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Abstract

In fluid dynamics, an interface splash singularity occurs when a locally smooth

interface self-intersects in finite time. By means of elementary arguments, we prove
that such a singularity cannot occur in finite time for vortex sheet evolution, that is
for the two-phase incompressible Euler equations. We prove this by contradiction;
we assume that a splash singularity does indeed occur in finite time. Based on
this assumption, we find precise blow-up rates for the components of the velocity
gradient which, in turn, allow us to characterize the geometry of the evolving
interface just prior to self-intersection. The constraints on the geometry then lead
to an impossible outcome, showing that our assumption of a finite-time splash
singularity was false.
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1. Introduction

1.1. The Interface Splash Singularity

The fluid interface splash singularity was introduced by CasTRO et al. in [11].
A splash singularity occurs when a fluid interface remains locally smooth but self-
intersects in finite time. For the two-dimensional water waves problem, CASTRO
et al. [11] showed that a splash singularity occurs in finite time using methods
from complex analysis together with a clever transformation of the equations. In
CouTaNnD and SHKOLLER [18], we showed the existence of a finite-time splash
singularity for the water waves equations in two or three-dimensions (and, more
generally, for the one-phase Euler equations), using a very different approach,
founded upon an approximation of the self-intersecting fluid domain by a sequence
of smooth fluid domains, each with non self-intersecting boundary.

1.2. The Two-Fluid Incompressible Euler Equations

A natural question, then, is whether a splash singularity can occur for vortex
sheet evolution, in which two phases of the fluid are present. Consider the two-
phase incompressible Euler equations: let D € R? denote an open, bounded set,
which comprises the volume occupied by two incompressible and inviscid fluids
with different densities. At the initial time t = 0, we let QT denote the volume
occupied by the lower fluid with density o™ and we let Q™ denote the volume
occupied by the upper fluid with density p~. Mathematically, the sets Si and
Q™ denote two disjoint open bounded subsets of D such that D = QtUQ™ and
QT N Q™ = . The material interface at time t = 0 is given by I' := Q1+ N Q~,
and 3D = 9(Q~UQT)/T'. (We can also consider the case that Q+ = T x (-1, 0),
Q" =Tx(0,1),andT" =T x {0}).

For time ¢t € [0, T] for some T > O fixed, Q7 (¢) and Q7 (¢) denote the
time-dependent volumes of the two fluids, respectively, separated by the moving
material interface I' (7). Let u™ and p* denote the velocity field and pressure func-
tion, respectively, in Q*(r). A planar vortex sheet I'(f) evolves according to the
incompressible and irrotational Euler equations:

o +ut . Dut) + Dpt = —pFger in QF(), (1.1a)
curlu™ =0, divut =0 in QF@), (1.1b)
pt—p =0H on I'(?), (1.1¢c)
wr—u")-N=0 on I(1), (1.1d)

u -N=0 on 0D, (1.1e)
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Fig. 1. Two examples of the evolution of a vortex sheet I'(¢) by the Euler equations. The
two fluid regions are denoted by Q1 (¢) and Q7 (r)

u(©) =up on {t=0}xD, (1.1f)
VI@) =ut @) N, (L.1g)

where V(I'(¢)) denotes the speed of the moving interface I"(¢) in the normal direc-
tion, and N(-, t) denotes the outward-pointing unit normal to I'(¢) (pointing into
Q7 (1)), N denotes the outward-pointing unit normal to the fixed boundary 0D, g
denotes gravity, and e; is the vertical unit vector (0, 1). Equation (1.1g) indicates
that I"(r) moves with the normal component of the fluid velocity. The variables
0 < p™ denote the densities of the two fluids occupying % (), respectively, H (t)
is twice the mean curvature of I'(¢), and o > 0 is the surface tension parameter
which we will henceforth set to one. For notational simplicity, we will also set
pT =1land p~ =1 (Fig. 1).

Via an elementary proof by contradiction, we prove that a finite-time splash
singularity cannot occur for vortex sheets governed by (1.1). We rule-out a single
splash singularity in which one self-intersection occurs, as well as the case that
many (finite or infinite) simultaneous self-intersections occur. We also rule-out a
splat singularity, wherein the interface I'(¢) self-intersects along a curve (see [11]
and [18] for a precise definition).

1.3. Outline of the Paper

In Section 2, we introduce Lagrangian coordinates (using the flow of u ™) for
the purpose of fixing the domain and the material interface. Rather than using an
arbitrary parameterization of the evolving interface I'(¢), we specifically use the
Lagrangian parameterization which has some important features for our analysis
that general parameterizations do not. With this parameterization defined, we state
the main theorem of the paper in Section 3 which states that a finite-time splash sin-
gularity cannot occur in this setting. In Section 4, we derive the evolution equations
for the vorticity along the interface as well as the evolution equation for the tangen-
tial derivative of the vorticity; the latter plays a fundamental role in our analysis. In
particular, under the assumption that the tangential derivative of vorticity blows-up
in finite time, we find the precise blow-up rates for the components of Vu™ (-, t).
Letting n(-,¢) : I' — I'(¢) denote the Lagrangian parameterization of the vortex
sheet, and supposing that the two reference points xo and x; in I' evolve toward
one another so that |n(xg, 1) — n(x;,1)] = 0ast — T, in Section 6, we find the
evolution equation for the distance 87 () = n(xp, ) — n(x1, t) between the two
contact points. We can determine that the two portions of the curve ' () converge
towards self-intersection in an essentially horizontal approach.
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Finally, using the evolution equation for §7(f), we prove our main theorem
in Section 7; in particular, we show that our assumption of a finite-time self-
intersection of the curve I'(¢) as + — T leads to the following contradiction: we
first show that u| (n(xo, T),T) — uy (n(x1,T),T) = 0, where u;, = u™ - e
and e; is the tangent vector at n(xp, 7'), and then we proceed to show that
uy mxo, T), T) —uy (n(x1,T), T) # 0. We first arrive at this contradiction for a
single splash singularity, meaning that one self-intersection point exists for I'(T);
then, we proceed to prove that a finite (or even infinite) number of self-intersections
also cannot occur. We conclude by showing that a splat singularity, wherein I'(7")
self-intersects along a curve rather than a point, also cannot occur.

1.4. A Brief History of Prior Results

1.4.1. Local-in-Time Well-Posedness We begin with a short history of the local-
in-time existence theory for the free-boundary incompressible Euler equations. For
the irrotational case of the water waves problem, and for two dimensional fluids (and
hence one dimensional interfaces), the earliest local existence results were obtained
by NaLIMOV [31], YOSIHARA [41], and CRAIG [12] for initial data near equilibrium.
BEALE et al. [8] proved that the linearization of the two dimensional water wave
problem is well-posed if the Rayleigh—Taylor sign condition g—z <O0onTl x{r =0}
is satisfied by the initial data (see [33] and [36]). Wu [37] established local well-
posedness for the two dimensional water waves problem and showed that, due to
irrotationality, the Taylor sign condition is satisfied. Later AMBROSE and MASMOUDI
[5], proved local well-posedness of the two dimensional water waves problem as
the limit of zero surface tension. DiscoNzi and EBIN [20,21] have considered
the limit of surface tension tending to infinity. For three dimensional fluids (and
two dimensional interfaces), Wu [38] used Clifford analysis to prove local existence
of the three dimensional water waves problem with infinite depth, again showing
that the Rayleigh—Taylor sign condition is always satisfied in the irrotational case
by virtue of the maximum principle holding for the potential flow. LANNES [29]
provided a proof for the finite depth case with varying bottom. Recently, ALAZARD
et al. [1] have established low regularity solutions (below the Sobolev embedding)
for the water waves equations. See also [6,7].

The first local well-posedness result for the three dimensional incompressible
Euler equations without the irrotationality assumption was obtained by LINDBLAD
[30] in the case that the domain is diffeomorphic to the unit ball using a Nash—
Moser iteration, following the a prior estimates of [15]. COUTAND and SHKOLLER
[16] proved local well-posedness for arbitrary initial geometries that have at least
H?3-class boundaries without derivative loss; see also [17]. SHATAH and ZENG
[34] established a priori estimates for this problem using an infinite-dimensional
geometric formulation, and ZHANG and ZHANG [42] proved well-posedness by
extending the complex-analytic method of Wu [38] to allow for vorticity. Again,
in the latter case the domain was with infinite depth.

1.4.2. Long-Time Existence It is of great interest to understand if solutions to
the Euler equations can be extended for all time when the data is sufficiently smooth
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and small, or if a finite-time singularity can be predicted for other types of initial
conditions.

Because of irrotationality, the water waves problem does not suffer from vor-
ticity concentration; therefore, singularity formation involves only the loss of reg-
ularity of the interface or interface collision. In the case that the irrotational fluid is
infinite in the horizontal directions, certain dispersive-type properties can be made
use of. For sufficiently smooth and small data, ALVAREZ-SAMANIEGO and LANNES
[4] proved existence of solutions to the water waves problem on large time-intervals
(larger than predicted by energy estimates), and provided a rigorous justification
for a variety of asymptotic regimes. By constructing a transformation to remove the
quadratic nonlinearity, combined with decay estimates for the linearized problem
(on the infinite half-space domain), Wu [39] established an almost global exis-
tence result (existence on time intervals which are exponential in the size of the
data) for the two dimensional water waves problem with sufficiently small data.
In a different framework, ALAZARD et al. [1] have also proven this result. Using
position-velocity potential holomorphic coordinates, HUNTER et al. [25] have also
proved almost global existence of the two dimensional water waves problem.

Wu [40] proved global existence in three dimensional for small data. Using
the method of spacetime resonances, GERMAIN et al. [24] also established global
existence for the three dimensional irrotational problem for sufficiently small data.
More recently, global existence for the two dimensional water waves problem with
small data was established by IoNEscU and PUSATERI [28], ALAZARD and DELORT
[2,3], and IFriM and TATARU [26,27].

1.4.3. The Finite-Time Splash and Splat Singularity The finite-time splash and
splat singularities were introduced by CASTRO et al. [11]; therein, using methods
from complex analysis, they proved that a locally smooth interface can self-intersect
in finite time for the two dimensional water waves equations and hence established
the existence of finite-time splash and splat singularities (see also [9] and [10]). In
CouTaNnD and SHKOLLER [18], we established the existence of finite-time splash
and splat singularities for the two dimensional and three dimensional water waves
and Euler equations (with vorticity) using an approximation of the self-intersecting
domain by a sequence of standard Sobolev-class domains, each with non self-
intersecting boundary. Our approach can be applied to many one-phase hyperbolic
free-boundary problems, and shows that splash singularities can occur with sur-
face tension, with compressibility, with magnetic fields, and for many one-phase
hyperbolic free-boundary problems.

Recently, FEFFERMAN et al. [22] have proven that a splash singularity can-
not occur for planar vortex sheets (or two-fluid interfaces) with surface tension.
Their proof relies on a sophisticated harmonic analysis of the integral kernel of the
Birkhoff-Rott equation. Other than vortex sheet evolution for the two-phase Euler
equations, it is of interest to determine the possibility of finite-time splash singulari-
ties for other fluids models. In this regard, GANCEDO and STRAIN [23] have recently
shown that a finite-time splash singularity cannot occur for the three-phase Muskat
equations. In addition to the study of other fluids models, it is also of great interest
to determine a mechanism for the loss of regularity of the evolving interface, which,
in turn, could allow for finite-time self-intersection.
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7)('7 t)
o+ a- r - > I(t)

Fig. 2. The mapping n(-, t) fixes the two fluid domains and the interface. The moving
interface I"(¢) is the image of I" by n(-, 1)

2. Fixing the Fluid Domains Using the Lagrangian Flow of u—

Let 7 denote the Lagrangian flow map of u~ in Q7 so that 7:(x,7) =
u=(n(x,t),t) for x € Q7 and ¢t € (0, T), with initial condition 7(x,0) = x
(Fig. 2). Since divu™ = 0, it follows that det Vi = 1. By a theorem of [19], we
define ¥ : QT — Q7T (¢) as incompressible extension of 7, satisfying det V¥ = 1
and ¥ |l gs @ty = Cln~Irll gs—1/2(ry for s > 2. We then set

i, xeQ
nix, ) = [\I»’(x,t), xeQt”

We define the following quantities set on the fixed domains and boundary:

vEF=uton, in QFx|[0,T),

gt =pTon, in QFx|[0,T),
A=[Vy~!, in Dx]I0,T],
H=Hon, on I' x[0,T],

Sv=vt—v7, on I x[0,T].

The momentum equations (1.1a) can then be written on the fixed domains Q*
as

vVt AT =)+ ATVgt = —ge; in QT x[0,T], (2.1a)
v+ ATV = —ge; in Q7 x[0,T], (2.1b)

and the pressure jump condition (1.1c) is §¢ = H on I' x [0, T], where §q =
gt —q". ,

Using the Einstein summation convention, [Vvt A (v —W))]! = vt AS. (vj.'—
0;W;). This is the advection term; when W is the identity map, we recover the
Eulerian description, while if W is the Lagrangian flow map, then we recover the
Lagrangian description. The form (2.1.a) is called the Arbitrary Lagrangian Eulerian
(ALE) description of the fluid flow in Q%

3. The Main Result

In [13,14], we proved that if at time t = 0, ua—L € Hk(Qi) and I" of class
H*1 for integers k = 3, then there exists a solution (u*(-, 1), T(1)) of the system
(1.1) satisfying u™ € L>(0, To; H*(2*(r))) with I'(¢) being of class H**!, for
all r € [0, Tp], for some Ty > 0. (See also [35] and [32]).
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Theorem 3.1. (No finite-time splash singularity). Let D be a bounded domain of
class H*. We assume the existence of a closed curve T' C D of class W+ which
does not self-intersect and such that D = Q+t U T U Q~, where the open sets Q7
and Q™ are connected and disjoint and do not intersect I'. Our assumption of non
self-intersection means that Q* and Q™ are both (locally) on one side of T.

Let u™ be a solution to (1.1) on [0, T) such that u™ € H3(Q*(¢)) and T'(¢) is
of class W4 for each t € [0, T). Suppose that

(1) QT (t) and Q= (t) are both (locally) on one side of T'(t) forallt € [0, T);
(2) there exists a constant 0 < M < oo, such that

forall t €[0,T), dist(T'(t), 3D) > %

and
sup ([0 g2y + 1HC D llwaseay) < Mo G
1€[0,T)
Then T'(t) cannot self-intersect at time t = T that is, there does not exist a
finite-time splash singularity.

Note, that we give a precise definition for the W*°°(I'(¢))-norm below in Def-
inition 4.1.

Remark 1. The condition (1) in Theorem 3.1, requiring Q7 (¢) and () to both
(locally) be on one side of I'(¢) for all t € [0, T), is equivalent to requiring the
chord-arc function to be strictly positive for all # in [0, T) (without specifying a
lower bound as t — T, other than 0).

Remark 2. In Theorem 3.1, we have assumed that D = QT (1) UT (1) U Q™ (¢) is
a bounded domain simply because the local well-posedness theorem for the two-
phase Euler equations given in [13] used such a geometry; however, as our proof
by contradiction relies on a local analysis in a spacetime region near an assumed
point (or points) of self-intersection of the curve I'(¢), we can also treat the case
that our two fluids occupy all of R? or occupy a channel geometry with periodic
boundary conditions in the horizontal direction.

As part of condition (2) in Theorem 3.1 for the case that D is bounded, we
assume that dist(I'(¢), D) > 71W so that the moving interface I'(7) stays away
from the fixed domain boundary 9D.

4. Evolution Equations on I" for the Vorticity and Its Tangential Derivative
4.1. Geometric Quantities Defined on " and I'(t)

We set

N(x,t) = unit normal vector fieldon I'(¢), n=Non
7T (x,t) = unit tangent vector fieldon I'(¢), © =7 on.
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We choose the unit-normal A (-, #) to point into 27 (). In a sufficiently small
neighborhood U of the material interface I' at r = 0, we choose a local chart
6 : B(0,1) — U. The unit ball B(0, 1) has coordinates (x1, x2),and 8 : {(x1, x3) :
x2 =0} > UNT, 0{(x1,x2) : xo0 >0} >UNK,and O{(x1,x2) : xp <
0} — U N Q™T. In order to define a tangent vector, we also assume that the length
|0’ (x1, 0)| of the vector 8’ (x1, 0) is bounded away from 0 by some constant C > 0.
For notational convenience in our computations, we shall write n o 6 simply as 7.
We define

Gx,1) = |n'(x,0)|”", where (-) = d(-)/dx;.
Hence,
T(x, 1) = Gn'(x, 1), n(x,1) = Gp't(x, 1), x* = (—x2, x1). @.1)

On (1), we let V1 denote the tangential derivative, that is, the derivative in the
direction of the unit tangent vector 7. Let f denote any Eulerian quantity. Then,
by the chain-rule,

(Vrf)on=G(fon) (4.2)

Definition 4.1. (WX °°(I'(¢))-norm). For a function f(-,¢) : I'(f) — R and inte-
gers k 2 0, we define

k
1 C.Dllwrooray = D NVEFC DL way.-

i=0

Remark 3. From our assumed bounds (3.1) we have that |V-uT| < M. Since
divu™ = 0, we have that |Vyut - V| = |V7ut - 7] £ M, and since curlu™ = 0,
[Vau™ 7| =| = Vyut - N| £ M, which shows that

IVutil ooy < M (4.3)

(where the norm of a matrix is chosen to be the maximum of the absolute value of
all four components).

Remark 4. We now define ¢ to be the flow map of u™ in QF. With the chart
0 introduced above, and with x = (x,0), we then infer from ¢;(0(x),t) =
ut (9O (x),1),t) that

[9:(0(x), )] = VuF (@(O(x), 1), 1) [p(O(x),1)]'.
Therefore,
d 2
T @O ), D" =208 ). D] - (VuT (@), 1), 1) [pB(x), )])
> —4MI[g O ). D],
where the inequality follows from (4.3). Thus

[P (6(x), N]'1> = e M0 (x) > = e *Mic? > 0. (4.4)
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Therefore, the unit tangent vector to I'(#) can be defined simply as

(@), DT
@), O1|

or with our notational convention of writing ¢ o 0 simply as ¢,

¢/
'

Remark 5. Using the same argument as in Remark 4, if [|[Vu™ (-, t)[|Lo @)
is bounded from above (which is the case for + < T for a solution u~ €
L>®(0, T; H3(Q™(1))) so long as there is no self-intersection of I'(¢)), then the
flow map n of ™~ satisfies an identity similar to (4.4), ensuring that the definition
of G(x,t) is well-defined for all ¢ € [0, T).

T(9(O(x), 1)) =

7(9) =

4.2. Evolution Equation for the Vorticity on T’

Equation (2.1a) is v;" + Vo A (vt —=W,)+ AT V4t = —ge,. By definition, on
[, W, = v~ ,sothatvt —W, = §v.Since v-n = Oon T, we see that v = (§v-7)7.
Hence, the advection term can be written (using the Einstein summation convention)
as %A; 7j(dv-7). From (4.1), 7; = Gn; which in our local coordinate system is

mj _ -1 r 0nj
the same as Gm. Since A = [Vn]~', we see that Aj Ty

the Kronecker delta.
It follows that on I', (2.1a) takes the form

= &}, where §] denotes

vE+ Gt sv-t+ ATvgt = —ges. (4.5)

Equation (2.1b) does not have the advection term, and remains the same on I'.
Subtracting (2.1b) from (4.5a), taking the scalar product of this difference with t,
and using that g = H, yields

Sv -t +GvT v -T)+ GH =0,
from which it follows that
Gv-7) +GvT t@v-1)+GH =0 onT x [0, T), (4.6)

where we have used the fact that t; = G(v' - n)n and v - n = 0. Using (4.2), we
write (4.6) as

Sv-1);+[VsuT-To njdv-t)+VrHon=0 onl x[0,T). 4.7)

4.3. Evolution Equation for Derivative of Vorticity Vréu - T

On I', we denote the tangential derivative by V1. The chain-rule (4.2) shows
that the tangential derivative of vorticity along particle trajectories can be written as
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[Vséu-Tlon=G&v - . (4.8)

Our analysis will rely on the evolution equation for G§v’ - 7. By differentiating
(4.7), we find that

SV - 1) +[GvT 7]V T + v -G -] +(GH) =0.  (4.9)

Defining our “forcing function” A to be

A= v -1)G[GvT - 1] + G(GH')
=Bv- )V (Vrut - T)on+Vr(V-H) o, (4.10)
we see that Equation (4.9) is simply
@V D)+ Gut T )+ GTTA=0. (@.11)
Multiplying (4.11) by G and commuting G with the time-derivative shows that
GV - 1)+ G -t +vt OGS 1)+ A=0.

Writing v="-7 = —8v’ - T +v 1’ 7, we arrive at the desired evolution equation
(G8V' - 1), — (G8V' - 1)> +2Gvt - 1(Gsv' - 1) + A=0. (4.12)

Notice that the coefficient 2Gv™’ - 7 = 2Vru™ - T on, as well as the forcing
function A, are both bounded as a consequence of our assumed bounds (3.1) on u™
and the parameterization of z(-, ) of I'(¢).

Remark 6. In [22], FEFFERMAN et al. use the notation z(w, t) to denote a smooth
parameterization of I'(¢). In our analysis, we will make use of the Lagrangian
parameterization 1 (x, t) of I'(¢) for points x in the reference curve I". Our notation

1’ corresponds to 9,z in [22]. Furthermore, our 8v - T is the same as IBZ)_ZI in [22].

The tangential derivative of vorticity [V.§u - T]on corresponds to 9, (Iaf_zl) /10a2|
in [22].

5. Bounds for Vi~ and the Rate of Blow-up

Lemma 5.1. Assuming (3.1),

sup [[v™ (-, Dllwroory <M. 5.1
tel0,T]

Proof. With tp = 7(x, 0), solving (4.7) using an integrating factor, we find that

t t
v - T =0dup- 10 exp(—/ Gv+/-r)—exp(—/ Gv+/~r)
0 0
t s ,
/ VrHon exp (/ Gv* -1:) ds. 5.2)
0 0
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We set Z(t) = exp (fo’ IGvt - r||Loo(r)). Since Gvt’ - 7 = [Vqyu't - T] o,
by (3.1), Z(¢) is bounded. It follows from (5.2) that

t
6v - T, DLy = Z@lluollLoe(r) +I(t)/ IV H onllLer).
0

Again from (3.1), the tangential derivative of the mean curvature V- H €
W1(T) so we see that ||v - 7(-, t)|| oo () is bounded.

Next, as Sv - n = 0, and v - n is bounded according to (3.1), we find that
lv=(C, Ollzeery S M forall ¢ € [0, T]. Then, from (4.11),

t t
Sv' T = dujy - 19 exp (—/ Gvt'- r) —exp (—/ Gvt'- ‘L’)
0 0
t N ,
/ G ' Aexp (/ Gvt ~‘L’) ds,
0 0

so that with G~ = [r/|,

t
18V (-, D)lloo(ry < Z(0)I8ug - TollLoor) +I(t)/0 7' ¢, )AC, $)| Lo ryds.
(5.3)

From the fundamental theorem of calculus,
N
') < [0/, 0)] +/0 lv='(, r)ldr
S , s
<ol [uteniars [
0 0

<M +/S |8V (-, 7) - (-, r)|dr +/S |8V (-, r) - T (-, r)|dr,
0 0

where we have used our assumed bounds (3.1) for the last inequality. Next, since
Sv-n = 0onT, we see that v -n = —8v -n';asn’ = (H o n)t, and as
| H on(, )Ly and |[6v - T(:, £)]| Loo(r) are bounded, we see from (5.3) that

t
I8V - (-, D)llpeory S M+ TM/ 8V - T(-, $) [l Loor)ds.
0

By taking the convention that < incorporates 7 (which we view in this paper
as a given constant, namely the eventual finite-time of self-intersection), this shows
that

t
8V - T(, Doy S M+ M/ 6V - T(-, $) |l Loor)ds.
0

Hence, by Gronwall’s inequality, sup,c(q, 7 I6v" - T(-, Bl Loy is bounded.
We have already shown that sup,c(o 7 l8v" - n(-, t)|lzeo(ry is bounded; thus,
sup, 0.7y 16V’ llLeo(ry is bounded, from which we may conclude that

v, O)llzery S Mforallt € [0, T]. O
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Remark 7. Note that ™~ is Lipschitz continuous, uniformly on any time interval
[0, t] with ¢ < T'. This, in turn, allows us to define the Lagrangian flow map n in a
classical sense for any time interval [0, ¢] for # < T. We then extend this definition
of n to the time interval [0, T] by n(x, T) = x + fOT v~ (x, s)ds by the bounds in
Lemma 5.1.

Lemma 5.2. Assuming (3.1),

_ M
sup [[Vu™ (-, Dl pom@-) S (5.4)

1€[0,T] minr [n'(-, )]

Proof. From (4.8) and Lemma 5.1, [[[V78u - T] o nll poo(ry S M/minr [1'(-, 1)].
Then, we see that maxyeyr,/) |Vrou - 7| < M/minr |1'(-, 1)|. Hence, with our
assumed bounds (3.1),

M
minr /(- )|
Next, as Su - N = 0 (where recall that Su = u™ — u~ on I'(¢)), we have the
identity 0 = V7 (0u - N) = (Vréu) - N + éu - VN hence, we see that

Vou~ N =Vout N+ 8u-VrN.

max |V7u* -T

5.5)
yen(L,1)

| ~

Lemma 5.1 provides us with L°°(T") control of u~; hence, with (3.1), it follows
that

max |[V7u_ -N](y)‘ < M. (5.6)
yen(l',r)

The inequalities (5.5) and (5.6) together with the fact thatdivu™ = curlu™ =0
in (27, ¢t) implies that forany r < T,

M
Vu= (-, t)| e < — . 5.7
IVu™(, Ollemm.n) S T (5.7)
As AVy~ = 01in n(27, t), the maximum and minimum principle applied to

each component of Vu ™, together with (5.7), provide the inequality (5.4). O

Remark 8. As a consequence of Lemma 5.2, we see that sup,cr
IVu™(y, OllLom@-y) —> oo ast — T if and only if lim;—7 In'(x, )] = 0
for some x € I'. If we assume that there are distinct points xg, x; € I' which come
into contact, such that n(xg, 7) = n(xy, T) and that such an intersection point
is unique at time ¢t = T, then |Vu™ (-, ¢)| can only blow-up at the contact point
n(xo, T).

The explanation is as follows: since #~ is harmonic, by using a smooth cut-off
function ¢ whose support does not intersect 1(xo, 7), and proceeding as in the
proof of (5.40) (just after (5.30)), elliptic estimates show that |Vu™ (x, #)| must be
bounded for x € spt(¢), namely away from x.

Next, suppose that |Vu™ (n(xg, t), t)| remains bounded as t — T; then, by
employing a similar argument as we used to establish (4.4) (considering now the
flow 1 of u™), we obtain that |n'(xg,7)] = A > 0 ast — T for some constant
A. By continuity of »’, this means that |n’(x, r)| > 0 in a small neighborhood of
n(xp, t) which means that, by Lemma 5.2, |[Vu ™ (x, t)| cannot blow-up ast — T
for x close to xg.
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Theorem 5.1. With the assumed bounds (3.1), if there is a sequence t, — T such

that
max [[Vréu - T1(n(x, tp), ta)| — o0, (5.8)
xXe
then for 0 < ¢ K 1, there exists to(e) such that T — ty(e) < € and
1
max  Vu~(y, 0] € — 5 Vit e 1), T). (5.9)
yen(Q=.1) r—t

Furthermore, if there exists a unique point of I'(T) such that there are two
distinct points xo, x1 € I with n(xo, T) = n(xy, T') with tangent vector to I'(T)
at n(xg, T) given by ey, then

8u2_( 9
9x, Y,

max

£
ax < Vielte),T). (5.10)
yen(@-,n T—t

Remark 9. We note that 0 < ¢ < 1 s a fixed positive constant which only depends
on the initial data and the bound M in (3.1). Note also that 7o (¢) depends on ¢, and
will be chosen closer and closer to T in the course of the proof, and is eventually
fixed as a function of €.

Proof. Step 1. Blow-up rate for the derivative of vorticity [Vréu - T1(n(xo, t), t) as
t — T. We first suppose that for some xo € I, [[V£ou - T](n(xq, tn), tn)| — 00,
and establish that [V8u - T]1(n(xo, t), 1) (which, recall, equals G8v’ - t(xo, 1)) has
a precise blow-up rate.

We set

X(xg, 1) = GSV' - t(x0, 1),
and define the coefficient function
A(xg, 1) = 2Gv™ - T(x0, ).
Then, (4.12) reads
X (x0, 1) — X% (x0, 1) + A(xo, 1) X(x0, 1) = —A(xo, 1), (5.11)

where A(x, t) is defined in (4.10). This equation can be written as
t !
|:exp / A(xg, s)ds X (xo, r)} — exp / A(xg, s)ds X2 (xo, 1)
0 t 0

'
= —exp/ A(xo, s)ds A(xg, 1)
0

so that

t N t
/ exp (/ A(xo, r)dr) C)CZ(xo, s)ds =exp (/ A(xp, s)ds) X(xg, 1) —X(xg, 0)
0 0 0

t N
+/ exp (/ A (xo, r)dr) A(xg, s)ds.
0 0

(5.12)
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Thanks to (3.1), 2l(xo, ¢) has a minimum and maximum on [0, T']. Hence, there are
positive constants ¢y, ¢, ¢3 such that for any # € [0, T),

t '
o [ 2P ds - e £ X £ o [ X0, + e

0 0

and by (5.8), the limit as r — T is well-defined and

lirr% X(xg, 1) = oc0. (5.13)
—

Fort > fg sufficiently close to 7', we can then divide (5.11) by X2, and integrate
from #; to t, to find that

1 1 _ P (Axo,s)  Alxo, ) )
- + — —t+1+ + ds =0.
X(xo. 1)  X(xo. fo) 0 / (X(xo,w X2 (x0. 5)

Using the limit in (5.13),

(5.14)

1 _ T (A(xg, 5) A(xo, )
- —THi+ / ( + )d =0,
X (x0. 7o) ")y X T @)

from which we obtain the following identity: for ¢ € [ty, T),

B T (Ao.s) | Ao, 1
X(xo,t)_[T—t—/t (X(xo,s)+x2(xo,s))ds] , (5.15)

since we can replace fg with ¢ in (5.14).
From (5.13), this formula implies that the integrand is small as 7 is close to 7,
and then provides the rate of blow-up:

lim X(xo, )(T —1) = 1.
t—>T
Using (3.1), we see that
Iim[Vru~ - T]1(n(xo, 1), t) (T —1t) = —1. (5.16)
t—T

Step 2. Maximum of vorticity derivative blows-up on I' (t). Having established the
blow-up rate for [Vu - T]1(n(xo, t), t), we shall next prove that for any t € [0, T),
the quantity max,cr[Vz8u - T1(n(x, t), t) (which equals maxyer Gév' - t(x, 1))
has the same blow-up rate. For each x € I" and ¢ € [0, T'), we set

Ax, 1) = 2Gvt - 7(x, 1) and X(x,1) = G&V' - t(x, 1). (5.17)

Following (5.12), we see that

t t
X(x, 1) = exp (—/ Ax, s)ds) X(x,0) — exp (—/ A(x, s)ds)
0 0

t s
X / exp (/ A(x, r)dr) A(x, s)ds ; (5.18)
0 0
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hence, there exists a positive constant ¢4 such that X(x,) > —c4. Since X; =
X2 —AX — A, there is a positive constant cs,

X > x2/2 —cs.

It follows that if X(x, fp) = +/2cs, then X(x, -) is increasing on [y, T'). For
x € I we choose 1p(g) < T sufficiently close to 7 so that for 0 < ¢ < 1 fixed,

8ce

X(x, t9(e)) > /2c5 + 1+ ce = sup (Ax, D+ A(x, D)),

e’ (t,x)€[0,T1xT"
(5.19)

with cg denoting a bounded constant thanks to (3.1). Since X(x, -) is increasing for
such an x, for ¢t € [ty(e), T), the limit of X(x, t) ast — T is well-defined in the
interval (1 4+ +/2c5 + 8cg/¢, o0], and thus so is the limit of m Analogous to
(5.15), we obtain that

~ I f(Axs) A9 T
Xx, 1) = [limHT Yo T _t+/T (:)C(x,s) + Xz(x,s))dsi| :

From (5.19), we then have that for all ¢ € [1g(¢e), T),

-1
X(x, 1) g[ +(T—t)(1—8)}

lim, 7 X(x, 1)
and since lim;_.7 X(x,t) = 0, then forallt < T,

1

<~
X0 = G a =

(5.20)

Step 3. Blow-up rate for Vu™ in Q= (t) as t — T. From (5.20), for any t €
[to(e), T),

142
max |[Vodu-T)(y, 1) S —1

< . (5.21)
yen(T,t) (T —1)

The inequalities (5.6) and (5.21), together with the fact thatdivu™ = curlu™ =
0in n(27, t), show that

1+ 2¢
T—t’

max |Vu = (y, )| < (5.22)
en(T,t)

yen(

where maxyc,(r, |Vu™ (y, t)| denotes the maximum over all of the components
of the matrix Vu~. Now, for any fixed ¢ € [0, T'), since each component of Vu ™ is
harmonic in the domain (27, #), the maximum and minimum principles together
with the boundary estimate (5.22) shows that (5.9) holds.
Step 4. Asymptotic estimates for the components of Vu™ ast — T in an ¢-
neighborhood of the splash. Since

ou~

T = Vet” = (T e)Vru™ + W en)Vau~,
1
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we have that

ous
= 2 = (T-e)Vru - (T-e2T+N-e2N)
xi
+W-e)Vyu - (T-e27T+N-e2N)
=(7T-e1)(T-e)Vru - T+ (T -e))NV-e2)Vru - N

+(T-e))W-e)Vyu - T+ WN-ep)WN-ex)Vau -N. (5.23)

By rotating our coordinate system, if necessary, we suppose that the tangent
and normal directions to I'(7') at n(xg, T') are given by the standard basis vectors
e1 = (1,0) and e; = (0, 1), respectively (which we refer to as the horizontal and
vertical directions, respectively).

Next, choose a point n(x, ) € I'(¢) in a small neighborhood of 1(xo, ¢), and let
the curve S(r) denote that portion of I'(¢) that connects 7 (xo, f)won(x,1).Let 1 ) :
[0, 1] — S(7) denote a unit-speed parameterization such that /(7)(1) = n(x, r) and
1(t)(0) = n(xo, t). Then,

N((x,1),1) -ep = N(n(xo, 1), 1) - e1 = /( : VW -ep)-dl
S(t

T((x,1),t)-ex —T(M(x0,1),1) - € =/ V(T-ez)'di. (5.24)

S(t)

From our assumed bounds (3.1), there is a constant ¢; > 0 such that forz < T

IV(n(x, 1), 1) -e1 = N(n(xo, 1), 1) - e1] + |T(n(x, 1), 1) - €2 = T(n(x0, 1), 1) - €2]
< ¢7ln(x, 1) = n(xo, 1] (5.25)

Next, with G = || !, we compute that

= (Gv nm)n=—(GSv -n)yn+ (Gvt -n)n
=(Gn' -8v)n+ (Gv™ -nm)yn = [(VoN - Su) N + (VruT - N)N] o,

where we have used (4.2) in the last equality. There is a similar formula for n; =
—/

—(Gv~ - n)t. It follows from Lemma 5.1 and our assumed bounds (3.1) that
sup (7 ¢, O llzoory + g ¢, Do) S M. (5.26)
t€l0,T]

Then, using the fundamental theorem of calculus, we see that
t

N(@(xo, 1), 1) - e = N(m(xo, 1), 1) -e1 = N(@(x0, T), T) - e =/ on(xp, s) - erds
T

t
T(M(x0,1),1) - e2 = T(M(x0,1),1) - €2 —T((x0, T), T) - €2 :/T 0T (x0, 5) - €2ds,

so that (by readjusting the constant c¢7 if necessary), we have that

IN(n(xo, 1), 1) -er] + [T (n(xo, 1), 1) - e2| < c7(T —1). (5.27)
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Next, we choose ty(¢) € [0, T) and a sufficiently small neighborhood yy(e) C T
of xq s.t.

— i £ — £
{(T ) < min (rir €) and 0 =000l <85 |y g e, 1,

N, 1), 0) el +1T((x, 1), 1) -e2] <€
(5.28)

where the constant ¢; was defined in (5.25) Consequently, from (5.6), (5.22) and
(5.23), we see that

3e
< T +|Vru~ - NI(m(x, 1), )+F2e|Vau~ - T|(n(x, 1), 1),

3u2_
. (n(x,1),1)
X1

which thanks to (5.6) and the fact that curlu™ = V;u™ - N — Vyu™ -7 = 0,
provides us with

u, 3e
—Z(x,1), )| £ =—— +csM Vxeple), t €lte),T),
0x1 T —t

for a constant cg > 0. Thus , by choosing #y(¢) closer to T if necessary, we have
that

N % Vx el telne).T). (529

axl

In a similar fashion, we choose #y(¢) € [0, T') and a sufficiently small neigh-
borhood y;(¢) C I' of x1 s.t.

[(T_t)<min(]()(k7(€—l+/\/[)’8) and |n(x,t) —n(xg, 1) <%]
|N(n(x»t),t)el|+|7(7)(x»t),t)e2| <é
Vxey(e), telt),T) (5.30)

and such that the inequality (5.28) holds. Now, we choose x € I but in the comple-
ment of yy(¢) U y;(¢). For such an x, we have that |Vu~ (n(x, 1), 1)| £ M, < .
This bound is obtained as follows.

Foreacht € [f(e), T), welet B, ; C R? denote a small closed ball containing
n(yo(e), )Un(yi(e), t). The ball B, ; can be taken with a fixed radius independent
of t € [t9(e), T) (for T — to(e) sufficiently small), with a center which is simply
translated as ¢ varies. This is possible as we assume at that there is a single point of
self-intersection for the curve I'(T"), and so the width of the domain Q7 (¢) cannot
shrink to zero in other locations as t — T. With the unit tangent vector field 7
defined on I'(¢), we define a smooth extension of 7 to the set Q7 (¢) N Bg’l, which
is possible since the interface I'(¢) N Bg,, remains W+ for all 1 € [0, T]; we
continue to denote this extension by 7, and we note that the extension of 7 does
not necessarily have modulus 1. Since I'() N Bg,; does not self-intersect for all
t € [0, T] by the hypothesis (1) of Theorem 3.1, there exists a minimum positive
radius r, > 0 such that for all x € I'(r) N B ; and all 7 € [79(¢), T, there exists a
translated open ball B, ; ((r:) C Q7 (¢) of radius r; with x € 9B ; (7). In other
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words, for each x € I'(¢) away from the region of self-intersection, there exists an
open ball of smallest radius r, that is contained in the set 27 (¢) and such that x is
on the sphere of smallest radius.

We note that the radius r. — 0 as ¢ — 0; hence, on the domain Q7 (¢) N B¢
we have an estimate of the type

171 3 - ONBE) S S CWM, e), (5.31)

et

where C (M, €) > 0 denotes a constant depending on M and ¢ (with C(M, &) —
ocoase — 0).
We now introduce the stream function ¥~ such that u™ = VH/F; then,

T-Vy~ =u" -N=ut-N onl(),
which then shows, using our bounds in (3.1), that
1V a3y S CM, e). (5.32)
Furthermore, due to the conservation law
%uu*(t)nizm,(m + length of I'(¢) = %nuguiz(g,) + lengthof I,  (5.33)
we have that

1V a1y S CM, &), (5.34)

Where we have USCd that ||1//_||HI(Q ) = C(va ”LZ(Q @) + ”'Q/f ||H3(F(l)))
and (5.32).

Next, we fix ¢ € [fg(¢), T], and choose a smooth cut-off function 0 < (,1) S
1 whose support is contained in the complement of B ;. Since I'(£) N B¢ ; is assumed

to be of class W4 foreach ¢ € [0, T], we consider the following elliptic problem:
Alpy™) =2V¢ - VY~ +Ap ¥y~ inQ (1),
YT =Y~ on 3K, (1),

where € (¢) is a smooth open subset of Q7 (¢) containing Q™ (t) N B t, and where
we have used the fact that v~ is harmonic, since curl =~ = 0. From (5 34), (5.32),
we have by elliptic regularity that

||<P1/f_||H2(Q 1) ~ C(M 8) (536)

We next consider the elliptic problem:

A(pT - V(py ™)) =2V (pTi) -V
+¢T-V[2Ve - VY~ +Apy~] inQ°,
0T -V(py ™) =T -V(py ) on 9€2¢.

Due to (5.36), (5.32) and (5.31), we have by elliptic regularity:

+ A(eT;)

i Xi

Iy ™) Iy ™)
3 3

loT - Vgl gar < CM, e). (5.38)
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In the same manner as we obtained (5.38) from (5.36), we can also obtain that
leT - V(T - V¥l 2y S C(M, e, (5.39)

By the trace theorem and the Sobolev embedding theorem, we infer from (5.39)
that

l93Vu™ - N, D)oy S CM, ).

Since u~ is divergence and curl free this immediately ensures by the algebraic
expression of the divergence and curl that

103Vu=(, )Ly S CM, e), (5.40)

showing that Vu™ - N(n(x, 1), t) is bounded for n(x, t) outside of B, ;. Therefore,
our previous estimates obtained for x in yp(¢) and y;(¢) ensure that for all x € T,
IVu=(n(x, 1), 1) < TL_I for ¢ sufficiently close to T'; thus, for T — fy(¢e) suffi-
ciently small (which means that once again, we have taken #y(¢) even closer to T
if necessary),

8u2_( 5
9%, Y,

3e
< T Vi € (1), T),

max
yen(T,t)

which, thanks to the maximum and minimum principles applied to the harmonic

function %, provides us with (5.10). Since 0 < ¢ < 1, we replace 3¢ by ¢, and
replace 1 4 2¢ by 1 + €. This completes the proof. O

Corollary 5.1. With (3.1) and (5.8) holding, and for 0 < ¢ <K 1, there exists
to(e) € [T — e, T) such that

1 142 T —1
IV TG Dllsiry < T 2D

where the constant cg is defined in (5.19).

vVt € lto(e), T), (5.41)

Proof. Using the notation from the proof of Theorem 5.1,
X(x,t) =Viéu-T(n(x,1),1).
and we recall that X(xg, ) = x(¢) and that X(x, t) satisfies
Xe(x, 1) — X2, 1) + Ax, 1) X(x, 1) = —A(x, 1). (5.42)
Weletér =T —t,and fix 0 < ¢ < 1. Since lim,_.7 X(xq, )(T —t) = 1, for
8t sufficiently small, we have that
(I =&t~ < X(xo, 1) < (1 + )51
Substituting this inequality into (5.15), we see that

1 < 1+2C65l‘.

X t) < <
. D= A s = s

(5.43)

If we replace x¢ with x1, then (5.43) continues to hold.
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Now, for the sake of contradiction, we will assume that there exists a sequence
of points (x*, t*), with x* € " and #* converging to T, such that

1+ (1+2¢6)(T — %)

X(x*, t*
(x*, %) > ra—

(5.44)

We will later prove that set of possible contact points x; € I', such that
n(xo, T) = n(x1, T) = n(x;, T), is finite. Then, from this set of all possible
reference points which can self-intersect at time r = 7', we relabel x¢ so that x is
the limit of a subsequence of points x* converging toward it along I". Henceforth,
we restrict the sequence of points (x*, r*) to the subsequence which converges to
the point xg.

By Remark 7, if there exists C > 0 such that [Vu~(n(xo, 1), )| < C for any
t € [ty(e), T), we would also have the existence of a neighborhood of xg on I' such
that for any x in this neighborhood, |Vu~(n(x, t), r)| £ 2C forany ¢ € [to(e), T).
This would then make (5.44) impossible. Therefore, we have X(xg, T) — o0 as
t—T.

We assume that this point is x¢ (for otherwise we can reverse the labels on the
two points xo and x;). Notice that since x* — x¢ as t* — T, then for T — t*
sufficiently small,

|x* — xg| < e. (5.45)

We define

Y@) = X(x*, 1) — X(xp, t) and Z(t) = X(x*, 1) + X(xo, 1),
SA() = Ax*, 1) — A(xo, 1) and SA®F) = AQx™, 1) — A(xog, 1).

Then, setting P(t) = Z(t) — A(x*, 1), from (5.42), Y(¢) satisfies
Y (1) — P@)Y(t) = —6A(t)X(xo, 1) — A1),
and hence

e j3<S>@‘Sy(t)]l = e~ I POB 18211 X (xo, 1) + 8AWD)].

Integrating from ¢* to ¢, we see that

1 t S
Y(1) = el T (y(z*) —~ / e~ S PO [591(5) X (xo, 5) + 8A(5)] ds) :
Z*

(5.46)
Our goal is to show that Y(z) = 0, for all ¢ = ¢*. By (5.43) and (5.44), we see
that

Yi*) > 1, (5.47)

so all we need to prove is that the second term on the right-hand side of (5.46),

t s
K(t*,1) = — / e~ i PO [59((5)X (x0, 5) + 8A(s)] ds, (5.48)
t

*

is very small for t* and ¢ close to T'.
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We first consider — [\ P(r)dr which is equal to — [} Z(r)dr + [ A(x*, r)dr.
Since X(x*, 1) is positive, we see that Z(t) > X(xp,t) and so —Z(t) <
—X(x0, 1), and as we noted above, X(xg, t) > (1 —&)8r~'. Hence — fti Z(r)ydr <
— [ X(xo, r)dr, so that

‘ . i _ 1—e¢
e~ [ Z@rydr <e S X(xo,r)dr < e_-];* %dr = |: I—s ]
= T —t*

and since e+ 26" < A4 then

1—¢
e—/;* Prydr < M T—s )
~ T —1t*

From (5.48), we see that

t _ 1—e¢
|;c(t*,t)|§/\/l/ [(T s)] (1+8891(s)+8,4(s)) ds
r* - S

T —t* T
MA+e) [! e M

t
/ (T — 5)' 785 A(s)ds.
t*

Let 7 denote a unit-speed parameterization of the path y C T starting at x( and
ending at x*. From (5.17), 2(x, t) = 2Gvt- 7(x, t), so that thanks to our assumed
bounds (3.1), we see that

S2A(1) =/ V- dF < Mx* — xo| < Me,
Y

the last inequality following from (5.45). It follows that

eM(T — 1) M(T —1)>¢
_— M+ ——— + M(T —t*
(T—t*)l_'s +¢ + (T—t*)l_g + ( )
SMe+ (T —1%] Veelr*,T).
Hence, for T — ¢* sufficiently small, and ¢ € [t*, T'), we have |« (t*,1)] < 1.
Thanks to (5.47), this implies that for such any such ¢*, and for all ¢ € [t*, T),
Y(t) = 0, which by the definition of Y(¢), implies that

X(x*, 1) 2 X(xo, 1),

k@, 0] <

and thus lim,_,7 X(x*,t) = oo. Now, from our assumption of a single splash
contact in this section, this implies that either x* = xg or x* = x; or x* = x;.
Since x* is sequence in I" converging to xp, we then have x* = xg. Thus, by (5.43)
and (5.44), we then have

1 <0,

which is the contradiction needed to establish that our assumption (5.44) was wrong.

By definition of X(x, t), this then shows that SUPyer(y) [ Vrou - T(-, 1) <
% forallt € [ty(e), T) with T —1y(¢) taken sufficiently small. Together
with our assumed bounds (3.1) on u™, this completes the proof. O
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T
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77(951775)

/-O\P(t)

1

Fig. 3. For ¢ sufficiently close to T, the interface I"(¢) has a local neighborhood of 7 (xq, t)
called I'g(7) := n(yp(e), t) and alocal neighborhood of n(xy, ¢) called I'{ () := n(y1(¢), t)

6. The Interface Geometry Near the Assumed Blow-up

For the sake of contradiction, we assume the existence of two points xg and x1
in the reference interface I" at time # = 0 which evolve towards a splash singularity
at time t = T; namely n(xo, ') = n(x1, T). In this section, we assume that this
is the only point of self-intersection at time ¢ = 7', and that no self-intersection of
I'(t) occurs for any t < T. There may indeed also exist additional points x; € T,
such that n(x;, T) = n(xo, T) = n(x1, T), but in the course of our analysis, we
will prove that there can only be a finite number of such points. In the case that
these additional points x; € I' exist, we moreover show that we can relabel the
point x1 so that for time ¢ sufficiently close to 7', the points n(xy, #) and 1 (xo, t)
are such that the vertical open segment joining 7 (xg, ¢) to a small neighborhood of
n(x1,t) on I'(¢) is contained in 27 (¢), as we depict in Fig. 3. We will then prove
that our assumption of a finite-time splash singularity leads to a contradiction, and
is hence impossible.

If a splash singularity occurs at time 7', then of course lim,_, 7 | (xo, )
— n(x1,1)] = 0. In this section, we find the evolution equation for the distance
between the two points 1(xo, t) and 1(x1, t).

Recall that the tangent and normal directions to I'(T") at n(xo, T) = n(x1, T)
are given by the standard basis vectors e; = (1,0) and e; = (0, 1), respectively.
In what follows, we will consider 0 < ¢ < 1 fixed and sufficiently small.

With I' denoting the initial interface at time + = 0 and 0 < ¢ < 1, recall
the definition of the two small neighborhoods yp(¢) C I" and y;(¢) C I' given in
(5.28) and (5.30), respectively. According to these definitions, we may fix ¢ > 0
sufficiently small so that for each x € yp(e) U y1(¢) and for all ¢ € [1p(¢e), T,
N(n(xi,t),t) and T(n(x;,t),t) (i = 0,1) are almost parallel with e, and ey,
respectively; in particular, the inequalities given in (5.28) and (5.30) provide a
quantitative estimate for the term “almost parallel.” Hence, by the definition of
(5.28) and (5.30),

Co(t) :=n(p(e),t) and () :=n(yi(e), 1)

are almost flat neighborhoods of n(xo, ) and n(xy, ¢) forall t € [t (e), T].
Next, we define

n(t) =n(xo, t) —n(xy, 1) and du™(t) =u" (n(xo,1),t) —u (n(xy, 1), 1),
6.1)
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and
dny =4dn-ey, dny=9dn-ex and du; =du” -ey, du, =d0u  -er.
Since 7 is the flow of the velocity u—, we see that for any ¢ € [#o(¢), T),

98n =u"(n(xo,1),1) —u" (n(x1,1),1). (6.2)

Definition 6.1. (Distance function on T'(¢)). We denote by dr(;) (X, Y) the distance
along I'(¢) between two points X and Y of I'(¢). Let yx y(t) C I'(¢) denote that
portion of I'(¢) connecting the points X and Y.

In order to establish our main result, we need the following lemmas.
Lemma 6.1. Let X and Y denote two points in I (t). Then,
|T(X, 1) = T(Y,1)| £ Mdr) (X, Y),
and, if X1 2 Y1 and T| 2 0 on yx y (1),

X1 —1 z min 71(Z,1) dr(,)(X, Y).
Zeyx,y (1)
Proof. Let 6 : [0, 1] — T denote a W+ -class parameterization of the reference
interface I'. There exists a(t), B(t) € [0, 1] such that X = n(6(x(z)),t) and
Y =n@(B1)),1).

We set 77 = n o 6. Then for a(z) < s < B(s), we have that
_ _ a(t) d _
TG00 = TGEO.0.0 = [ LGt 0ds

pay ds

We write 7 (17(s, t), t) as 7(17)(s, t) and employ the chain-rule to find that

a(t)
T((ee(t), 1), 1) = T((B(1), 1), 1) =/ T (M) (s, 1) 7 (s, 1) ds

B(®)
a(t)
- / VT (@), 1) |75 0)|ds

B(1)
a(t) _ .
= HN@)(s, 1) |7 (s, 0)]ds,
B(1)
where from (4.2), V-7 () = G(G#') which is equal to HA (7). Therefore, from
(3.1,

a(t)
|T(X, 1) —T(Y,1)| < M/ I[n 061 (s, 1)lds < Mdr(X,Y).
B()
Next, we have that

a(t) a(r)
X1 -1 =/ (mo6)i(s, 1) dS=/ T1((no8)(s,1),0)[(08) (s, 1)| ds
B(1) B@)

> min T((Z. 1) dre (X, Y), (6.3)

T Zeyxy ()

ifX; Z2Y and7; Z0onyyxy(r). O
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Lemma 6.2. For0 < ¢ <K 1fixed, let y1(¢) denote the curve defined in (5.30). Then,
forallt € [to(e), T, there exist points X'(t) and X" (t) in the curve n(yi(e), t)
such that
€ oyl < £ &
nxy, ) ——= X1 =m0 — — <nx, )+ —
2c7 4cq 4cq
&
267

where the constant c7 is defined in (5.25), n1 = n-eq, Xl1 = Xl-ey, and X| = X" -ey.
Proof. According to our definition (5.30) of y; (¢),
[T1(n(x,0), )| >1—¢ V x eyi(e), t €ltole), T).
Let us assume we are in the case
Ti(nx,t),t) >1—¢e VY x €eyi(e), t €lto(e), T), (6.4)
the other case
T1(nx,0),t) < =14+ VY x ey(e), t €ltpg),T),

being treated in a way similar as what follows. Next, let X denote a point n(y; (¢), t)

such that X1 < 11(x1, t), and (by fixing € even smaller if necessary) satisfying
€
d X, ) = —m—. 6.5
Ty (X, n(x1, 1)) ded o) (6.5)

By (6.4), (6.5) and Lemma 6.1, for all t € [tp(¢), T),

£
mxi, 1) — X1 2 (1 —e)drp (X, n(x1, 1) =2 —.
4C7
On the other hand, by (6.3), we also have that
£ e
,H)—X1=d X, )= ——6< —,
ni(x1, 1) 1 = drn(X, n(xy, 1) ded o) = 26

for ¢ > 0 small enough. We then set X)) = X.
The same argument also provides the point X" (#) which is on the right of
nxi, 7). 0O

Our next result establishes the evolution equation for §7(z).

Theorem 6.1. (Evolution equation for 87 (t)). With the assumed bounds (3.1),
and for xg,x1 € T such that |n(xg,t) — n(x1,t)] — O0ast — T, if
[[VLou - T1(n(xp,t),t)| — ocast — T, then for 0 < ¢ K 1 taken sufficiently
small and fixed, and ty(e) € [T — e, T), we have that for allt € [ty(e), T),

1 T_
8 (t) = M) where M(1) = —— [ 5’%;) leg))} . (6.6)

where the matrix coefficients
Bi(t), aa(t) € [-2¢, 1+ 2¢co(T —1)] and &1(1), E2(1) € [—2e, 2¢],
and where c9 = 1 + 2cq, where c¢ is defined (5.19).
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n(z(t),t)  Ta(t)

Fig. 4. Left ny(xo, 1) < ma(x1,1)  Right ny(xg, 1) > n2(x1,1)

Proof. Step I. The geometric set-up. Fig. 4 shows the geometry of the two approach-
ing curves at some instant of time ¢t € [ty(g), T): the left side of the figure shows
the case that 1 (xg, £) < n2(x1, #) and the right side of the figure shows the case
that 72(xo, 1) > n2(x1, 1).' Our idea is to connect 1 (xo, 1) with n(xy, 1) using a
specially chosen path.

We remind the reader of two facts that we shall make use of: (1) fort € [t9(¢), T')
sufficiently small, the two approaching curves I'g(¢) and I"y(¢) are nearly flat, as
described in (5.28) and (5.30); (2) there are two small neighborhoods yp(¢) C I
and yj(¢) C I that are defined in (5.28) and (5.30), respectively.

‘We now explain why for ¢ > 0 chosen sufficiently small, the vertical projection
of n(xo, t) must intersect n(y;(¢e), t) at one unique point, for any t € [f9(¢), T].
Due to Lemma 6.2, for ¢ > 0 small enough, there exists a point x € y;(¢) and
another point y € y;(¢) such that for all 7 € [ty(¢), T),

£ I
me, )+ — S, 1) Emy, 1) — —.
4cq 4cq

Now, by the fundamental theorem of calculus,

T
/ v (x1,s)ds
t

where we have used Lemma 5.1 to bound v~. From (5.30), T — fy(¢) < m;
it follows that

InCer, 1) = n(xr, Tl = = M(T —1),

&
1) — , D < .
n(xi, 1) —n(x1, T = 100¢,
Similarly, [n(xo, ) — n(x0, T)| = 150 and using that n(xo, ) = n(x1, T),

100c7
we see that (by taking & even smaller if necessary)

£ &
m@, ) S, 1)+ — Snilxo, ) S m(y. 1) — — =iy, 1).
5¢7 S¢7

I The actual curves I'g(¢) and I' (¢) are almost flat near the assumed splash point, but we
have made the slopes large to clearly demonstrate the paths t{(¢) and t2(¢); moreover, both
['g(¢) and I"(¢) can have very small oscillations near the contact points and do not have
to be parabolas. On the other hand, any potential small oscillations along the curves do not
effect the qualitative picture in any way.
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By the intermediate value theorem, this shows that there exists n(z(z),t) €
n(y1(e),t) such that n1(z(¢), 1) = n1(xo, t), and hence

LGOS myn — —. 6.7)

, 1 >
nixs 1)+ 5¢7 — 5¢7

This proves the existence of a point n(z(t), ¢) in the curve I'1 (¢) := n(y1(¢e), t)
which has the same horizontal component as the point 1(xg, t) for every ¢t €
[to(e), T).

Let us now show that there cannot be a second point in this intersection. We
proceed by contradiction, and assume the existence of a different point Z(¢) € y;(¢)
such that Z(¢) # z(¢) and satisfies (6.7). Since n1(z(¢), t) = n1(Z(¢), t),by Rolle’s
theorem, there exists c(¢) € yj(¢) such that

) (c(t), 1) =0. (6.8)

Since for any r < T, det Viy = 1, we then have that forr < T, |n/| # 0, and
(6.8) provides

_ . _ |

= . 0.0l =T(n(c(),1),1)-er. 6.9)

Therefore, 7(n(c(t),1),1) = (T(n(c(t),1),1) - e2) €2, which with (5.28) pro-
vides

L=lt(n(c(®).0),1) e2| S e,

which is a contradiction as ¢ < 1.

As shown in Fig. 4, we define v (#) to be the vertical line segment connecting
n(xp,t) € Tp(¢) to T'1(¢). Let us now explain why the path v{(#) can always be
assumed to be contained in the closure of Q7 ().

We assume that the path v (#) is not contained in the closure of 27 (¢). Then,
since Q7 (¢) is an open and connected set, Q" (f) N v (¢) is a union of segments
Si =1% (1), Yi ()[, with X () > Y; (¢) for each i, and each segment S; lies strictly
above the next segment S; 1.

We now show that there can only be a finite number of such segments S;. Let
S; and S; 41 be two such consecutive segments. Let ¢; () C ' (¢) denote the portion
of I'(¢) connecting the point Y; € S; to ;11 € S;jy1. We denote the open set
L;(t) C Q7(¢) as the set enclosed by the curve ¢;(¢) and the vertical segment
19i (2), Xi+1(#)[, as shown in Fig. 5. The set L; (¢) is either to the left or to the right
of the vertical path v (7).

Below, we shall prove that the slope of the tangent vector to I'(¢) at the points
X; (¢) and Y; () cannot be too large; specifically, we will show that

|7 (X, 1) -e] 2 ! d [T(Y,1)-e1] 2 ! (6.10)
i,1)-el] 2 — an 1) el = —. .
l V2 ’ V2

We now assume that (6.10) holds, and as shown in Fig. 5, we assume that L; (¢)
is to the left of t;(¢). Let 6 : [0, 1] — T denote a W*%-class parameterization
of the reference interface I'. Let P;(¢) € ¢;(¢) denote the left-most extreme point
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n(xo,t)

< t1(t

S;| M)

(2(1),

Fig. 5. If we suppose that the vertical line segment v(¢), connecting 1(xq, t) to n(z(t), t)

is not contained in Q= (¢), then 1 (r) N t1(r) consists of the union of finitely many open
intervals S; (shown in red) (color figure online)

on dL;(t); then, there exists a(¢) € [0, 1] such that ®;(¢) = n(@(x(t)),t), and
N(Pi(t),t) = —ej. Let B(t) € [0, 1] be such that n(0(B(1)), 1) = Y;.
Using Lemma 6.1 and the lower-bound (6.10),

% < |T(n(9(a(t)), 1),t) —T(MmOB()), 1), t)| < M x length of ¢; (¢). (6.11)

Since each loop ¢; (¢) is of length greater than and ¢; is disjoint from c;
for i # j, the fact that I'(¢) is of finite length, by (5.33), implies that the number
of such loops ¢; (t) is bounded; hence, the intersection of t1(¢) with % (¢) consists
of a finite number of segments ;.

Having established that this generic loop ¢; (t) (shown to the left of the vertical
path v (¢) in Fig. 5) is of length greater than [ 5> We now turn our attention to

the study of the subset M; (t) C Q% () which is directly to the right of S;; that is,
M; (t) is the open set whose boundary consists of that portion of I'(#) connecting
X; (t) with Y; (¢), which we call b;(¢), and S;.

Next, let Q; () € b;(¢) denote the right-most extreme point of M;(t); then,
sinllilarly as for the case of ¢;(¢), we find that the length of b;(¢) is greater than
VaM?

We now explain why the projection of the set M; (¢) U L;(¢) onto the horizontal
axis spanned by e; has a vastly larger length than 7 — 7. In the same way as we
obtained the inequality (6.11), we have that for any x = n(8(x(¢)), t) € I'(¢) that

1

[ TMOB), 1), 1) = T(O (@), 1), 1)| £ M x dr)(x, % (1)

Therefore, with |I"(¢)| denoting the length of I'(¢), for any x € I'(¢) such that
dr ) (x, ¥i (1)) < min(3|C (0], 5777, we have that

[T O, 1), 1) - o] 2 %
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We can assume that

1
T(O (), 1),1) €1 = —=, (6.12)
n(6( 1257
for the case with the opposite sign can be treated in a similar fashion (as what
follows).
Then, for any « () > B(¢) such that x = n(0(x(¢)), t) satisfies

1 1
dr)(x, Y;(t)) = min (§|F(t)|, N_TM) ,

we have, by Lemma 6.1 and the inequality (6.12), that

1 1
(x =Y @) -e 2 mdF(t)(xv Yi) = mmin( [T @I, «/_M) > 0,
(6.13)

which shows that b; () extends to the right of v (¢) by a distance of at least

1 1 1
——min { = |T"' ()|, —) >0
232 (2 2/2M
in the ej-direction. Using the identical argument, we can prove that ¢; () extends
: [N |
to the .1eft f)f t1(¢) by a distance of at least WGl min(5 |T'(#)], 2fM) > 0 in the
—ej -direction.
We now prove the inequalities in (6.10). We shall consider the tangent vector
T at Y;(¢), as the proof for 7 at X; (¢) is identical. For the sake of contradiction, we
assume that

|7(4i (1), 1) -e1] < % (6.14)

so that

1T (1), 1) - e2] 2

f

We choose a point x € b;(f) which is either to the left or to the right of Y; (¢)
such that

drm(x,yi(f)):min( INGIR 2\/1_/\/1) (6.15)

In the same way as we obtained (6.13), we see that if we choose x to be on the
correct side of Y; (¢) (depending on the sign of 7(Y; (), t) - e3), we have that

1
(x —Yi (1) -er 2 W5 dray(x, Yi (1)), (6.16)

as well as

\ /\

| =9 (@) -er] = drn (x, ¥i (1)),

2f
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so that x is in the cone with vertex Y; () given by

(x —Yi(1)-e2 2 —I(x—‘éz(t)) etl. (6.17)

Furthermore, using (6.16), we have that
| AN G] 1 )
X —Yi(1) e = mln( , . 6.18
( i(1) - e Wi SRRENTY (6.18)

Therefore, we have just established the existence of ¢;(¢) C I'(¢z), such that
¢; (1) is the shortest curve which connects Y; () to x and satisfies

length of ¢; () = min ('F(t)l, ! ) )
3 7 242M

which is bounded from below by a positive constant as ¢ — T. Moreover, the curve
¢; (¢) is contained in the cone defined in (6.17), whose vertex Y; (¢) satisfies

In(x0, 1) — ¥ ()] < [n(x0, 1) — n(z(t), )],

the right-hand side tending tozeroast — T',sinceast — T,n(z(t),t) — n(x1, T)
which implies that lim;_, 7 |n(xg, t) — n(z(t), t)] = 0. To sum up, ¢;(¢) is a curve
of length of order 1, of positive vertical extension above Y;(¢) of order 1, and is
contained in the cone (6.17) with vertex Y;(¢) which is below 1(xg, ) (and the
distance between these two points converges to zero ast — T).

On the other hand, since 7(n(xg, T), T) - e = 0, we have in the same manner
that for T — ¢ sufficiently small, there exists a curve To(r) C T(r) contalnlng
the point 7(xo, 7), and of length min (3[I"(1)], W) such that the curve T'o(7) is
contained in the two cones (that are almost horizontal from the definition below)
defined by

1
|(x = n(xo, 1)) - €2 = Too!& —nGo. D) el (6.19)

additionally, the curve ['o(#) extends in the +e; direction a distance of at least
% min (%|F(t)|, m) on each side of 1(xg, ). It is then elementary to show that
the cone given by (6.17) intersects each of the four lines enclosing the cone (6.19) ata

distance which less than % min (% [T ()], m) on each side of n(xq, t). Therefore,
the cone given by (6.17) intersects [o(r). The same is true for the curve ¢ (),
as its starting point Y;(¢) lies below [o(¢) while, due to (6.18), its ending point
x lies above To(¢) for ¢ sufficiently close to 7', and stays in the cone given by
(6.17). Furthermore, this self-intersection occurs with different tangent vectors,
since thanks to Lemma 6.1, any point z on [o(¢) satisfies (for 7 close enough to T')

1
T(z, 1) - < —
|7(z,1) ezl,100

while any point z on ¢; (¢) will satisfy thanks to Lemma 6.1 that

[T(z,1) e 2 —=

f
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As T'(¢) cannot self-intersect for ¢+ < T (particularly not with different tangent
vectors), this then leads to a contradiction of (6.14), and hence proves (6.10).

Lety C T be the preimage of n of the loops b; (-, fto(¢)) N¢; (-, tp(€)). It follows
thatforallr € (t(¢), T'), n(y, t) must continue to intersect the vertical path vy (¢) at
the finite set of points X; () and Y; (¢). Since n2(xo, 1) > X; () > n2(x1, t) (the same
being true for Y; (¢)), we still have by continuity that 0, (xo, ') > X;(t") > n2(x1, t')
(the same being true for Y;(¢")) for ¢’ € [, T), as the case n2(xg, t') = X;(¢') or
na2(x1,t") = X;(¢") correspond to a self-intersection of I'(¢’) at time ' < T, which
is excluded from our definition of T'.

This ensures that the already established finite number N of loops b;(¢) and
¢; (t) stays constant for t € [to(¢), T] for T — f9(¢) > 0 small enough. We then
have the existence of a finite number of points xg, x1, x2, ..., X, in I" such that

nxo, T) =n(x1, T) =---=n(x,, T)

and such that n(x;, t) for i € [2, N'] belongs to the image by the flow of the same

1.1 1 - .
loop (of length of at least Wil min(5|I(7)], Ve M) on each side of a corresponding

point of intersection of v{(¢) and I'(¢)) for all ¢+ € [f9(¢), T]). We can then, if
necessary, replace the point x; by an appropriate x; € I" (with n(x;, ¢) such that
n(xop, t) and n(x;, t) are on the same loop for all t € [t — 79(e), T']). Therefore, the
vertical path v (¢), connecting n(xg, t) to I'1(¢), is contained in Q7 (¢) for T — ¢
sufficiently small. In what follows, we assume that this substitution has been made
so that x; € I' is the point which is assumed to flow into self-intersection from
below (by renaming x¢ and x| if necessary).

We can therefore define the unique point z(¢#) € I' such that n(z(¢), t) is the
vertical projection of 1 (xg, ) onto the curve t1(¢) (as shown in Fig. 4). Specifically,
we define v (¢) to be the vertical line segment connecting 7(xo, ) € T'o(z) to
n(z(t),t) € T'1(¢) (which is contained in 7 () as we just have shown), and we
define v, (¢) to be the portion of I'1 (¢) connecting 1(z(¢), t) to n(x1, t).

We will rely on the following two claims:

Claim 1. Fort € [19(¢), T), na2(x1, 1) =n2(z(1), 1) = b(#)dn1 (1) (T —1)+|8m (1]
for a bounded function b(t).

Proof. Near the point n(x1, t), we consider vo(¢) as a graph (X, h(X, 1)) (see
Fig. 4), such that h(0, ) = n(x1, t) with tangent vector (1, h'(X, 1)), which at
X = 0 must be close to horizontal, since h'(0, T) = 0. Since hisa C 2 function,
we can write the Taylor series for 2(X, t) about X = 0 as

1
h(X,t) =h,1)+ 1 0,6)X + Eh”(g, t)X2 for some & € (0, X). (6.20)
Next,

(0, 1)] =

t
"0, T) +/ (0, s)ds
T

t
/ vz_/(xl, s)ds
T

< M(T — 1), 6.21)
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the inequality following from the bound on v™ given by Lemma 5.1. On the other
hand,

HE hE D) (42 0)
rEhe ) oY
H(E, h(E, 1 L e —
(& 161 ( i [T@,h@,z»el} )

62 2
|H (&, h(§, 1))l (1 + m) <M, (6.22)

|h" (&, 0l

A

where we have used (5.30) for the first inequality and (3.1) for the second. From
(6.20), (6.21) and (6.22), we then have that

|h(X, 1) —h(0, )| £ CM|X|(T —t + |X]), (6.23)

for some constant C > 0.
Next, we notice that 72(z(?), t) = h(8n1(¢), t); hence, we set X = &n1(¢). By
setting b(t) = CM(¢) with 9 (¢) € (0, 1), the proof is complete. O

Claim 2. |8n1(1)] S M(T —t) < e fort € [tp(e), T).

Proof. By the fundamental theorem of calculus, [8n;()] < f; [Bu(s)|ds <
M(T —t) by Lemma 5.1. Then, we choose T' — #y(¢) sufficiently small. O

Step 2. The case that n2(xo,t) > n2(x1,t). We will first consider the geometry
displayed on the right side of Fig. 4. With 7{(¢) and 7,(¢) denoting unit-speed
parameterizations for t1(¢) and ta(¢),

uy ((xo. 1), 1) — uy (n(x1, 1), 1) = [uy (9(x0. 1), 1) — uy (n(z(1), 1), 1)]
+ [uy (), 1), 1) — uy (n(x1. 1), 1)]

:/ wl—-d?1+/ Vuy -dip
v (1) ()

ou 2 _
= dxy + Vruy ds,
v (1) dx1 (1)

3 3
where we have used the fact that ul = ;;2 in the last equality, as curlu™ = 0. We

will evaluate these two integrals usmg the mean value theorem for integrals, together
with our estimate (5.41) for V;u~ - 7, and hence for a (Wthh is equivalent to
Vru~ for T —1o(e) sufﬁciently small, as the ratio of the two quantities is close to

1), and estimate (5.10) for . In particular,

uy (n(xo, 1), 1) —uy (n(x1,1), 1)

= ;l(” (2(x0. 1) — (2 (1), r))—g(r) (1)

5771(0
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a (1)
—V(t) T (ma(x1, 1) — ma(z(1), 1)),
e1(t) e1(t) ay(t)

=7 5 2(0) + o (nalxr, 1) = ma(2(0), t))—Q(t) —,9m@
—v(l)TE)t (m(x1, 1) = n2(2(2), 1)), (6.24)

where €1(¢) € [—e¢, €], and where we choose «(t) € [—¢, 1 4+ co(T — t)], where
0 < & « 1 is defined in Step 4 of the proof of Theorem 5.1. The functions o ()
and v(r) satisfy |1 —o(#)] < 1 and 0 < v(¢) < 1; this follows since t5(¢) is nearly
flat near n(xo, t), so the vertical distance |n2(x1, 1) — n2(z(t), t)| is nearly zero,
while the horizontal distance |n1(x1, ) — 1n1(z(¢), t)| is nearly the total distance
In(xi, 1) —n(z(), ).

The negative sign in front of «(¢) is determined by the limiting behavior of

%MT{ given by (5.16). From Claim 1 above, we then see that

uy (n(xo, 1), 1) —uy (n(x1,1), 1)

_ e b(t) (1811 (1)] + 80)e1 (1) ge (1)
=m0 + o B1(1) = S—8m (1)
- b8, YEtﬂ . QTP

where §t = T — t. We set
B1(t) = [o(®) + v(O)b@) (801 ()] + 80) | 1 (1) — b(1) (1801 (1)] + 81)e1 (1).
Then, with Claim 2, we see that B1(¢) € [—2¢, 1 4+ 2¢co(T — t)], and that

uy (n(xo, 1), 1) —uy (n(x1, 1), 1) = _?( ) et )t

(6.25)

Similarly, for u, , we have that

uy (M(xo, 1), 1) —uy (nx1, 1), 1)
= [us (x0, 1), 1) —uy ((z(0), 1), O] + [u3 (@), 1), 1) — uy (R(x1, 1), )]

. ~ . ouy _
:/ Vu, -dr —I—/ Vu, -dr =/ —2dx2 —l—/ Vru, ds,
10 © ) 6 () 0X2 ©)

() (0. 1) = m((0).0) + o) £2(¢) 8

T T-
+ () E)t (m2(x1, 1) = m2(z2(1), 1)),
B az(t) b(®)(18n1(1)] + 8t)az (1)
=7 m(t) + o (1)
Q(t)az(t) v(®)b(t)(|6n1(1)| + §t)aa (1)

+T—3 n1(t) + T —; ani(1),
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with g5(r) € [—e, e]land ay(¢) € [—&, 1 +c9(T —1)],and where 0 < 1 —po(r) K 1
and 0 < v(r) < 1. Setting

&) = (b@) +vO)b@®) (181 ()] + )z (2) + 0(t)ex(t) (6.26)

we see that by Claim 2,
& (t) € [2e, 2¢], (6.27)

and

(6.28)

&
Uy (n(xo, 1), 1) — uy ((x1, 1), 1) = 20 it ;zit)t

T —_
Equations (6.2), (6.25) and (6.28), then give the desired relation (6.6).
Step 3. The case that ny(xo,t) < na(x1, t). We next consider the geometry dis-
played on the left side of Fig. 4. Again, using 71 (¢) and 7,(¢) to denote unit-speed
parameterisations for v (¢) and t2(¢), we see that once again
uy (n(xo, 1), 1) —uy (n(x1, 1), 1) = [u] (n(x0, 1), 1) —uy (n(z(t), 1), 1)]
+ [u7 @), 1), 1) —uy (n(x1, 1), 1)]

du,
=/ dx2+/ Vru, ds,
u(@) 0X1 ©(t)

where s denotes arc length. We again evaluate these two integrals using the mean
value theorem for integrals:

100,01 — 7 (11, 0,0 = 2 (a3, 1) = ma 0, )
Q(;)“l(”s L) — M(nz(xl,t)—nz(z(r) ).

where once again «(t) € [—&, 1 + co(T — t)] and €1(t) € [—e, ¢]. For some
0(r) € (0, 1],

[m2(x0, 1) — m2(z(1), )| = (1) [m2(x1, 1) — m2(2(2), )]
Hence, by Claim 1,

uy (n(xo, ), 1) —uy (nx, 1), 1)

_ 9(l)b(l)(|37;1(_t)t| +8t)81(t)6 () — Q(t) 1(l)‘s (O

_ b0 (81 ()] + ) v (@) (1)
T —t

a1 (2).
With

Bi(@) = [o@) + b(1)(|8n1 ()| + ) v (1)1 (1) — O()b(1) (1801 ()| + St)e1 (),
then By () € [~2¢, 1 + 2¢o(T — )] and

u; (n(xo, 1), 1) —uy (n(x1,1),1) = — ﬁlf)

Sn1(1).
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Similarly, for u, , we have that
MQ_(U(XO, t)a t) - uz_(fl(xlv t)a t)

= [uz (xo. 1), 1) — uz (n(z(0). 1), )] + [uz (2(0). 1), 1) — u3 (n(x1. 1), 1)]

- ‘]"?(” (n2(x0, 1) — ma(z(0), 1) + Q(T) 20 510)

V(t)az( )
Yoo T —

with &> (1) € [—8, el and ap(t) € [—&, 1 + co(T — t)]. Hence, from Claim 1, we
see that

(m2(x1,1) — m2(z2(2), 1)),

”2_(77()607 t)7 t) - ”2_(77()51» t)v t)

_ 9(1)19(t)(|377T1(i)l~I-<31)0t2(t)6 L) 4 Qe Q(t) 2(t) 0

vObO(8m ()] + 8D (1)
+ T —1t

a1 (2).
Setting

&) =[0(0) +v(O]b()(18n1(D)] + 1)z (1) + 0 (1)e2(D),
we see that by Claim 2, £(¢) € [—2¢, 2¢], and

&
uy (n(xo, 1), 1) —uy (n(xy, 1), 1) = T2£t)

a1 (1).
In this case, 8§, = M dn with
I [ -A®O0
M(t) = ;
O=7 [ Ex(1) 0
which is a special case of the matrix given (6.6) with 1 (t) = 0 and a>(t) = 0. This
completes the proof. O

7. Proof of the Main Theorem

We now give a proof of Theorem 3.1. We assume that either a splash or splat
singularity does indeed occur, and then show that this leads to a contradiction.

We begin the proof with the case that a single splash singularity occurs at time
t = T and that there exist two points xo and x1 in I', such that n(xg, T') = n(x1, T),
as we assumed in Section 6. (In Sections 7.2 and 7.3, we will also rule-out the case
of multiple simultaneous splash singularities, as well as the splat singularity).

7.1. A Single Splash Singularity Cannot Occur in Finite Time

As we stated above, for T — ¢ sufficiently small and in a small neighborhood
of n(xg, T), the interface I'(¢), t € [tg, T), consists of two curves ['g(7) and t;(¢)
evolving towards one another, with n(xg, t) € T'o(¢) and n(xy, t) € v1(?).

We consider the two cases that either [Vu ™ (-, #)| remains bounded or blows-up
ast — T.
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7.1.1. The Case that |Vu™ (n(xo,1),t)| - coast — T We prove that both
du (T) # 0 and du; (T) = 0, where recall that §u™ () is given by (6.1).
Step 1. 8u| # 0 at the assumed splash singularity n(xo, T).
The scalar product of (6.6) with §7(¢) yields
,31() 81(t)+52(l)

0l8n|? = =2 18m* + 22— —=—dm

as(t)

(7.1)

where the constants 81 (¢), ax (1), €1(t), E2(t) are defined in Theorem 6. 1. Therefore,
sinceT —t < e K1,

24 Ce
o l8n|* 2 —=——18nl°

)

from which we infer that

_ t)2+C£

T
187(1)|* 2 |8n(0)|2(

e 12)

We now assume that
du (T) =0, (7.3)

and now proceed to infer a contradiction from this assumption. Since 67(7) = 0
(since we have assumed that a splash singularity occurs at t = T'), we have that

t
(1) =/T (9m(x0, 8) — 9 (x1, s)) ds
t
Z/T(vf(XO,S)—vf(xl,S))ds
t t
:/ (u;(xo,s)—uff(xo,s))dH/ (] (x0,5) — v; (x1, 9))ds
T T
t
— /T (v (x1,8) — vi"(xl, s))ds
t t t
= —/ Sv1(xo, )ds + [ (v] (x0,5) — v} (x1, s))ds+/ vy (xy, s)ds
T T
t t
= —/ v - (e1 — 1)(x0, s)ds —/ Sv - t(xg, s)ds
T T
t t
+/ vy (x0, 8) — vy (x1, 8))ds +/ 8v - (e; — 7)(xy, 5)ds
T T
t
+/ v - t(xy,s)ds
T
t t s
= —/ v - (e1 — 1) (x0, s)ds —/ |:8v - T(x0, T) +/ 9 (8v - T)(x0, l)dl:| ds
T T T
t N
+/ [(vf(xo, T) — v (x1.T)) +/ vy (xo, 1) — vf(xl,l))dl] ds
T

t t s
+/ Sv - (eg —r)(xl,s)ds—l—/ |:8v~r(x1,T)+/ 3,(8v-r)(x1,l)dl:| ds.

T T T
(7.4)
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Using the fact that 7 (xg, T) = e; = t(x1, T), (7.4) then becomes
t t s
dn(t) = —/ Sv - (e — 7)(xp, s)ds —/ / 0;(8v - 7)(x0, [)dlds
T T JT
t
+ / [—8v1(x0. T) + v (x0. T) — vf (x1, )
T

S
+ 8v1(x1, T) +/ 3 (v} (xo, 1) — vy (x1, l))dl] ds
T

t tops
+/ Sv - (e; — 1)(x1,s)ds +/ / 0;(8v - 7)(xy, [)dlds. (7.5)
T T JT

Next, since —8vy(xo, T) + v} (x0, T) — v} (x1, T) + Svi(x1, T) = duy (T),
(7.5) and the assumption (7.3) then provide us with

t t s
8771(t)=—/T Sv - (e —r)(xo,s)ds—/T /T 3 (8v - ) (xo, D)dlds
t s
+/ / 3 (v (xo, D) — v (x1, 1))dlds
T JT

t t N
+/ 8v~(e1—r)(x1,s)ds+// 3 (Sv - T)(x1, Ddlds.  (7.6)
T T JT

Due to the L* control of (§v - 7); provided by (4.7), and by writing e; —
T(x;,8) = fST 7 (xj, s) (fori =0, 1), (7.6) allows us to conclude that

1871 (1) S M(T —1)*. (7.7)

Note here that we used 7, (x, 1) = T,(n(x, 1), £) + VT (n(x, 1), £)|n'(x, 1)|. By
noticing that 7, can be computed from Remark 3, we then have |7 (-, 1) | Lo (r) S M.

Therefore, |87 (t)|2 < M(T — t)*, and from (7.2), this implies (since 0 <
e < 1) that (T —1)2TC¢ < C18n2(1)|%; hence, by choosing #; € (0, T') sufficiently
closeto T, forany t € [t1, T],

[6n1 ()] S M(T — t)2 = M(T — t)1+C5/2(T _ t)l—Cs/Z
ST =02 50 £ VT — 1 8m2(0))- (7.8)

Using (7.8) in (7.1) and the fact that 0 < T —t < ¢ < 1, we then obtain

2 1 8¢ 4de 2
Ul 2 ~20e0 + )t e+ o
1 8¢ 4de 2

2 —200 + )b O (09)

Thus,

' I+4e
) (|5n|2ef'1 A = t>4€) > 0.
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Ty (t)

Fig. 6. The portion of the interface I'g(#), near n(xq, t), is shown to have an oscillation that
may only disappear in the limitast — T

Hence,

— [T 2o+ Ty as (T — D)%

18017 (0) Z 1801 (n)e T 0%,

. . . _1, . .. . .. .
with C > 0 finite, since (T — s)~ 2 is integrable. This is then in contradiction with
our assumption of a splash singularity occurring at time ¢+ = 7 which implies that

1871%(1) < M(T — 1)*;

therefore, the assumption (7.3) was wrong as it lead to a contradiction, leading us
to conclude that, in fact,

8u (T)| > 0. (7.10)

Step 2. duy = 0 at the assumed splash singularity n(xo, T). Having shown that
du| # 0 at the splash singularity, in order to arrive at a contradiction, we shall next
prove that we also have du| = 0 at the splash singularity (Fig. 6).

We now define the following two curves. The first curve t1(¢) is the vertical
segment joining n(xy, t) € vy(¢) to a point n(z(¢),t) € I'1(z). This segment is
contained in full in the closure of Q27 (¢) (for T — ¢ sufficiently small), as we have
shown in Step 1 of the proof of Theorem 6.1, by simply switching the role of xg
and x1 in the definition of this vertical segment.

The second curve t,(¢) is the portion of I'g(¢) linking 1 (z(¢), t) to n(xo, ?).

We now simply write

duy (1) = uy (nxo, 1), 1) —uy (n(z(0), 1), 1) +uy (n(z(1), 1), 1) —uy (N(x1, 1), 1)

= (0,0, — T GO0+ [V

vy (1)

9
=u1_(n(xo,t),t)—ul_(n(z(t),t),t)+/ M 4, (7.11)

where we have used that e; is the tangent vector to vi(¢) in the last equality of
(7.11).
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Next, we estimate the length of the vertical segment v (¢), by simply noticing
that

In(xo, 1) — n(x1, O = [n(xo, 1) — 1z (1), D> + [n(z(@), 1) — n(x1, 1]

+ 2In(xo, 1) — n(z(@), D|In(z(t), 1) — n(xy, 1) cos b,
(7.12)

where 6 denotes the angle between the two vectors 7n(xo,t) — n(z(¢), ) and
n(z(t),t) — n(x1,t). Due to (5.28), the direction of the tangent vector 7 on
n(yo(e), t) in a small neighborhood of n(xg, ¢) is very close to horizontal; in par-
ticular, |7(n(x,1),t) - e2] < ¢ for all x € y(e) and t € [fo(¢), T). Hence, we
have that 1 (xg, t) — n(z(t), t) is in direction close to horizontal. On the other hand,
n(z(t),t) — n(xg,t) is in the vertical direction. Therefore, 6 is very close to %

which then, in turn, implies from (7.12) that
1n(x0, 1) — n(x1, O 2 n(xo, 1) — n(z(0), O + In(z(t), 1) — n(x1, )]
1
= 50, ) = n@®), D), 1) = n(x1, )]

3
> |n<xo,r)—n<z<r>,t)|2+Zm(z(t),t)—n(xl,z)ﬁ

W

which shows that the square of the length of the vertical segment satisfies

4
In(x1, 1) — n(z(0), 1)* < 3o, 1) = n(x, DI

<‘-‘|( 1) — T) — t )%
:377)60,) n(xo, T) —n(xy, 1) +nxy, T)|

4 t t 2
< - / v (x0, §) ds—/ v (x1,5) ds
31 T
16 _
< ST =DM I
SMA(T — 1), (7.13)

thanks to Lemma 5.1.

Then, with our estimate (5.10) on % and the fact that curlu~ = 0, we then
have with (7.13) that

&

— =M. (7.14)

/ Vul_-rdl‘ﬁM(T—t)
10) T

It remains to estimate the difference u| (n(xo, 1), t) — u; (n(z(¢), t) appearing
on the right-hand side of (7.11). Recall that ['g(¢) = n(yo(e), t), for ¢ > 0 small
enough fixed. From Lemma 5.1, v™ is continuous along I'y. Next, we have that n is
continuous and injective from yy(¢) x [0, T'], into its image XK. Since 7 is continuous
and injective, and yy(¢) is closed, K is closed (as the sequential definition of a
closed set is straightforwardly satisfied). As a result, ! is also continuous and
injective from X into yg(e) x [fo(e), T'], as the sequential definition of continuity
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is straightforwardly satisfied. By composition, = = v~ o ™! is also continuous

on XK. Since z(t) € yp(e) by step 1 of the proof of Theorem 6.1 (by switching the
roles of xg and x1), and z(¢) converges to xp as t — T, we then have that 1 (z(¢), t)
belongs to K and satisfies

lli)n}(n(Z(t), 1) —n(xp, 1)) =0.

Since we just established the continuity of #~ on X, and henceforth its uniform
continuity in the compact set K, we can infer from the previous limit and this
uniform continuity that u1 (n(xo, 7), 1) —u1(n(z(¢), t) converges to zeroast — T.

With this fact, we can infer from (7.11) and (7.13) that as t — T,

18uy (T)] = eM,
this being true for any ¢ > 0. Therefore,
|duy (T)| =0,

which is a contradiction with (7.10).

We shall next explain why a non-singular gradient of the velocity u™ also does
not allow for a splash singularity, which will finish the proof of our main result in
the case of a single self-intersection.

7.1.2. The Case that [Vu™ (x, t)| Remains Bounded If [|[Vu™ (-, 1) poo(@—()) I8
bounded on [0, T'], we can still obtain the differential equation §7,(t) = M(t)dn(z)
using the same path integral that we used in the proof of Theorem 6.1, with paths
shown in Fig. 4; in this case, however, the components of the matrix M are bounded
on [0, T']. From 87, () = M(t)dn(t), we see that

3 18m1* = 221 |8m1 12 + 2 (M12(0) + Ma1 (1)) 81 812 + 2Mz |8,
with M;; bounded for i, j = 1, 2. Therefore,
380> = —C(OW)|8n*,
which then provides
180(6)[* = 187(0)[2e= OV,

Since 7(0) # 0, we then cannot have §7(T) = O for any finite 7.

7.1.3. The Case that the Region Between x( and x; is %. In this case, we
can still proceed with the same geometric constructions as before. The difference is
that in this case, the matrix M(¢) has bounded coefficients (since Vu™ is bounded
in L®(Q1(¢)), and therefore, we are in the same situation as the case treated
previously where |Vu™ (x, t)| remains bounded, which leads to the impossibility
of a splash singularity at time 7.
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7.2. An Arbitrary Number (Finite or Infinite) of Splash Singularities at Time T
is not Possible

We assume that an arbitrary number of simultaneous splash singularities occur
attime 7 > 0. We now focus on one of the many possible self-intersection points.
To this end, let xg and x; be two points in I such that n(xg, 7) = n(x1, T). Let
'y C T be alocal neighborhood of xg and let I'; C T be a local neighborhood of
X1.

Then, there exists a sequence of points x; € I’y converging to xo, and of a
sequence of points x| € I'; converging to x1 such that

df == d((xg. T). n(C1. T) #0, df :=d(n(x}, T),n(To. T)) #0 Vn € N,
(7.15)
where d denotes the distance function; otherwise, if (7.15) did not hold, then we
would have non trivial neighborhoods g of x¢ and y; of x; such that n(yy, T) =
n(y1, T), which means a splat singularity occurs at ¢t = T, and we treat that case
below in Section 7.3.
We continue to let e; denote a tangent unit vector to I'(7") at the splash contact
point n(xg, 7). We then have, by the continuity of the tangent vector 7 to the
interface, that for both sequences of points,

let = T(n(x(. T), T)| S e, (7.16)

for ¢ > 0 fixed and n large enough. We now call 7| the orthogonal projection of
n(xy, T) onto n(I'y, T'). We then have from (7.15) that

In(x§, T) — 2| =dg > 0. (7.17)

Furthermore, we denote by the unit vector e; the direction of the vector

n(xy, T) — z} (with base point at z} and “arrow” at 1(xg, T)). By definition,
e( points in the normal direction to n(I'y, T) at z| and by (7.16), ¢;; is close to e;.
For each point xj, the segment (n(xg, T), z}) is contained in (2™, T).

By continuity of n on I x [0, T'] we also infer from (7.17) that there exists a
connected neighborhood yy' of x on I, of length L,, > 0, such that for any x € y
we have

dn
dinx, T),n(T, T)) = 70; (7.18)

moreover, the direction of the vector n(x,T) — Pyr,,7)(n(x, T)), normal to
n(T'1, T) at Py, 1)(n(x, T)), is close to €3, where Py (r,, 1) denotes the orthogonal
projection onto n(I'y, T').

Note that for each x € y, the segment (n(x, T'), Py, 7)(n(x, T))) is con-
tained in n(27, T'). By continuity of the direction of these vectors, we then have
that

wp = Ureyp (x, T), Pyry 1y (n(x, T))), (7.19)

is an open set contained in n(2~, T). Furthermore, dw, contains the set n(y;, T)
of length L, > 0 (as its top boundary), and by continuity of the directions, dw;,
also contain a connected subset n(y;", T') of n(I'y, T'), of length greater than LT" (as
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Ouwn,

n(,T)

Fig. 7. The open set wj, is contained in the larger open set @,

its bottom boundary). Because w, does not intersect the cusp which occurs at the
contact point, we define the open set @,, D w,, such that the lateral part of d@, is
parallel to the lateral part of dw,, and connects 1(I'g, 7) and n(I"1, T') as shown in
Fig. 7.

Next, we introduce the stream functions ¥+ such that u* (-, T) = V¢ *, and
we recall that ™ (and hence ") has the good regularity on I'(¢) for ¢ € [0, T,
given by (3.1). Let W,, be an open set such that w, C W, C @,.Let0 < 9, < 1
denote a C*° cut-off function which is equal to 1 in @,, and equal to 0 on cb_n/ W,.

We have that ¢~ is an H'((T)) weak solution of Ay~ =0in Q7 (T) and
Y~ =T ondQ (7). Then ¥, ~ satisfies

_A(ﬁrﬂ/f_) =—y A%, — 2V, - Vi, in &)ny
O~ =yt on 7(To, T) U (T, T) N dan,

and as v+ € H3(n(Ty, T)) U H3(n(T'y, T)), standard elliptic regularity shows
that

Y~ € HY(wn),

and therefore that
Vu~ (-, T) € H (wn) C L®(wp). (7.20)

Let D7, denote the pre-image of w, under the map 7(-, T). Let us assume that
9D N I lies to the right of xg. Since w,, does not intersect the splash singularity
at time T, n(-, T) is bijective and continuous from D} into w,, and therefore D},
is an open connected set.

Furthermore, Vu™ o7 is also continuous on D_z x [0, T'] which, thanks to (7.20),
shows that for all r € [0, T'],

IVu™C, Ol = My, (7.21)

‘We can also choose the sequence xg to lie on the left of x( (otherwise, we would
have a splat singularity). This similarly gives an open neighborhood Dﬁl of the same
type as D}, satistying for all t € [0, T'],

VU™ GOl oo iuemt iy S My (7.22)

We now denote by €] (respectively Gﬁl) the lateral part of 0D!, (respectively
3951) joining I'g to I'1, and we denote by X, the open set delimited by C/; the
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subset of I'g containing x¢ linking CJ, to Gfl; Gfl; and the subset of I'| containing x|
linking €/, to €.

For n large enough, we will have estimate (7.16) satisfied at any point of 9K, NI",
with moreover the length of 9JC, N I" being of order . This then implies, in a way
similar to Step 4 of Theorem 5.1, that

I3
T —1t

ou,
—_ .’l‘
o1 .0

A

(7.23)

L>®(n(@%K,NI,1))

foranyt < T.Moreover, for # close enough to 7', the maximum of the two constants
M and Mﬁl of (7.21) and (7.22) will become smaller than % Thus, foranyr < T
close enough to 7,

3
T —1t

ou,
—_ .’Z‘
3x1 .0

[IA

’

L (n(33G.1)
which by application (for each fixed r < T close enough to 7) of the maximum and

minimum principle for the harmonic function %'1721(-, t) on the open set n(XK,, 1)
provides

&
T—1t

814_27(.7;)

<
0x] -

(7.24)

Lo (3. 0)
We can then apply the same arguments as in the Sections 6 and 7.1 to exclude a

splash singularity associated with x( and x; simply by working in the neighborhood
of size Ce (C bounded from below away from 0) where (7.24) holds.

7.3. A Splat Singularity is not Possible

We now assume the existence of a splat singularity: there exists two disjoint
closed subsets of I', which we denote by I'g and I'{, with non-zero measure, such
that contact occurs at time t = T and n(I'g, T) = n(I'1, T). We furthermore
assume that the set

So = [x € To « lim [Vu™(n(x, 1), )] = oo} (7.25)
t—

has a non-empty interior, and denote by xo and yp two distinct points on Sp such
that the curve yy C I'g, which connects the points xq to yo, is contained in Sy. We
denote by L(¢) the length of the curve n(yp, t), which is given by

L) = [ |0, 0| dl. (7.26)
Yo

By Lemma 5.2, for any x € Sy, lim;—.7 n'(x, 1) = 0, and from Lemma 5.1,
we have the uniform bound sup,¢(o 71 |7'|L=(r) = M where M is independent of
t < T. Therefore, by the dominated convergence theorem,

lim L(t) =0, (7.27)

t—T
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which shows that n(xo, T) = n(yo, T), which is a contradiction with the fact that n
isinjective on I'g x [0, T']. Therefore our assumption that Sy has non-empty interior
was wrong, which shows that this set has empty interior. Therefore the set

By = [x el : lin} [Vu=(n(x,1),1)| < oo] , (7.28)
t—

is dense in T'g. Furthermore, by Lemma 5.1, [v'(-, #)|zoory £ M where M is
independent of r < T'. Hence, by Lemma 5.2, 3y is defined equivalently as

Bo={x€eTo :[n'(x,T) >0},

which shows that this set is open in I'y. Therefore, By is an open and dense subset
of I'g.

Now since 7 is continuous and injective from I'g x [0, T'] onto its image, it also
is a homeomorphism from I'g x [0, 7] onto its image, which shows that (B, T')
is open and dense in (g, 7). With

Bi=ix el : lim [Vu~(n(x,0), 0] < oo], (7.29)
—

the same argument shows that n(53;, T') is also open and dense in n(I"y, 7). Our
assumption of a splat singularity at + = T means that n(I'g, T) = n(I'1, T),
showing that n(By, T) and n(B, T) are two open and dense sets in n(I'y, T) =
n(I'y, T). They, therefore, have an open and dense intersection.

Let Z be a point in this intersection with tangent direction given by e;. By
definition, there exists zg € By and z; € By such that n(z9, T) = n(z1, T). We
are therefore back to the case where interface self-intersection occurs with non-
singular Vu~ (from the definition of the sets By and B;), except that we do not
have an estimate for Vu~ valid for the entire interface I"(¢).

We now consider two open connected curves Yo C Bp and y; C Bj such that
for any point zg € yp there exist a point z; € y; such that n(zo, T') = n(z1, T'). For
t € [Ty, T), Ty being very close to T, the two curves 1(yp, t) and n(y1, t) are very
close to each other, and at each point, have tangent vector close to e; (to ensure
this, if necessary, we take a sufficiently small subset of each of these two curves).

Furthermore, from the definition of 5y, we have that the length of the curve
n(yo,t) for t € [Ty, T), Ty being very close to T, is close to a number Lo > 0
(which is the length of n(yo, T) = n(y1, T)). Similarly, the length of the curve
n(y1,t) fort € [Ty, T), is close to L.

We now fix two distinct and close-by points 1(zo, Tp) and n(Zo, To) on n(yo, To)
such that |n(zg, To) — n(Zo, To)| < %, and the distance between each of these
points and the complement of n(yy, To) in n(I'g, To) is greater than %. By taking
Ty closer to T if necessary, we can assume that for any ¢ € [Ty, T'] the distance
between 1(zo, t) (or n(Zo, t)) and the complement of n(y, t) in n(Tg, ¢) is greater
than %

As shown in Fig. 8, we now define n(z, Tp) as being the intersection of the
vertical line passing through 1(zg, To) and n(y1, Tp). This defines a unique point
since the tangent vector to n(y1, Tp) is close to ey, and furthermore the segment
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n(FOa T)
n(%Ky, T)

(€, T)

n(FI,T) 77(950»T)

Fig. 8. The region in which we apply the maximum and minimum principle

(n(zo, Tp), n(z1, Tp)) is contained in n(2~, Tp). Similarly, we define n(z1, Tp) as
being the intersection of the vertical line passing through n(zZg, 7o) and n(y1, Tp).
This defines a unique point, with the segment (1(Zg, Tp), n(Z1, Tp)) contained in
n(2=, o).

By taking Ty closer to T if necessary, we can assume that for any ¢ € [7Tp, 7] the
distance between n(z1, t) (or n(Z1, t)) and the complement of n(yy, 1) in n(I'y, t) is
greater than % By further taking Ty closer to T, if necessary, we can also assume
that

) Lo
dist(n(yo, To), n(y1, To)) < 100’ (7.30)
and also that
_ Lo
I+ sup [v™(, Dllpoee-) J(T —To) < —=. (7.31)

We denote by n(w, Tp) the domain enclosed by the two vertical segments
[n(z0, To), n(z1, To)1, [n(Zo, To), n(Z1, Tp)], the portion of the curve n(yy, Ty) link-
ing n(zo, To) to n(Zo, To), and the portion of the curve n(y1, Tp) linking n(z1, Tp) to
n(z1, Tp). This domain is contained in 5 (2™, Tp) (which justifies its name 1 (w, Tp),
for w C Q7), and has a non-zero area A (since its boundary contains two distinct
vertical lines and two near horizontal and distinct curves).

By incompressibility, forany ¢ € [Ty, T), the area of n(w, t) remains a constant
which we call Ag. Now, as t — T, the two curves 1(yp, t) and n(y1, t) get close to
a splat contact (which occurs at r = T); therefore, the domain D(r) between these
two curves and the two short lateral segments joining them has an area converging
to zero (see Fig. 9). Therefore for ¢t < T close enough to T we cannot have
n(w,t) C D(t), as points on the lateral edges of 1n(w, t) would be pushed-out of
the lateral boundaries of D(t).

Therefore, we have at least a point (in fact a subset of non zero area) n(z, t)
(z € w) such that

L
In(zo, 1) — 0z, )] = ?0 (7.32)

From (7.30), and from the fact that the boundary of n(w, Ty) is comprised of
two vertical segments of length less than 1L@T% and of two near horizontal curves of

length less than ILT%, we have that

L
In(z0, To) — n(z, To)| < 5—00 (7.33)
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77(Z07t)

77(21,t) 77(51715)

n(y1,1)
Fig. 9. That portion of 7 (¢) being squeezed together by the approaching splat singularity

From (7.32) and (7.33) we then have

t

[v(zo, s) — v(z, s)]ds
To

(7.34)

Using (7.34), we infer that

2(T = Tp) sup vl L) = =
[0.71 6
which is in contradiction to (7.31). This establishes the impossibility of a splat
singularity at time t = 7.
As our analysis was reduced to a local neighborhood of any assumed splat
singularity, as shown in Fig. 9, this means that any combination of splat and splash

singularities at time r = T can be analyzed in the same way. This finishes the proof
of the exclusion of splat or splash singularities in finite time.
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