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1. We give an example of a function f : [0,1] — R such that f is not integrable, but |f| is. We
define such a function by
1, xzeQn]o,1],
J) = { —1, otherwise.
Then f is discontinuous everywhere on [0, 1] so it is not Riemann integrable (That is, the same
reasoning as Example 1.14 shows f is not integrable.). However, | f| = 1, which is integrable.

2. Let f:]a,b] — R and suppose that |f(x)] < A < oo for all x € [a, ]].

(a) We prove that
Us(f?) — Ls(f?) < 2A(Us(f) — Ls(f)), VFs. (1)
Without loss of generality, suppose that A is the least such upper bound. Take any partition
Ps and let a = 29 < 1 < --- < x, = b be the ordered points in Ps. In the notation of the
notes let sup,cp,, .. f(x) = M; and infoc, , 21 f(z) = m; then

n

Us(f*) = Ls(f*) =) ( sup  (f(w))* = _inf  (f(0)*)(x; —im1)

=1 Wi€lzi—1,2] ViElwi—1,7]

n

=3 supinf o (F(ug) + ) (F () — f0:)) (@i — wia)

i—1 i €[wi_ 1,14 Vi €[Ti 1,

n

< Z sup inf  2A(f(u;) — f(v))(x; — xi1)

i—1 Wi€[rio1,3i] vefzi-1,2i]
- Z 2A(M; —m;)(zi — xi-1)
i=1

= 2A(Us(f) — Ls(f)),

where we have used the fact that M;,m; < A for all i = 1,2,...,n and the fact that
f(u;) — f(v;) can be no greater than M; — m,;.

(b) We show that if f € R([a,b]) then f? € R([a,b]). Take € > 0 arbitrary. Since f € R([a,b])
choose ¢’ > 0 such that for any § < ¢ we have Us(f) — Ls(f) < ¢/(2A). Then by (1) we

have

Us(f2) — Ls(f?) < 2A~2iA =

1



Ergo, f2 € R([a,b]).

3. Let f,g € R([a,b]). By the previous exercise, squares of Riemann integrable functions are
Riemann integrable. Since the finite sum of Riemann integrable functions is Riemann integrable,
it follows that f + g, f — g € R([a,b]), (f + 9)%, —(f — 9)* € R([a,b]) and so

Afg=(f+9)°—(f —9)* € R([a,b]).

Since the scalar multiple of an integrable function is integrable, by multiplying the above function
by 1/4, we conclude fg € R([a,b]).

4. Suppose that f : [a,b] — R is continuous, f(x) > 0 for = € [a,b], and f(§) > 0 for some
¢ € [a, b]. We show that fab f(x)dz > 0.

Suppose to the contrary that fab f(z)dz < 0. Because f is nonnegative, we must have that

f: f(z)dz = 0 since no terms in any Riemann sums can be negative. However, fab f(z)dz =01is
a contradiction as continuity of f and f(£) > 0 guarantees the existence of an interval on which
f is positive—hence an integral of f over this interval must be positive.

To be more explicit, because f(§) > 0 and if £ € (a,b) continuity of f implies there exists an
e > 0 sufficiently small such that f(z) > 0 for z € [ — ¢, +¢€]; if £ = a or £ = b, then we
consider instead [a, a + €] or [b — €, b] respectively (We need only change the considered interval
appropriately in the remainder of the argument.). Since [£ — €, £ + €] is compact, there exists an
m > 0 such that f(x) > 0 for all x € [ —¢€,£ +€]. Then because f is nonnegative it follows that

b e
/ f(z)dx > (x)dz > 2me > 0.
a 3

5. Define the function f : [0,1] — R by

- {0 < £

We prove f € R([0,1]). Take ¢ > 0 arbitrary. Write £y = [0,¢/3] and Ey = [¢/3,1], so
[0,1] = E; U Es. Since f is continuous on Ej choose 6; > 0 such that Us g, (f) — Lsg,(f) < €/3
for any partition Py of Fy with § < ;. Since max,ecp, sin(1/z) = 1 and mingcp, sin(l/x) = —1,
we have Ucs g, (f) — Lejs,p (f) < 2€/3. Therefore, it follows that for any d, < min{e/3,6,} we
have

Us,(f) = Ls,(f) < (Ueyzi (f) = Lega,y () + (Us.g, () — Log, (f)) < €.



