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A Comparison of Interface
Growth Models Applied to
Rayleigh–Taylor and
Richtmyer–Meshkov Instabilities
Sophisticated numerical models that contain fluid interfaces rely upon interface evolution
models to approximate the transition to turbulence near interfaces, in the presence of
Rayleigh–Taylor (RTI) or Richtmyer–Meshkov (RMI) instability. Semi-analytical models
have been developed in recent decades to predict the interface growth from an initial
state into the nonlinear regime. Two of these models are considered in this study. They
are the Goncharov and the z-models. Both of these interface models have strengths and
weaknesses, which are examined here. Both of them have been implemented in the
xRAGE compressible flow solver, which models fluid interfaces. The flow solver provides
the fluids acceleration as a body force to the interface model. The purpose of such inter-
face model is to evolve the early times of interface position as a subgrid model within a
compressible flow simulation in order to then initialize a turbulence model. In this work,
the interface models are assessed and compared for their evolution of RTI and RMI. The
z-model performed better than the Goncharov model for all cases that were explored.
[DOI: 10.1115/1.4048341]

Introduction

The work presented here was initiated by Dr. Malcolm
Andrews at Los Alamos National Laboratory in his research on
turbulence. His innovation was to calculate the initial conditions
for turbulence models from semi-analytical solutions of the
Rayleigh–Taylor (RTI) and Richtmyer–Meshkov (RMI)

instabilities. This approach permits quantifiable, physical initial
conditions that would otherwise have been crudely estimated. He
titled his work “Turbulence by design.”

Instabilities that develop at an interface between two fluids of
different densities when the interface is accelerated can often lead
to turbulent mixing. The process that evolves as the initially sepa-
rated fluids become entwined is referred to as either RTI or RMI.
These instabilities were named after the scientists that first pub-
lished solutions to these problems [1–4]. The distinction between
RTI and RMI is conditional on the nature of the accelerating
force, which must be present to set the process in motion. For the
case of RTI, it is a body force such as gravity. In RMI, the force is
an impulsive acceleration, driven by a shock as it traverses the
interface. In both cases, the force causes a pressure gradient across
the interface. The pressure gradient must be misaligned with the
density gradient at the interface to initiate the instability. This is
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visualized in Fig. 1(a), for RTI and Fig. 1(b) for RMI. The zoomed-
in images of the interface in Figs. 1(a) and 1(b) show density, q1, in
red and density, q2, as blue. The perturbations cause density gra-
dients in the interface-parallel direction as well as the interface-
normal direction. The perturbations in Fig. 1 are sinusoidal. How-
ever, the perturbations can appear in any form. The interface-normal
pressure gradient for RTI, Fig. 1(a), is due to the hydrostatic pres-
sure, which is piecewise continuous to either side of the interface.
For the RMI case, Fig. 1(b), a pressure jump normal to the interface
occurs when the shock briefly impinges it. For both cases, the
interface-parallel density gradients and the interface-normal pressure
gradients impart baroclinic vorticity on the interface. The vorticity
manifests as: rq�rp 6¼ 0 in the vorticity equation. An additional
constraint for RTI is that the pressure gradient opposes the density
gradient, rq � rp < 0, because otherwise, the body force stabilizes
the system and the interface will oscillate as a standing wave.

The RTI and RMI problems have been extensively researched
for more than a century. The seminal works of Refs. [1–5] studied
the linear regimes and are not discussed here. This work focuses
on the nonlinear regime and semi-analytical models that have
been developed to predict the interface growth from an initial state
into the nonlinear regime [6–13].

The work of Goncharov [6] extends the model of Layzer [7] to
all physical Atwood numbers. The models of Layzer and Gon-
charov [6,7] start with the potential flow solution of Taylor [2]
and extend the evolution of g into the nonlinear regime with
asymptotic perturbation methods. They expanded g about the bub-
ble tip with power series to derive semi-analytical equations that
predict the bubble height for a single-mode perturbation. Gon-
charov recognized that this method was valid for bubbles but not
for spikes [6]. Mikaelian analyzed the Layzer and Goncharov
models [8] and found that they had several modes of failure. He
demonstrated the inability of the Goncharov model to predict
spike growth [6,8]. Mikaelian also discovered that the model
failed for initial conditions parameterized by the product of the
wave number and the interface amplitude, gk0. If gk0 is greater
than a value that is dependent on Atwood number, then the model
fails [8]. In addition, he showed that the bubble amplitude cannot
change sign. Mikaelian proposed another nonlinear, single-mode
model [8] that overcomes the failures of the Layzer and Gon-
charov models. Zhang and Guo also improved upon the Layzer
model by including an additional term, which models the higher
order terms in the series expansion [9].

Haan derived a nonlinear multimode interface evolution model
from the potential flow equations [10]. He accomplished this by

retaining the nonlinear advection terms and expanding the
interface-normal derivatives to second-order with Taylor series.
The resulting equations are semi-analytical and were solved by
substituting the linear solution into the nonlinear terms [10]. He
showed that he could evolve interface amplitude while simultane-
ously evolving the energy spectra with this method. The model of
Rollin and Andrews [11] combined the Goncharov and Haan
models by substituting the Goncharov solution into the nonlinear
Haan terms. They used a constitutive model to evolve the spikes
with the Goncharov model. The constitutive model was developed
by executing direct numerical simulations of RTI and tabulating
multiplicative factors that relate spike height to bubble height for
a range of Atwood numbers.

Granero-Belinch�on and Shkoller developed two multimode
interface evolution models [13]. The first model presented in Ref.
[13] is similar to the Haan model in that it evolves sinusoidal
interfaces into the nonlinear regime. The second model of [13] is
an interface model that is nonparametric. It evolves the interface
amplitude as well as the interface vorticity, which allows for the
interface to roll up and exhibit the classical “mushroom” shape
associated with bubbles and spikes in RTI.

These instabilities have been studied comprehensively [1–16].
Yet, modeling the early nonlinear phases of RTI or RMI, before
transition to turbulence, remains a challenge. Efforts have been
made to model this with direct numerical simulation and high-
resolution large eddy simulations [15,16]. However, direct numer-
ical simulations are computationally expensive and impractical to
solve engineering scale problems even on today’s largest super
computers. Therefore, one needs to represent the evolution of fluid
interfaces as a subgrid model to approximate the transition to tur-
bulence near interfaces. The motivation for this study is to evalu-
ate two interface evolution models for capturing the early
transition to turbulence phase in RTI and RMI and compare these
models to experiments.

While there are many models in the literature [6–13], in this
study we only consider two of them. They are the Goncharov
model [6] and the z-model of Granero-Belinch�on and Shkoller
[13]. In order to reference these papers throughout this document,
the paper by Goncharov [6] will be referred to as G02 and the
paper by Granero-Belinch�on and Shkoller [13] shall be called
Z17. Each of these interface models have strengths and weak-
nesses, which are examined here. Further these interface models
are assessed and compared in the context of their coupling to a
compressible fluid flow solver, xRAGE, for both RTI and RMI.
To our knowledge, such coupling has not been reported

Fig. 1 (a) RTI and (b) RMI. The difference between RTI and RMI is the functional form of the acceleration
driving the instability. For RTI, the acceleration is continuous in time, whereas for RMI, the acceleration is
an impulse driven by a shockwave transiting the interface. The RMI acceleration is often represented
mathematically as a Dirac delta function.
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previously, hence, the novelty of this work. The flow solver cou-
ples to the interface models through the local acceleration at the
interface. The interface model then evolves in amplitude, shape,
and position and can calculate turbulence quantities for initializ-
ing a turbulence model.

The G02 model is a single-mode growth model that calculates
bubble growth, but not spikes growth. It is reported to be second-
order accurate [6]. The z-model of Z17 is a mode coupling, spec-
tral model. The Z17 model predicts both bubble and spike growth.
The Z17 model is not constrained to be a graph (parametric func-
tion), unlike other similar models [10]. In fact, it can develop the
interface into a multivalued curve for a specific set of independent
variable coordinates as the interface rolls up due to the presence
of vorticity. That is to say, not only can the interface stretch and
translate, it can fold over on itself, or roll up (rotate), as the
dynamics dictates. This model is purported to be second-order
accurate [13].

The models of G02 and Z17 are compared against RTI experi-
ments performed by Waddell et al. [17]. The paper of Waddell
et al. [17] is referred to as W01 throughout this work. The models
of G02 and Z17 are also compared to RMI experiments, under-
taken by Vandenboomgaerde et al. [18]. The paper by Vanden-
boomgaerde et al. [18] is referred to as V14. These experiments
were chosen for this study for multiple reasons. They represented
two instabilities, RTI and RMI. Both experiments detail single-
mode initial conditions that evolve into multimode states. The ini-
tial conditions were well resolved and characterized for both
experiments. Finally, the resulting data from each experiment pro-
vided sufficient resolution to do the model comparisons.

The paper is organized in the following way. In the Cases Con-
sidered section, cases considered, the RTI experiments of W01
and the RMI experiments of V14, are described. The interface
models section introduces the G02 model first and then presents
the Z17 model. Then, the numerical methods used to solve the
interface models are described. Next, the flow solver is introduced
and a description of the coupling between the interface models
and the flow solver is given. The Results and Discussion section
provide a detailed comparison of the models of G02 and Z17 with
the RTI experiments of W01 and then the RMI experiments of
V14. Finally, the salient results are summarized in the conclusion
and the proposed future work is outlined.

Cases Considered

In the experiments of W01, single-mode RTI was conducted
through use of a weight and pully accelerator that propelled an ini-
tially stable two-fluid system, residing on a sled, downward to
achieve the instability. A Plexiglas tank, containing two liquids,
occupied the sled, which was guided by a rail in the apparatus. To
achieve a single-mode perturbation along the interface, a linear
stepper motor agitated the tank in the horizontal direction. A
motion controller was programmed to generate sinusoidal motion
of the stepper motor with a precise amplitude and frequency. With
this method, W01 achieved a single-mode standing wave with a
measurable amplitude and frequency. A more detailed description
of the apparatus can be found in W01 [17].

For the study in this paper, one of the case studies from W01
was simulated with the G02 and Z17 models. The case was a mis-
cible system with isopropyl alcohol residing above salt water in a
stable configuration. This combination of fluids is characterized
by an Atwood number, A¼ 0.155. The initial perturbation con-
sisted of an initial amplitude, g0 ¼ 0:1 (cm) and a wavelength of
k ¼ 5:4 (cm). The steady acceleration was reported to be
G ¼ 0:74, where G is a multiplicative factor on Earth’s gravita-
tional acceleration, g ¼ 981 (cm s�2). For a broader description of
the experiment setup, refer to W01 [17].

The V14 experiments were used to benchmark the G02 and
Z17 models for RMI. In V14, shock tube experiments were con-
ducted in a two-gas system containing shocked air expanding into
sulfur hexafluoride (SF6) with well-defined initial conditions that

were numerically replicable. The shock tube cross section was
20� 20 (cm2). The initial condition of V14 was a two-
dimensional (2D), cosine waveform at the interface. These experi-
ments were run for two initial amplitudes, g0 ¼ 0:306 (cm) and
g0 ¼ 0:918 (cm). The postshock amplitudes that we used were
g0 ¼ 0:28 (cm) and g0 ¼ 0:67 (cm). These values were derived
from digitizing the data in Fig. 5 of [18]. Everything else was
fixed. The cosine wavelength was k ¼ 8 (cm). The air-SF6 combi-
nation provided an Atwood number, A ¼ 0:679. Finally, the shock
Mach number was M ¼ 1:45 with standard temperature and pres-
sure conditions. Further details can be found in V14 [18].

The third case examined in this work was to see how the models
of G02 and Z17 performed in a stable configuration for a linear
standing wave as is found at the interface between the oceans and the
atmosphere, for example. The parameters for this case were an initial
amplitude g0 ¼ 0:1 (cm), wavelength k ¼ 1 (cm), Atwood number
A ¼ 0:1, and acceleration g ¼ 1000 (cm s�2). These parameters
were chosen for the ease of deriving the analytical frequency of
oscillation, x0 ¼

ffiffiffiffiffiffiffiffiffiffi
A g k
p

¼ 25:066 (Hz), of the interface.
These three scenarios are ideal for validating the models of

G02 and Z17. Acceleration is the leading order driver in the W01
and V14 experiments, as well as the standing wave. The effects of
viscosity, diffusion, and surface tension may have been present.
However, these effects were not reported nor discussed in W01 or
V14.

Interface Models

The two interface evolution models of G02 and Z17 under
study are presented below. Details of the model derivations are
not duplicated here and can be found in G02 and Z17 [6,13],
respectively. Both models are semi-analytical and are used to
evolve the interface at early times into the nonlinear regime. Once
a sufficiently high Reynolds number, R ¼ gk _gk

t where t is the
dynamic viscosity of the fluids, has been achieved in the interface
model, turbulence quantities can be calculated and used to initial-
ize a turbulence model. For this study, R was allowed to grow
arbitrarily high in order to let the interface models evolve for the
duration of the experiments. For use in initializing a turbulence
model, a critical value for R is set and used as a free parameter to
turn the interface model off and initialize the turbulence model.
The benefit of utilizing an interface model in this way is that the
interface model evolves the flow field energy spectrum to a more
physical initialization of the turbulence model.

The Goncharov Model. The G02 model was part of Dr.
Andrews work on turbulence by design [11]. The G02 model
evolves each mode independently for gk. This means that modes
do not interact with one another. The governing equations of the
G02 model [6] are given by

F1

€gk

D
þ F2

c2k2 _g2
k

8D2
þ 2gAg2 ¼ 0 (1)

The coefficients, denominators, and g2 in Eq. (1) are represented
by

g2 ¼ �
ck

4 1þ cð Þ 1þ 1þ cð Þg0k � 1
� �

e�k 1þcð Þ gk�g0ð Þ
� �

(2)

F1 ¼ 2Ag2
2 þ

c2Akg2

2 1þ cð Þ �
c2k2

8 1þ cð Þ (3)

F2 ¼ 2Ag2
2 þ

kg2

1þ cð Þ Aþ cA� 2c� 1ð Þ (4)

D ¼ g2 �
ck

4 1þ cð Þ (5)
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The G02 model was presented in this form by Mikaelian [8]. It
generalizes the 2D and three-dimensional (3D) cases to one set of
equations by introducing the parameter c. When the 2D case is
solved, c ¼ 2. For the 3D case, c ¼ 1. There is a difference
between 2D and 3D because the model is expanded about a bub-
ble tip, represented by a cosine function in 2D and a Bessel func-
tion in 3D [6]. Figure 2 shows the 3D bubble tip represented as
the Bessel function of the first kind with integer order zero com-
pared to a cosine waveform, for reference. In Eqs. (1)–(5), gk is
the modal amplitude, k is the modal wave number, and g2 is the
solution to the linear ordinary differential equation that arises in
the asymptotic expansion about the bubble tip while deriving the
Goncharov model. In Eqs. (1)–(5), _gk represents the first time
derivative of gk and €gk represents the second time derivative of
gk. For this study, the G02 model needed to be predictive and was
used for bubble and spike evolution, even though the G02 model
is known to fail for spikes [6,8]. In order to model spikes for com-
parison with the Z17 model and the experiments of W01 and V14,
_g2

k was replaced with _gkj _gkj in Eq. (1).

The z-Model. The z-model of Z17 is a mode coupling interface
model with three governing equations. The most prominent differ-
ence between the G02 model and the Z17 model is that the modes
interact with one another in the Z17 model, whereas modes are
independent of each other in the G02 model. Another difference
between the G02 and Z17 models is that presently the derivation
of the Z17 model has only been published for 2D interfaces. The
G02 model has 2D and 3D forms. The governing equations for the
z-model of Z17 are

_n ¼ � 1

2
H xð Þ kg

k 1þ kn; kgð Þk � k2�n (6)

_g ¼ 1

2
H xð Þ 1þ kn

k 1þ kn; kgð Þk � k2�g (7)

_x ¼ A

2

H xH xð Þð Þ
k 1þ kn; kgð Þk � 2Agg� k2�x (8)

In Eqs. (6)–(8), n is the modal amplitude of the interface-
parallel position. n will be discussed more later. x is the vorticity
amplitude, compactly supported on the interface. Also, x is inte-
grated across the interface and thus has units of length divided by
time. Like the G02 model, g is the modal amplitude in the inter-
face normal direction. A dot over the dependent variable, _gk,

represents a time derivative. Hð Þ is the Hilbert transform operator.

It is a principal value integral given by

H u yð Þð Þ �
1

p
P:V:

ð
u yð Þ
y0 � y

dy (9)

Hð Þ is applied to a variable in Fourier space, where it is com-
puted as a p

2
phase shift of that variable, rather than computing the

principal value integral in real space. The denominator expression,
k 1þ kn; kgð Þk, is the slope of the interface, where the parentheses
indicates a vector, i.e., a; bð Þ � ae1 þ be2. The quantities A, g,
and k have the same definitions as above for the G02 model. The
parameter, �, is a linear artificial viscosity that is included to regu-
larize high wave number instabilities associated with the pseudo-
spectral method [19]. For the case of RTI, the artificial viscosity
was set to � ¼ 0:05 (cm2 s�1), the same value that was used in
Z17. For the RMI case, the artificial viscosity value that was used
for the results presented in this paper was � ¼ 25:0 (cm2 s�1).
Sensitivity studies were performed, varying the value of �. The
sensitivity of g to � was negligible for the RTI case (not shown).
For the RMI case, an order of magnitude range of values of � were
simulated with the V14 case 1 initial conditions and the final inter-
face amplitudes were compared to the V14 case 1 results pre-
sented in this paper. Table 1 presents the RMI sensitivity study.
For the value of � used for this study, the final amplitude differed
by only a few percent (2.3% and 4.4%), when � was reduced by
half or doubled. When � was increased by an order of magnitude,
the final amplitude was reduced significantly (12.1% and 24.2%).

As stated above, n is the modal amplitude of the interface-
parallel position. In real space, this is a perturbation from the fixed
interface-parallel location, �x. We recover the real space counter-
part, n, by performing an inverse Fourier transform on ~n

n ¼ 1

2p

ð1
0

~neikxdk (10)

The physical interpretation of n is better understood with a
decomposition. Let x be the transverse coordinates of the inter-
face. Then, we decompose x as follows:

x ¼ �x þ n (11)

Here, �x is the fixed transverse coordinates and n is the dynamic
component of x.

The model of Z17 is a Lagrangian interface model in that the
interface can translate, dilate, and rotate. These degrees-of-
freedom allow for a diverse model where the interface can roll up
in the presence of vorticity, a classical signature of RTI and RMI.
Figure 3 shows an example of a single-mode RTI simulation with
the z-model, where the initial interface is a sine wave. On the left,
the early time interface contour is depicted by the blue line. As
time evolves the interface grows to the red line, then the green,
magenta, and finally the black line. The right figure shows evolu-
tion of the interfacial vorticity for the same times and colors as
the left plot. It is apparent that as the interface evolves in time, it
develops into the classical bubble (right) and spike (left) associ-
ated with RTI. It is also seen that the peak magnitudes of vorticity

Fig. 2 The bubble tip approximation of G02 (red) for the 3D
case is represented by the Bessel function near x 5 0. The Bes-
sel function is plotted against a cosine wave (blue) to show the
similarity near the peaks and troughs of the cosine function.

Table 1 Sensitivity of final interface amplitude to artificial
viscosity

� (cm2 s�1)
Percentage difference

in final amplitude, g, from simulated cases

12.5 2.3
25.0 0.0
50.0 4.4
100.0 12.1
200.0 24.2

Note: �: for the V14 RMI case.
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coincide with locations on the interface where roll-up has begun.
Additionally, the tips of the bubble and spike coincide with zero
vorticity.

Numerical Approach. Both of the models of G02 and Z17
were integrated in time with the fourth-order Runge–Kutta algo-
rithm. The spatial component of the Z17 model was calculated
with a pseudo-spectral method using fast Fourier transforms
(FFT). These models were implemented in the xRAGE compressi-
ble flow solver, which is a numerical model of the Euler equa-
tions. Details of xRAGE are described in Gittings et al. [20]. The
flow solver is coupled to the interface models through the flow
acceleration and density fields. The local time-dependent acceler-
ation is calculated via forward-in-time finite difference of the
velocity field. The Atwood number is computed at the interface
from the material densities from xRAGE, which is a multimaterial
model. The acceleration and Atwood number are then transmitted
to the interface model and serve as a body force to the governing
equations. The interface models, which are tracked through the
xRAGE mesh with Lagrangian tracers, are updated in this way for
each time cycle. The models of G02 and Z17 are passive to the
flow fields while the interface evolves. But, once the critical
Reynolds number is reached, the turbulent length scale and turbu-
lent kinetic energy are calculated from the interface amplitudes
and velocities to initialize a turbulence model, which is directly
coupled to the flow solver.

Convergence studies of the models of G02 and Z17 were per-
formed and are briefly summarized. The G02 model, ordinary dif-
ferential equations in time are sufficiently converged because the
size of the time-step is determined by the compressible flow
solver of xRAGE. For the model of Z17, the same time-step
restriction applies as for the G02 model. For spatial convergence
of the Z17 model, a number of simulations were performed start-
ing with 16 modes and doubling the resolution up to 2048 modes
for a simple RTI setup. The model was converged with 128 modes
for a sufficient length of time to simulate the experiments of W01
and V14. However, 256 modes were used for the studies reported
here. For the RMI cases, the presence of shocks in xRAGE does
not result in convergence issues because the calculated accelera-
tion feeds into the interface models. A time resolution study was
performed on the calculated acceleration. The acceleration was
integrated in time to determine the impulse from the shock. When
the impulse did not change with respect to decreasing time-step,
the acceleration was deemed to be converged. The acceleration
was converged for the time-steps used in these studies.

Convergence of the acceleration was performed with the interface
models for simulations of the V14 experiments (not shown).

Results and Discussion

Rayleigh–Taylor Instability Case. In Fig. 4, PLIF images
from W01 [17] are shown with the Z17 model interface superim-
posed on top of the images. Here, the times reported in W01 as
well as the times from the simulation are placed on each image.
The acceleration profile from Fig. 5 (below) was used for the Z17
model simulation in Fig. 4. The Z17 model does remarkably well
at capturing the geometry and amplitude of the interface. In fact,

Fig. 3 Evolution of the Z17 model for an example initial single-mode sine wave with g0 5 0:1 (cm) and
k 5 1 (cm21). Interface amplitude (a) is shown for 5 sequential times (blue, red, green, magenta, and
black). Progression of time is indicated by the direction of the black arrow. An inset image from a single-
model RTI numerical simulation is presented for qualitative comparison to the Z17 model interface. The
interface vorticity (b) is shown for the same times (and colors). Gold circular arrows indicate the direction
of rotation.

Fig. 4 The Z17 model interface amplitude (magenta) overlay-
ing PLIF images of experiment results from Fig. 4 of W01
(Reproduced with permission from Ref. [17]. Copyright 2001 by
AIP Publishing). Times for both simulation and experiment are
given at the top, (a)–(l). The acceleration profile from Fig. 5 was
used for the Z17 model simulation.
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bubbles and spikes evolve for the Z17 model in conjunction with
the experiment of W01. The final time shows an excellent com-
parison, exhibiting the classical mushroom shaped bubbles and
spikes. However, the Z17 model does not capture the full roll-up
of the interface. This is a limitation of the pseudo-spectral method,
rather than a deficiency of the Z17 model. Recent work [21] has
addressed improving the interface roll-up of the Z17 model.

Figure 6 shows the half-mix widths, measured from bubble tip
to spike tip for the constant mean acceleration, G ¼ 0:74 reported
in W01. The W01 experimental results are given by the black
dots, the G02 model results are represented by the red curve, the
blue curve presents the Z17 model, and the linear solution is given
by the green curve. With the constant acceleration, both the G02
and Z17 models underpredict the growth rate in the linear regime
(early time) and overpredict the growth rate in the nonlinear
regime (late time), compared to the experiment. Root-mean-
square errors (RSMEs) were calculated with simulation results
treated as the estimator. The RSMEs are presented in Table 2.
RSMEs were 0.171 (cm) and 0.280 (cm) for the GO2 and Z17
results, respectively, in Fig. 6. The linear solution grows with
comparable rates to the G02 and Z17 models for early times
before diverging on an exponential growth trajectory. Even
though the models of G02 and Z17 grow the interface slower than
the W01 experiments early on, the faster growth rate at late times
causes the interface amplitude to catch up to the experimental
amplitude and for the case of the G02 model, the interface has
grown larger than in the experiment for late times.

To better understand the discrepancy between the W01 experi-
ment growth rates and those of the G02 and Z17 models, a case
with a variable acceleration was simulated, which was digitized
from the early time acceleration reported in W01. Figure 5
shows the measured acceleration from the W01 experiment, up to
t ¼ 0:14 (s), as the black solid curve. The dashed red curve is the
digitized approximation of the black curve and represents the
modeled acceleration used below, in the simulations of Fig. 7.
The acceleration was digitized up to t ¼ 0:1 (s) to capture the
initial low-mode oscillations. Then, a constant acceleration of
G ¼ 0:6 was used. The late-time acceleration, G ¼ 0:6, was used
instead of the reported constant mean, G ¼ 0:74, because the early
time, digitized acceleration was more than twice the reported
mean for the duration and influenced the late-time interface
growth. W01 reported that the low-mode oscillations were the
result of elastic deformations of the cables used to accelerate
the test section. Upon driving the models of G02 and Z17 with the
digitized acceleration, it was observed that the early time growth
rates of the simulations were in much better agreement with the
W01 experiments than when the constant acceleration was used.

The early time higher amplitude growth rate from the W01 experi-
ment is accounted for by the two acceleration peaks, seen in
Fig. 5, due to the stretching cable. These peaks are impulses that,
analogous to the extreme case of RMI, cause the interface to grow
at a certain rate dependent on the impulse magnitude and duration.
As the cable rebounded from being stretched, the interface contin-
ued to grow at a rate determined by the impulse peak. Simulations
with both the G02 and Z17 models, not shown, were performed
with the initial impulse, but not the second. These simulations
matched the early growth rates of the experiment, but not the late-
time growth rate. It was not until the second impulse was also
included in the simulations that the early- and late-time growth
rates compared well with the W01 results as shown by Fig. 7. The
simulations in Fig. 7 do not exactly produce the growth rates

Fig. 5 Digitized early time acceleration (dashed red line),
G 5 f (t), overlaying the measured acceleration (black) in Fig. 2
of W01 (Reproduced with permission from Ref. [17]. Copyright
2001 by AIP Publishing). After t 5 0:1 (s), the digitized accelera-
tion was relaxed to a constant acceleration, G 5 0:6.

Fig. 6 Time series of the maximum G02 (red) and Z17 model
(blue) amplitudes compared to the experiments of W01 (black
dots), miscible case, and the linear analytical solution (green).
For this case, the constant acceleration, G 5 0:74, reported by
W01 was used for the simulations and linear solution.

Table 2 RSME for the W01 and V14 comparisons in Figs. 5, 7,
and 11

RSME Goncharov z-model

Figure 5 (W01) 0.171 (cm) 0.280 (cm)
Figure 7 (W01) 0.434 (cm) 0.096 (cm)
Figure 11, case 1 (V14) 0.325 (cm) 0.187 (cm)
Figure 11, case 2 (V14) 0.356 (cm) 0.190 (cm)

Fig. 7 Time series of the maximum G02 (red) and Z17 (blue)
model amplitudes compared to the experiments of W01 (black
dots), miscible case. For this case, a digitized acceleration,
G 5 f (t), from Fig. 2 of W01 was used for the simulations. The
digitized acceleration is presented in Fig. 6 of this paper.
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observed in the experiments of W01; however, the modeled
amplitudes are in better agreement with the experiments than the
simulations displayed in Fig. 6. Finally, with the variable acceler-
ation of Fig. 7, the Z17 model reproduces the amplitude of the
W01 experiment better than the model of G02. This is because the
G02 model has no mechanism to allow the interface to roll up, nor
does it model mode-coupling to cascade energy to smaller scales.
Thus, while the G02 model reproduced the growth rates of the
W01 experiment, it overpredicted the amplitude at late times,
whereas the model of Z17 evolves vorticity and models mode-
coupling, which are both present in the W01 results. RSMEs were
0.434 (cm) and 0.096 (cm) for the GO2 and Z17 results, respec-
tively, in Fig. 7.

Figure 8 is the same PLIF image from the last panel of Fig. 4.
However, the G02 model results have been overlaid on top of the
image as well as the Z17 model results. Figure 8 illustrates that,
since the G02 model can only evolve the tip of the bubbles [6,8],
it has no information about the interface between the bubble and
spike tips. In addition, the G02 model has no mechanism for the
curvature of the bubble to change sign [8] and it is always repre-
sented by a Bessel function (for 3D). This will be discussed in
more detail in regard to the standing wave problem.

Richtmyer–Meshkov Instability Case. Two cases were run
from the V14 experiments. Case 1, Fig. 9, shows laser sheet
images from the low amplitude case, where, g0 ¼ 0:28 (cm). Z17
results are superimposed on top of the laser sheet images. Once
again, the Z17 model evolves to capture both the mixing layer
growth as well as the interface geometry. Case 2, Fig. 8, depicts
the large amplitude case, g0 ¼ 0:67 (cm). The first panel of
Fig. 10 contains a laser sheet image of the preshock initial condi-
tion. This is mismatched with the Z17 model interface overlaid on
the image because the Z17 model was initialized with the post-
shock amplitude. Much like case 1 and the W01 experiment com-
parison, the Z17 model continues to perform well and predicts
the mixing layer growth rate as well as the interface geometry.
Figure 11 shows the half mix width for case 1 and case 2 of V14
compared against the G02 and Z17 models. The V14 experiment
results are given by the black dots. The solid red line represents
the G02 model and the blue dashed lines depict the half-mix width
for the Z17 model. In general, the G02 model overpredicts the
mix-width compared to the V14 results. The probable reason for
the overprediction is that the G02 model has no mechanism for
the interface to turn over on itself and roll up. It can only grow the
bubble tip and kinetic energy cannot dissipate to heat through vor-
tical roll-up. However, the Z17 model can roll up the interface
and demonstrates better agreement with the data of V14. For case
1, RSMEs were 0.325 (cm) and 0.187 (cm) for the GO2 and Z17

results, respectively. For case 2, RSMEs were 0.356 (cm) and
0.190 (cm) for the GO2 and Z17 results, respectively, in Fig. 11.

There is likely an amount of uncertainty with the experimental
data too. Error bars were included on the plots in V14 [18], but
quantities were not reported associated with the error bars. To this
end, Fig. 12 shows the Z17 model bubbles (solid blue lines) and
spikes (red dashed lines) with the data of V14 laying within the
bounds of the bubble and spike amplitudes of the Z17 model.
Since only the half-mix widths were reported and the bubbles and
spikes grow at different rates and the experimental data are
bounded by the Z17 model results, excluding early time, we
believe that the Z17 model produces good agreement with the
experiments. As noted above, viscous and diffusion effects were
not reported for the experiments of W01 or V14. These effects
may contribute to differences between modeled and experimental
results.

Next, the standing wave results are presented. Figure 13 shows
the amplitude of a single-mode standing wave, as predicted by the
models of G02 and Z17, for some time. The standing wave is in
the linear regime and has an analytical solution that is readily
derived. It is described earlier in the Cases Considered section.
The most prominent difference between the G02 and Z17 models
in Fig. 13 is that the amplitude for the G02 model grows in time
while the amplitude of the Z17 model is bounded by the initial
amplitude. The reason for this is that the G02 model has no physi-
cal mechanism for the bubble curvature to change signs [8]. In
fact, if we let gk ¼ 0 from Eq. (2), indicating that the bubble is
inverting or changing phase, then

g2 gk ¼ 0ð Þ ¼ � ck

4 1þ cð Þ 1þ 1þ cð Þg0k � 1
� �

ek 1þcð Þg0

� �
(12)

and g2 < 0, for all time, i.e., the bubble curvature, R ¼ � 1
2g2

, does
not change sign. This result was first reported by Mikaelian [8].
We attempted to bypass this limitation by artificially changing the
sign of _gk and g2, when gk changes sign and let the model con-
tinue to evolve. However, this does not let the model evolve
freely. Nonetheless, we ran the G02 model with the modifications
on the standing wave problem. However, during the standing
wave bubble inversion, _gk, has a maximum value. Thus, the G02
model effectively has an initial bubble velocity, _gk. Additionally,
g0 has a fixed value which appears in the analytical solution, g2.
The combination of g0 and _gk in the model, results in an overpre-
diction of the maximum bubble amplitude, gk, for that phase of
the standing wave. The second issue that stands out in Fig. 13 is
that the frequency of the G02 model decreases in time as the
amplitude grows. This is a side effect of the unphysical growth of
gk in time. The analytical and model frequencies are summarized
in Table 3.

Figure 14 gives an example of a multimode simulation with the
z-model of Z17. The same parameters as those from the W01
experiment were used for A, g, and g0. However, a flat spectrum
of 6 modes was initialized for wave numbers ranging 1:298 < k <
4:544 (cm�1). In Fig. 12, the interface at early time is given by
the black line. The blue, red, and magenta lines are chronologi-
cally later in time. This plot demonstrates that the Z17 model has
multimode capability.

Conclusion and Future Work

In this study, two interface evolution models were compared
against RTI and RMI experiments as well as a standing wave
problem for which an analytical solution has been derived. Both
the Goncharov [6] (G02) and the Granero-Belinch�on and Shkoller
[13] (Z17) models perform well for predicting the growth of the
mixing layer in RTI and RMI. The Z17 model is able to capture
both mixing layer growth rates and interface amplitudes for RTI
and RMI. The G02 model replicates mixing layer growth rates. It
was found that the model of Z17 could reproduce the standing
wave. However, the G02 model failed to predict the standing

Fig. 8 Late-time comparison of the modeled interfaces of the
G02 (green) and Z17 (magenta) models superimposed upon a
PLIF image from Fig. 4 of W01 (Reproduced with permission
from Ref. [17]. Copyright 2001 by AIP Publishing) at the same
time.
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wave amplitude and oscillation frequency. Further modification of
the G02 model might fix this deficiency. The model of Z17 out-
performs the model of G02 in every case examined here. Table 4
outlines the capabilities of the G02 and Z17 models.

In future work, we plan to improve both models. In particu-
lar, we plan to investigate the Goncharov approach with

inclusion of interface roll-up effects, as it would be advanta-
geous given the computational efficiency of the model. We will
also investigate the model of Mikaelian [8]. The Mikaelian
model does not suffer from the same limitations as the Gon-
charov model. For instance, it can model the standing wave
problem without issue.

Fig. 9 The Z17 model interface amplitude (magenta) overlaying laser-sheet photography images
of experiment results from Fig. 3 of V14 (Reproduced with permission from Ref. [18]. Copyright
2014 by AIP Publishing) for case 1 g0 5 0:28 (cm). Times for both simulation and experiment are
given at the top, (a)–(f).

Fig. 10 The Z17 model interface amplitude (magenta) overlaying laser-sheet photography images
of experiment results from Fig. 3 of V14 (Reproduced with permission from Ref. [18]. Copyright
2014 by AIP Publishing) for case 2, g0 5 0:67 (cm). Times for both simulation and experiment are
given at the top, (a)–(f).

Fig. 11 Time series of the maximum G02 (red) and Z17 (blue)
model amplitudes compared to the experiments of V14 (black
dots)

Fig. 12 The Z17 model bubble (blue) and spike (black) compar-
ison with the case 1 experiment of V14 (red dots), showing
spread of data between modeled bubbles and spikes
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New generations of the z-model have recently been derived, for
example in the study of Ramani and Shkoller [21]. In Ref. [21], a
“higher-order” z-model has been developed that extends the
amount of interface roll-up that can be modeled and has been
shown to give better agreement with W01 than Z17 does. The
work of Shkoller [21] extends the z-model to a hybrid z-model/
compressible Euler approach, where the velocity field of the Euler
equations has been decomposed into its compressible and incom-
pressible parts. Future efforts will involve investigating the hybrid

approach of Shkoller [21]. Also, extending the z-model to higher
dimensions is of interest.
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Nomenclature

a ¼ generic variable
A ¼ Atwood number
b ¼ generic variable
c ¼ dimensionality parameter in Goncharov model

D ¼ denominator in Goncharov model
ej ¼ unit vector in direction j
Fj ¼ coefficients from Goncharov model, j ¼ 1; 2
g ¼ acceleration
G ¼ scaling factor on Earth’s gravitational acceleration

for W01 experiment
G02 ¼ Goncharov model
Hð Þ ¼ Hilbert transform for z-model

i ¼ imaginary number,
ffiffiffiffiffiffiffi
�1
p

k ¼ wave number
M ¼ Mach number
p ¼ pressure

PEM ¼ physics and engineering models
P:V:

Ð
ð Þdy ¼ principal value integral for z-model

SF6 ¼ sulfur hexafluoride
t ¼ time

V14 ¼ Vandenboomgaerde et al. [18] experiments
W01 ¼ Waddell et al. [17] immiscible experiment

x ¼ interface-parallel coordinate for z-model
�x ¼ mean or fixed interface-parallel coordinate

for z-model
Z17 ¼ z-model
� ¼ linear artificial viscosity for z-model
g ¼ interface amplitude for z-model

gk ¼ modal amplitude for Goncharov model
g0 ¼ initial interface amplitude
g2 ¼ linear solution of asymptotic expansion for

Goncharov model
k ¼ interface wavelength
t ¼ dynamic viscosity
n ¼ modal amplitude of interface-parallel position

for z-model
~n ¼ Fourier transform of n
q ¼ fluid density
qj ¼ density of fluid j ¼ 1; 2
u ¼ generic variable
x ¼ vorticity amplitude for z-model
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