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Assignment

Input:
el S By )

el > LDy o Byl

Cost mairix CU.J)

Optimal transport plan: Optimal energy:

G* = argminU(G) = argmin )’ ) C(i,/)G(i.j)| | U* = U(G¥)
G )

G i

Under the constraints:

Gij € {0,1}
parlim e

J
2. Glip=1 Y]



Assignment

Solving the assignment problem:

1) Brute Force

2) Hungarian algorithm

3) Other?



Assignment

Solving the assignment problem:

1) Brute Force

O(N!)

2) Hungarian algorithm

3) Other?



Assignment

Solving the assignment problem:

1) Brute Force

O(N!)

2) Hungarian algorithm

O(N3)  Serial

3) Other?



Hungarian algorithm

Lemma:

Let S1 and Sz be two sets of points with the same cardinality N and let C be a real-valued cost
matrix between S and So.

Let G be an assignment matrix between S1 and S» that satisfies the constraints on row sum and
column sum, namely G is a permutation matrix, and let U(G,C) be the total cost associated with G.
Let a and b be any two real-valued vectors of size N, and let Dap be the matrix defined as

D, (k1) = C(k, 1) + a(k) + b(l)

Then,

U(G.D,),) = U(G.C) + ) a(k)+ ) b(l)
k [



Hungarian algorithm

Lemma:

Let S1 and Sz be two sets of points with the same cardinality N and let C be a real-valued cost

matrix between S and So.
Let G be an assignment matrix between S1 and S» that satisfies the constraints on row sum and
column sum, namely G is a permutation matrix, and let U(G,C) be the total cost associated with G.

Let a and b be any two real-valued vectors of size N, and let Da» be the matrix defined as
D, vk, [) = C(k, ) + a(k) + b(l)
Then,
U(G.D,),) = U(G.C) + ) a(k)+ ) b(l)
k l

» Shift row values | column values to get a “simpler” cost matrix
with one 0 per row and per column



Hungarian algorithm

1) Rows:
A B C D E
| 2 3 25 3 3
2 > 15 3 4 %~
5 4 Ly =55 % 4.5
4 6 4 3 3 4
9 9 6.5 7 3 2

Find minimum value on each row ...



Hungarian algorithm

1) Rows:
A B C D E A B C
. > - - 5 g . 0 1 05
8 = |5 3 i 75 B 15 0 5
ll 4 15352 45 =—-leEEE o5 (g i 2
- . i . BT
3 - = N 7 5 5

Find minimum value on each row ...
and remove from the whole row

) O\ O



Hungarian algorithm

2)Cols:
A B C D E
1 0 1 Do 5 6
2 5 0 25 6
3 s 0 2 0.5 3
2 3 1 0 0 1
3 7 4.5 5 il 0

Find minimum value on each col ...



Hungarian algorithm

2)Cols:

A B C D E A B C
| Sl e RY DS | BB
5 0 15 95 ¢ > Blg T
Ml 25 : 0 : 2 ip5: 3 =—leRENN 05 (o : 2
- - 9 i - . .
3 5 B e

Find minimum value on each column ...
and remove from the whole column

S, o o e



Hungarian algorithm

3) Draw lines:

A B C D E
1 0 1 a5 6
2 EEs 0 l=5 = 2.5 6
Al 2.5 0 25 8
22 3 i 0 0 I
3) 7 4.5 5 1 0

Draw minimum number of lines to cover all 0s



Hungarian algorithm

3) Draw lines:

v ¥

A B C D E C D E
il 0 1 a3 6 il 0o a5 6
, : e - , . o ;
- % e . ; 25 0 S &
) : : - : 1 ., ...........
| BRI 3 e

Draw minimum number of lines to cover all 0s



Hungarian algorithm

4) Correct:

4
5

Find minimum value within non covered values ...



Hungarian algorithm

4) Correct:

A B C D E

Find minimum value within non covered values ...
- Remowve from all non covered value
- Add to cells that are covered by two lines



Hungarian algorithm

3) Draw lines:

A B C D E
I 0 1 e 5 55
2 ZEs 0 1 2 59
2.5 0 15 ) 225,
4 et e 0 0 1
Sl 7.5 5 5 il 0

Draw minimum number of lines to cover all 0s



Hungarian algorithm

3) Draw lines:

A B C D E
i 0 1 0 25 55 -} |
3 15 - 0 1 ) 55 )
ol 5 0 15 9 5 B
‘. s 50 0 1 _} A
N 5 55 - 5

Draw minimum number of lines to cover all 0s

If # of lines == # rows | columns then stop!!



Hungarian algorithm




Hungarian algorithm

1) Rows

2)Cols

3) Draw lines
4) Correct

5) Assign:



Hungarian algorithm

1) Rows O(N2)

2)Cols O(N2)

N
T

3) Draw lines

Computing Clock time (s)
S

4) Correct

[
I

5)Assign:  O(N)
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0 5000
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10000
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Assignment

Solving the assignment problem:

1) Brute Force

O(N!)
2) Hungarian algorithm
O(N3)  Serial
3) Other?

O(N3) Parallel



Assignment

Input:
el S By )

el > LDy o Byl

Cost mairix CU.J)

Optimal transport plan: Optimal energy:

G* = argminU(G) = argmin )’ ) C(i,/)G(i.j)| | U* = U(G¥)
G )

G i

Under the constraints:

Gij € {0,1}
parlim e

J
2. Glip=1 Y]



Finite temperature assignment




Fnite temperature assignment

Statistical physi <,B 1 )
atisiica S1CS. e
phy o7

Partition function

Zsus)=| e
Geg

Free energy 1
G UG) FpS15)=— ) In(Z4(S;, S,))

>

1



Fnite temperature assignment

1
Statistical physics: =—
atistical physics (,B kBT>

1 Partition function

Zﬁ(Slasz) - J ¢ —PUG)
Geg

Free energy 1
G UG) FpS15)=— ) In(Z4(S;, S,))

0 > Probability of a state:
> ; e~ PUG)
PG —
Zﬂ(Sla SZ)

Minimizing U is equivalent to maximizing P(G)



Fnite temperature assignment

Zﬂ(Slasz) - [ ¢ —PUG)
Geyg



Fnite temperature assignment

Zﬂ(Sl’ SZ) — [ e_ﬂU(G)

Ge?

Zy(S),S,) = Z 0P L X, CkDG kD)
G(k,)e{0,1}

7

Gk, 1) € {0,1}




Fnite temperature assignment

ZS1,8y) = [ ¢ —PUG)

Ge?

Z(S1,S,) = Z e’ ZkZzCW)G(kJ)H 5 < Z Gk, 1) — 1)
k [

G(k,[)e{0,1}

7 7

Gk, 1) € {0,1} Z Gk,)=1 Vk
[




Fnite temperature assignment

Zﬁ(Slasz) — [ ¢ —PUG)

Ge?

Zis = e 22U RS ( Y Gk, 1) - 1) 115 ( Y Gk, 1) - 1>
k [ [ k

G(k,[)e{0,1}

7 7 7

Gk, 1) € {0,1) ZG(k,l):l Vo Ty ol =1 VI
[ k




Fnite temperature assignment

Using Fourier, we can represent a delta function 5(x) = L o "Xt Iy
as an integral of an exponential, T

—p 2, Ck,HG(k,1)
& > ¢ X
G(k,e{0,1}

+00 " 1+00
—p 2, Mk)G(k,D)+p Z A(k) —pB 2 u(OG(k,D+p Z u(l)
[ [dike x| J]duwe

U_m k

Zﬁ(Ssz) = ” Hd/l(k) e Hdﬂ(l)e (%WHZM(I))

Y00 ) 2 =00
Z e—ﬁG(k,l)(C(k,l)+/1(k)+ﬂ(l))

G(k,[)e{0,1}




Fnite temperature assignment

zsiso=| [Jaw| [awe (Frezmo)

g i

Z o —BGRD(ChD+A)+u(D)

G(k,[)e{0,1}
Y ln(l + e—ﬁ(C(k,l)+ﬂ(k)+ﬂ(l)))

2481, $,) = roo Hd/l(k) roo H du( l)eﬁ <§ﬂ<k) 22 §u(z))+ >

- il o




Fnite temperature assignment

Zi5 5= J ¢~PUG)

' Ged

2451, 5,) = J . Hdl(k)J . Hdﬂ(l)e—ﬂFﬂ(X,ﬂ)

—c0 o

where

Fy(A.p) = - (Zﬂ(k) ik Z”l) —%Z In (1 + e—ﬁ(C<k,l>+ﬂ<k>+u<l>)>
k l ki



Fnite temperature assignment

Fy(A.p) = - <Z/1(k) -+ Zﬂl> —%Z In (1 = e_ﬁ(c(kal)+/1(k)+ﬂ(l))>
k l ki

Theorems:

1) The Hessian of the effective free energy F 4(4, 1) 18 negative semi-definite
with 2N -1 negative eigenvalues and one zero eigenvalue.

2) The eigenvector corresponding to the zero eigenvalue is (1,...,1, -1, ....-1)
(with N 1s, and N -1s)

3) Setting one of the parameters A(k) or u(l) as zero, the free energy
function on this restricted parameter space is strictly concave.



Fnite temperature assignment

Saddle Point Approximation:
SFhp) OF g4 1) .

Y OU




Fnite temperature assignment

Saddle Point Approximation:

S * 5

Gk, 1) = p(B(C(k, 1) + A(k) + u(D))

Y Gl)=1 Vk where  P(x) =
Y Gk=1 Vi

er + 1



Fnite temperature assignment

Saddle Point Approximation:

Y * Sy

Gk, 1) = p(B(C(k, 1) + A(k) + u(D)))
Zl G(k, =1 vk where dx) =

YD1 VI *

GMFE FéWF = FQME yMEy = ' N Ck, DGMF(k, 1)
k

er + 1




Finite temperature assignment
Fy(A.p) = - ( Z Ak) + Z’“‘l) — % Z In (1 i e—ﬂ(C(k,l>+A<k>+u<l>)>

Y

where we have defined the entropy S as

55(G) = — Z G(k, DIn(G(k, 1)) + (1 — G(k, D))In(1 — G(k, ]))
kl



Fmite temperature assignment

Theorem:

A(N) = N (N log(N) — (N — Dlog(N — 1))



Fnite temperature assignment

100 e

80 - — FME(B) |-

60 i

40 | |

Energy

60 | ]

80 [ ]

10" 10° 108 10"




Fnite temperature assignment




Fmite temperature assignment

Theorem:




Fmite temperature assignment

Theorem:




Fmite temperature assignment

Hypothesis: there is a unique solution

Theorem:

A(N) = N (N log(N) — (N — Dlog(N — 1))



Fmite temperature assignment

Hypothesis: there is a unique solution

Theorem:




Computing Clock time (s)

o e
”’Q’ _—-‘——_—r—
a 5_-—’ I
0 5000 10000 15000

Fite temperature assignment

Hypothesis: there is a unique solution

% 10%

5 Hungarian
| ¥ Matching 8CPU

At Matching GPU ¢

# of points

Speedup / 1-CPU

200

180 +
160 -
140 ¢
120 t
100 -

& Hungarian :
¥ Matching 8CPU |

 Matching GPU

5000
# of points

10000

1500(



Fnite temperature assignment

Hypothesis:
the converged solution has some elements strictly in (0,1)

0 1 0 0 0
0.4 0 0 0.6 0
0 0 1 0 0
0.6 0 0 0.4 0



Fnite temperature assignment

Hypothesis:

the converged solution has elements strictly in (0,1)
0 1 0 0 0
g 0 0 06 0

0 0 1 0 0
gl 0 00 01 0

0 0 0 0 1

U=04C(2,1)+0.6C(2,4)+0.6C(4,1)+
04C4.4)+E



Fite temperature assignment

Hypothesis:
the converged solution has elements strictly in (0,1)

0 1 0 0 0 0 il 0 0 0
0.4 0 0 0.6 0 0.4-e 0 0 0.6+e 0
0 0 1 0 0 0 0 ] 0 0
0.6 0 0 0.4 0 0.6+e 0 0 0.4-e 0
0 0 0 0 1 0 0 0 0 1
U = 0.4C(2,1) + 0.6C(2,4) + 0.6C(4,1)+ Vo) s e )
0.4C(4.4) +E 0.4C(4,4) + E

—e(C(2, 1) = C24)+ C44) —C41))



Fite temperature assignment

Hypothesis:

the converged solution has elements strictly in (0,1)

0 1 0
0.4-e 0 0
0 0 1
0.6+e 0 0
0 0 0

U =U"e(CL)—C 4T €Al

0.6+e

0.4-e

0

Necessarily:

A C21D-C2DECEL-Cld 1) 0

B) Setting e = 0.4 leads to an integer solution



Fnite temperature assignment

Hypothesis:
the converged solution has elements strictly in (0,1)

Theorem : (Gartner and Matousek, 2006)

If the relaxed assignment problem has at least one feasible solution, then it has at least one
integral optimal solution. This solution is an optimal solution for the corresponding integer

assignment program.

Property:

If the relaxed assignment problem has an optimum solution that contains fractional
elements, then there exists (at least) one cycle A = {(ay, by), (ay, b,), ..., (Aryp, Doap) }

oM
in the cost matrix C for which I" = Z (— l)iC(ai, b) = 0.

i=1



Fnite temperature assignment

Hypothesis:
the converged solution has elements strictly in (0,1)

Theorem

Let A be the difference in total cost between the optimal solution and the second best solution.
Then, adding random uniform noise with support (0,a] to each value of C and solving the
assignment problem on this perturbed matrix will generate one integer solution that is also
solution to the unperturbed assignment problem with probability 1, whenever

A
a<—
2N

If all the entries of the cost matrix C are scaled to be integers, then A > 1 and it suffices to have

|
a<—
2N



Thank you!

Marc Delarue, Institut Pasteur Henri Orland

NoE CEA baclay



