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Abstract

Statisticalindependenceis oneof themostdesirablepropertiesof acoordinatesystemfor represent-

ing andmodelingimages.In reality, however, truly independentcoordinatesmaynotexist for agivenset

of images,or it maybetoo difficult to computethemin practice.Thereforewe proposea new method

to rapidlycomputetheleaststatistically-dependentbasis(LSDB) from abasisdictionary(e.g.,thelocal

cosineor waveletpacketdictionaries)containingahugenumberof orthonormal(or biorthogonal)bases.

Our new basisselectioncriterion is minimizationof the mutualinformationof thedistributionsof the

basiscoefficientsasa measureof statisticaldependence,which in turn is equivalentto minimizationof

thesumof thedifferentialentropy of eachcoordinatein thebasisdictionary. In thissense,wecanview

this LSDB algorithmasthe best-basisversionof the IndependentComponentAnalysis(ICA), which

is increasinglygainingpopularity. This criterion is different from that of the Joint BestBasis(JBB)

proposedby Wickerhauser, which canbeviewedasthebest-basisversionof theKarhunen-Lòevebasis

(KLB).

Wedemonstratetheusefulnessof theLSDB for imageapproximationandmodelingandcompareits

performancewith thatof KLB andJBB usinga collectionof realgeophysicalacousticwaveformsand

animagedatabaseof humanfaces.

Index Terms–Statisticalindependence,Karhunen-Lòeveexpansion,principalcomponentanalysis,

independentcomponentanalysis,dimensionreduction,bestbasis,waveletpackets,localcosine

transform,imageapproximation,imagemodeling

1 INTRODUCTION

Supposewe are given a setof similar imagessuchashumanfaces(or a set of finger prints or a setof

mammograms)andwe want to learn thecharacteristicsof thoseimages,i.e., to representor approximate

themefficiently, analyzecertainfeatures,andbuild a stochasticmodelthat cangeneratenew imagesthat
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aresimilar to thosegiven images.Whatshouldwe do, then?Thebestpossiblescenariowould be to find

a statistically-independent coordinatesystem(basis)of that classof images.With this coordinatesystem

we couldachieve optimalcompressionof theimagesin thatclassby transmittingeachcoordinate(feature)

separatelyusingquantizationschemedependingon thestatisticsof eachcoordinate.Moreover, a complete

probabilisticdescriptionof animageclasswouldbemadepossibleby simplycharacterizingtheprobability

distributionsof eachcoordinate.We could sampleor simulateasmany new imagesfrom this stochastic

modelaswe wantso thatwe canexaminevariability of imagesin this classandhow they look like. This

would be a greattool for imagediagnostics. In reality, however, it may not be possibleto obtain truly

independentcoordinatesbecause1) the datamay not be composedof truly independentfeaturesin the

first place,and2) even if the imagesconsistof independentfeatures,it maybe too difficult to constructa

feasiblealgorithmto extract suchfeaturesbecauseof the high dimensionalityof the problem(imaginea

large databaseconsistingof 512 by 512 pixel images).Therefore,it makessenseto devise an algorithm

to rapidly computea goodcoordinatesystemwhich is “closest”to thestatistically-independent one,andto

examinehow muchwe canachieve in approximationandstochasticmodelingusingsuchcoordinatesby

assumingthatthey aretruly independent.

In fact,theimportanceof theindependentcoordinateshaslong beenrecognizedby severalresearchers

in thevariousfieldsincludingstatistics,signalandimageprocessing,andpatternrecognition.In theseminal

paperby SatosiWatanabe[1] abouttheKarhunen-Lòeve (KL) expansion—alsoknown asPrincipalCom-

ponentAnalysis(PCA)—andits applicationto patternrecognition,hearguedthejustificationof theuseof

theKL coordinatesfor “featurecompression”asfollows:

It would bedesirable,from theviewpoint that informationcompressionmeanseliminationof

redundancy, to usevariableswhich are statisticallyindependent,but in the absenceof such

variables,statisticallyuncorrelatedvariablesmaybethenext best.

Then,hewentonto show thattheKL basis(KLB) is theminimumentropybasisamongall theorthonormal

basesin
���

, where � is a numberof pixels in imagesunderconsideration.This wasa greatachievement

around1965,and in fact, KLB wasprobablythe bestavailable featureextraction tool aroundthat time.

However, KLB-PCA only providesthe decorrelatedcoordinates,andonly takescareof the secondorder

statistics.Of course,if theunderlyingdataobeys themultivariateGaussiandistribution, decorrelationim-

plies independence.But in general,thenaturalimagessuchasfacesarefar from Gaussian(seee.g.,[2]).

Moreover, KLB-PCA hasotherdrawbackssuchashigh computationalcostandinaccuracy of sampleesti-

mateof covariancematriceswhichwill bedescribedin detailin Section2.

More recently, theconceptcalledIndependentComponentAnalysis(ICA) hasbecomepopular, in par-

ticular, in the field of signal processing[3] and computationalneuroscience[4]. The ICA incorporates

higherorderstatisticsthanKLB-PCA; it triesto obtainthestatistically-independent coordinatesystemmore

directly thanKLB-PCA. It is very difficult, however, to computeit numerically, in particularfor high di-

mensionaldata,sincethey rely on thehigherordercumulants.
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Thirty yearssinceWatanabe’s work haschangedthelandscape.We have now a library of local bases,

which consistsof variousdictionariesof basessuchaswaveletpacket basesandlocal cosinebases,at our

disposalasfeatureextractiontools.Theseareadaptableandflexible setof basesthatcanbetailoredto one’s

needsvery efficiently. They have beenincreasinglypopularin variousfeatureextractionbusinesssuchas

denoising[5, 6, 7], classificationandregression[8, 9, 10]. The authorandhis colleagues,in particular,

R. R. CoifmanandM. V. Wickerhauser, havebeenadvocatingtheuseof theso-called“bestbasisparadigm”

consistingof thefollowing threesteps:1) Selecta bestpossiblebasisfrom a dictionaryor library of bases

by optimizinga certainfunctionalthatquickly evaluatestheefficacy of eachbasisin thedictionary/library

for the problemat hand;2) Discardthe unimportantcoordinatesfrom the selectedbasis;and3) Usethe

survived coordinatesto solve theproblem. Dependingon theproblemat hand,we needto usea different

efficacy measurefor thebasisevaluation,andit is of critical importanceto chooseanappropriatemeasure.

Wickerhauserproposedtheso-called“joint bestbasis”(JBB) with which he tried to alleviatesomeof

the drawbacksof the KLB-PCA [11]. Independentlyfrom Watanabe,he proposedto find a basisfrom a

dictionarythatminimizesentropy of theenergy distribution over its coordinates.Watanabe’s argumentis

thataKLB is thebestbasisoverall possibleorthonormalbasesof
���

with respectto theminimumentropy

criterionwhereasWickerhauser’s algorithmcanquickly computeanapproximateKLB thatis thebestbasis

over all basesselectablefrom thedictionaryor library of orthonormalbaseswith thesamecriterion. Thus,

theJBB correspondsto theKLB-PCA, but not to the ICA: it doesnot addressthestatisticalindependence

of thecoordinatesexplicitly.

In thispaper, weproposeyetanotherbestbasisaimingmoredirectlyto thestatisticalindependencethan

KLB andJBB.Sincethereis noguaranteethattheimagesunderconsiderationconsistof truly independent

coordinates,acompromisedbut efficientstrategy is to extractabasiswhosecoordinatesareleaststatistically

dependentfrom thedictionaryor library of bases.We call this basisthe leaststatistically-dependent basis

(LSDB).

This paperis organizedasfollows. In Section2, we setup our notationandbriefly review the KLB-

PCA, ICA, andJBB usingour notation. In Section3, we considera measureof statisticaldependenceof

a given basisandproposethe LSDB algorithm. In Section4, we apply LSDB to an importantproblem

of signaland imageapproximationand compareour methodwith KLB and JBB using the geophysical

acousticwaveformsandthehumanfaceimages.Thenin Section5, we considerhow to build a stochastic

modelsgivena collectionof similar signalsor images.We proposea few simplemodelsusingtheLSDB

coordinates.Weendthispaperwith discussionof therelationof theLSDBto theothermethodsanddescribe

someof ourongoingandfuturework in Section6.
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2 FEATURE EXTRACTION AND BASIS SEARCH

Let ��� ��� be an input imagespace,i.e., a setof all imagesof a particularclassunderconsideration,

where � is a numberof pixels in eachimage. Supposewe aregiven � training (sample)images,	�
��
�������������
������ � , and let us assumethat theseimagesare � independentrealizationsof a random

vector ����� whoseunknown probabilitydensityfunction(pdf) is  "! . Theultimatecharacterizationof a

givenimageclassentailsestimating ! from thetrainingdataset	 . Estimatingtheempiricalpdf from the

availablesamplesin 	 , however, is very difficult becauseof the curseof dimensionality;we needa huge

numberof training samplesto estimate "! reliably, which we normally cannotaccessor handle. In our

typicalsituation,wehave �$#%� . Therefore,weneedto reducethedimensionalityof theproblemwithout

losing importantinformationfor imageapproximationandmodeling. As Scottmentionsin his book [12,

Chap.7], thisstrategy is alsosupportedby theempiricalobservationthatmultivariatedatain
���

arealmost

never � -dimensionalandthereoftenexist lower dimensionalstructuresof data. That is, a classof images

oftenhasan intrinsic dimension&(')� (often &+*,� ). Therefore,it would bemuchmoreefficient and

effective to analyzethedatain thesmallerdimensionalsubspace- of � , if possible.We call - a feature

space, andamap .$/0�213- a featureextractor. Then,thekey is how to constructthis“good” featurespace- consistingof importantfeaturesandto designthecorrespondingfeatureextractor . .

Now, let usconsiderwhatarethe “good” featuresfor approximationandmodelingof images.In this

study, we define image features as the expansioncoefficients (or their nonlinearfunctions)of an image

relativeto somebasis.Let 4 beany basisspanning� � ��� . Wealsoview 4 asamatrixwhosecolumnsare

thebasisvectorsrepresenting4 , andassume45�7698�:;� � �=< , a collection(in facta group)of all invertible

real-valuedmatricesof size �?>@� . Let AB:C4�DE	 < beacertainfunctionalmeasuringthecostor inefficiency of

thebasis4 for approximationandmodelingof theimageclassgiventhetrainingdataset	 . Then,weseek

thebestcoordinates4�F : 4 F 
HG"I�JLK@MONPRQTS AB:C4UDE	 < �
where V is a setof all possiblebasesunderconsideration.Whetherwe constrainour searchby restrictingV or not makesa big differenceaswe will seesoon. Now the featureextractor . canbe definedasthe

selectionof & coordinatesfrom thebasis4 F potentiallyfollowedby somenonlinearmappingof them(e.g.,

computingenergy).

Karhunen-Loève Basis–PrincipalComponentAnalysis

TheKarhunen-Lòeve basis(KLB), alsoknown asPrincipalComponentAnalysis(PCA),providesa decor-

relatedcoordinatesystem.The KLB vectorsarethe eigenvectorsof the covariancematrix of the process

obeying  "! . TheKLB satisfiesanumberof optimalitycriteria,andin particular, it is theminimumentropy

basisamongall theorthonormalbasesWX:;� < , i.e., all the rotationsof thecoordinatesin
���

[1]. Let 4 be
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any basis4Y�ZWX:;� < , andlet [\
H4^]_� bethecoordinatesof theimage� relative to thebasis4 . Entropy

of theenergy distribution over thecoordinateaxescanbeconsideredasthe inefficiency of thatcoordinate

systemsincetheentropy of theenergy distribution measuresthe‘evenness’or ‘flatness’of thatdistribution.

Hence,in general,thelarger theentropy, thelessefficient for imageapproximation.Notethat this entropy

is different from the Shannonentropy of the process� , which we discussin the next sectionin details.

Watanabe’s viewpoint is to interprettheenergy distributionover thecoordinates(afternormalization)asthe

discreteprobabilitydistribution. Let usnow definetheentropyfunctionas` :badc 4^e <Lf
hg �i j k �ml j c 4^e�npoqJ l j c 4^e �
wherel j c 4^e isanormalizedenergy (orvariance)of the r thcoordinateof 4 , i.e., l j c 4^es
Htuc vxwj e;y�z �{ k � tuc v|w{ e ,
or l j c 4^e�
)}�G"ITc v j e;y�z �{ k � }�G"I"c v { e . In practice,we needto usethesampleestimates~ l j c 4^e of l j c 4�e using

thetrainingdataset	 . Then,theKLB is characterizedby4���� P 
�G"I�J3K@MONPRQq�B� �q� ` : ~adc 4^e < � (1)

On the otherhand,the KLB hasseveral drawbacks. First of all, the criterion (1) doesnot measure

the statisticalindependenceof the coordinates.The KLB only takes careof the secondorder statistics:

it doesjust “decorrelation,” andgivesus only “the next best” coordinatesasWatanabeput it. Therefore,

the KLB provides a statistically-independent coordinatesystem—which is the bestthing one can hope

for descriptionandmodeling—onlyfor the multivariateGaussiandatasincethe decorrelationimplies the

independencefor Gaussiandata. The next seriousproblemis an inaccuracy of the sampleestimateof

the covariancematrix of the underlyingprocess "! . In general,we do not know this matrix a priori,

therefore,weneedto estimateit usingtheavailabletrainingsamples.This inaccuracy is particularlysevere

for large � (dimensionof the problem)with small � (the numberof training samples).This entangles

with thecomputationalcomplexity asfollows. Let



bethesamplemeanof thetrainingdataset	 , andlet� 
): 
�� g 
�����������
�� g 
 < � ����� � . Then,thesamplecovariancematrix is
�� ��� ] . Supposethesingular

valuedecomposition(SVD) of
�

is
� 
)����� ] . (Thereis no needto performfull SVD in practice.This

is just for theexplanationof theKLB computation.)Note that therankof
�

is K@MON�:;� � � < . Therefore,if��'�� (this is a classicalsituationin statisticswherethedimensionalityis smallandthe largenumberof

samplesareavailable),theKLB is 4���� P 
h�)��W@:;� < andits computationalcostis �@:;�_� < for solvingthe

eigenvalueproblem,
��� ]���
�������] . Now if ����� (mostof our problemsof interestareunderthis

category), thecolumnvectorsof
� � arethefirst � eigenvectorsof thesamplecovariancematrix

�� ��� ]
because

��� ] � ��
 � �|�=]R� . We thenneedto solve theeigenvalueproblem
� ] � �5
��|�=]R� which

is simply an �%>Z� problem,i.e., requires��:C�$� < computation.In summary, theKLB computationcosts�@:CK�MON_:;� � � < � < . Note that having a small � is advantageousonly for computationalspeed,not for the

statisticalaccuracy. Ontheotherhand,if � increases,thenthecomputationalcostincreasescubically. This

is adilemmaof theKLB computation.
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2.1 IndependentComponentAnalysis

To lift thePCAfrom its limitation to thesecondorderstatistics,Comon[3] proposedtheso-calledIndepen-

dentComponentAnalysis(ICA). Bell andSejnowski discussedthecloselyrelatedconceptof “information

maximization”andits neuralnetwork implementation[4].

Given a training dataset	 , the ICA tries to find an invertible linear transformationin 6�8�:;� � �=< that

minimizesthestatisticaldependenceamongits coordinates.In ournotation,ICA canbewrittenas49� �m¡�
�G"I�J K@MONPRQq¢s£¤� �0¥ ¦§� A¨� �m¡�:C4�DE	 < �
where A � �m¡ :C4�DE	 < measuresthe degreeof statisticaldependenceof the coordinatesystem4 using the

trainingdataset	 . Let usnow definedifferentialentropy ©ª:C� < of theprocessobeying  ! .©ª:C� < f
�gZ«¬ "!?: 
 < npoqJ� "!?: 
 <®­ 
�� (2)

A convenientmeasureto quantify thestatisticaldependenceamongthecomponentsof � is theso-called

mutualinformation: ¯ :C� <�f
°«¬ "!?: 
 < npoqJ  "!�: 
 <± �j k �  ³²�´�:;µ j < ­ 
 
hg¶©·:C� <_¸ �i j k � ©ª: � j < �
which is simply relativeentropy between "! andthe productof the marginal pdf’s

�  ³²R´ � . We notethat
¯ :C� < 
�¹ if andonly if the components

� ����������� � � aremutually independent.Now, we canwrite the

inefficiency of thecoordinatesystem4Y�Z6�8=:;� � �=< asA �º�m¡ :C4�DE	 < 
 ~¯ :C[ < 
hg ~©ª:C[ <�¸ �i j k � ~©·:Cv j < � (3)

where[\
H4u» � � , andthe ~©ª:C[ < and
� ~©¼:Cv j < � aretheempiricalestimatesof thecorrespondingentropies

usingthetrainingdataset	 . It is extremelydifficult, however, to haveagoodestimateof ©·:C[ < via theem-

pirical pdf ~ q½ for large � , andeventhecasewith ���¿¾ is difficult in practice.Therefore,Comonproposed

to approximate(3) usingtheEdgeworth expansionof  q½ aroundthemultivariatenormaldistribution with

thesamemeanandvarianceastheoriginal process,andthis amountsto usingthehigherordercumulants

of [ . This computationalprocedureis even morecomplicatedandexpensive thanthat of KLB; it costs�@:;�_wÁÀ ÂÃ� < . Therefore,thedirectapplicationof theICA of Comonis not feasiblefor theproblemswith very

highdimension,��#%� .

A dictionary and library of bases

Throughoutthisstudywewill usethe local basislibrary asabasictool to extractfeaturessincethis library

canresolve the problemsof the PCA and the ICA. Below we will summarizethe characteristicsof this
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library. For the details,see[13, 14, 15, 16, 17]. This basislibrary consistsof a collectionof the local

basisdictionaries, suchaswaveletpackets,localcosine/sinebases,localFourierbases,andbrushlets.Each

dictionaryconsistsof a redundantnumber(e.g., ��npoqJ=� ) of thebasisvectorswith thespecificcharactersin

scale,position,andfrequency. Thesebasisvectorsareorganizedasa quadtreein a hierarchical manner

rangingfrom very localizedspikesto globaloscillationswith differentfrequencies(andorientationsin the

local Fourierandbrushletdictionaries).Expandingan imageinto sucha dictionaryis fast, �@:;��c npoqJ��meÅÄ < ,
where ÆÇ
,È for a wavelet packet dictionary and ÆÇ
+É for the local cosine/sine/Fourier and brushlet

dictionaries.Thanksto this treestructure,eachdictionarycontainsa hugenumberof possiblebases(e.g.,

more than É � bases).Moreover, onecanusethe bottom-upprocedureto efficiently searcha goodbasis

tailoredto aspecificapplicationfromsuchahugenumberof possiblebasesby optimizingacertaincriterion.

This searchalgorithm,usingdivide-and-conquer(i.e., split-and-merge) algorithm,is calledthe best-basis

algorithm[13]. Therefore,this dictionaryprovidesanadaptive, flexible, hierarchical,andcomputationally

efficient setof featuresat our disposal.With a library of basesin our hands,our patterndescriptive power

areenhanced,yet we cankeepits computationalcomplexity low. This strategy—viewing an imageasa

collectionof moremeaningfulfeaturesratherthana collectionof pixels—alsoappearsto beemployed in

theprimatevision-brainsystems[18, 19].

Joint BestBasis

Underthebest-basisparadigmWickerhauser[11] proposed(independentlyfrom Watanabe)a conceptof a

JointBestBasis(JBB)thatis theminimumentropy basisamongall thebasesin adictionaryof orthonormal

bases.Wickerhauser’s original motivationwasto computetheKLB vectorsandcoefficientsapproximately

but efficiently. TheJBBcriterionis simplywrittenas:4�Ê P_P 
HG"I�J9K@MONP�Q³Ë ` : ~adc 4�e < �
A key differencefrom (1) is that 4 is searchedwithin aspecifieddictionaryof orthonormalbasesÌ instead

of all possiblerotationsW@:;� < . Therefore,its computationalcomplexity is reducedto ��:;��c npoqJ��me Ä < , ÆÍ
�È � É .
Recallthat a dictionary Ì containsmorethan É � differentorthonormalbases[15]. Moreover, sinceeach

featureis localizedbothin spaceandspatialfrequency, theanalysisandinterpretationof theimagesbecome

easierandmoreintuitive.

3 LEAST STATISTICALL Y-DEPENDENT BASIS

Facedwith the difficulty of ICA, it makessenseto find a basisfrom a dictionaryor library of basesthat

minimizesthestatisticaldependency amongits coordinates.To do this, let usconsiderachangeof thebasis

of � in thedefinitionof thedifferentialentropy (2). Wecaneasilyget©ª:C[ < 
H©ª:C4 » � � < 
H©ª:C� <�¸ npoqJdD ­�Î�Ï :C4 » � < DÐ
U©·:C� < gÑnpoqJ9D ­�Î�Ï :C4 < D �
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Therefore,if 4 is a volume-preservinglineartransformation,or morespecifically, 4��7Ò¤8=:;� � �=< , thenthe

differentialentropy is invariant undersucha transformation:©ª:C[ < 
H©ª:C4 » � � < 
H©ª:C� < �
This invariancepropertyis thekey for our algorithm. Thedegreeof thestatisticaldependenceamongthe

coordinatesin abasisin Ò¤8�:;� � �=< canbequantifiedby only consideringthesecondtermin (3), i.e.,thesum

of thedifferentialentropy of theindividualcoordinates.Estimating©ª:C� < of highdimensionalimagesis an

extremelydifficult task,but wedonotneedto estimateit aslongaswecomparetheefficacy of thebasesinÒ¤8�:;� � �=< . Our recentdiscussionwith J.O. Strömberg clarifiedthat Ò¤8�:;� � �=< containsall thebiorthogonal

wavelet packet dictionariesif they arerealizedby the fastrotationalgorithmsdescribedin [20, Chap.2].

Thesebiorthogonaldictionariessignificantlyincreaseour “vocabulary” for patterndescription.

Now, wecanstatetheselectioncriterionof ourLeastStatistically-Dependent Basis(LSDB):4d�¤ÓÕÔ P 
HG"I�J9K@MONP�Q³Ë �i j k � ~©ª:Cv j < � (4)

The LSDB is thusobtainedby minimizing the sumof the coordinate-wisedifferentialentropy amongall

possible(bi)orthogonalbasesin a specifiedbasisdictionary Ì . We notethat thebasissearchin (4) is fast

sincethe sumof the coordinate-wisedifferentialentropy is an additive measure.In practice,asHall and

Morton [21] suggests,theempiricalestimate ~©·:Cv j < of theentropy ©·:Cv j < canbeobtainedby~©·:Cv j < 
hg È� �iÖ k � npoqJ ~ "× ´ :;Ø j ¥ Ö < � (5)

where ~ × ´ is anempiricalestimateof  × ´ usingthe trainingdataset	 by eitherhistogramsor kernels,andØ j ¥ Ö is the r th expansioncoefficient (relative to 4 ) of the training vector

 Ö , ÙU
(È �������B� � . Sincethe

histogramcomputationis relatively cheap,i.e., �@:;� < , thecomputationalcomplexity of theentirealgorithm

is dominatedby thecostof expandinginput imagesin a basisdictionary, i.e., ��:;��c npoqJ��meÅÄ < .
Remark 3.1. WecancontrastourLSDB with KLB andJBBnow. In theLSDB criterion(4), wehave�i j k � ©ª:Cv j < 
 �i j k � t5ÚCnpoqJ È × ´ÁÛ �
Ontheotherhand,for KLB andJBBassumingthat z �j k � tÜc v wj es
�È , wehave�i j k � ` :Ctuc v wj e <�Ý �i j k � tuc ` :Cv wj < em
 �i j k � tßÞEnpoqJ Èv w ×Bà´j á �
wherewe usedJensen’s inequality. We caneasilyseethat thecriterionusedin KLB andJBB is not suit-

ablefor measuringdependency amongthecoordinatesin a basis.To illustratethis point,we conductedthe

8



following simpleexperiments.Let � bea two-dimensionalrandomvectorthat is generatedby two inde-

pendentuniform randomvariableon câg�È � ÈÁe followed by ãÕäqå rotation,andwe generated1000samplesas

displayedin Figure1 (a). Then,we computedtheKLB, JBB, andLSDB. Both the JBB andLSDB were

obtainedusingthe Haar-Walshdictionarysincewe have only �¿
¬É in this example. The original points

wereprojectedontothesecoordinatesthatareshown in Figure1 (b),(c),(d).TheLSDB recoveredtheinde-

pendentcoordinates.TheJBBselectedthestandardbasis(i.e.,nochange).TheKLB selectedsomerotated

coordinatesystem,which is similar to thestandardbasisratherthanthe ãÕäqå rotation.Becausetheoriginal

distribution wasnot Gaussian,theKLB couldnot give us the independentcoordinates.We testedthe È�ä å
and ¾"¹Ðå rotationsinsteadof ãÕäqå rotationsothattheLSDB with Haar-Walshdictionarycannotexactly cap-

turetheindependentcoordinates.In thesecases,theLSDB selectedthestandardbasisfor È�äqå rotation,andãÕäqå rotationfor ¾"¹Ðå rotation.TheJBBstill selectedthestandardbasis,andtheKLB selectedtheonesimilar

to thestandardbasis,for bothcases.Hence,theLSDB providedthebetter(lessdependent)coordinatesthan

theKLB andJBB.

4 SIGNAL AND IMA GE APPROXIMA TION BY LSDB

In this sectionwe apply the LSDB to signal and imageapproximationand compressionproblems,and

compareits performancewith thatof theKLB andtheJBB.Sincetheredundancy is reducedexplicitly using

thecriteria (4), our strategy for approximationis simple: sort theLSDB coordinatesin energy decreasing

order, keeponly thetop & coordinatesinsteadof � , andapplytheinversetransform.For theKLB andJBB,

weusethesamestrategy. Weusegeophysicalacousticwaveformsandfaceimagesfor ourexperiments.

4.1 GeophysicalAcousticWaveforms

For thedetailedbackgroundof this dataset,see[10]. Here,we wantto approximate/compresstheacoustic

waveforms(recordedin a boreholewith 256 time samplesper waveform) propagatedthroughsandstone

layersin thesubsurface.Wehave201such“sandwaveforms”asshown in Figure2. Firstwerandomlysplit

theminto thetrainingdatasetconsistingof 101waveformsandthetestdatasetconsistingof 100waveforms.

First,wecomputedthemeansignalof thetrainingdatasetandremovedthis meanwaveformfrom both

the training andtestdatasets.Then,we computedthe KLB, JBB, andLSDB of the training dataset.We

usedthelocal cosinedictionaryfor computingtheJBB andLSDB sincethe local cosinedictionaryallows

usto segmenttimeaxismoreeasilythanthewaveletpacket dictionaries.It turnedout thatboththeJBBand

LSDB selectedexactly thesamebasis.Top20mostenergeticbasisvectorsareshown in Figure3.

We thencomputedtherelative æÃw errorof theapproximationusingthesebasisvectorsasa functionof

the numberof termsretainedfor approximatingthe original signals. Figure4 comparesthe performance

of theKLB with thatof theLSDB/JBBaswell asDCT for the trainingandtestdatasets.For the training
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(a) Standard Basis
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(b) KLB
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(c) JBB
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Figure1: Comparisonof theKLB, JBB,andLSDB coordinatesfor thesimpletwo-dimensionaldistribution.

Pointsobeying asimpletwo-dimensionalprobabilitydistributionareshown relativeto (a)thestandardbasis;

(b) theKLB; (c) theJBB;and(d) theLSDB.
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Figure2: Theacousticwaveformspropagatedthroughsandstonelayers. (a) Original 201 waveformsdis-

playedasgray scaleimages. The horizontalaxis representstime samples(with samplingrate10 ç sec).

(b) Tenwaveformsrandomlyselectedfrom the201waveformsaredisplayedaswiggles(thepositive parts

arepaintedin black). (c) The meanwaveform of the training datasetconsistingof 101 randomlypicked

waveforms.
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Figure3: (a) Top 20 KLB vectors. (b) Top 20 JBB/LSDB vectors. The basisvectorsaresortedin the

energy-decreasingorder.
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Figure4: Relative æ�w approximationerrorsof thegeophysicalacousticwaveformsusingDCT, KLB, LSDB

plottedasfunctionsof thenumberof termsusedfor approximation.(a)Averageerrorsover all thetraining

signals;(b) Averageerrorsoverall thetestsignals.
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dataset,theKLB approximationwasperfect.In fact,theKLB approximationwith 86 termsalreadyreached

therelative æÃw errorof É � ãÕÉqä�>·È�¹è» � � on average.ThesameKLB approximatesthetestdatasetbetterthan

theLSDB only up to 89 terms. If we try to have moreaccuracy by increasingthenumberof terms,it got

worsethantheLSDB approximation.This impliesthat thesegeophysicalacousticwaveformsdo not obey

the multivariateGaussiandistribution, andthe samplemeanandthe covariancematricescomputedfrom

the training datasetwerenot enoughto capturethe statisticsof the test dataset.On the otherhand,the

LSDB/JBB andDCT approximationsarequite consistentfor both the training andthe testdatasets.The

locality of thebasisfunctionsof theLSDB/JBBin thiscaseclearlygaveabetterperformancethantheDCT

basisfunctionsthatarecompletelyglobalin time.

4.2 “Rogues’ Gallery” Problem

We now examinethe approximationcapabilityof LSDB for a setof faceimages,the so-called“Rogues’

Gallery”problem.This datasetconsistsof digitizedpicturesof facesof 143people.These143peopleare

a specificgroupof people;Caucasianstudents(andsomefaculty) at Brown University, without glasses,

mustache,beard.Thedatasetwasprovidedto usby L. Sirovich via M. V. Wickerhauser. For moredetailed

descriptionof theseimages,see[22]. We notethathorizontaldilation hasbeenappliedso that thepupils

areplacedon two fixedpointsif necessary. Figure5 displayssomesamplesfrom this datasetaswell asthe

“average”face,i.e.,themeanof the143faces.In thefollowing experiments,wesplit theavailable143faces

randomlyinto thetrainingdataset	 containing72 faceimagesandthetestdatasetcontaining71 faces.We

now examinehow theKLB, JBB,andLSDB approximatethefacesof thetrainingandtestdatasets.Wefirst

removedthe“averageface”of thetrainingdataset(which is quitesimilar to theaveragefaceof theall 143

facesdisplayedin Figure5) from eachfacein both the trainingandtestdatasetsto make “caricatures,” as

Kirby andSirovich put it [22]. All of ourbasiscomputationsandprocessingarebasedon thesecaricatures.

For all theJBB andLSDB computationsbelow, we usethemultiple folding 2D local cosinedictionary

(with DCT IV) [23] becausetheir compressioncapabilityis superiorto the fixed folding local cosinesas

FangandSéŕedemonstratedin [23].

Figure6 comparesthe performanceof the KLB, JBB, andLSDB using the top 72 terms. Sincethe

numberof trainingimagesis 72, theKLB approximationhereis simply a projectionof a target imageonto

the72 dimensionalsubspacespannedby the72 “eigenfaces”(thecomputableKLB vectors).This original

imagein Figure6 belongsto the testdataset,not to the training dataset.If the target imagewerein the

trainingdataset,thentheKLB approximationwouldbeperfect.However, becausethetargetimageis not in

thetrainingdataset,theapproximationusingthese72 KLB vectorsis not impressive. In fact,it is not clear

whetheronecanjudgewhetherthisapproximationrepresentsthesamepersonastheoriginal image.Using

this standardKLB, we cannotdo betterthanthis. This essentiallyimplies that the facesin the “Rogues’

Gallery” datasetdonotobey themultivariateGaussiandistribution,andthemeanandthecovariancematrix

computedfrom thetrainingdatasetdid notcapturethevariability of thefacesin thetestdataset.Now, let us
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Figure5: Eight randomsamplesfrom the“Rogues’Gallery” dataset.The last (bottomright) figureshows

theaveragefaceof the143faces.
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trainingdataset.

16



examinetheJBBandLSDB approximations.Comparedto theKLB, whichhasonly 72meaningfulvectors

in thiscase,wecancomputeacompletebasisfor boththeJBBandtheLSDB.LetusfirstnotethattheLSDB

nicelysplit thefacesinto asetof meaningfulregions.In particular, theregionsaroundtheeyesaresplit into

asetof smallsegments,andmostof thebackgroundregionsaresplit into a largersegments.It is interesting

to notethatKirby andSirovich carefullycroppedtheoval-shapedportionof thefacescontainingtheeyes,

noses,andmouthsandremoved all the backgroundandmostof the hair portion for their approximations

since“it significantlyreducedtheaccuracy of theexpression”[22]. We notethat this naturalsplitting was

doneautomaticallyin our case.On theotherhand,JBB simply splits the imagesinto four quadrants.The

72 termapproximationsby theJBBandLSDB shown in Figure6 arenotnecessarilybetterthantheoneby

theKLB. However, they offer muchmorethantheKLB. With theJBB andLSDB, we canusemoreterms

to performbetterapproximation.With themostenergetic800terms(i.e., about6% of thetotal numberof

dimensions)insteadof 72 terms,we canget the very goodapproximationasshown in Figure7. In this

figure,wecomparetheperformanceof thevariousadaptiveandnon-adaptive bases.As non-adaptive bases,

we usedthewaveletbasiswith the12-tapCoiflet filter andthefixedfolding local cosinetransform(FLCT)

by splitting the imageshomogeneouslyinto a setof subimagesof îÜ>�î pixels. The latter is very closeto

theblockDCT algorithmoftenusedfor JPEGcompression,althoughtheFLCT haslessedgeeffect thanthe

blockDCT. As adaptivebases,weusedtheJBBwith multiplefolding localcosinetransform(MFLCT), and

theLSDB with MFLCT. We observe that theLSDB approximationperceptuallyperformsbest,especially

aroundimportantsignaturessuchastheeyes,nose,andmouth.

Figure8 showsthetop5 mostenergeticbasisvectorsin eachof thebases,i.e.,KLB, C12-waveletbasis,

FLCT î?>ªî , JBB, andLSDB. As onecansee,the KLB vectors,of course,resembleactualfaces. The

basisvectorsof thewavelet basisandJBB bothshow relatively globalbehavior. The FLCT îÍ>ïî shows

extremelylocalbehavior: they areDC componentsat theparticularblocks.TheLSDB with MFLCT shows

intermediatebehavior featuringmultiple folding, i.e.,some“shadows” in thesymmetricmanner.

We computedthe efficiency of the approximationof thesebasesin termsof averagerelative æ w error

versusthenumberof coordinatesretained.Figure9 comparestheir performanceof the top 72 termswith

that of the KLB. The KLB performedbestfor both the training and test datasets.As explainedabove,

althoughtheKLB workedperfectlyfor the trainingdataset,theotherbasesperformedcloselyto theKLB

for thetestdataset.Moreover, theKLB approximationonly allows usto use72 termsin this casewhereas

theotherbasesallows usasmany termsaswe wish up to È�ÉqîÍ>·È�Éqî . As shown in Figure10, if we want

to have betterapproximations,thenwe needto usetheotherbaseswith moreterms.Fromthis figure,we

observe thattheLSDB performsbestif onekeepsmorethan315terms.Anotherinterestingobservation is

thestability of theadaptive bases.Thebehavior of theKLB wasdrasticallydifferentbetweenthetraining

andtestdatasets.On theotherhand,theLSDB andtheJBB behavedconsistently, just like theothernon-

adaptive basessuchasthewaveletsandFLCT.
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Figure8: Comparisonof thefivemostenergeticbasisvectorsin thefivebases.First row: KLB, secondrow:

C12waveletbasis,third row: FLCT îX>?î , fourth row: JBB,andthelastrow: LSDB.
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Figure9: Relative æ�w approximationerrorsof the “Rogues’Gallery” datasetusing variousbasesversus

thenumberof termsusedfor approximationfor thefirst 72 terms. (a) Averageerrorsover all the training

images;(b) Averageerrorsoverall thetestimages.
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4.3 ‘Secondrotation’ by KLB

As discussedin Section2 anddemonstratedabove with “Rogues’Gallery” problem,we cancomputeonly� KLB vectorsif we have only � training images.We cannotgo beyond this numberandthis canbe a

seriouslimitation for the KLB. We cancomputemorethan � KLB vectorsby the following idea. First,

we compressthe training imagesusingsomegoodbasis,sayLSDB. Then,usingthe top Ù coordinatesof

that basis,where ��'�Ù�'Y� , we cancomputethe KLB on top of those Ù coordinates.In otherwords,

we performthesecondrotationof thecoordinates(thebasisusedfor compressiondoesthefirst rotation).

Of course,therankof thecovariancematrix is still � in this case,but nothingexceptthelimitation on our

computationalresourcespreventsus from computingthe Ù -dimensionalKLB. For example,on a desktop

PCor a workstation,onecaneasilyuse Ù�
�î"¹q¹ to Ù�
�È�¹q¹q¹ . Figure11 demonstratesthis idea. As one

cansee,thesecondrotationby KLB computedfrom the800LSDB coordinates(weabbreviatethisasKLB-

LSDB800)givesusthesameperformanceastheKLB up to thefirst 60 termsor so. But this doesnot end

with 72 terms.It continuesuntil it reachesto Ù$
òî"¹q¹ , wheretheapproximationerror is exactly thesame

astheLSDB. For the trainingdataset,theKLB-LSDB800 reachesto theminimumwith the72 termsand

doesnot improve anymore,asexpected.For thetestdataset,however, it performsbetterthantheLSDB up

to 182terms;thentheLSDB takesover. This indicatesthatthesecondrotationby theKLB maynotalways

beadvantagesfor imageapproximation.It turnedout, however, thatsuchrotationscanbequiteusefulfor

imagemodeling,whichwill bediscussedin thenext section.

5 STOCHASTIC MODEL BUILDING USING LSDB

Imagemodelingis an importantapplicationareawhereLSDB maycontribute. As mentionedin Introduc-

tion, if we cansuccessfullybuild a goodstochasticmodelof a specificimageclass,thenwe cansample

andsimulateasmany new imagesfrom themodelaswe wish. Suchsimulationmaybeparticularlyuseful

for imagediagnostics.In this section,weproposetwo stochasticmodelsof animageclassusingtheLSDB

coordinates.

5.1 ImageModelswith LSDB asindependentcoordinates

Westartwith thesimplestpossiblemodel.ThismodelassumesthattheLSDB coordinatesof agivenimage

classaretruly statisticallyindependent,i.e., a probabilisticdescriptionof that imageclassis a productof

empiricalmarginalpdf’s of theLSDB coordinates.Let [\
H4 » ��èÓ0Ô P � bearandomvectorrepresentingan

input randomvector � in theLSDB coordinates.(Notethat if 49�¤ÓÕÔ P �ÑWX:;� < , then 4 » ��èÓ0Ô P 
h4�]�¤ÓÕÔ P .)

Now thissimplestmodelcanbewrittenas q½x:Có < 
U q½x:;Ø ����������� Ø � <�ô �õj k � ~ × ´�:;Ø j < � (6)
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Figure11: Relative æ�w approximationerrorsversusthenumberof termsusedfor approximationfor thefirst

800terms.(a) Averageover all thetrainingimages;(b) Averageover all thetestimages.Now we compare

the performanceof the KLB (only 72 termsavailable),LSDB, andthe KLB computedon top of the 800

LSDB coordinates.
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Therefore,thismodelcanbedescribedas

ImageModel= Descriptionof theLSDB + Statisticsof eachLSDB coordinate. (7)

Here,thedescriptionof theLSDB consistsof thespecificationof thebasisdictionaryusedandthespecifica-

tion of theLSDB vectorsobtainedvia (4) in thatdictionary. Thestatisticsof eachLSDB coordinatemeans

eitherits empiricalpdf (epdf)or empiricalcumulative distribution function (ecdf). Samplingnew images

from this model is easy. We usethe inversionmethodfor eachcoordinateto samplea typical coefficient

of thatcoordinate.Let ö � ¥ j :;Ø < beanecdfof the r th LSDB coordinatev j andlet ö j :;Ø < bean interpolated

versionof ö � ¥ j so that the inverseexists. If ��÷�ø§N§Mpù�:C¹ � È < , then ö » �j :E� < obeys ö j , i.e., v j and ö » �j :E� <
sharethesameecdf ö j sinceú�I � ö » �j :E� < '¼Ø � 
Hú�I � �h'�ö j :;Ø < � 
Hö j :;Ø < . Oncewesampleall thecoeffi-

cientsof theLSDB coordinatesto get [ �³ûEü 
Ç:Cö » �� :E� � < ��������� ö » �� :E� � < ] where � ����������� � � aredifferent

realizationsof the ø¨N§Mpù�:C¹ � È < distribution, thenwecansynthesizeantypical imageby theinversetransform� �³ûEü 
H49�¤ÓÕÔ P [ �"ûýü See[24] for simulationmethodsotherthantheinversionmethod.

If the imagesof the classcontainnoiseand the noisemodel is known a priori, e.g., additive white

Gaussiannoise(WGN), thenwecansetupabettermodelincludingdenoisingasfollows:

ImageModel 
 Descriptionof theLSDB + Statisticsof thetop & LSDB coordinates

+ Statisticsof theremaining:;�þgÑ& < LSDB coordinates. (8)

Here,the & coordinatesto be kept asa part of the signal(meaningful)componentcanbe selectedvia a

certaincriterionsuchastheMDL criteriondevelopedin [6]. Thelast :;��gª& < termscorrespondto noise.

Soif wedonotwantto includenoisein themodel,wecanthrow away thispart.

5.1.1 GeophysicalAcousticWaveforms

Here,we want to modelthe sandstonewaveformsusedin the previous section.Figure12 shows 10 syn-

thesizedwaveformsby assumingthat thebasiscoordinatesareall statisticallyindependent,samplingeach

coefficient separately, andreconstructingthem. For eachcase,we usedall 256 coordinates.As we can

seefrom Figure12, thewaveformsusingtheKLB andtheLSDB bothvisually look similar to theoriginal

waveformsshown in Figure2 (b). Althoughwe cannotquantifyhow closeto thetrueindependenceunless

we cancomputetheentropy of theprocess©·:C� < in Equation(3), this experimentindicatesthatboth the

KLB andthe LSDB coordinatesarealmoststatisticallyindependentfor this dataset.On the otherhand,

consideringthephysicsof thewave propagation,thereshouldbesomedependency betweentheso-called

P wave components(compressionalwaves)aroundtime samples80 andtheso-calledS wave components

(shearwaves)aroundtimesamples160,andthisdependency is characteristicto theunderlyingmediawhere

thewavespropagated[10]. Exploringsuchdependency is oneof our futureprojectsaswill bediscussedin

Section6.
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Figure12: (a) 10 examplesandwaveformsrandomlyselectedfrom thetrainingdataset.(b) 10 synthesized

waveformsusingtheKLB. (c) 10synthesizedwaveformsusingtheLSDB.
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Figure13: Sampledimagesfrom thesimpleindependencemodel(7) usingthepixel basis(thefirst row),

theKLB (thesecondrow) andtheLSDB (thelastrow).

5.1.2 “Rogues’ Gallery” Problem

Similarly to the examplesof the geophysicalacousticwaveforms,we comparethe simple independence

model(7) built on thepixel basis(i.e., thestandardbasis),theKLB, andtheLSDB in Figure13. Theseare

the“new faces”generatedby samplingfrom themodels.Themodelassumingtheindependenceof thepixel

coordinatesareclearlyworst.They aresimplytheaveragefaceplusnoise,andthisvalidatesthefactthatthe

pixel coordinatesarestronglystatisticallydependent.The independencemodelusingtheKLB, which we

call theKLB-STD modelfor clarification,workedquitewell althoughits coordinatesareonly guaranteed

to beuncorrelated.ThesynthesizedfacesusingtheLSDB are“clouded”anddonot look like representative

facesof this classof images.This experimentindicatesthat theLSDB coordinatesarenot really mutually

independentfor this dataset.SynthesisusingtheJBB coordinates(not shown) doesnot work well either.
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This failuretookusto thenext level of themodeling.

5.2 ‘Secondrotation’ by KLB

Figure13 is somewhat discouragingfor the imagemodelingusing the LSDB. How canwe improve the

modelusingthe LSDB? Canwe do morewith the LSDB thanwith KLB-STD? Thesequestions,in fact,

droveusto examinethe“secondrotation”by KLB, whichwasusedfor imageapproximationin Section4.3:

we form & -dimensionalfeaturespace- by selectingthetop & LSDB coordinates,thenrotatethis feature

spacecoordinatesfurtherto have decorrelatedcoordinates.Now wehave thefollowing imagemodel:

ImageModel 
 Descriptionof theLSDB + Descriptionof theKLB of thetop & LSDB coordinates

+ Statisticsof these& KLB coordinates

+ Statisticsof the :;�?g�& < LSDB coordinates. (9)

Thelasttermis againoptional.It maybebetternot to includethis termfor noisyimageclasses.Thismodel

canbe quite powerful sincethese& coordinatesarealreadystatisticallylessdependentthanthe original

coordinatesandwe cancomputethe & -dimensionalKLB ratherquickly if &\* � . Theassumptionhere

is thatthedecorrelatedKLB coordinatescomputedon top of the & LSDB coordinatesarenow statistically

independent.Figure14shows ninerealizationsfrom theKLB-LSDB800model(9) with &�
°î"¹q¹ . Wecan

seesomedramaticimprovementsover thelastrow of Figure13. Of course,thesedecorrelatedcoordinates

may not necessarilybe statisticallyindependent,but they shouldbe muchlessdependentthanthe LSDB

coordinates.Figure14 testifiesthis. Do theunderlyingcoordinatesbeforethesecondrotationmatter?The

answeris yes. In orderto seethis, we computedthesecondrotationfrom the top 800JBB (i.e., theKLB-

JBB800model),andfollow thesamesamplingandreconstructionprocedureto get therealizationsshown

in Figure15. We canseethat the realizationsfrom theKLB-JBB800modelis blurredcomparedto those

from the KLB-LSDB800 modelshown in Figure14. This differenceis inheritedfrom the approximation

qualityof thefirst stage(i.e. thetop800LSDB vs. thetop800JBB).

Noteherethatout of 800KLB-LSDB800vectors,thefirst 72 vectors(whenthey aretransformedback

to thepixel basis)areessentiallythesameastheeigenfacescomputeddirectly from thepixel basisrepre-

sentations.Thequestionhereis thatwhat theother728basisvectorswe computedareandwhetherthese

helpsimulationor not. To understandthis effect,wesynthesizedthefacesusingonly thelast728termsof

theKLB-LSDB800 modelandobtainedthenew facesshown in Figure16. As we canseehere,theseare

betterthantheLSDB modelshown in the last row of Figure13, andshow thevariationsin facial expres-

sions,which mayhave contributedto thegoodrealizationquality of thefull KLB-LSDB800modelshown

in Figure14.
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Figure14: Ninesampledfacesfrom theKLB-LSDB800model.Comparewith Figure13.
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Figure15: Ninesampledfacesfrom theKLB-JBB800model.Comparewith Figure14.
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Figure 16: Nine sampledfacesusing only the 73rd to 800thcoordinatesof the KLB-LSDB800 model.

Comparewith Figure14.
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6 DISCUSSION

In thissection,wediscusstherelationsof ourproposedmethodsto theothermethodsanddescribesomeof

ourongoingandfutureprojects.

6.1 Relation with local Karhunen-Loève Bases

As we demonstratedin Section5, thesecondrotationby theKLB computedfrom theselectedLSDB co-

ordinateswasusefulfor stochasticimagemodeling.Over there,we simplyselectedthemostenergetic800

LSDB coordinatesfrom thetotal 16,834LSDB coordinates.We canselecttheLSDB coordinatesin com-

pletelydifferentmanner. For example,wecanselecttheLSDB coordinatesonly relatedto aspecificregion.

Suchselectionis easyfor ourcasebecausethecoefficientsexpandedby thelocalcosine/Fourierdictionaries

arenicely organizedaccordingto their spatiallocations.(Notethat it is alsopossibleto selectsuchcoeffi-

cientsin thewaveletpackets/brushletsdictionarieswith alittle bit of extraeffort of organizingtheir indices.)

Theselectionof theLSDB coordinatesin thelocal regionsandthecomputationsof theKLB’ son thosere-

gionsis closelyrelatedto the notion of the local Karhunen-Lòeve basis(LKLB) that R. R. Coifmanand

theauthorproposedin [25]. The ideaof LKLB is to split thesignals/imagesinto tree-structuredsegments

by thesmoothorthogonalprojections[26], computetheKLB locally within eachsegment,theninvoke the

best-basisalgorithmto prunethetreeandmerge thesegments.As a result,we canhave a basisconsisting

of localizedandspatiallyadaptedversionsof theKLB’ s. ComputingthelocalizedKLB’ smakessenseboth

computationallyandstatisticallysincesplitting theimagesinto segmentsprovidesbetterstatistics.Thatis,

thenumberof availablesamples� andthedimensionof theproblemfor eachsegmentgetcloser. For the

smallersegments,� canbeevenlargerthantheir dimensions.In [25], however, wehaddifficulty in decid-

ing thebasisselection(i.e., tree-pruning)criterion. We examineda few alternative criteria,but all of them

werebasedontheeigenvaluesof theautocorrelationor covariancematricescomputedat thosesegments.But

now, theLSDB offersa soundandjustifiable(we areselectinga leaststatistically-dependent basis)split of

signalsandimagesinto segments,we canfurthercomputeall sortsof basesin eachsegment.In particular,

we cancomputea KLB in eachsegment. Theseoperationsare, in fact, a setof local secondrotations.

Comparedto theoriginalLKLB algorithmthatusesthepixel coordinatesto computeeachlocalKLB’ s,this

new versionvia the LSDB is muchmorecomputationallyefficient sincewe canreducethe dimensionof

eachsegmentusingtheLSDB coordinatesprior to theKLB computation.

Figure17shows oneinterestingexample.Thisshows thetop 3 KLB vectorscomputedfrom theLSDB

coefficientsbelongingto asmallsegmentaroundtheright eyeregionof the“Rogues’Gallery” dataset.This

segmentis oneof thesmallsegments( ã�>�ã pixels)aroundtheright eyeshown in theLSDB partitionpattern

in Figure6. Thefirst “eigen-eye” checksthesymmetrybetweentheupperandlower partof theright eyes

andleft eyes. Recallthatwe usedthe2D local cosinebasisdictionarywith multiple folding. That is why

theeigen-eyeshave activities outsideof this right eye region. Thenthesubsequenteigen-eyesrevealmore
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Figure17: Top 3 “eigen-eyes” computedfrom the LSDB coefficientsbelongingto a small region around

right eyesof the“Rogues’Gallery” dataset.

detailedstructuresof theeyes.For example,thesecondeigen-eye analyzesthepupils. Onecanview these

as“tailor-made”localorthonormalbasisvectors.If weoperatetheselocalsecondrotationsin thefrequency

domain,this amountsto constructing“tailor-made” waveletsand wavelet packets whosedetailswe will

reportata laterdate.

6.2 Relation with other work

Moreauand Pesquet[27] independentlyand concurrentlyproposeda similar algorithm. The difference

betweentheirsandours lies in two aspects.One is the measureof the statisticalindependence,andthe

other is the motivation. First, their measureof statisticalindependenceis a generalizedversionof the

measuresproposedby Comon[3], which is basedon the higherordercumulants,whereasours is based
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on theempiricalentropy estimationusingthehistogramor kernelpdf estimators.Thereareprosandcons

on the estimationof entropy usingthe empiricalpdf estimationusinghistogramsor kernels. First, if we

restrictthesearchof thebestbasiswithin thegroup Ò�8�:;� � �=< , aswe discussedin Section3, thesumof the

coordinate-wiseentropy estimateusingthepdf correctlyanddirectlymeasuresthestatisticaldependenceof

thedatarelative to thatcoordinatesystem.Theestimationerrorsolelycomesfrom thatof thepdf estimation

from available samples. On the other hand, the convergenceof the estimateto the true entropy is not

necessarilyfast,i.e., � : È�y � � < asthenumberof availablesamples�\1�� , asshown by Hall andMorton

[21]. Furthermore,this convergencerateis only guaranteedfor the low dimensionalcases( �¿
ßÈ for the

histograms,and �¼
�È � É � ¾ for thespecialkernel-basedestimatorswith heavy tails). Thecumulant-based

estimatorscan have fasterconvergencerate, i.e., �@:C�Ñ»¨��� w < [28], and in principle, canhandleany high

dimensionalproblems;however, thecumulant-basedentropy estimationis alwaysdependenton thenumber

of termsin theEdgeworth expansionsusedfor approximatingthe pdf, andfor thehigherordertermsand

higherdimensionalproblems,the mathematicalexpressionsbecomeextremelycumbersomeasshown in

[28]. For our LSDB algorithm,we do not needto evaluatethe high dimensionalpdf’s; we only needto

evaluate1D coordinate-wisepdf’s. From this point of view, the histogram-basedpdf estimationshould

give very goodestimatesof the coordinate-wiseentropy, andthereis no needto usethe cumulant-based

estimators.In fact, the reasonwhy peopledevelopedthecumulant-basedestimatorsseemsthat they need

to estimatetheentropy for higherdimensionaldistributions[29]. As for thedifferencein motivations,ours

is to efficiently approximateandmodelaspecificclassof imageswhereastheirsis to separatemixedsignal

sources.

Also, relatedis thework of BuckheitandDonoho[30]. They proposedseveralmeasuresto find anor-

thonormalbasisfromadictionarywhosecoordinatesaremaximallynon-Gaussian.Searchingthemaximally

non-Gaussianbasisis advocatedby DiaconisandFreedman[31] who showed that mostlow-dimensional

projectionsof high-dimensionaldatasetsareapproximatelyGaussian.Therefore,thenon-Gaussianprojec-

tionsrevealsomeintrinsic featuresof thedatasets.Thisargumentis alsothebasisof theprojectionpursuit

[32, 29]. Now, in orderto evaluatea“non-Gaussianness”of abasisin thedictionary, they proposedto max-

imize either1) thesumof thekurtosisof eachcoordinate;or 2) thesumof thecertainstatisticaldistances

or informationmeasures(suchastheAnderson-Darling,Kolmogorov-Smirnov, Kullback-Leiblerdistances,

or Fisherinformation)betweentheempiricaldistribution andtheGaussiandistribution with thesamemean

andvarianceasthatempiricaldistribution. If theKullback-Leiblerdistance(i.e., relative entropy) is used

for themeasureof non-Gaussianness,therelationshipbetweentheLSDB andthemaximallynon-Gaussian

basis(MNGS) of BuckheitandDonohocanbe madeprecise. Let ��:  × ´	� . × ´ < be the Kullback-Leibler

distance(i.e., relative entropy) betweenthepdf  × ´ of thecoordinatev j andtheGaussiandistribution . × ´
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whosemeanandvariancearethesameasthoseof  × ´ . Then,�Z:  × ´
� . × ´ < 
 «� × ´�:;Ø j < nOoqJ  "× ´ :;Ø j <. × ´ :;Ø j < ­ Ø j
 g¶©·:Cv j < gª«¬ "× ´ :;Ø j < npoqJ�.s× ´ :;Ø j <®­ Ø j
 g¶©·:Cv j < g « .s× ´ :;Ø j < npoqJ�.s× ´ :;Ø j <®­ Ø j
 g¶©·:Cv j <�¸ ÈÉ npoqJ�}�G"I"c v j e ¸ ÈÉ npoqJm: É�� ÎT< �
Thethird equalitycomesfrom thefact thatthe  × ´ and . × ´ sharesthesamemeanandvariance.Therefore,

theMNGB is obtainedby thefollowing criterion:4�
 ��� P 
HG"I�J=K�G��PRQ"Ë �i j k � �Z:  × ´	� . × ´ < 
HG"I�J9K@MONPRQ³Ë �i j k � � ©ª:Cv j < g ÈÉ npoqJ=}�G"I³c v j e�� � (10)

whereasthe LSDB criterion (4) doesnot have the secondterm of g �w npoqJ�}�G"I"c v j e . This implied that the

MNGB prefersthecoordinateswith smallentropy andlargevariance,whereastheLSDB prefersthecoor-

dinateswith smallentropy only.

6.3 Further challenge

6.3.1 Nonlinear representations

All we have consideredso far asa setof possiblebasesfor imageapproximationandmodelingarejust a

subsetof invertible linear transformations698�:;� � �=< , in fact,a subsetof WX:;� < or Ò¤8�:;� � �=< , which canbe

searchablevia theLSDB algorithm. Potentially, theremaybea nonlineartransformationthatoutperforms

any of theselineartransformationsin termsof imageapproximationandmodeling.Along this line, we are

currentlyinvestigatingalgorithmsto find suchnonlineartransformations[33]. Oneof thealgorithmstries

to find a nonlineartransformationthatmapsdatato thenew coordinateswherethe transformeddataobey

the standardmultivariateGaussiandistribution, �·:�� � ¯ < , which, of course,hasindependentcoordinates.

Althoughit is morecomputationallyexpensivethantheLSDBalgorithm,it mayprovideacoordinatesystem

which is muchcloserto thestatisticalindependencethantheLSDB.

6.3.2 Imagemodelswith the LSDB with pairwise conditioning

As ourexperimentsshowed,theLSDB doesnotguaranteeatruly independentcoordinatesystemin general.

So,weconsideredthemodel(9) usingtheKLB of thetop & LSDB coordinatesasanattemptto makethem

moreindependent(in this caseonly decorrelationis achieved, of course).Alternatively, we canexamine

the dependency amongthe selectedLSDB coordinatesmoreexplicitly. We cannotafford to examineand

modelthedeepstatisticaldependenceamongthecoordinatesif we needthecomputationalefficiency and
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algorithmicsimplicity. Thesimplestdependency we canmodelis perhapsthepairwisedependency model

thatapproximatesthetruepdf by aproductof bivariatepdf’s: q½x:;Ø ���������_� Ø � <�ô õj��k { ~ × ´ ×�� :;Ø j � Ø { < � (11)

Currently, we areworking on algorithmsto checkthis pairwisedependency amongtheLSDB coordinates

andto sampletheLSDB coefficientsconditionallyusing2D pdf estimationtechniquessuchasASH2D[12,

Chap.5]. We arealsoinvestigatingtheMarkov chainmodelon theLSDB coordinates,which we hopeto

reportata laterdate.

7 CONCLUSION

Wehave presentedanew criterionfor thebest-basisalgorithmto find theleaststatistically-dependent coor-

dinatesystemfrom a givenbasisdictionaryfor a givencollectionof signalsor images.This criterionis to

minimizethemutualinformationof thecoordinates,whichis ameasureof thestatisticaldependenceamong

them. In this sense,this proposedalgorithmcanbe viewed asthe best-basisversionof ICA. This basis

(LSDB) canbecomputedrapidly, i.e., �@:;��c npoqJ=�meÅÄ < , where � is thedimensionof theproblem,and Æï
�È
for thewaveletpacket dictionaries,and Æï
ÇÉ for the local cosine/Fourier/brushlet dictionaries.Usingthe

geophysicalacousticwaveformsandthe“Rogues’Gallery” dataset,we have demonstratedthatLSDB per-

formedbestamongavarietyof basesincludingtheKLB, JBB,DCT, andwavelets,for imageapproximation

in termsof theaveragerelative æ�w error. Wehavealsoproposedsimplestochasticmodelsfor agivenclassof

signalsor imagesbasedon theLSDB coordinates.Thefirst modelis to assumethestatisticalindependence

amongtheLSDB coordinates,which allows usto sampletypical coefficientsof eachcoordinateseparately

usingtheempiricaldistribution estimatedfrom theavailabletrainingcoefficientsof thatcoordinate,which

in turneasilyallowsusto simulatenew imagesat ourdisposal.Thisstrategy workedwell for thegeophysi-

cal acousticwaveforms.BecausetheLSDB doesnot necessarilyprovide thetruly statistically-independent

coordinates,thisfirst modeldid notwork well for the“Rogues’Gallery” dataset.To dealwith thisproblem,

we have introducedthesecondmodelbasedon the “secondrotation” by theKLB computedfrom the top& LSDB coordinates.This modelgivesus thedecorrelatedcoordinatesbuilt on top of the localizedleast

statistically-dependent features.Thesimulationresultsusingthesecondmodelsuggestthatthis secondro-

tation further reducedthestatisticaldependency amongthecoordinates.** We believe thatexploring the

statisticaldependency amongthe LSDB coordinatesis likely to be a key for building a betterstochastic

imagemodels,whichwewill tacklein our futureproject.
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[1] S. Watanabe,“Karhunen-Lòeve expansionandfactoranalysis:theoreticalremarksandapplications,”

in Trans.4th PragueConf. Inform.Theory, Statist.DecisionFunctions,RandomProcesses, (Prague),

pp.635–660,PublishingHouseof theCzechoslovak Academyof Sciences,1965.

[2] D. J.Field,“What is thegoalof sensorycoding?,” Neural Computation, vol. 6, pp.559–601,1994.

[3] P. Comon,“Independentcomponentanalysis,a new concept?,” SignalProcessing, vol. 36, pp. 287–

314,1994.

[4] A. J.Bell andT. J.Sejnowski, “An information-maximization approachto blind separationandblind

deconvolution,” Neural Computation, vol. 7, pp.1129–1159,1995.

[5] R. R. CoifmanandD. Donoho,“Translation-invariantde-noising,” in WaveletsandStatistics(A. An-

toniadisandG. Oppenheim,eds.),LectureNotesin Statistics,pp.125–150,Springer-Verlag,1995.

[6] N. Saito,“Simultaneousnoisesuppressionandsignalcompressionusingalibraryof orthonormalbases

andtheminimumdescriptionlengthcriterion,” in Waveletsin Geophysics(E. Foufoula-Georgiou and

P. Kumar, eds.),ch.XI, pp.299–324,AcademicPress,SanDiego,CA, 1994.

[7] D. L. DonohoandI. M. Johnstone,“Ideal denoisingin anorthonormalbasischosenfrom a library of

bases,” ComptesRendusAcad.Sci.Paris, Śerie I, vol. 319,pp.1317–1322,1994.
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