe LSDB (thelastrow).

5.1.2 "“Rogues’ Gallery” Problem

Similarly to the examplesof the geophysicabcousticwaveforms,we comparethe simpleindependence
model(7) built onthe pixel basis(i.e., the standardasis) the KLB, andthe LSDB in Figure13. Theseare
the“new faces"generatetby samplingfrom themodels. Themodelassumingheindependencef the pixel
coordinatesreclearlyworst. They aresimply theaveragefaceplusnoise andthis validateghefactthatthe
pixel coordinatesare stronglystatisticallydependentThe independencenodelusingthe KLB, which we
call the KLB-STD modelfor clarification,worked quite well althoughits coordinatesareonly guaranteed
to beuncorrelatedThesynthesizedacesusingthe LSDB are“clouded” anddonotlook like representate
facesof this classof images.This experimentindicatesthatthe LSDB coordinatesarenot really mutually
independentor this dataset.Synthesisusingthe JBB coordinategnot shavn) doesnot work well either
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Thisfailuretook usto thenext level of themodeling.

5.2 ‘Secondrotation’ by KLB

Figure 13 is someavhat discouragingor the imagemodelingusingthe LSDB. How canwe improve the
modelusingthe LSDB? Canwe do morewith the LSDB thanwith KLB-STD? Thesequestionsjn fact,
drove usto examinethe“secondrotation” by KLB, whichwasusedfor imageapproximatiorin Sectior4.3:
we form m-dimensionafeaturespaced by selectingthetop m LSDB coordinatesthenrotatethis feature
spacecoordinatesurtherto have decorrelate¢oordinatesNow we have thefollowing imagemodel:

ImageModel = Descriptionof theLSDB + Descriptionof theKLB of thetopm LSDB coordinates
+ Statisticsof thesem KLB coordinates

+ Statisticsof the (n — m) LSDB coordinates. 9)

Thelasttermis againoptional.lt maybebetternotto includethistermfor noisyimageclassesThis model
canbe quite powerful sincethesemn coordinatesare alreadystatisticallylessdependenthanthe original
coordinateandwe cancomputethe m-dimensionaKLB ratherquickly if m <« n. Theassumptiorhere
is thatthe decorrelatedLB coordinatesomputedn top of them LSDB coordinatesirenow statistically
independentFigure14 shaws ninerealizationdrom the KLB-LSDB800 model(9) with m = 800. We can
seesomedramaticimprovementsover the lastrow of Figure13. Of coursethesedecorrelatedoordinates
may not necessarilybe statisticallyindependentbut they shouldbe muchlessdependenthanthe LSDB
coordinatesFigure 14 testifiesthis. Do the underlyingcoordinatedeforethe secondotationmatter?The
answeiis yes. In orderto seethis, we computedhe secondotationfrom the top 800 JBB (i.e., the KLB-
JBB800model),andfollow the samesamplingandreconstructiorprocedurego getthe realizationsshavn
in Figure15. We canseethatthe realizationsrom the KLB-JBB800 modelis blurredcomparedo those
from the KLB-LSDB800 modelshawvn in Figure 14. This differenceis inheritedfrom the approximation
quality of thefirst stage(i.e. thetop 800LSDB vs. thetop 800JBB).

Noteherethatout of 8B00KLB-LSDB800 vectors thefirst 72 vectors(whenthey aretransformecdack
to the pixel basis)are essentialljthe sameasthe eigenficescomputeddirectly from the pixel basisrepre-
sentations.The questionhereis thatwhatthe other728 basisvectorswe computedareandwhetherthese
helpsimulationor not. To understandhis effect, we synthesizedhe facesusingonly the last 728termsof
the KLB-LSDB800 modelandobtainedthe new facesshavn in Figure16. As we canseehere,theseare
betterthanthe LSDB modelshavn in the lastrow of Figure13, andshaw the variationsin facial expres-
sions,which may have contritutedto the goodrealizationquality of the full KLB-LSDB800 modelshavn
in Figurel4.
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Figure14: Nine sampledacesrom the KLB-LSDB800 model. Comparewith Figure13.

28



120 100 80 60 40 20 O 120 100 80 60 40 20 O

120 100 80 60 40 20 O

120 100 80 60 40 20 O

120 100 80 60 40 20 O

0 20 40 60 80 100 120 0 20 40 60 80 100 120 0 20 40 60 80 100 120

o o
o o
« «
=} =}
< <
=} =}
@ @
=} =}
o o
=} =}
=} =}
— —
o o
I I
— —
0 20 40 60 80 100 120 0 20 40 60 80 100 120
o o
o o
« «
=} =}
< <
=} =}
@ @
=} Q
o o
o o
S S
- -
=} =}
« «
— —
0 20 40 60 80 100 120 0 20 40 60 80 100 120 0 20 40 60 80 100 120

Figurel5: Nine sampledacesirom the KLB-JBB800model. Comparewith Figure14.
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Figure 16: Nine sampledfacesusingonly the 73rd to 800th coordinatesof the KLB-LSDB800 model.
Comparewith Figurel14.
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6 DISCUSSION

In this sectionwe discusgherelationsof our proposednethodgo the othermethodsanddescribesomeof
ourongoingandfuture projects.

6.1 Relationwith local Karhunen-Loéewe Bases

As we demonstrateth Section5, the secondrotationby the KLB computedrom the selected_SDB co-
ordinatesvasusefulfor stochastiédmagemodeling.Over there we simply selectedhe mostenegetic 800
LSDB coordinatedrom thetotal 16,834LSDB coordinatesWe canselectthe LSDB coordinatesn com-
pletelydifferentmanner For example we canselecthe LSDB coordinate®nly relatedto a specificregion.
Suchselectioris easyfor our casebecauseéhe coeficientsexpandedy thelocal cosine/Burierdictionaries
arenicely organizedaccordingto their spatiallocations.(Notethatit is alsopossibleto selectsuchcoefi-
cientsin thewaveletpaclets/brushletslictionarieswith alittle bit of extraeffort of organizingtheirindices.)
The selectionof the LSDB coordinatesn thelocal regionsandthe computation®f the KLB’ s onthosere-
gionsis closelyrelatedto the notion of the local Karhunen-Léwe basis(LKLB) thatR. R. Coifmanand
the authorproposedn [25]. Theideaof LKLB is to split the signals/imagegto tree-structuredegments
by the smoothorthogonalprojectiong26], computethe KLB locally within eachsegment,theninvoke the
best-basislgorithmto prunethe treeandmeige the sgments.As aresult,we canhave a basisconsisting
of localizedandspatiallyadaptedrersionsof theKLB' s. ComputingthelocalizedKLB’ s makessenseboth
computationallyandstatisticallysincesplitting theimagesinto segmentsprovidesbetterstatistics.Thatis,
the numberof availablesamplesV andthe dimensionof the problemfor eachsegmentgetcloser For the
smallersggments,N canbe evenlargerthantheir dimensionsin [25], however, we haddifficulty in decid-
ing the basisselection(i.e., tree-pruningkriterion. We examineda few alternatve criteria, but all of them
werebasedntheeigemwaluesof theautocorrelatiomr covariancematricescomputecdatthoseseggments.But
now, the LSDB offersa soundandjustifiable (we areselectinga leaststatistically-depereatt basis)split of
signalsandimagesinto segmentswe canfurthercomputeall sortsof basesn eachsegment.In particular
we cancomputea KLB in eachsegment. Theseoperationsare, in fact, a setof local secondrotations
Comparedo theoriginal LKLB algorithmthatuseshe pixel coordinateso computeeachlocal KLB' s, this
new versionvia the LSDB is much more computationallyefficient sincewe canreducethe dimensionof
eachsegmentusingthe LSDB coordinategrior to the KLB computation.

Figurel7 shawvs oneinterestingexample. This shavs thetop 3 KLB vectorscomputedrom the LSDB
coeficientsbelongingto a smallsegmentaroundtheright eye region of the“Rogues’Gallery” datasetThis
segmentis oneof thesmallsegmentg4 x 4 pixels)aroundtheright eye shavn in the LSDB partitionpattern
in Figure6. Thefirst “eigen-ge” checksthe symmetrybetweerthe upperandlower part of theright eyes
andleft eyes. Recallthatwe usedthe 2D local cosinebasisdictionarywith multiple folding. Thatis why
the eigen-geshave actvities outsideof this right eye region. Thenthe subsequergigen-gesreveal more
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Figure17: Top 3 “eigen-g/es” computedirom the LSDB coeficientsbelongingto a small region around
right eyesof the“Rogues’Gallery” dataset.

detailedstructuref the eyes. For example,the seconceigen-ge analyzeghe pupils. Onecanview these
as“tailor-made”local orthonormabasisvectors.If we operatehesdocal secondotationsin thefrequeng
domain,this amountsto constructing‘tailor-made” waveletsand wavelet paclets whosedetailswe will
reportatalaterdate.

6.2 Relationwith other work

Moreauand Pesque{27] independentlyand concurrentlyproposeda similar algorithm. The difference
betweentheirsandourslies in two aspects.Oneis the measureof the statisticalindependenceandthe
otheris the motivation. First, their measureof statisticalindependencés a generalizedversionof the
measureproposecby Comon[3], which is basedon the higherordercumulants whereasoursis based
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on the empiricalentrofy estimationusingthe histogramor kernelpdf estimators.Thereareprosandcons
on the estimationof entrofy usingthe empirical pdf estimationusing histogramsor kernels. First, if we
restrictthe searclof the bestbasiswithin the groupSL(n, R), aswe discussedn Section3, the sumof the
coordinate-wisentropy estimateusingthepdf correctlyanddirectly measureghe statisticaldependencef
thedatarelative to thatcoordinatesystem.Theestimatiorerrorsolelycomesrom thatof the pdf estimation
from available samples. On the other hand, the corvegenceof the estimateto the true entroy is not
necessarilfast,i.e.,o(1/v/N) asthe numberof availablesamplesV — oo, asshavn by Hall andMorton
[21]. Furthermorethis corvergencerateis only guaranteedor the low dimensionaktasegn = 1 for the
histogramsandn = 1,2, 3 for the specialkernel-base@stimatorswith heary tails). The cumulant-based
estimatorscan have fastercornvergencerate, i.e., O(N —3/2) [28], andin principle, canhandleary high
dimensionaproblemsiowever, thecumulant-basedntroy estimations alwaysdependenvnthenumber
of termsin the Edgevorth expansionausedfor approximatingthe pdf, andfor the higherordertermsand
higherdimensionalproblems,the mathematicabxpressiondecomeextremely cumbersomes shavn in
[28]. For our LSDB algorithm,we do not needto evaluatethe high dimensionalpdf's; we only needto
evaluate1D coordinate-wisgdf's. From this point of view, the histogram-baseg@df estimationshould
give very good estimateof the coordinate-wiseentropy, andthereis no needto usethe cumulant-based
estimators.In fact, the reasorwhy peopledevelopedthe cumulant-basedstimatorsseemghat they need
to estimatethe entropy for higherdimensionabistributions[29]. As for thedifferencein motivations,ours
is to efficiently approximateandmodela specificclassof imageswhereagheirsis to separatenixed signal
sources.

Also, relatedis the work of BuckheitandDonoho[30]. They proposedsereralmeasureso find anor-
thonormabasisrom adictionarywhosecoordinatesremaximallynon-GaussiarSearchinghemaximally
non-Gaussiamasisis adwcatedby Diaconisand Freedmarj31] who shaved that mostlow-dimensional
projectionsof high-dimensionatiatasetareapproximatelyGaussianTherefore the non-Gaussiaprojec-
tionsreveal someintrinsic featureof the datasetsThis argumentis alsothe basisof the projectionpursuit
[32, 29]. Now, in orderto evaluatea “non-Gaussiannessf abasisin thedictionary they proposedo max-
imize either1) the sumof the kurtosisof eachcoordinate;or 2) the sumof the certainstatisticaldistances
or informationmeasuregsuchasthe Anderson-Darlingkolmogora-Smirnos, Kullback-Leiblerdistances,
or Fisherinformation)betweerthe empiricaldistribution andthe Gaussiaristribution with the samemean
andvarianceasthatempiricaldistribution. If the Kullback-Leiblerdistance(i.e., relative entrogy) is used
for themeasuref non-Gaussiannesthe relationshipbetweerthe LSDB andthe maximallynon-Gaussian
basis(MNGS) of Buckheitand Donohocanbe madeprecise. Let D(fy; || ¢y;) be the Kullback-Leibler
distance(i.e., relative entroy) betweerthe pdf fy, of the coordinatey; andthe Gaussiardistribution ¢y;
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whosemeanandvariancearethe sameasthoseof fy,. Then,

fvilyi)
oy, (y) i

= _H(Yi)—/fy;(yi)log%(yz)dyz’

D(fy |l ¢v.) = / Fr: (i) log

- _H(Y)- / v, (1) log v, (i) dy;
= —H(¥;) + 5 log Var[¥]] +  log(2e).

Thethird equalitycomesfrom thefactthatthe fy, and¢y, shareshe samemeanandvariance.Therefore,
the MNGB is obtainedby thefollowing criterion:

n n
. 1
ByngB = arg gléi%(;D(in | ¢y;) = arg llenel%; (H(YZ) — §logVar[Yi]) . (10)

whereaghe LSDB criterion (4) doesnot have the secondterm of —% log Var[Y;]. Thisimplied thatthe
MNGB prefersthe coordinatesvith smallentrofy andlarge variance whereaghe LSDB prefersthe coor
dinateswith smallentrogy only.

6.3 Further challenge
6.3.1 Nonlinear representations

All we have consideredso far asa setof possiblebasedor imageapproximatiorandmodelingarejust a
subsebf invertible linear transformationszL(n, R), in fact,a subsetof O(n) or SL(n, R), which canbe
searchableia the LSDB algorithm. Potentially theremay be a nonlineartransformatiorthat outperforms
ary of thesdineartransformationgn termsof imageapproximatiorandmodeling.Along this line, we are
currentlyinvestigatingalgorithmsto find suchnonlineartransformation$33]. Oneof the algorithmstries
to find a nonlineartransformatiorthat mapsdatato the new coordinatesvherethe transformediataobey
the standardmultivariate Gaussiardistribution, N(0, I), which, of course,hasindependentoordinates.
Althoughit is morecomputationallyexpensie thantheLSDB algorithm,it mayprovide acoordinatesystem
whichis muchcloserto the statisticaindependencthanthe LSDB.

6.3.2 Image modelswith the LSDB with pairwise conditioning

As ourexperimentshaved,theLSDB doesnotguaranteatruly independentoordinatesystemn general.
So,we consideredhe model(9) usingtheKLB of thetop m LSDB coordinatesisanattemptto make them
moreindependentin this caseonly decorrelatioris achieved, of course). Alternatively, we canexamine
the dependencamongthe selected_SDB coordinatesnore explicitly. We cannotafford to examineand
modelthe deepstatisticaldependencamongthe coordinatesf we needthe computationakfficiengy and
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algorithmicsimplicity. The simplestdependencwe canmodelis perhapghe pairwisedependencmodel
thatapproximateshetrue pdf by a productof bivariatepdf's:

fr( - un) = [ Fov; Wi w))- (11)
i£]
Currently we areworking on algorithmsto checkthis pairwisedependencamongthe LSDB coordinates
andto samplethe LSDB coeficientsconditionallyusing2D pdf estimationtechniquesuchasASH2D[12,
Chap.5]. We arealsoinvestigatingthe Markov chainmodelon the LSDB coordinatesywhich we hopeto
reportatalaterdate.

7 CONCLUSION

We have presente@ new criterionfor thebest-basislgorithmto find the leaststatistically-depeatent coor
dinatesystemfrom a given basisdictionaryfor a given collectionof signalsor images.This criterionis to
minimizethemutualinformationof thecoordinateswhichis ameasuref thestatisticadependencamong
them. In this sensethis proposedalgorithm can be viewed asthe best-basis/ersionof ICA. This basis
(LSDB) canbe computedapidly, i.e., O(n[log n]P), wheren is the dimensionof the problem,andp = 1
for the wavelet paclet dictionariesandp = 2 for thelocal cosine/Burier/brushledictionaries.Usingthe
geophysicahcoustiovaveformsandthe “Rogues’Gallery” datasetye have demonstratethat LSDB per
formedbestamongavarietyof basesncludingthe KLB, JBB,DCT, andwavelets for imageapproximation
in termsof theaveragerelative /2 error We have alsoproposeaimplestochastienodelsfor a givenclassof
signalsor imageshasednthe LSDB coordinatesThefirst modelis to assumehe statisticalindependence
amongthe LSDB coordinateswhich allows usto sampletypical coeficientsof eachcoordinateseparately
usingthe empiricaldistribution estimatedrom the availabletraining coeficientsof thatcoordinatewhich
in turn easilyallows usto simulatenew imagesat our disposal.This stratgy worked well for the geophysi-
cal acoustiovaveforms.Becausehe LSDB doesnot necessarilyrovide thetruly statistically-indepndert
coordinatesthisfirst modeldid notwork well for the“Rogues’Gallery” datasetTo dealwith this problem,
we have introducedthe secondmodelbasedon the “secondrotation” by the KLB computedfrom the top
m LSDB coordinates.This modelgivesus the decorrelateadoordinatesuilt on top of the localizedleast
statistically-depestert features.The simulationresultsusingthe secondnodelsuggesthatthis secondo-
tation further reducedhe statisticaldependencamongthe coordinates** We believe that exploring the
statisticaldependenc amongthe LSDB coordinateds likely to be a key for building a betterstochastic
imagemodelswhichwe will tacklein ourfuture project.
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