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ABSTRACT

We examinethe similarity and differencebetweensparsityand statisticalindependencén imagerepresentations a very

concretesetting: usethe bestbasisalgorithmto selectthe sparsesbasisandthe leaststatistically-dependemiasisfrom basis
dictionariesfor a given dataset.In orderto understandheir relationship,we usesyntheticstochastiqprocessesge.g., spike,

ramp,andgeneralizedsaussiarprocessesaswell asthe imagepatchesof naturalscenes.Our experimentsandanalysisso

far suggesthefollowing: 1) Both sparsityandstatisticalindependenceriteriaselectedsimilar basegor mostof ourexamples
with minor differences?) Sparsityis more computationallyand conceptuallyfeasibleas a basisselectioncriterion thanthe

statisticalindependenceparticularlyfor datacompression3) The sparsitycriterion canandshouldbe adaptedo individual

realizationratherthanfor the whole collectionof therealizationgo achieve the maximumperformance4) Theimportanceof

orientationselectvity of the local Fourier and brushletdictionarieswasnot clearly demonstratedueto the boundaryeffect

causedy thefolding andlocal periodization.

Theseobsenationsseemto encouragehe pursuitof sparserepresentationsatherthanthat of statisticallyindependent
representations.

Keywords: Sparseepresentatiorstatisticaindependencéndependenfomponenfnalysis,basisdictionary bestbasis Jeast
statistically-dependetasis

1. INTRODUCTION

Statisticalanalysisof naturalscenemageshasrecentlydravn considerablattentionparticularlyin the field of neuroscience
suchasField! Olshauser& Field?® Bell & Sejnavski,! vanHaterenandvander Schaaf, to namea few. Their main
motivation wasto understandhe receptve field propertiesof simplecellsin the mammalianprimary visual cortex (i.e., V1
area)by analyzingthe statisticsof naturalscenesBarlow® suggestethatmammalsnay beusingthe statisticallyindependent
codingstrateyy for visual stimuli, and proposedhe minimumentropy coding (alsoknown asfactorial coding. Atick? also
arguedtheimportanceof redundang reductionandentrory minimizationin thevisualpathway. Field' suggestethatneurons
with line and edgeselectvities in V1 may provide sparse representationf naturalscenes.This may imply that mammals
exploit the sparsityfor imagerepresentations their brain. Many neuroscientisthave tried to answerthe following reverse
propositionwhichis alsoveryinteresting:immersedn the naturalervironment whetherthereceptve fieldsof simplecellsof
mammalsautonomouslyorm edgeor line detectorslf onecandemonstrat¢his, it maybe a corvincing agumentaboutwhy
mammalshave edgedetectorsandwhy mammalsare exploiting sparseandefficient representationsf naturalscenes.Many
interestingalgorithmsweredevelopedandnumericalexperimentsvereperformedon imagepatchesf naturalsceneg:® All
of theseapproachesssentiallytry to find thebasisfunctionsfrom someovercompleteetof basedy optimizingeithersparsity
or statisticalindependencéamongthe expansiorcoeficients)usingsomeform of learningalgorithmssuchasneuralnetworks.
In fact,they foundthattheestimatedasisfunctionsall resemblésaborfunctionsor orientedDOGfiltersregardles®f thebasis
selectiorcriteriaif oneusegheimagepatche®f smallsize(e.g.,16 x 16 pixels)selectedandomlyfrom naturalsceneémages.
Ononehand,their algorithmsaretruly self-oiganizingsincethey canbuild suchbasisfunctionscompletelyfrom scratch.On
theotherhand their computationatostpreventsonefrom conductingexperimentonimagepatcheof largesize(e.g.,64 x 64
or larger).

Inspiredby this line of researchDonohd recentlyproposedhe conceptof the SparseComponeniAnalysis(SCA), con-
ducteda detailedmathematicahnalysidfor a specificclassof functions,andarguedthatsparsityandovercompletenessaybe
moreplausibleon biologicalgroundsandaremoreimportantfor practicaldatacompressiompurposeghanstatisticalindepen-
dence.
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In themeantime, from a completelydifferentmotivation (stochastianodelingof a classof similarimages)we developed
analgorithmof computingthe leaststatistically-dependeriiasis(LSDB) from time-frequeny dictionaries’>!® This canbe
viewedasa dictionaryversionof theindependentomponenganalysis(ICA).11:12

This seriesof work hasmotivatedusto studythefollowing questions:

Why bothsparsityandstatisticalindependenceriteriaproducededgeor line detectordor naturalscenedatasets?

Whatis the similarity anddifferencebetweersparsityandstatisticaindependenceriteria?

Whatis the effect of the sizesof theimagepatchesised?

Whatis the effect of orthonormality?

Whatis the effect of overcompleteness?

Whatis the effect of orientationselectvities of basisfunctions?

In thispaperwewill examinesomeof thesequestionsin particular thesimilarity anddifferencebetweersparsityandstatistical
independencendera concreteand simpler setting: extracting bestbasesrom a setof basisdictionaries(suchas wavelet
paclet, brushlet,local cosine,local Fourier dictionaries)with respectto sparsityor statisticalindependenceriteria using
simplesyntheticexamplesaswell asthe naturalscenedata.

Let us first describeour notationand the terminologyof basisdictionariesand bestbases.Let X € R™ be a random
vectorwith someunknown probability densityfunction (pdf) fx. Let usassumehatthe availabledatad = {zi,... ,zn}
were independentlygeneratedrom this probability model. Let B = (w1,...,w,) € SO(n,R) (a groupof orthonormal
transformationsn R™) or SL(n,R) (agroupof volume-preservingransformationsn R™). Thebest-basiparadigmis to find
abasisB or a subsebf basisvectorssuchthatthe featuregexpansioncoeficients)Y = B~! X areusefulfor the problemat
hand(e.g.,compressionmodeling,discrimination regressionsggmentation)n a computationallyfastmanner Let C(B | T)
beanumericaimeasuref deficiencyor costof thebasisB giventhetrainingdataset for the givenproblem.Oftenwe restrict
our searchwithin the basisdictionaryD C SL(n,R), suchasthe orthonormalor biorthogonaWwavelet paclet dictionariesor
local cosineor Fourier dictionarieswherewe never needto computethe full matrix-vectorproductor the matrix inversefor
analysisand synthesis.Underthis setting, B, = argmingcp C(B|T) is calledthe bestbasisrelative to the cost€ andthe
trainingdatasefr.

2. SPARSITY VS STATISTICAL INDEPENDENCE

Theconcepbf sparsityandthatof statisticaindependencareintrinsically different. The sparsityemphasizetheissueof the
compressiorirectly whereaghe statisticalindependenceoncernamoreaboutthe relationshipamongthe coordinates.Yet,
for certainstochastigrocesseshesetwo areintimately related,and often confusing. For example,Olshauserand Field?-
emphasizedhe sparsityasthe basisselectioncriterion, but they alsoassumedhe statisticalindependencef the coordinates.
Bell andSejnavski* usedthe ICA andobtainedsimilar results. They claimedthatthey did notimposethe sparsityexplicitly
andsuchsparsityemegedby maximizingindependencéor minimizing the dependence)Thesemotivatedusto studythese
two criteria.

Firstlet usdefinethe measuref sparsityandthatof statisticalindependenci our context.

2.1. Sparsity

The sparsityis a key propertyas a good coordinatesystemfor compression.The true sparsitymeasureor a given vector
x € R" istheso-called® quasi-nornf'3 whichis definedas

lzllo £ #{i € [1,n] : z; # O}

This measures, however, very unstablefor evensmall perturbatiorof the elementsn a vector Thereforethe bettermeasure
is the/P norm:

n 1/p
A
lzll, = (E |-73i|p> , 0<p<l.
i=1



In fact, thisis a quasi-normsincethis doesnot satisfytriangleinequality but only satisfiegshewealer condition, ||z + y||, <
2717 (|||, + llyll,) wherep' is the conjugateexponentof p,'* and||z + ||z < ||lz||2 + [|ly|2. It is easyto shaw that
limy,o [|[|5 = [|lo-

We canusef? normminimizationasabasisselectiorcriterionfor thebestasisn termsof sparsityfrom adictionary/library
Thereforewe proposeo usetheexpected?? normminimizationfor a giventrainingdataseto selecthe sparseasis:

C(B|T) =E|Y; ~ Z il = & ZZ lyi,nl”,

k=1 i=1
B, = argglei% Cp(B17).

Here,y, = (W1,ky--- »Ynk)? = B~ 1z, andxy isthekth samplglor realization)n 7. It shouldbenotedthattheminimization
of the /? normcanalsobeachievedfor ead realization We will discussnoreaboutthisin Section3.

2.2. Statistical Independence
Thestatisticalindependencef thecoordinate®f Y € R* means

Iy @) = fvi (1) fra(y2) - fva (yn),

wherefy, (yx) is aone-dimensionahamginal pdf definedas

fyi, (yr) =/---/fy(y1,--- Yky -+ > Yn)dyr - dyp—1dygyr - - - dyn.

Thestatisticallndependencis a key propertyasa goodcoordinatesystermfor compressiomndparticularlymodelingbecause:
1) Damageof one coordinatedoesnot propagatdo the others;and 2) it allows us to modelthe n-dimensionalstochastic
processof interestasa setof 1D processes.Of course,in general,it is very difficult or almostimpossibleto find a truly
statisticallyindependentoordinatesystemfor a given stochastigrocess.Therefore we shouldbe satisfiedwith finding the
least-statisticallglependentoordinatesystenmfrom adictionary/library Naturally, then,we needto measurghe“closeness’of
agivencoordinatesystemyy, ... ,Y,, to thestatisticalindependenceThis canbe measuredby mutualinformationor relative
entropy betweerthetrue pdf fy andtheproductof its mamginals:

fr ()
/ fr(y)log Hz— Ty, (yz)dyl dyn

+ZH
=1

whereH(Y) and H (Y;) arethedifferentialentropy of Y andY; respectiely:

y) 2

H(Y)= —/fy(y) log fy (y)dy, H(Y;) = —/fy,- (yi) log fv; (vi)dy;.

We notethatI(Y) > 0, andI(Y) = 0 if andonly if thecomponentsf Y aremutuallyindependent.

Supposeve constrainour searchof a goodbasiswithin the volume-preservingransformationsln otherwords, suppose
Y = B~'X andB € SL(n,R). Then,we have

sincethe differentialentrogy is invariantundersuchatransformationi.e.,

H(B™'X)=H(X) +log|det(B™")| = H(X).
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Figure 1. Sparsityandstatisticaindependencpreferthedifferentcoordinates.

Basednthisfact,we proposedhefollowing costfunctionto selectheso-calledeaststatistically-dependetiasis(LSDB)-10:

-3 [ Mo frwa
1 i=1
1 N n
_NZZ 0g fv, (i),
b1 i=1

WherefAyi (ys,1) is anempiricalpdf of thecoordinatéy;, which mustbeestimatedrom thetrainingdataJ” by analgorithmsuch
asthehistogramwith optimalbin-width search'> Now, we candefinethe LSDB as

Crspp(B|T) = Y H(Y;) =

R

Brsps = argglei% Crspp(B|7T).

3. SIMPLE EXAMPLES

In thissectionwe examinethesparsestoordinatesindthestatistically-independewr leaststatistically-dependebordinates
for severalsimplestochastigrocessesAlthoughtheseprocessearemuchsimplerthanthe naturalimagepatchesye gaina
goodinsightinto the similarity anddifferencebetweersparsityandindependencby studyingsuchprocesses.

3.1. Two-dimensionalCounterexample

LetusconsidermsimpleprocessX = (X3, X») whereX; andX, areindependentlyndidenticallydistributedastheuniform
distribution unif[—1, 1]. Thus,therealizationf this processredistributedastherighthandsideof Figurel. Let usconsider
all possiblerotationsaroundorigin asa basisdictionary i.e., D = SO(2,R). Then,the sparsityandindependenceriteria
selectcompletelydifferentbasesasshavn in Figurel. This exampleclearlydemonstratethatthe sparsestoordinatesandthe
statisticallyindependentoordinatesregenerallydifferent. Onecangeneralizehis exampleto higherdimensions.



Generalized Gaussian Distribution with unit variance (0.5 <= a <= 4)
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Figure 2. Examplesof generalizedsaussiardistributionswith 0.5 < o < 4.0.

3.2. One-dimensionalgeneralizedGaussiandistrib utions

Despitetheintrinsic differencebetweerthe sparsityandthestatisticaindependencaye oftenseethe similar coordinatesystem
give bothgoodsparsityandsmallstatisticaldependencel heexperimentof Olshausen-FielBell-Sejnavski, andvanHateren
andvander Schaafall suggesthis similarity. In this subsectiorandthe following, we will shav moreconcretelythis is the
casefor certainsimplestochastiprocesses.

Let us first considera particular one-dimensionastochasticprocess,which obeys the generlized Gaussiandistribu-
tion. Thisis awidely usedprobability distribution for modelingvariousnaturally-occurringphenomendparticularlyin geo-
physicd6-18), andis definedasfollows:

. AN @ —(=1/8)*
wherea > 0 prescribeghe shapeof the distribution, and 8 > 0 specifiesits scale One can easily seethat the caseof
(o, 8) = (2,v/2) reduceso the standardGaussiardistribution N'(0,1), and (a, 8) = (1,1/+/2) reducesto the standard
Laplaciandistribution. Moreover, asa — oo, it reachego the uniform distribution. Figure 2 shows several generalized
Gaussiaristributionswith variousvaluesof a.

Sincethis is a one-dimensiongbrocessthe statisticalindependencamongcoordinatecannotbe definedproperly Thus
we only considetthe entrogy of theonecoordinatensteadof the statisticaindependenced simplecalculatiort®18 shavsthat
thedifferentialentrory of therandomvariableX ~ g(-; a, 3) is

H(X50,0) = Eln(1/(X: )] = - [ glas o lug(asa o = & ~ln |5t ). )

Ontheotherhand the sparsitycanbe computed® as

SCipa8) = BXP = [ laPotsia,pas=pr (251) /o (1), @)



Entropy of g(x;alpha,q=2) vs alpha Zoomup around alpha=2
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Figure 3. Plotsof entropy H (X; a, ¢ = 2) vstheshapeparameter. Theright figureis zoomedversionarounda = 2 to shav
thatthemaximumentroyy is attainedata = 2.

At this point, let usassumehatthe randomvariable X satisfiessomenormalizationcondition,for example,E| X |? = 1.
After propernormalization(e.g.,centeringandsphering),t is commonto assumehatthe distribution hasa zeromeananda
unit variancej.e.,q = 2. This normalizationconditiondetermineshe parameteg as

@)
For this 3, (1) becomes

1 2 1 1\ 1 1
H(X;0,q) = H(X;0,y) = — +In— + (1+5) 1n1“<a> —alnI‘ (%)

Theentroyy of thisnormalizedgeneralizedsaussiaristributionis shovn in Figure3. As onecanseefrom this figure,we can
shaw thefollowing lemma:

Lemma3.1.

1
liirolH(X;a,q):—oo, lim H(X;a,q) = —In(1+¢) +1n2.
o q

a—>00
argogagmH(X;a,q) =q.

In otherwords,for 0 < a < ¢, theentropy monotonicallyincreasesvhilefor o > ¢, it monotonicallydeceases.

Proof. Seé? for theproof. O
Usingthesameg in (3), thesparsity(2)becomes

sman-sesmay = (5) p () (5]

(67 (67 (67



Sparsity measure of generalized Gaussian distributions
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Figure 4. Perspectie view of thesparsitymeasureS(X; p, a, ¢ = 2) in thelog scale.

The sparsityof this normalizedgeneralizedsaussiardistribution is shavn in Figure4. We note that the sparsitymeasure
changests behaior accordingo p > g or p < ¢. In factwe canshaw thefollowing:

Lemma 3.2. For eadh a > 0, thesparsity measue S(X; p, a, ¢) attainsminimum(asa functionof p) in theinterval (0, q).
Proof. Seé? for theproof.

O
Fromtheselemmasandfigures,we concludethatthe one-dimensionajeneralizedsaussiardistribution with small « is pre-
ferredby boththe sparsityandentroyy criteria.

Remark 3.3. Considetthe highdimensionaktochastiprocessX € R” andlet usassuméehatwe seekthenew coordinatey”
wherethe componentareindependentiandidenticallydistributedasthe generalizedaussiamlistribution with shapeparam-

etera. = p, althoughsucha situationis ratherspecificandrestrictve. More precisely let usassumefy (y) = [1_; fv. (yx)
andfy, (yk) = g(yx; p, B). Then,

S H(Y:) =) E[ln(1/9(Ys;p, 8))] = constp, 8) + % > B
k=1 =1

k=1

Therefore minimizing the £7 normis equivalentto minimizing the sumof the coordinate-wisentrofy in this case.In other
words, the independencand sparsitycriteria exactly coincide. Furthermoresupposewve are given a collectionof the bases
By, ..., Bk, underwhich the stochastiqprocesof our interestis independenthyandidentically distributedwith the general-

ized Gaussiardistributionswith the shapeparametersqy, ... ,ax, respectiely. Supposealsothe scaleparametefor each
coordinatan eachbasisis adjustedo have unit variance Let k* = arg min; <x<x ay. Then

. _ . o
arg min Crspp(Br |T) = arg min, Cpo(Br | T) =k~

In otherwords, boththe sparsesbasisandthe LSDB is the samebasis,Bj-. Thisremarkalsosuggestshatthe sparsityand
independenceriteriaoptimizedifferentquantitiesassoonasonevariesg for eachcoordinate.



3.3. The Spike Process

An n-dimensionabpike processsimply generatethe standardasisvectors{e; } C R" in arandomfashionwheree; hasone
atthe jth entryandall the otherentriesare zeros. One canview this processasa singlespike of unit amplitudelocatedat a
randompositionbetweerl andn. In this caseijt is easyto shov'? thatthe Karhunen-L@&ve basisis ary orthonormabasisin
R" containingtheconstantDC” vectorb = (1,1,...,1)T.

In termsof sparsityit is clearthatthe standardasisis the sparsesbasis.lt is clearthatthis basisis not statisticallyinde-
pendentgexistenceof the singlespike constrainghe probability of spike generatiorat otherlocations.We have the following
theoremdor this simpleprocess.

Theorem 3.4. Supposaverestrictour seach of thebaseswithin the Haar-Walshdictionary Then,
e Thesparsestbasisis thestandad basis.
e ThelLSDBis:

— thestandad basisif n > 4; and
— theWalshbasisif n = 2, 4.

e Thetrueindependenceanbeachievedonlyforn = 2.
Note: n is alwaysa dyadicnumberin this dictionary.

Proof. Seé? for theproof. O
Now, we cangeneralizehis theoremnot only to the HaarWalshdictionarybut alsoto ary basischoserfrom SL(n, R).
Theorem 3.5. Supposave extendour seach of thebaseso SO(n, R) or SL(n, R).

e ThesparsesthasisamongSL(n, R) is thestandad basis.

e TheLSDBamongSO(n, R) is:

— thestandad basisif n > 5;
— theWalshbasisif n = 2,4; and

1 1 1
? ? 7% f dcol f
- |=—%= —= = | orits permutationof rowsandcolumnsf n = 3.
]
V3 Ve
e TheLSDBamongSL(n, R) withn > 2 is thefollowing basispair (for synthesieandanalysis):
1 -1 - -1 11 -+ 1
0
B, = , B'=
Infl Infl
0 0
Proof. Seé? for theproof. O

Finally, we have thefollowing conclusve theorem:

Theorem 3.6. Thee is no linear transformationproviding the statistically-independertoordinatesfor the spike processfor
n > 2.

Proof. Seé? for theproof. O

Remark 3.7. Althoughthis processs very simple,we have the following interpretation.Considera stochastiqgprocesgyen-
eratinga basisvectorrandomlyselectedrom a specificbasisat atime. Then,boththe sparsesbasisandthe LSDB arethat
particularbasis. Theorems3.5and3.6 claimsthatoncewe transformthe datato spikes,onecannotdo ary betterthanthatboth
in sparsityandindependencwithin thelinearcontext. Of coursejf oneextendsthe searchto nonlineartransformationsthen
it is a completelydifferentstory. We referthereadetto our recentarticle’® for anonlinearalgorithm.

Remark 3.8. Next stepsbeyond this simple spike processare: 1) a spike processwith varying amplitude,which was also
consideredn?! for rate-distortiorcalculation;2) amulti-spike procesgieneratingnorethanonespikesatatime.
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Figure5. Comparisorof basispartition patternsetweerthe sparsesbasiswith £°-°* normandthe LSDB.

3.4. The Ramp Process

At the CIRM Luminy meetingof Waveletsand Applicationsin 1992, YvesMeyer proposedhe following simple stochastic
process.

X@t)=t—H({t-1), 0<t<]1,

where H(-) is the Heaviside stepfunction, and 7 obeys the uniform distribution unif[0, 1]. As alsodescribedn,?!:2? the
covarianceof this processs

I(s,t) = min(s,t) — st,

whichis the sameasthatof the Brownianbridge. As a consequencehe KLB of this processds the Fouriersinebasisg (t) =
v/2sin(27kt), andthe correspondingeigervaluesare \, = (27k)~2. Apparently this Fourier sine basisis not efficient to
compressealizationsof this procesglueto its discontinuity In fact,we canpreciselymeasurehe sparsityandentroyy of this
KLB coordinatesincewe canderive the pdf of eachKLB coordinate'® In particular the sparsityof thisKLB is Y, c,/k?
wherec, is someconstanbnly dependenon p. In otherwords,the sparsitymeasurélows upfor 0 < p < 1. Thismeanghat
the KLB providesa completelydensecoordinatesystem. This is a clearexampleof the importanceof non-Gaussianitythe
KLB is not useful,even harmful, for non-Gaussiaprocesseslntuitively andclearly, the waveletbasisshouldperformmuch
bettersinceit is goodat capturingsucha discontinuityefficiently. So,let usexaminethis procesainderthe bestbasissetting.

In ournumericalexperimentswe discretizedeachrealizationby n = 256 grid points,andgeneratedV = 2560 realizations
of this processsothatwe have exactly 10 realizationgfor eachshift. We alsoaddedweakwhite Gaussiamoise(c = 10~7) to
eachrealizationfor numericalstabilization.We usedthe 6-tapCoiflet asa conjugatemirror filter to generateéhewaveletpaclet
coeficientsof theinput signals.Figure5 compareshe basispatternsof andthe £°-0! -sparsebasisandthe LSDB selectedrom
this setof realizations.As one cansee,both basesare essentiallythe wavelet basis. The only differenceis the coarsescale
subspacesWe alsonotethatthe patternof the sparsebasisareinsensitve to the choiceof p for 0 < p < 1. We arecurrently
working onthe proof of thefollowing conjecture:

Conjecture 3.9. Within any waveletpadket dictionaries,both the ¢P-sparisebasis(0 < p < 1) andthe LSDBfor the ramp
processare thewaveletbasis.



Comparison of relative L2 errors of LSDB and L"0.01 (C06) Comparison of relative L2 errors of LSDB, L"0.01, indiv L"0.01 (C06)
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Figure 6. Relative 2 approximatiorerrorsof the £°-9!-sparsebasisandthe LSDB. Thesolid curve representthe meanof the
errorvs. the numberof termsretainedn the LSDB. Thedottedcurve representshatof the £0-1-sparsebasis. The associated
boxplotsarealsodisplayedo shav the scatterof individual errorsfor thesebasesTheright figure compareghesetwo errors
with thoseby individually-adaptedparseases.

We hopethatwe canreportthe completeproofin thenearfuture2® Thevanishingmomentpropertyof thewaveletpaclet
functionswill play animportantrole in the proof sinceit kills the polynomialportionof the processaandeachbasiscoordinate
becomes stochastiqprocesgparameterizethy , andit is essentialljthe integrationof the wavelet paclet functionswith the
integrationintenal asafunctionof 7 andscaleandlocationparameteof thewaveletpacletbasisfunction. Then,we canshowv
that

e Thecompactsupportof the basisfunctioncreateghelarge populationof coeficientsat zero. This explainsthe frequent
obsenation of the spiky distribution at the origin with heavy tails suchasthe generalizedsaussiardistributionswith
a < 1 whenoneexamineghe statisticsof thewaveletcoeficients.

e Thescaleof thebasisfunctioncontrolsthesizeof thespike at zeroof the pdf of thecorrespondingoordinate Thelarger
thescale thesmallerthe sizeof the spike at zero;therefore thelessspiky the distributions.

e Theoscillationof the basisfunctiondecreasethe smoothnessf the pdf of the correspondingoeficients. Thisin turn
increasesheentrogy andsparsityof thedistribution.

Now, let us demonstrateéhat the conceptof sparsityis more suitablefor individual realizationsratherthan for the whole
collectionof therealizations.First of all, asYvesMeyer andLars Villemoespointedout to us, the local cosinebasiscould
provide uswith the coordinatesssparseasthewaveletbasisif the sgmentatiorof theintervalis optimallyadaptedo captue
thediscontinuity In otherwords,onecanadaptvely sggmenttheinterval to have large segmentsaway from the discontinuity
andprogressiely smallersegmentstoward the discontinuity andthenuselocal cosinesn eachsegment. Thetime-frequeng
local cosinesproposedoy Villemoeg* shouldbe particularly efficient for this. However this adaptedbasisis very specific
to the locationof the discontinuity andonly suitablefor the particularrealization. Second)et us conductthe approximation
experimentsusing the wavelet paclet dictionary with the 6-tap Coiflet. Figure6 compareshe approximationerrorsof the
£0-01_sparsebasisandthe LSDB. From the meancurvesand boxplotsof theseerrors,we obsene that both the £°-1-sparse
basisandthe LSDB equallyperformwith somefluctuationsin thefirst 60 coordinates However, the strengthof the sparsity
criterionis thatit canalsobeoptimizedfor individual realizationto have onebasisperrealization. Theapproximatiorerrorsof
suchstratgy is alsoshavn in Figure6. All theindividually-adaptedasesreessentiallthewaveletbasistheonly differences
arethe coarsescalesubspacegangingfrom level 6 to 8. Of course comparingthis setof individually-adaptedaseswith the
singleLSDB andthe overall sparsébasisis not fair. It alsorequiresmorebits to describeall theseindividually-adaptedbases.
Yet, this is clearly one of the goodfeaturesof the sparsitycriterion. Thuswe canclaim that sparsitymay be a conceptmuch
moresuitablefor individual realizationratherthana whole collectionof realizations.Putit differently, in orderto pursuethe
truly sparseshasis,it is necessaryo adaptour strategy for ead realization.



Remark 3.10. We notethatthe scatterof the ¢P-sparsebasisfor the whole realizationscould be generallymuchworsethan
the oneshawn in Figure6. In this case we madesurethatthe numberof realizationsfor eachshift arethe same.Whenwe
conductedhe sameexperimentswvith 1000 realizationsj.e., unevennumberof realizationdor eachshift, we obsenedthatthe
scatterof the sparsébasiswasfar greateithanthatof the LSDB.

4. EXPERIMENTS ON NATURAL IMA GES

Finally, we reportour numericalexperimentson the naturalscenadmages.The moredetailedanalysiscanbe foundin our full
report!® Thesettingof thesesxperimentds thefollowing.

¢ A databasef 10 naturalscenamagesof size512 x 512 wasrecevedfrom BrunoOlshausen.

¢ Thebandpaséilter wasappliedto “whiten” the spectrunof eachimageasdiscussedn.?

¢ 4000patchesvererandomlypickedfrom this database.

¢ Thepatchsizeswe examinedwerel6 x 16 and64 x 64.

e Thedictionariesusedwere: HaarWalsh,Coiflet 6, Local cosinesreal-valuedLocal Fourier, andreal-valuedBrushlets.
¢ Bothfixedandmultiple folding wereexaminedin local cosines]ocal Fourier, andbrushletdictionaries.

e Eachpatchwasevenly extendedfolded, andcroppedat the boundariesin addition,smoothperiodizationwasapplied
for waveletpaclets,local Fourier, andbrushletsput notfor local cosines.

e Thesparsityparametersxaminedwere:p = 1, 0.1, 0.01.

¢ In the LSDB, the Hall-Morton entrogy estimatol® (histogramwith optimal bin width search)was usedto estimate
entropy of eachbasiscoordinate.

We note that the useof the real-valuedlocal Fourier and brushletdictionarie$® areimportantbecausehe ¢? norm of the
complex coeficientsaredirectly relatedto the £2 normandcannotproperlycomparethe sparsityof the representationsith
the otherdictionaries.

In this paper we only show the resultsof performancer costsof the £0-°1-sparsebasisand LSDB criteriafor this dataset
in Figure7. Our obsenationandinterpretatiorof the resultsarethefollowing:

e Thelocal cosinebasiswith multiple folding performedbestamongall the dictionarieswe examinedin termsof both
sparsityandstatisticalindependence.

¢ Althoughwe do notshav the basispartitionpatternshere we obsenedthatboththe sparsébasesandthe LSDBstendto
selectsimilar partitionpatternsandthesepatternsareinsensitve to thechangen p aslongas0 < p < 1.

e The brushletswith fixed folding performrelatively well (after LCTM), whereasthe brushletswith multiple folding
performvery poorly.

e Theimportanceof the orientationselectvity of the dictionaries(via local Fourier or brushlets)wvasnot clearly demon-
strateddueto theboundaryeffect causedy folding andperiodization.

e Multiple folding caseave alwayssmallerentropy and#? normthanfixedfolding casesothfor thelocal cosineandthe
local Fourierdictionariesbut not for the brushlets.

e For thesmallerpatchesof 16 x 16 pixels, we essentiallyobsene the same(not shavn here). The only differencefrom
theresultsof 64 x 64 patchess thatthewindowing effectis moreseveresothatthe performancef the brushletsarenot
sogoodasthecaseof 64 x 64 patches.

We arevery curiouswhy thelocal cosinedictionarywith multiple folding performedbestin our experimentsWe arecurrently
investigatinghisissueby varyingtheboundantreatmenbf theimagepatchesandcomparingts performancavith thatof the
standardlock DCT usedin JPEGaswell asthatof the 7/9-tapsbiorthogonalwvaveletswhich will beincorporatedn the JPEG
2000standard.
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Figure 7. The performancdi.e., cost)of eachdictionaryin termsof £°-°! sparsityandthe statisticaldependencéor natural
imagepatchef 64 x 64 pixels. In bothcasesthe smallerthe cost,the better TheletterM in the endof the abbreviationsof
thebasisdictionariesndicateshe useof multiple folding. BLFT meansa brushletdictionary

5. CONCLUSION

Exceptfor the syntheticexampleof 2D uniform distributionsof Section3.1,in all theexampleswe workedon, essentiallythe
sparsityandthe statisticalindependenceriteriaproducechearlythe samebasispatterns Optimizingthe sparsityturnedout to

be muchmorefeasibleboth computationallyand conceptually The entrogy estimationbasedon the empiricalpdf estimation
is morecomputationallyintensve thanthe ¢? sparsitycriterion. Proving thetheoremsn the spike processesvasmuchharder
for the statisticalindependencthanfor the sparsity We anticipatethe samesituationfor proving Conjecture3.9for theramp
process.Moreover, the sparsitycriterion canbe adaptedo eachrealizationto maximizethe sparsityof representationsOn

the otherhand,eventhoughwe cancomputethe LSDB, that doesnot guaranteehe true statisticalindependence general.
Therefore,aslong aswe stayin the linear frameavork andwe areinterestedn the datacompressionit seemgo usthatthe
pursuitof sparseepresentationshouldbe encouragethanthatof statisticallyindependentepresentations.
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