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ABSTRACT

We examinethe similarity and differencebetweensparsityand statisticalindependencein imagerepresentationsin a very
concretesetting:usethebestbasisalgorithmto selectthesparsestbasisandthe leaststatistically-dependentbasisfrom basis
dictionariesfor a given dataset.In orderto understandtheir relationship,we usesyntheticstochasticprocesses(e.g.,spike,
ramp,andgeneralizedGaussianprocesses)aswell asthe imagepatchesof naturalscenes.Our experimentsandanalysisso
farsuggestthefollowing: 1) Bothsparsityandstatisticalindependencecriteriaselectedsimilarbasesfor mostof ourexamples
with minor differences;2) Sparsityis morecomputationallyandconceptuallyfeasibleasa basisselectioncriterion thanthe
statisticalindependence,particularlyfor datacompression;3) Thesparsitycriterioncanandshouldbe adaptedto individual
realizationratherthanfor thewholecollectionof therealizationsto achieve themaximumperformance;4) Theimportanceof
orientationselectivity of the local Fourier andbrushletdictionarieswasnot clearly demonstrateddueto the boundaryeffect
causedby thefolding andlocalperiodization.

Theseobservationsseemto encouragethe pursuitof sparserepresentationsratherthan that of statisticallyindependent
representations.

Keywords: Sparserepresentation,statisticalindependence,IndependentComponentAnalysis,basisdictionary, bestbasis,least
statistically-dependentbasis

1. INTRODUCTION

Statisticalanalysisof naturalsceneimageshasrecentlydrawn considerableattentionparticularlyin thefield of neuroscience
suchasField,9 Olshausen& Field,:<; = Bell & Sejnowski,> van Haterenandvan der Schaaf,? to namea few. Their main
motivationwasto understandthe receptive field propertiesof simplecells in the mammalianprimary visual cortex (i.e., V1
area)by analyzingthestatisticsof naturalscenes.Barlow @ suggestedthatmammalsmaybeusingthestatisticallyindependent
codingstrategy for visual stimuli, andproposedthe minimumentropy coding(alsoknown as factorial coding). Atick A also
arguedtheimportanceof redundancy reductionandentropy minimizationin thevisualpathway. Field9 suggestedthatneurons
with line andedgeselectivities in V1 may provide sparse representationof naturalscenes.This may imply that mammals
exploit thesparsityfor imagerepresentationsin their brain. Many neuroscientistshave tried to answerthe following reverse
proposition,which is alsovery interesting:Immersedin thenaturalenvironment,whetherthereceptivefieldsof simplecellsof
mammalsautonomouslyform edgeor line detectors.If onecandemonstratethis, it maybea convincingargumentaboutwhy
mammalshave edgedetectorsandwhy mammalsareexploiting sparseandefficient representationsof naturalscenes.Many
interestingalgorithmsweredevelopedandnumericalexperimentswereperformedon imagepatchesof naturalscenes.:CBD? All
of theseapproachesessentiallytry to find thebasisfunctionsfrom someovercompletesetof basesby optimizingeithersparsity
or statisticalindependence(amongtheexpansioncoefficients)usingsomeform of learningalgorithmssuchasneuralnetworks.
In fact,they foundthattheestimatedbasisfunctionsall resembleGaborfunctionsor orientedDOGfiltersregardlessof thebasis
selectioncriteriaif oneusestheimagepatchesof smallsize(e.g., EGFIH�EJF pixels)selectedrandomlyfrom naturalsceneimages.
On onehand,their algorithmsaretruly self-organizingsincethey canbuild suchbasisfunctionscompletelyfrom scratch.On
theotherhand,theircomputationalcostpreventsonefrom conductingexperimentsonimagepatchesof largesize(e.g., F�KIH�F�K
or larger).

Inspiredby this line of research,DonohoL recentlyproposedtheconceptof theSparseComponentAnalysis(SCA), con-
ductedadetailedmathematicalanalysisfor aspecificclassof functions,andarguedthatsparsityandovercompletenessmaybe
moreplausibleon biologicalgroundsandaremoreimportantfor practicaldatacompressionpurposesthanstatisticalindepen-
dence.
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In themeantime, from a completelydifferentmotivation(stochasticmodelingof a classof similar images),we developed
analgorithmof computingthe leaststatistically-dependentbasis(LSDB) from time-frequency dictionaries.N ; 9CO This canbe
viewedasa dictionaryversionof theindependentcomponentanalysis(ICA). 9P9Q; 9C:

Thisseriesof work hasmotivatedusto studythefollowing questions:R Why bothsparsityandstatisticalindependencecriteriaproducededgeor line detectorsfor naturalscenedatasets?R Whatis thesimilarity anddifferencebetweensparsityandstatisticalindependencecriteria?R Whatis theeffectof thesizesof theimagepatchesused?R Whatis theeffectof orthonormality?R Whatis theeffectof overcompleteness?R Whatis theeffectof orientationselectivitiesof basisfunctions?

In thispaper, wewill examinesomeof thesequestions,in particular, thesimilarityanddifferencebetweensparsityandstatistical
independenceundera concreteand simplersetting: extractingbestbasesfrom a set of basisdictionaries(suchas wavelet
packet, brushlet,local cosine,local Fourier dictionaries)with respectto sparsityor statisticalindependencecriteria using
simplesyntheticexamplesaswell asthenaturalscenedata.

Let us first describeour notationand the terminologyof basisdictionariesandbestbases.Let S TVU�W be a random
vectorwith someunknown probabilitydensityfunction(pdf) X4Y . Let usassumethat theavailabledata Z\[^]G_ 9�`JabaJac` _ed�f
were independentlygeneratedfrom this probability model. Let gh[jilk 9�`JabaJac` k Wnm Tporq$its ` U m (a groupof orthonormal
transformationsin U�W ) or oeuIivs ` U m (a groupof volume-preservingtransformationsin U�W ). Thebest-basisparadigmis to find
a basisg or a subsetof basisvectorssuchthatthefeatures(expansioncoefficients) wx[yg{z 9 S areusefulfor theproblemat
hand(e.g.,compression,modeling,discrimination,regression,segmentation)in a computationallyfastmanner. Let |}itgy~�Z m
beanumericalmeasureof deficiencyor costof thebasisg giventhetrainingdatasetZ for thegivenproblem.Oftenwerestrict
our searchwithin thebasisdictionary ����oeu�its ` U m , suchastheorthonormalor biorthogonalwaveletpacket dictionariesor
local cosineor Fourier dictionarieswherewe never needto computethe full matrix-vectorproductor the matrix inversefor
analysisandsynthesis.Underthis setting, g��2[����Q�r�$���(�r����|}itg#~CZ m is calledthebestbasisrelative to thecost | andthe
trainingdatasetZ .

2. SPARSITY VS STATISTICAL INDEPENDENCE

Theconceptof sparsityandthatof statisticalindependenceareintrinsicallydifferent.Thesparsityemphasizestheissueof the
compressiondirectly whereasthestatisticalindependenceconcernsmoreaboutthe relationshipamongthecoordinates.Yet,
for certainstochasticprocesses,thesetwo areintimately related,andoften confusing. For example,OlshausenandField:�; =
emphasizedthesparsityasthebasisselectioncriterion,but they alsoassumedthestatisticalindependenceof thecoordinates.
Bell andSejnowski> usedtheICA andobtainedsimilar results.They claimedthat they did not imposethesparsityexplicitly
andsuchsparsityemergedby maximizingindependence(or minimizing thedependence).Thesemotivatedus to studythese
two criteria.

First let usdefinethemeasureof sparsityandthatof statisticalindependencein ourcontext.

2.1. Sparsity

The sparsityis a key propertyasa goodcoordinatesystemfor compression.The true sparsitymeasurefor a given vector_%T�U�W is theso-called� O quasi-norm,L ; 9�= which is definedas� _ � O �[y��]J�rT���E ` s��c���¡ 
¢[#£¤f a
This measureis, however, very unstablefor evensmallperturbationof theelementsin a vector. Therefore,thebettermeasure
is the �<¥ norm: � _ � ¥ �[ ¦ W§  �¨ 9 ~ �¡ <~ ¥�© 9Pª ¥ ` £"«­¬¯®#E a



In fact,this is a quasi-normsincethis doesnot satisfytriangleinequality, but only satisfiestheweaker condition,
� _¯°!± � ¥ ®² z 9�ª ¥b³Ci � _ � ¥ ° � ± � ¥ m where ¬µ´ is the conjugateexponentof ¬ , 9C> and

� _�°¶± � ¥¥ ® � _ � ¥¥ ° � ± � ¥¥ . It is easyto show that· ��� ¥D¸ O � _ � ¥¥ [ � _ � O .
Wecanuse�<¥ normminimizationasabasisselectioncriterionfor thebestbasisin termsof sparsityfromadictionary/library.

Therefore,weproposeto usetheexpected�<¥ normminimizationfor a giventrainingdatasetto selectthesparsebasis:| ¥ itg#~CZ m [\¹ � w � ¥¥�º E» d§¼ ¨ 9 � ± ¼ � ¥¥ [ E» d§¼ ¨ 9 W§  �¨ 9 ~ ½� t¾ ¼ ~ ¥ `g ¥ [#���Q�¿�$����r��� | ¥ ilg#~�Z m a
Here,± ¼ [Viv½ 9 ¾ ¼ `baJabaÀ` ½ W ¾ ¼ m�Á [\g�z 9 _ ¼ , and _ ¼ is the Â th sample(or realization)in Z . It shouldbenotedthattheminimization
of the �<¥ normcanalsobeachievedfor each realization. We will discussmoreaboutthis in Section3.

2.2. Statistical Independence

Thestatisticalindependenceof thecoordinatesof wxT¯U�W meansX4Ã$iv± m [\X�Ä4Å�iv½ 9bm X�ÄGÆ�it½ :GmÀÇbÇbÇ X�ÄGÈÀiv½ W m `
where X�Ä�ÉÊiv½ ¼ m is aone-dimensionalmarginalpdf definedasX�ÄGÉÊit½ ¼ m [yË ÇJÇbÇ ËÌX4Ã{iv½ 9 `baJabaÀ` ½ ¼ `baJabaÀ` ½ W mCÍ ½ 9�ÇbÇbÇQÍ ½ ¼ z 9DÍ ½ ¼�Î 9}ÇJÇbÇQÍ ½ W a
ThestatisticalIndependenceis akey propertyasagoodcoordinatesystemfor compressionandparticularlymodelingbecause:
1) Damageof one coordinatedoesnot propagateto the others;and 2) it allows us to model the s -dimensionalstochastic
processof interestasa setof 1D processes.Of course,in general,it is very difficult or almostimpossibleto find a truly
statisticallyindependentcoordinatesystemfor a givenstochasticprocess.Therefore,we shouldbesatisfiedwith finding the
least-statisticallydependentcoordinatesystemfrom adictionary/library. Naturally, then,weneedto measurethe“closeness”of
a givencoordinatesystemÏ 9�`baJabaÀ` Ï W to thestatisticalindependence.This canbemeasuredby mutualinformationor relative
entropy betweenthetruepdf X Ã andtheproductof its marginals:Ð itw m �[ ËÌX4Ã$iv± m ·�Ñ � X Ã iv± mÒ W �¨ 9 X ÄGÓ iv½   m Í ½ 9}ÇJÇbÇ�Í ½ W[ Ô*Õ!itw m ° W§  �¨ 9 Õ�itÏ   m `
whereÕ�itw m and Õ�itÏ   m arethedifferentialentropy of w and Ï   respectively:Õ�ilw m [VÔ Ë X Ã iv± m ·�Ñ ��X Ã iv± mCÍ ± ` Õ�ilÏ   m [pÔ Ë X ÄJÓ it½   m ·�Ñ ��X ÄGÓ iv½   mCÍ ½   a
We notethat

Ð ilw m3Ö £ , and
Ð ilw m [#£ if andonly if thecomponentsof w aremutuallyindependent.

Supposewe constrainour searchof a goodbasiswithin thevolume-preservingtransformations.In otherwords,supposew×[#g{z 9 S and gØT¯oeu�its ` U m . Then,wehaveÐ ilw m [pÔ*Õ�itw m ° W§  �¨ 9 Õ�ilÏ¡  m [VÔ*Õ�itS m ° W§  �¨ 9 Õ�itÏµ  m `
sincethedifferentialentropy is invariantundersucha transformation,i.e.,Õ!itg z 9 S m [#Õ�ilS m ° ·�Ñ �Ù~ Í¤ÚbÛ itg z 9 m ~Ü[\Õ�itS m a
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Figure1. Sparsityandstatisticalindependencepreferthedifferentcoordinates.

Basedonthisfact,weproposedthefollowingcostfunctiontoselecttheso-calledleaststatistically-dependentbasis(LSDB)N ; 9CO :|µß(à�á � itg#~CZ m [ W§  �¨ 9 Õ!itÏ   m [VÔ W§  �¨ 9 Ë X ÄGÓ iv½ m ·�Ñ ��X ÄGÓ it½ m�Í ½º Ô E» d§¼ ¨ 9 W§  �¨ 9 ·�Ñ �$âX�Ä Ó it½� t¾ ¼ m `
where âX�Ä Ó it½� t¾ ¼ m is anempiricalpdf of thecoordinateÏµ  , whichmustbeestimatedfrom thetrainingdataZ by analgorithmsuch
asthehistogramwith optimalbin-widthsearch.9�? Now, wecandefinetheLSDB asg¿ß(à�á � [#���Q�¿�$����r��� |µß(à�á � ilg#~�Z m a

3. SIMPLE EXAMPLES

In thissection,weexaminethesparsestcoordinatesandthestatistically-independentor leaststatistically-dependentcoordinates
for severalsimplestochasticprocesses.Althoughtheseprocessesaremuchsimplerthanthenaturalimagepatches,we gaina
goodinsightinto thesimilarity anddifferencebetweensparsityandindependenceby studyingsuchprocesses.

3.1. Two-dimensionalCounterexample

Let usconsiderasimpleprocessSã[pivä 94` ä : m whereä 9 and ä : areindependentlyandidenticallydistributedastheuniform
distribution ån�n��æG��Ô�E ` Eb� . Thus,therealizationsof thisprocessaredistributedastherighthandsideof Figure1. Let usconsider
all possiblerotationsaroundorigin asa basisdictionary, i.e., �h[×ç(è6i ² ` U m . Then,the sparsityandindependencecriteria
selectcompletelydifferentbasesasshown in Figure1. Thisexampleclearlydemonstratesthatthesparsestcoordinatesandthe
statisticallyindependentcoordinatesaregenerallydifferent.Onecangeneralizethisexampleto higherdimensions.
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3.2. One-dimensionalgeneralizedGaussiandistributions

Despitetheintrinsicdifferencebetweenthesparsityandthestatisticalindependence,weoftenseethesimilarcoordinatesystem
givebothgoodsparsityandsmallstatisticaldependence.Theexperimentsof Olshausen-Field,Bell-Sejnowski,andvanHateren
andvanderSchaafall suggestthis similarity. In this subsectionandthe following, we will show moreconcretelythis is the
casefor certainsimplestochasticprocesses.

Let us first considera particularone-dimensionalstochasticprocess,which obeys the generalized Gaussiandistribu-
tion. This is a widely usedprobabilitydistribution for modelingvariousnaturally-occurringphenomena(particularlyin geo-
physics9 @ BJ9 L ), andis definedasfollows: ì iv�îíPê `�ï m �[ ê² ï1ð i�E�ñ4ê m Ú z1òló ô�ó ª�õÜöt÷ `
where ê^ø×£ prescribesthe shapeof the distribution, and ï øù£ specifiesits scale. Onecan easily seethat the caseofitê `�ï m [úi ² `<û ² m reducesto the standardGaussiandistribution

» il£ ` E m , and ilê `Pï m [úi�E ` E�ñ û ² m reducesto the standard
Laplaciandistribution. Moreover, as êýü þ , it reachesto the uniform distribution. Figure 2 shows several generalized
Gaussiandistributionswith variousvaluesof ê .

Sincethis is a one-dimensionalprocess,thestatisticalindependenceamongcoordinatescannotbedefinedproperly. Thus
weonly considertheentropy of theonecoordinateinsteadof thestatisticalindependence.A simplecalculation9 N ; 9 L showsthat
thedifferentialentropy of therandomvariableä�ÿ ì i Ç íPê `�ï m isÕ!ivä�íQê `Pï m [¶¹�� · �1iCE4ñ ì ivä�íQê `Pï m�m ��[VÔ,Ë��z �

ì it�1íPê `�ï m · � ì it�1íPê `�ï m¤Í �2[ Eê Ô · � � ê² ï1ð i�E�ñ4ê m�� a (1)

On theotherhand,thesparsitycanbecomputed9 N aso�itä�ít¬ ` ê `�ï m [#¹�~ ä%~ ¥ [ Ë��z � ~ ��~ ¥
ì iv�1íQê `Pï m¤Í �2[ ï ¥ ð�� ¬$°¶Eê � ñ ð�� Eê	� a (2)
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Figure3. Plotsof entropy Õ�itä�íPê `�� [ ² m vstheshapeparameterê . Theright figureis zoomedversionaroundê­[ ² to show
thatthemaximumentropy is attainedat ê8[ ² .

At this point, let usassumethat therandomvariable ä satisfiessomenormalizationcondition,for example, ¹�~ ä%~ �6[ýE .
After propernormalization(e.g.,centeringandsphering),it is commonto assumethat thedistribution hasa zeromeananda
unit variance,i.e., � [ ² . Thisnormalizationconditiondeterminestheparameterï asï � [ � ð � Eê�� ñ ð � � °¶Eê � � 9�ª � a (3)

For this ï , (1) becomesÕ!ivä�íQê `�� m [\Õ�itä�íPê `�ï �Dm [ Eê ° · � ²ê ° � E�° E� � · � ð�� Eê�� Ô E� · � ð�� � °\Eê � a
Theentropy of thisnormalizedgeneralizedGaussiandistribution is shown in Figure3. As onecanseefrom thisfigure,wecan
show thefollowing lemma:

Lemma 3.1. · ���� ¸ O Õ!ivä�íQê `�� m [pÔIþ ` · ������ � Õ!ivä�íQê `�� m [ E� · �1iCE
° � m ° · � ² a���P�ù�$���O�� ��� � Õ!ivä�íQê `�� m [ �Êa
In otherwords,for £$®%ê!® � , theentropymonotonicallyincreaseswhile for ê Ö � , it monotonicallydecreases.

Proof. See9 N for theproof.

Usingthesameï in (3), thesparsity(2)becomeso�itä�ít¬ ` ê `�� m [ o�ivä�íl¬ ` ê `Pï ��m [ ð�� ¬6°\Eê � � ð�� Eê�� � ¥ ª ��z 9 � ð�� � °\Eê � � z(¥ ª � a
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The sparsityof this normalizedgeneralizedGaussiandistribution is shown in Figure4. We note that the sparsitymeasure
changesits behavior accordingto ¬¯ø � or ¬2« � . In factwecanshow thefollowing:

Lemma 3.2. For each ê�ø�£ , thesparsitymeasure o�ivä�íl¬ ` ê `�� m attainsminimum(asa functionof ¬ ) in theinterval il£ `�� m .
Proof. See9 N for theproof.

Fromtheselemmasandfigures,we concludethat theone-dimensionalgeneralizedGaussiandistribution with small ê is pre-
ferredby boththesparsityandentropy criteria.

Remark 3.3. ConsiderthehighdimensionalstochasticprocessS T2U�W andlet usassumethatweseekthenew coordinatesw
wherethecomponentsareindependentlyandidenticallydistributedasthegeneralizedGaussiandistributionwith shapeparam-
eter ê%[ë¬ , althoughsucha situationis ratherspecificandrestrictive. More precisely, let usassumeX4Ã$iv± m [ Ò W ¼ ¨ 9 X�Ä�ÉÊiv½ ¼ mand X�Ä�ÉÊit½ ¼ m [ ì it½ ¼ ít¬ `�ï m . Then,W§¼ ¨ 9 Õ�itÏ ¼ m [ W§¼ ¨ 9 ¹�� · �îi�E�ñ

ì itÏ ¼ ít¬ `�ï mPm ��[ consti ¬ `�ï m ° Eï ¥ W§¼ ¨ 9 ¹�~ Ï ¼ ~ ¥ a
Therefore,minimizing the �<¥ norm is equivalentto minimizing thesumof thecoordinate-wiseentropy in this case.In other
words,the independenceandsparsitycriteria exactly coincide. Furthermore,supposewe aregivena collectionof the basesg 9�`baJabac` g�$ , underwhich thestochasticprocessof our interestis independentlyandidenticallydistributedwith thegeneral-
ized Gaussiandistributionswith the shapeparameters,ê 9�`JabaJaÀ` ê%$ , respectively. Supposealsothe scaleparameterfor each
coordinatein eachbasisis adjustedto haveunit variance.Let Â � [¶���P�r�$��� 9&� ¼ � $ ê ¼ . Then���P� �$���9&� ¼ � $ | ß(à�á ��ilg ¼ ~CZ m [#���Q�ù�$���9'� ¼ � $ | ¥ itg ¼ ~�Z m [#Â � a
In otherwords,both thesparsestbasisandtheLSDB is thesamebasis,g ¼)( . This remarkalsosuggeststhat thesparsityand
independencecriteriaoptimizedifferentquantitiesassoonasonevariesï for eachcoordinate.



3.3. The SpikeProcess
An s -dimensionalspikeprocesssimplygeneratesthestandardbasisvectors]+*�,�f���U}W in a randomfashion,where*-, hasone
at the . th entryandall theotherentriesarezeros.Onecanview this processasa singlespike of unit amplitudelocatedat a
randompositionbetweenE and s . In this case,it is easyto show 9 N thattheKarhunen-Lòevebasisis any orthonormalbasisinU W containingtheconstant“DC” vector / [ iCE ` E `Jababa�` E m Á .

In termsof sparsity, it is clearthatthestandardbasisis thesparsestbasis.It is clearthatthis basisis not statisticallyinde-
pendent;existenceof thesinglespike constrainstheprobabilityof spike generationat otherlocations.We have thefollowing
theoremsfor thissimpleprocess.

Theorem3.4. Supposewerestrictour search of thebaseswithin theHaar-Walshdictionary. Then,R Thesparsestbasisis thestandard basis.R TheLSDBis:

– thestandard basisif s8ø%K ; and

– theWalshbasisif s,[ ² ` K .R Thetrue independencecanbeachievedonly for s¯[ ² .
Note: s is alwaysa dyadicnumberin thisdictionary.

Proof. See9 N for theproof.

Now, wecangeneralizethis theoremnotonly to theHaar-Walshdictionarybut alsoto any basischosenfrom ç100its ` U m .
Theorem3.5. Supposeweextendour search of thebasesto ç(è"its ` U m or ç100its ` U m .R Thesparsestbasisamongç100its ` U m is thestandard basis.R TheLSDBamongç(è6ivs ` U m is:

– thestandard basisif s Ö é ;
– theWalshbasisif s,[ ² ` K ; and

– 234 95 = 95 @ 95 :95 = 95 @ z 95 :95 = z :5 @ £
6879 or its permutationof rowsandcolumnsif s¯[;: .R TheLSDBamongç100its ` U m with s�ø ² is thefollowingbasispair (for synthesisandanalysis):

g � [ 23334 E Ô�E ÇJÇbÇ Ô�E£
...

Ð WÊz 9£
687779 ` g z 9� [ 23334 E E ÇbÇJÇ E£

...
Ð W¤z 9£

687779 a
Proof. See9 N for theproof.

Finally, wehave thefollowing conclusive theorem:

Theorem3.6. There is no linear transformationproviding thestatistically-independentcoordinatesfor thespike processfors­ø ² .
Proof. See9 N for theproof.

Remark 3.7. Althoughthis processis very simple,we have the following interpretation.Considera stochasticprocessgen-
eratinga basisvectorrandomlyselectedfrom a specificbasisat a time. Then,both thesparsestbasisandtheLSDB arethat
particularbasis.Theorems3.5and3.6claimsthatoncewetransformthedatato spikes,onecannotdoany betterthanthatboth
in sparsityandindependencewithin thelinearcontext. Of course,if oneextendsthesearchto nonlineartransformations,then
it is a completelydifferentstory. We referthereaderto our recentarticle:PO for anonlinearalgorithm.

Remark 3.8. Next stepsbeyond this simplespike processare: 1) a spike processwith varying amplitude,which wasalso
consideredin :�9 for rate-distortioncalculation;2) amulti-spikeprocessgeneratingmorethanonespikesata time.
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3.4. The Ramp Process

At the CIRM Luminy meetingof WaveletsandApplicationsin 1992,YvesMeyer proposedthe following simplestochastic
process. ä%i?> m [@>�Ô�Õ�i?>}ÔBA m ` £$®�>�®yE `
where Õ!i Ç m is the Heaviside stepfunction, and A obeys the uniform distribution ån�n��æG� £ ` Eb� . As alsodescribedin, :<9Q; :P: the
covarianceof thisprocessis ð iDC ` > m [ë�$���}iDC ` > m ÔEC�> `
which is thesameasthatof theBrownianbridge.As a consequence,theKLB of thisprocessis theFouriersinebasisF ¼ iG> m [û ²IH ���ci ²KJ ÂL> m , andthe correspondingeigenvaluesare M ¼ [ji ²KJ Â m z : . Apparently, this Fourier sinebasisis not efficient to
compressrealizationsof thisprocessdueto its discontinuity. In fact,wecanpreciselymeasurethesparsityandentropy of this
KLB coordinatessincewe canderive thepdf of eachKLB coordinate.9 N In particular, thesparsityof this KLB is N ¼PO ¥ ñ�ÂÜ¥
whereO ¥ is someconstantonly dependenton ¬ . In otherwords,thesparsitymeasureblowsup for £$«8¬,®yE . Thismeansthat
theKLB providesa completelydensecoordinatesystem.This is a clearexampleof the importanceof non-Gaussianity:the
KLB is not useful,evenharmful,for non-Gaussianprocesses.Intuitively andclearly, thewaveletbasisshouldperformmuch
bettersinceit is goodat capturingsucha discontinuityefficiently. So,let usexaminethisprocessunderthebestbasissetting.

In ournumericalexperiments,wediscretizedeachrealizationby s¯[ ² é F grid points,andgenerated
» [ ² é FÜ£ realizations

of thisprocesssothatwe haveexactly10 realizationsfor eachshift. We alsoaddedweakwhiteGaussiannoise( Q,[ EJ£nzµA ) to
eachrealizationfor numericalstabilization.Weusedthe6-tapCoifletasaconjugatemirror filter to generatethewaveletpacket
coefficientsof theinputsignals.Figure5 comparesthebasispatternsof andthe � OR= OD9 -sparsebasisandtheLSDB selectedfrom
this setof realizations.As onecansee,both basesareessentiallythe wavelet basis. Theonly differenceis the coarsescale
subspaces.We alsonotethat thepatternof thesparsebasisareinsensitive to thechoiceof ¬ for £�«%¬�® E . We arecurrently
workingon theproofof thefollowing conjecture:

Conjecture3.9. Within any waveletpacket dictionaries,both the �<¥ -sparsebasis( £!«p¬#® E ) and the LSDBfor the ramp
processare thewaveletbasis.
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Figure6. Relative � : approximationerrorsof the � O�= OD9 -sparsebasisandtheLSDB. Thesolid curve representsthemeanof the
errorvs. thenumberof termsretainedin theLSDB. Thedottedcurve representsthatof the � OR= OD9 -sparsebasis.Theassociated
boxplotsarealsodisplayedto show thescatterof individualerrorsfor thesebases.Theright figurecomparesthesetwo errors
with thoseby individually-adaptedsparsebases.

We hopethatwecanreportthecompleteproof in thenearfuture.:Q= Thevanishingmomentpropertyof thewaveletpacket
functionswill playanimportantrole in theproofsinceit kills thepolynomialportionof theprocessandeachbasiscoordinate
becomesa stochasticprocessparameterizedby A , andit is essentiallythe integrationof thewaveletpacket functionswith the
integrationinterval asafunctionof A andscaleandlocationparameterof thewaveletpacketbasisfunction.Then,wecanshow
thatR Thecompactsupportof thebasisfunctioncreatesthelargepopulationof coefficientsat zero.Thisexplainsthefrequent

observationof the spiky distribution at the origin with heavy tails suchasthe generalizedGaussiandistributionswithê�® E whenoneexaminesthestatisticsof thewaveletcoefficients.R Thescaleof thebasisfunctioncontrolsthesizeof thespikeatzeroof thepdf of thecorrespondingcoordinate.Thelarger
thescale,thesmallerthesizeof thespikeat zero;therefore,thelessspiky thedistributions.R Theoscillationof thebasisfunctiondecreasesthesmoothnessof thepdf of thecorrespondingcoefficients.This in turn
increasestheentropy andsparsityof thedistribution.

Now, let us demonstratethat the conceptof sparsityis more suitablefor individual realizationsratherthan for the whole
collectionof the realizations.First of all, asYvesMeyer andLars Villemoespointedout to us, the local cosinebasiscould
provideuswith thecoordinatesassparseasthewaveletbasisif thesegmentationof theinterval is optimallyadaptedto capture
thediscontinuity. In otherwords,onecanadaptively segmenttheinterval to have largesegmentsaway from thediscontinuity
andprogressively smallersegmentstowardthediscontinuity, andthenuselocal cosinesin eachsegment.Thetime-frequency
local cosinesproposedby Villemoes:P> shouldbe particularlyefficient for this. However this adaptedbasisis very specific
to the locationof thediscontinuity, andonly suitablefor theparticularrealization.Second,let usconducttheapproximation
experimentsusingthe wavelet packet dictionarywith the 6-tapCoiflet. Figure6 comparesthe approximationerrorsof the� O�= O�9 -sparsebasisandthe LSDB. From the meancurvesandboxplotsof theseerrors,we observe that both the � O�= OD9 -sparse
basisandtheLSDB equallyperformwith somefluctuationsin thefirst 60 coordinates.However, thestrengthof thesparsity
criterionis thatit canalsobeoptimizedfor individualrealizationto haveonebasisperrealization.Theapproximationerrorsof
suchstrategy is alsoshown in Figure6. All theindividually-adaptedbasesareessentiallythewaveletbasis;theonly differences
arethecoarsescalesubspacesrangingfrom level 6 to 8. Of course,comparingthis setof individually-adaptedbaseswith the
singleLSDB andtheoverall sparsebasisis not fair. It alsorequiresmorebits to describeall theseindividually-adaptedbases.
Yet, this is clearlyoneof thegoodfeaturesof thesparsitycriterion. Thuswe canclaim thatsparsitymaybea conceptmuch
moresuitablefor individual realizationratherthana wholecollectionof realizations.Put it differently, in orderto pursuethe
truly sparsestbasis,it is necessaryto adaptour strategy for each realization.



Remark 3.10. We notethat thescatterof the �<¥ -sparsebasisfor thewhole realizationscouldbegenerallymuchworsethan
theoneshown in Figure6. In this case,we madesurethat thenumberof realizationsfor eachshift arethesame.Whenwe
conductedthesameexperimentswith EG£�£�£ realizations,i.e.,unevennumberof realizationsfor eachshift, weobservedthatthe
scatterof thesparsebasiswasfargreaterthanthatof theLSDB.

4. EXPERIMENTS ON NATURAL IMA GES

Finally, we reportour numericalexperimentson thenaturalsceneimages.Themoredetailedanalysiscanbefoundin our full
report.9 N Thesettingof theseexperimentsis thefollowing.R A databaseof 10naturalsceneimagesof size é E ² H é E ² wasreceivedfrom BrunoOlshausen.R Thebandpassfilter wasappliedto “whiten” thespectrumof eachimageasdiscussedin. =R 4000patcheswererandomlypickedfrom thisdatabase.R Thepatchsizesweexaminedwere EGF$H8EGF and F�K"H2F�K .R Thedictionariesusedwere:Haar-Walsh,Coiflet6, Localcosines,real-valuedLocalFourier, andreal-valuedBrushlets.R Bothfixedandmultiple folding wereexaminedin localcosines,localFourier, andbrushletdictionaries.R Eachpatchwasevenly extended,folded,andcroppedat theboundaries;in addition,smoothperiodizationwasapplied

for waveletpackets,localFourier, andbrushlets,but not for localcosines.R Thesparsityparametersexaminedwere: ¬�[�E ` £ a E ` £ a £nE .R In the LSDB, the Hall-Morton entropy estimator9C? (histogramwith optimal bin width search)was usedto estimate
entropy of eachbasiscoordinate.

We note that the useof the real-valuedlocal Fourier and brushletdictionaries:P? are importantbecausethe �<¥ norm of the
complex coefficientsaredirectly relatedto the � : normandcannotproperlycomparethesparsityof the representationswith
theotherdictionaries.

In this paper, we only show theresultsof performanceor costsof the � O�= O�9 -sparsebasisandLSDB criteriafor this dataset
in Figure7. Ourobservationandinterpretationof theresultsarethefollowing:R The local cosinebasiswith multiple folding performedbestamongall the dictionarieswe examinedin termsof both

sparsityandstatisticalindependence.R Althoughwedonotshow thebasispartitionpatternshere,weobservedthatboththesparsebasesandtheLSDBstendto
selectsimilarpartitionpatterns,andthesepatternsareinsensitive to thechangein ¬ aslongas £$«�¬¯®yE .R The brushletswith fixed folding perform relatively well (after LCTM), whereasthe brushletswith multiple folding
performverypoorly.R Theimportanceof theorientationselectivity of thedictionaries(via local Fourieror brushlets)wasnot clearlydemon-
strateddueto theboundaryeffectcausedby folding andperiodization.R Multiple folding caseshavealwayssmallerentropy and �<¥ normthanfixedfolding casesbothfor thelocalcosineandthe
localFourierdictionaries,but not for thebrushlets.R For thesmallerpatchesof EJF{H�EGF pixels,we essentiallyobserve thesame(not shown here).Theonly differencefrom
theresultsof F�K6H�F�K patchesis thatthewindowing effect is moreseveresothattheperformanceof thebrushletsarenot
sogoodasthecaseof F�K$H2F�K patches.

We areverycuriouswhy thelocalcosinedictionarywith multiple folding performedbestin ourexperiments.We arecurrently
investigatingthis issueby varyingtheboundarytreatmentof theimagepatches,andcomparingits performancewith thatof the
standardblockDCT usedin JPEGaswell asthatof the7/9-tapsbiorthogonalwaveletswhichwill beincorporatedin theJPEG
2000standard.



l0.
01

  LCT    LCTM    LFT     LFTM   D02    C06     BLFT   BLFTM

1.584

1.586

1.588

1.59

1.592

1.594

x 10
7

(a) X1Y�Z Y�[ of thebasisdictionaries

E
nt

ro
py

  LCT    LCTM     LFT     LFTM    D02    C06     BLFT   BLFTM

−5000

−4500

−4000

−3500

−3000

−2500

−2000

−1500

(b) \�]�^�_a` of thebasisdictionaries

Figure 7. Theperformance(i.e., cost)of eachdictionaryin termsof b)c�d c)e sparsityandthestatisticaldependencefor natural
imagepatchesof f�gihjf�g pixels. In bothcases,thesmallerthecost,thebetter. TheletterM in theendof theabbreviationsof
thebasisdictionariesindicatestheuseof multiple folding. BLFT meansa brushletdictionary.

5. CONCLUSION

Exceptfor thesyntheticexampleof 2D uniformdistributionsof Section3.1,in all theexamplesweworkedon,essentially, the
sparsityandthestatisticalindependencecriteriaproducednearlythesamebasispatterns.Optimizingthesparsityturnedout to
bemuchmorefeasiblebothcomputationallyandconceptually. Theentropy estimationbasedon theempiricalpdf estimation
is morecomputationallyintensive thanthe b'k sparsitycriterion. Proving thetheoremsin thespike processeswasmuchharder
for thestatisticalindependencethanfor thesparsity. We anticipatethesamesituationfor proving Conjecture3.9 for theramp
process.Moreover, the sparsitycriterion canbe adaptedto eachrealizationto maximizethesparsityof representations.On
theotherhand,even thoughwe cancomputetheLSDB, thatdoesnot guaranteethe true statisticalindependencein general.
Therefore,aslong aswe stayin the linear framework andwe areinterestedin the datacompression,it seemsto us that the
pursuitof sparserepresentationsshouldbeencouragedthanthatof statisticallyindependentrepresentations.
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