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Abstract

The classical one-phase Stefan problem describes the temperature distribution in
a homogeneous medium undergoing a phase transition, such as ice melting to
water. This is accomplished by solving the heat equation on a time-dependent
domain whose boundary is transported by the normal derivative of the temper-
ature along the evolving and a priori unknown free boundary. We establish a
global-in-time stability result for nearly spherical geometries and small temper-
atures, using a novel hybrid methodology, which combines energy estimates,
decay estimates, and Hopf-type inequalities. © 2015 Wiley Periodicals, Inc.
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We consider the problem of global existence and asymptotic stability of classical
solutions to the classical Stefan problem describing the evolving free-boundary
between the liquid and solid phases. The temperature of the liquid p(¢, x) and the
a priori unknown moving phase boundary I'(¢) must satisfy the following system
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of equations:

(1.1a) pr—Ap =0 in Q(¢),
(1.1b) YV ([(t)) = —0up on I'(?),
(1.1¢) p=0 on I'(z),
(1.1d) p(0,-) = po, 2(0) = Qo.

For each instant of time ¢ € [0, T], Q(¢) is a time-dependent open subset of R?
with d > 2, and I'(z) := 02(¢) denotes the moving, time-dependent free bound-
ary.

The heat equation (I.Ta) models thermal diffusion in the bulk (¢) with thermal
diffusivity set to 1. The boundary transport equation (I.1b) states that each point on
the moving boundary is transported with normal velocity equal to —d, p = —V p-n,
the normal derivative of p on I'(¢). Here n denotes the outward pointing unit nor-
mal to ['(¢), and ¥ (I'(¢)) denotes the speed or the normal velocity of the hyper-
surface I"(¢). The homogeneous Dirichlet boundary condition is termed the
classical Stefan condition, and problem (1.1)) is called the classical Stefan problem.
It implies that the freezing of the liquid occurs at a constant temperature p = 0. Fi-
nally, we must specify the initial temperature distribution pg : Q2o — R, as well as
the initial geometry €2¢. Because the liquid phase €2(¢) is characterized by the set
{x € R? : p(x,t) > 0}, we shall consider initial data po > 0 in Q. Problem (T.I)
belongs to the category of free boundary problems that are of parabolic-hyperbolic
type. Thanks to (I.Ta), the parabolic Hopf lemma implies that d,, p(¢) < 0 on I'(¢)
for t > 0, so we impose the nondegeneracy condition or so-called Taylor sign

conditio
(1.2) —dppo=A>0 onT(0)

on our initial temperature distribution. Under the above assumptions, we proved in
Hadzi¢ and Shkoller [28]] that (I.1)) is indeed well-posed.

1.2 The Reference Domain 2 and the Dimension

For our reference domain, we choose the unit ball in R? given by
Q=B(01):={xeR?:|x| <1},

with boundary I' = S! := {x € R? : |x| = 1}. We shall consider initial domains
2o whose boundary I'g is a graph over the reference boundary I'. In order to
simplify our presentation, we consider evolving domains (¢) in R?, but as we
shall explain in Section[5} our methodology works equally well in any dimension
d>2.

I This type of stability condition dates back to the early work of Lord Rayleigh [45] and Tay-
lor [48] in fluid mechanics, and appears as a necessary well-posedness condition on the initial data in
many free boundary problems wherein the effects of surface tension are ignored; examples include
the Hele-Shaw cell, the water waves equations [50]], and the full Euler equations in both incompress-
ible [[16] and compressible form [[15}/18].
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Our choice of the reference domain €2 follows from two considerations. First,
we need employ only one global coordinate system near the boundary I' rather than
a collection of local coordinate charts that a more general domain would necessi-
tate, and the use of one coordinate system greatly simplifies the presentation of our
energy identities, which provide very natural estimates for the second fundamental
form of the evolving free boundary I'(¢). Second, we shall need quantitative Hopf-
type inequalities in order to bound the term defined in (I.2)) from below, and such
estimates are available in a particularly satisfying form in the case of the nearly
spherical domains, thanks to the explicit construction of comparison functions in
Oddson [40].

1.3 Notation
For any s > 0 and given functions f : @ - R, ¢ : ' — R, we set

1A lls ==L/ las@ and lols := ll@llas @)

H?S(2) shall denote the dual space of H*(£2), while on the boundary H*(T") =
H™ (). If i = 1,2, then f,; :== 0, f is the partial derivative of f with respect
to x’. Similarly, f; j 1= 04i0,; f, etc. For time differentiation, f; := 9d; f. Fur-
thermore, for a function f(z, x), we shall often write f(¢) for f(¢,-), and f(0) to
mean f(0, x). We use 9 := 7 -V to denote the tangential derivative, so that

af i=dpf, fi=0351

where 6 € [0, 27r) denotes the angular component in polar coordinates. The Greek
letter o will often be reserved for multi-indices o = (o1, aw2), with 0% := 8%} 8%;
and |¢| = oy + az. The identity map on 2 is denoted by e(x) = x, while
the identity matrix is denoted by Id. We use C to denote a universal (or generic)
constant that may change from inequality to inequality. We write X < Y to denote
X < CY. We use the notation P(-) to denote a generic real polynomial function
of its argument(s) with positive coefficients. The Einstein summation convention
is employed, indicating summation over repeated indices. The L?—inner product
on 2 is denoted by (-, ) 2.

1.4 Fixing the Domain

We transform the Stefan problem (I.1)), set on the moving domain Q(¢), to an
equivalent problem on the fixed domain 2. For many problems in fluid dynam-
ics, the Lagrangian flow map of the fluid velocity provides a natural family of
diffeomorphisms that can be used to fix the domain, but for the classical Stefan
problem, we use instead (in the parlance of fluid dynamics) the so-called arbitrary
Lagrangian-Eulerian (ALE) family of diffeomorphisms; these ALE maps interpo-
late between the Lagrangian and Eulerian representations of the equations. For
this problem, we choose a simple type of ALE map, consisting of harmonic coor-
dinates, also known as the harmonic gauge.
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The Diffeormorphism W (z)

We represent our moving domain €2(¢) as the image of a time-dependent family
of diffeomorphisms W(z) : 2 — (). In order to define these diffeomorphisms,
we let h(z,-) : ' — R denote the signed height function whose graph (over I') is
the set I'(¢). For £ € I' = S', we define the map

W(t.§) = (1 +h(1.£))§ = R(1.£)8.

which is a diffeomorphism of I" onto I'(¢) as long as h(¢) remains a graph. The
outward-pointing unit normal vector n(Z, - ) to the moving surface I'(¢) is defined
by

(n 0 W)(t.§) = (RE)g /|(RE)g |-
We shall henceforth drop the explicit composition with the diffeomorphism W and
simply write

n(t,§) = (REF /I(RE)g|
for the unit normal to the moving boundary at the point W (z, £) € I'(¢).
Introducing the unit normal and tangent vectors to the reference surface I as
N =&, t:=§&p orequivalently

(1.3) N(0) = (cos 0, sinh), t(0) = (—sin 6, cos H),

we write the unit normal to I'(¢) as

RN — hyt

2 2 ‘
VR*+ R}

(1.4) n(t.§) =

The evolution of /(z) is then given by
h
(1.5) m:»mm-%»am

Assuming that the signed height function 4 (z, - ) is sufficiently regular and re-
mains a graph, we can define a diffeomorphism ¥ : Q — €(¢) as the elliptic
extension of the boundary diffeomorphism & — (1 + A(&,¢))& by solving the fol-
lowing Dirichlet problem:

AV =0 inQ,
V(@t,§) = R(1,6)8, §el.

Since the identity map e : Q2 — 2 is harmonic in 2 and ¥ —e = h€ on T', standard
elliptic regularity theory for solutions to (1.6) shows that

(1.6)

(1.7) ¥ — e”HS(Q) < CHhHHs—O.S(F), s > 0.5,

so that for A () sufficiently small and s large enough, the Sobolev embedding theo-
rem shows that VW (¢) is close to the identity matrix Id, and by the inverse function
theorem, each W(¢) is a diffeomorphism.
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The Temperature and Velocity Variables on the Fixed Domain £
First we introduce the velocity variable ¥ = —V p in Q(¢). Next, we introduce

the following new variables set on the fixed domain 2:

q=poV (temperature),

v=uoWv (velocity),

w = W (extension of boundary velocity vector),

A =[DY]™Y  (inverse of the deformation tensor),

J =det DV  (Jacobian determinant),

a=JA (cofactor matrix of the deformation tensor).
The relation ¥ = —V p is then written as v + Af.‘q,k = 0fori = 1,2. By the
chain rule,

gt =proV+ (VpoW) - ¥, =po¥V—v-w

and )
ApoVW = Aygq = A,! (Af'cq’k )’j .

Letting 7 = J~1(R% + Rg)l/zn, we see that
(1.8) it x) = Af (. x)Ni(x),

and equation (T.3)) can be written as i, = v-7i/ Ry, where Ry = RJ 1. Note that
Ry =RJ7 ! =1+ h)J lisveryclose to 1.

The Classical Stefan Problem Set on the Fixed Domain €2
The classical Stefan problem on the fixed domain €2 is written as

(1.9a) g — Al (A*q )= —v- ¥, In(0,T]xQ,
(1.9b) vl + A =0 in [0, T] x .
(1.9¢) q=0 on [0, T] x T,
(1.9d) hi=v-N—0+h) " hgv-t on(0,T]x T,
(1.9¢) AV =0 on [0, 7] x 2,
(1.9 W =(+hN on [0, 7] x T,
(1.9¢) qg=¢qo>0 on {t =0} x Q,
(1.9h) h=hy on{t =0} x T,

where the initial boundary d€2¢ is given as a graph over 2 with the initial height
function hg, i.e., 029 = {x € R? : x = (1 + ho(£))E, € € S'}. Note that
® = Y(0) : Q - Qp is a near-identity transformation, mapping the reference
domain €2 onto the initial domain €2¢. The initial temperature function g¢ equals
po o ®. Problem (I.9) is a reformulation of problem (I.1).
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Henceforth, without loss of generality, we shall assume that the initial domain
Qo is the unit ball B;(0) or, in other words, #g = 0. In this case, we set & = e,
where e : Q — € is the identity map, and W (¢)|;=¢o = e. In Section [5] we will
explain the minor modification required when /¢ # 0, as well as the case that the
dimension d = 3.

Observe that the boundary condition (I.9d)) implies that

(1.10) WU, -n(t)=v-n() on[0,T] xI' sothat W()(I") = I'(¢).

The Energy and Dissipation Functions

Near I' = 9%, it is convenient to use tangential derivatives 0 := dg with 6
denoting the polar angle, while near the origin, Cartesian partial derivatives d,, are
natural. For this reason, we introduce a nonnegative C * cutoff function . : @ —
R4+ with the property

ux)=0 if|x|<1/2, ux)=1 if3/4<|x| <1.

DEFINITION 1.1 (Higher-Order Norms). The following high-order energy and dis-
sipation functionals are fundamental to our analysis:

&) :=&(q. h)(1)

1 = 1 & _
=5 > H“l/zaaa?”“zi+5Z\(—3Nq)1/2RJ’186*2b8§’h|i%

a+2b<5 b=0
1 _ _
(1L11) +3 2 W PE e+ v v,
’ a+2b<6
+ 3 la=w'?ad];,
|@|+2b<5
1
+5 S = w2 (0500 + 9507w - v) | 72
|a|+2b<6
and
() = Z(q. h)(1)
2
= 2 w2 F vl + Yol one) PRI
a+2b<6 b=0
(1.12) + 20 |uP @ g, + 8707w, v) |7
’ a+2b<5

+ > Ja-wPasav];,
|@|+2b<6

T DN (R UCTC AR S 2N %
|| +2b<5
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Note that the boundary norms of the height function are weighted by /—dn¢.
We thus introduce the time-dependent function

x(@) = xigg(—é)zvq)(t, x) >0,

which will be used to track the weighted behavior of &. We will show that & is
indeed equivalent to

3 3
Z” 8qu26_2,(9) +x(@) Z‘aih‘iﬁ—ﬂ(r)’
1=0 1=0

and that & is equivalent to

2 2
117650y + 2 N0k 52y + 2©) Y105 s -
=0 =0

The elliptic operator in the parabolic equation (1.9)a for ¢ has coefficients that
depend on A = [DW]™!, which in turn depend on /; hence, the regularity of g is
limited (and, in fact, determined) by the regularity of 4 on the boundary I'. Since
the regularity of /4 is given by norms that are weighted by the factor y(¢), a naive
application of elliptic estimates would thus lead to the crude bound

7
x@)
which could a priori grow in time. However, by using the fact that lower-order

norms of ¢ have exponential decay (in time), estimate (1.13)) can be improved to
yield

(1.14) lgl2s + |8hqe|i, s e+ 2. 1=0....2,

for some positive constant y > 0. This is one of the essential ingredients of our
analysis, as will be used to control error terms arising from higher-order
energy estimates in Section

In order to capture the exponential decay of the temperature g, we introduce the
lower-order decay norms:

2 1
Eg(t) := eﬂt( Z” 3?61(0”24—%(9) + Z”a]t]”H}ZqS—%(Q))’
b=0 b=0

(1.13) |02 )55 o <

(1.15) 2
D(t) =Y [974(0) | 3526 (g
b=0

with the constant 8 denoting a positive real number given by
(1.16) B =21 —n.

where A1 is the smallest eigenvalue of the Dirichlet-Laplacian on Q = B1(0) and n
is a small positive constant related to the size of the initial data, which will be made
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precise below. Note that the smallness of Eg in particular implies an exponential
decay (in time) estimate for the H*-norm of the temperature ¢(t).

Taylor Sign Condition or Nondegeneracy Condition on ¢

With respect to go = po o ®, condition becomes infyer[—dnqo(x)] >
A > 0 on I'. For initial temperature distributions that are not necessarily strictly
positive in €2, this condition was shown to be necessary for local well-posedness
for (see [28,139,/41]). On the other hand, if we require strict positivity of our
initial temperature function

1.17) go >0 in$,

the parabolic Hopf lemma (see, for example, [21]]) guarantees that —dy ¢ (z, x) > 0
for 0 < t < T on some a priori (possibly small) time interval, which, in turn,
shows that & and & are norms for ¢ > 0, but uniformity may be lost as t — 0. To
ensure a uniform lower bound for —dx¢(¢) as t — 0, we impose the Taylor sign
condition with the following lower bound

(1.18) —Ingo = C /qmm dx.

Q
Here ¢ is the positive first eigenfunction of the Dirichlet-Laplacian, and C > 0
denotes a universal constant. The uniform lower bound in (I.18]) thus ensures that
our solutions are continuous in time; moreover, (I.18]) allows us to establish a time-
dependent optimal lower bound for the quantity y(¢) = infyer(—dnyg)(¢,x) > 0
for all time ¢ > 0, which will be crucial for our analysis.

Compatibility Conditions

The definition of our higher-order energy function &, restricted to time ¢t = 0,
requires an explanation of the time derivates of ¢ and & evaluated at ¢t = 0. Specifi-
cally, the values gy |¢=0, gz¢|r=0, iz|t=0, and h;s|=¢ are defined via space deriva-
tives using equations and (1.9d). To ensure that the solution is continuously
differentiable in time at ¢ = 0, we must impose compatibility conditions on the
initial data (such conditions are, of course, only necessary for regular initial data).
By restricting the equation (I1.94) to the boundary at time ¢ = 0 and using the fact
that ¢;(0) = O on I' and that Af.‘ lt=0 = 85‘ , where 8{‘ denotes the Kronecker delta
which equals 1 if & = i and 0 otherwise, we obtain the first-order compatibility
condition

(1.19) Ago = (nqo)? onT.

2 Condition (LT7) is natural, since it determines the phase: Q(¢) = {¢(¢) > 0}.
3 When hg # 0, the unit normal to the initial surface T'g is given by

(14 ho)§ —dghot

V(A +ho)? + dgh3

where £ = (cos 8, sinf) and t = (—sin 6, cos 9).

N
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Upon differentiating (I.9a) with respect to time and then restricting to T" at = 0
and using (I.19), we arrive at the second-order compatibility condition

(1.20) AZ%go = Aldngol* + 205 (Ago — [0Nqo|*)dNgo — 2|dNNgol> onT,

where we have used that i1, (¢,0) = v - [N(0) — t(9)hg(1 + h)~1].

We note that our functional framework only requires specification of two higher-
order compatibility conditions (the condition go = 0 on I' being the zeroth-order
condition).

Main Result

Our main result is a global-in-time stability theorem for solutions of the classical
Stefan problem for surfaces that are nearly spherical and for temperature fields
close to 0. The notion of “near” is measured by our energy norms as well as the
dimensionless quantity

_ llolls
Igollo

as expressed in the following theorem.

(1.21)

THEOREM 1.2. Let (qo, ho) satisfy the Taylor sign condition (1.18), the strict posi-
tivity assumption (L.17), and the compatibility conditions (1.19) and (I.20). Let K
be defined as in (1.21). Then there exists an €y > 0 and a monotonically increasing
function F : (1,00) — Ry such that if

2

€0
(1.22) &(qo, ho) < FK)’

then there exist unique solutions (g, h) to problem (1.9) satisfying

sup £(q(1). h(1)) < Cej

0<t<o0

for some universal constant C > 0. Moreover, the temperature q(t) — 0 as
t — oo with bound
2 —Bt
g1y < CeP".

where B = 2A1 — O(€p) and Ay is the smallest eigenvalue of the Dirichlet-
Laplacian on the unit disk. The moving boundary T'(t) settles asymptotically to
some nearby steady surface I, and we have the uniform-in-time estimate

sup |h —holss < eo.

0<t<oo

Remark 1.3. The increasing function F(K) given in (1.22) has an explicit form.
For generic constants C, C > 1 chosen in Sections |3|and {4 below,

(1.23) F(K) := max{8K2CCK? 101 k)10 g20C A1y
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Remark 1.4. The use of the constant K in our smallness assumption (1.22)) allows
us to determine a time 7 = Tx when the dynamics of the Stefan problem become
strongly dominated by the projection of ¢ onto the first eigenfunction ¢; of the
Dirichlet-Laplacian. Explicit knowledge of the K-dependence in the smallness as-
sumption (I.22)) permits the use of energy estimates to show that solutions exist in
our energy space on the time interval [0, Tx]. For t > Tk, certain error terms (that
cannot be controlled by our energy and dissipation functions for large ¢) become
sign definite with a good sign.

1.5 A Brief History of Prior Results on the Stefan Problem

There is a large amount of literature on the classical one-phase Stefan prob-
lem. For an overview we refer the reader to Friedman [23[], Meirmanov [39],
and Visintin [49]]. First, weak solutions were defined by Kamenomostskaja [31],
Friedman [22], and LadyZenskaja, Solonnikov, and Ural’ceva [37]. For the one-
phase problem studied herein, a variational formulation was introduced by Fried-
man and Kinderlehrer [24], wherein additional regularity results for the free sur-
face were obtained. Caffarelli [5]] showed that in some space-time neighborhood
of points xo on the free boundary that have Lebesgue density, the boundary is C'!
in both space and time, and second derivatives of temperature are continuous up
to the boundary. Under some regularity assumptions on the temperature, Lips-
chitz regularity of the free boundary was shown by Caffarelli [|6]. In related work,
Kinderlehrer and Nirenberg [34}/35] showed that the free boundary is analytic in
space and of second Gevrey class in time under the a priori assumption that the
free boundary is C! with certain assumptions on the temperature function. In [8],
Caffarelli and Friedman showed the continuity of the temperature in d dimensions.
As for the two-phase classical Stefan problem, the continuity of the temperature in
d dimensions for weak solutions was shown by Caffarelli and Evans [[7].

Since the Stefan problem satisfies a maximum principle, its analysis is ide-
ally suited to another type of weak solution called the viscosity solution. Regu-
larity of viscosity solutions for the two-phase Stefan problem was established by
Athanasopoulos, Caffarelli, and Salsa in a series of seminal papers [3,/4]. Existence
of viscosity solutions for the one-phase problem was established by Kim [32]] and
for the two-phase problem by Kim and Pozar [33]]. A local-in-time regularity result
was established by Choi and Kim [[11]], where it was shown that initially Lipschitz
free boundaries become C! over a possibly smaller spatial region. For an exhaus-
tive overview and introduction to the regularity theory of viscosity solutions we
refer the reader to Caffarelli and Salsa [9]. In [36], Koch showed by the use of
von Mises variables and harmonic analysis that an a priori C'! free boundary in the
two-phase problem becomes smooth.

Local existence of classical solutions for the classical Stefan problem was estab-
lished by Meirmanov (see [39] and references therein) and Hanzawa [29]. Meir-
manov regularized the problem by adding artificial viscosity to (I.1b) and fixed
the moving domain by switching to the so-called von Mises variables, obtaining
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solutions with less Sobolev regularity than the initial data. Similarly, Hanzawa
used Nash-Moser iteration to construct a local-in-time solution, but again, with de-
rivative loss. A local-in-time existence result for the one-phase multidimensional
Stefan problem was proved by Frolova and Solonnikov [47] using L?-type Sobolev
spaces. For the two-phase Stefan problem, a local-in-time existence result for clas-
sical solutions was established by Priiss, Saal, and Simonett [41]] in the framework
of L?-maximal regularity theory.

In a related work, local existence for the two-dimensional two-phase Muskat
problem (with varying viscosity and density) was proved by Coérdoba, Cérdoba,
and Gancedo [13] and in three dimensions in [[14]]. Their methods rely on a bound-
ary integral formulation for the Muskat problem, together with the Taylor sign
condition. In a subsequent work [[12]], various global existence results were estab-
lished. An overview can be found in [[10].

As to the Stefan problem with surface tension (also known as the Stefan problem
with Gibbs-Thomson correction), global weak solutions (without uniqueness) were
given by Almgren and Wang, Luckhaus, and Roger [2,38,/46]]. In Friedman and
Reitich [25]] the authors considered the Stefan problem with small surface tension,
i.e., witho < 1, whereby isreplaced by v = ok, k denoting mean curvature
of the boundary. Local existence of classical solutions was studied by Radkevich
[44]]; Escher, Priiss, and Simonett [20]] proved a local existence and uniqueness
result for classical solutions under a smallness assumption on the initial height
function close to the reference flat boundary. Global existence close to flat hyper-
surfaces was proved by HadZi¢ and Guo in [27]], and close to stationary spheres for
the two-phase problem in Hadzi¢ [26] and Priiss, Simonett, and Zacher [42].

In order to understand the asymptotic behavior of the classical Stefan problem
on external domains, Quirds and Vazquez [43]] proved that on a complement of a
given bounded domain G, with nonzero boundary conditions on the fixed bound-
ary dG, the solution to the classical Stefan problem converges, in a suitable sense,
to the corresponding solution of the Hele-Shaw problem, and sharp global-in-time
expansion rates for the expanding liquid blob are obtained. Moreover, the blob
asymptotically has the geometry of a ball. Note that the nonzero boundary condi-
tions act as an effective forcing that is absent from our problem, and the techniques
of [43]] do not directly apply. Since the corresponding Hele-Shaw problem (in the
absence of surface tension and forcing) is not a dynamic problem, possessing only
time-independent solutions, we are not able to use the Hele-Shaw solution as a
comparison problem for our problem.

A global stability result for the two-phase classical Stefan problem in a smooth
functional framework was also established by Meirmanov [39] for a specific (and
somewhat restrictive) perturbation of a flat interface, wherein the initial geometry
is a strip with imposed Dirichlet temperature conditions on the fixed top and bot-
tom boundaries, allowing for only one equilibrium solution. A global existence
result for smooth solutions was given by Daskalopoulos and Lee [19] under the
log-concavity assumption on the initial temperature function, which in light of the
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level-set reformulation of the Stefan problem, requires convexity of the initial do-
main (a property that is preserved by the dynamics).

In [28]], we established the local-in-time existence, uniqueness, and regularity
for the classical Stefan problem in L2 Sobolev spaces, without derivative loss, us-
ing the functional framework given by (I.11)) and (I.12)). This framework is natural
and relies on the geometric control of the free boundary, analogous to that used in
the analysis of the free boundary incompressible Euler equations in Coutand and
Shkoller [16,|17]; the second fundamental form is controlled by a a natural coer-
cive quadratic form, generated from the inner product of the tangential derivative
of the cofactor matrix a and the tangential derivative of the velocity of the moving
boundary, and yields control of the norm [.(—0 ~q())|9%h|? dx’ for any k > 3.
The Hopf lemma ensures positivity of —dx¢(¢), and the Taylor sign condition on
qo ensures a uniform lower bound as ¢ — 0; on the other hand, —dx¢(t) — 0 as
t — 00, and so an optimal lower bound for (—dn¢(¢)) for large ¢ is essential to
establish a global existence and stability theory.

We remark that global stability of solutions in the presence of surface tension
(see, for example, [26,127,/42]) does not require the use of a function framework
with a decaying weight, such as —dx¢(¢). In this regard, the surface tension prob-
lem is simpler for two important reasons: first, the surface tension contributes a
positive definite energy contribution that is uniform-in-time and provides better
regularity of the free boundary (by one spatial derivative), and second, the space
of equilibria is finite-dimensional, and thus it is easier to understand the degrees of
freedom that regulate the asymptotic state of the system given the initial conditions.

1.6 Methodology and Outline of the Paper

Our present work builds on our new energy method for the Stefan problem that
we developed in [28]]. We obtain global and uniform control of the geometry of the
free boundary by controlling the weighted boundary norm sup,cpo. 77 | v x () |l6
for all t > 0. We are thus able to track the location of the moving free boundary
and measure its deviation from the initial state; this geometric control is strongly
coupled to, and dependent upon, the exponential-in-time decay of the temperature
function to 0.

There exist infinitely many steady states for the classical Stefan problem: for any
sufficiently smooth hypersurface I’ C R4, the pair (p,T) = (0, T') forms an equi-
librium solution of the Stefan problem (I.1I). This abundance of possible attractors
for the long-time behavior of the solution I'(¢) creates a conceptual difficulty in
approaching the question of “asymptotic” convergence.

We address the temporal asymptotics by requiring our initial surface to be a
small perturbation of the reference sphere. We use the energy spaces introduced
in [28]]; moreover, we do not expect to observe any decay for the height of the mov-
ing surface in this norm. Rather, given the expectation that the solution does con-
verge to some nearby shape (so that 4 remains small), we expect the temperature
q(t) to converge to 0 exponentially fast, since it is a solution of the nonlinear heat
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equation (1.9d). Returning to the definition of the energy space & given in (I.11),
we immediately encounter a potential problem for global-in-time estimates; specif-
ically, the coefficient —0nq(t) in the energy expression [.(—d Nq(1))|0%h|? db is
also expected to decay as ¢ — o0, and it is a priori unclear how to uniformly-in-
time control the regularity of the boundary height function /4. To understand the
relationship between the decay of ¢(¢) and the smallness of &, we will analyze the
dynamics in three different and coupled regimes.

High-Order Energy Estimates

We do not expect the height function /(¢) to decay to 0 as t — oo; rather, we
expect A(t) to remain close to the initial height function k. Assuming, without
loss of generality, that hp = 0, to guarantee the smallness of 7 — hg = h we will
prove that

sup &(s) + /t D(s)ds
0

0<s<t
t
<&0)+ sup P(E)E(s)+68 | P(s)ds
0<s<t 0
t
(1.24) < &)+ O(ep) sup &E(s)+6 | Z(s)ds,
0<s<t 0
where P is some polynomial function of the low-norm Eg. The above estimate
yields an a priori bound on & if €, §, and &'(0) are sufficiently small.
However, to close the higher-order energy estimates and thus obtain (1.24)), we
must contend with a very problematic integral (or error term) given by

T —
N = —/ /aNq,|36h|2d9dz.
0
r

Driven by intuition from the linear heat equation, we expect dyq; to decay ex-
actly as fast as —dyg. Comparing 4" to the energy contribution [f-(—d Nq)|3%h|?
above, we note that .4 cannot be controlled by &, as it is the same order as &.
Hence, to bound .4, we prove that after a sufficiently long time has elapsed, the
quantity dy g, turns strictly positive and hence .#" can be bounded from above
by 0. In Lemma [4.2] we will quantify the meaning of “sufficiently long” time
t = Tk from the previous sentence, expressing it as a function of the ratio K =
llgoll4/llgollo-

More precisely, we break the total time interval into a (possibly long) transient
interval [0, Tx] and [Tk, 00). On the transient time interval [0, Tx] we do treat
A as an error term, and by choosing &(0) sufficiently small, a straightforward
application of a Gronwall-type inequality verifies that the interval of existence is
greater than Tk, as explained in our proof of the main theorem (given Section {.4).
The bound for .#” grows exponentially with time, and as such, cannot be used to
establish global-in-time estimates. Instead, a significantly more refined analysis
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is employed on the time interval [Tg, c0), wherein we prove in Lemma the
negativity of .4 for t = Tk and then use a maximum-principle-type argument to
guarantee the negativity for all t > Tk.

Exponential Decay-in-Time of the Temperature Function ¢
The last inequality in (I.24) holds only if Eg itself remains small; in fact, we
will prove that as t — o0, ||¢() ||ﬁ has the nearly optimal decay rate

(1.25) e~ Ghi=Ceolt,

where A denotes the smallest eigenvalue of the Dirichlet-Laplacian on the unit
disk. Moreover, the parabolic estimate we prove will be roughly of the form

; c e—ﬂt/Z
1.26 Eg+D < + ——— | D,
(1.26) JEg+D < (60 ||610||4X(t)1/2)

where the norms Eg and D have been defined in (I.I5). A nice consequence of

our analysis is that the potentially growing term e~#%/2/y(r)!/2 in fact remains
small and decays in time. Next, we explain why this is true.

Lower Bound for the Velocity of the Free Boundary

We may think of the presence of the denominator 1/ y(#)'/? in estimate (1.26)
as a possible obstruction to controlling the regularity of 4 and thus potentially
preventing uniform ellipticity bounds for the parabolic operator (I.9a). To deal
with this issue, we need a quantitative lower bound on the decay rate of y(¢).
Moreover, this lower bound has to favorably compare to the size of e Bt With
some extra work, such a Hopf-type inequality is implied by a result of Oddson [40]],
which leads to the lower bound

(1.27) 1 (1) = cre”Fiteeo)

where ¢ > 0 denotes a generic constant, and as before ¢; = fQ qow1 is the first
coefficient in the eigenfunction expansion of the initial datum g¢ with respect to
the L2 orthonormal eigenbasis of the Dirichlet-Laplacian on the unit disk. Finally,
combining and (1.27), we will show in Lemma that for small initial
data,

e~ B2 e
(1.28) lIgoll4 W < WeEoe
for some positive constant y*.

The result of Oddson [40]] relies on a good choice of a barrier function that,
combined with a maximum principle, allows for very precise information on the
decay rate. That choice is, however, only one possible choice of a comparison
function, and it is possible that there are different ones since [40]] gives nearly sharp
decay rate only in a nearly radial regime. If nearly radial, it is possible that in a
viscosity or weak solution framework, one can use comparison principle arguments
to deduce that “no-thin tentacles” form (cf. [30], which is in spirit close to [43],
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but again relies on the presence of the forcing term) and the moving boundary
remains in an annulus of width O(¢). To that end, but in the absence of forcing,
the ideas from [4}|11,/43]] may be very valuable—they would require a construction
of an adaptive family of comparison functions that yield precise decay rates as time
evolves. In forthcoming work, we plan to address the Stefan problem on arbitrary
domains diffeomorphic to the unit ball as well as the case of the two-phase Stefan
problem. In both instances and not unrelated to the above discussion, we shall need
a better, new choice of barrier functions related to the existence of so-called half-
eigenvalues for the extremal Pucci operators in order to get the sharp decay rates.
In particular, our approach is insensitive to the convexity properties of the initial
domain, but it requires sufficient regularity.

Another advantage of the techniques developed in this paper is that it provides a
general and robust framework for addressing the global stability questions for re-
lated free boundary problems in fluid mechanics in the absence of surface tension.

Plan of the Paper

In Section [2} we introduce the bootstrap assumptions and obtain various a pri-
ori estimates that allow us to control low norms of the boundary function /4 as
well as the decaying low-norm Epg, and also establish the equivalence between the
energies and the norms as mentioned earlier in the introduction (Section 2.5)). In
Section[3] we state energy identities and then perform the energy estimates. Finally,
in Section[d] we prove the main theorem. In Section 5, we discuss the modifications
required for the analysis in three space dimensions and for initial height functions
ho # 0. Appendix |A] is devoted to the proof of the energy identities stated in
Section[3] The very short Appendix B provides a simple proof for the upper bound
of dng;.

2 Bootstrap Assumptions and A Priori Bounds

Let us assume that the solution (g, /) to the Stefan problem (1.9) exists on some
time interval [0, T'], T > 0, which is guaranteed by [28]]. With the positive constant
€9 < € K 1 to be specified later, we make the following bootstrap assumptions:

t
sup &E(s) + / PD(s)ds < €2,
0

(2.1a) 0ss<T ; (smallness)
sup Eg(s) + / D(s)ds < EE/g (0),
0<s<T 0
(2.1b) 1) = cre”Fitn/2)t (lower bound)

where the definitions of &, 7, Eg, and D are provided in (L.TT)), (T.12), and (L.13]),
respectively. With B given in (I.16), 8 = 241 — 1, the bootstrap assumption (2.1b))
can be written as y(¢) = cle_(/3 /24+mt  Moreover, n > 01is a fixed small constant,
and it will be shown in the proof of the main theorem, Section .4] that n must be
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chosen smaller than 1/+/C In K for some universal constant C. Note that since
Eg(0) < €2, (2-1d) implies the decay estimate ||q||3 < €e™P?. Recall that the
constant ¢ in the estimate (Z.1b) is defined as [, go(x)@1(x)dx.

We now briefly explain the logic of the proof of global existence that will be
carried out in Section [l If .7 is defined to be the maximal time at which the
solution (g, h) exists and satisfies the bootstrap assumptions, the first objective is
to show that the bootstrap assumptions (2.1a)) and (2.1b)) yield improved smaliness
and lower bound estimates at time .7 . If .7 were finite, by the local-in-time well-
posedness theory and continuity of our norms, we can extend the solution to an
interval .7 4+ T* while preserving the bootstrap assumptions (2.Ta) and (2.1b),
thus arriving at a contradiction to the definition of .7". Hence .7 must be infinite.

It remains to show that for € chosen small enough, the smallness and the lower
bound estimates can indeed be improved. In Corollary we will show that
the assumption (2.1b) is in fact improved, and in Lemma we show that the

assumption on Eg + fOT D in (2.14) is also improved. Finally, in Section we
will prove that the smallness of &+ fot 2 assumed in is also preserved. Thus

the smallness regime introduced through (2.1a)—(2.1b) will be shown to remain
preserved by the dynamics of (1.9) for € > 0 chosen sufficiently small.

2.1 Poincaré-Type Inequality

Because the first eigenfunction ¢; of the Dirichlet-Laplacian is positive in €2
while the remaining eigenfunctions oscillate about 0, it will be necessary to intro-
duce a constant into our estimates that gives a measure of the initial temperature
distribution in the first mode of the dynamics. To this end, we will make use of the
following lemma.

LEMMA 2.1. Fork > 3,let f € Hk(Q)ﬂHO1 (Q), f: Q — R™T, be astrictly pos-
itive function on the interior of Q. Let @1 be the first eigenvector of the Dirichlet-
Laplacian on the unit ball B1(0) = Q. Then there exists a universal constant C*
such that

1£12 < c*( / f(xm(x)dx) 1fls.
Q

PROOF. We have that

/f2 dx < max ASY
Q

xeQ @1(x)
Q

Sfo1dx.

Since —%%(x) > ¢ > Oforall x € T', the higher-order Hardy inequality (lemma 1
in [[18]]) together with the Sobolev embedding theorem shows that

f(x) f
max o100 < C“a . <Clfl3.

which proves the lemma. O
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COROLLARY 2.2. Letqo € H*(Q) N HO1 () with qo > 0 in Q. We consider the
eigenfunction expansion qg = Z;‘;l cj@; of qo with respect to the L? orthonor-
mal basis {¢1, 2, ...} consisting of the Dirichlet-Laplacian eigenfunctions on the
unit disk B1(0) = Q. Then, if |qolla/|lqollo < K, it follows in particular that

@<K, =12 ...
C1

LEMMA 2.3. If the bootstrap assumptions (2.1a) and (2.1b) hold, then
Eé/z(t)e_ﬂt/z ) C12Eg(0)/2e=B1/2
vz X2

wherey=§—n>0.

(2.2) < Jee V2

PROOF. By (2.1b), we have that

Eﬂ(f)l/ze_ﬂt/z - e Bt/2 Eﬂ(O)l/z
1(1)1/2 =~ (/24091 C%/z

< Ce‘W/Z—”qu/HZ4 < CK|qol|}/?e77"/? < C Jee 7"/2,
€1

where we have used the fact that 01/2 z Kll/z ||qo||(1)/2 and ||golla < Kllgollo-

We have also used the bound K ||q0||i/ Z<cC /€ (since €y < €), as well as the
smallness assumption (1.22) so that K||q0||‘1/2 < Keg/F(K)'/? < Ce. Note that
y is explicitly given by y = (% —1n) > 0, and that n < A1/2. O

2.2 A Priori Bounds on &

LEMMA 2.4 (Suboptimal Decay Bound for ;). Under the bootstrap assump-
tions (2.14) and (2.1b)), the following decay bound holds:

2.3) |hila.s S ee7'2,

PROOF. Differentiating equation (I.3)), the Sobolev embedding theorem com-
bined with the fact that 2z > 0 (by the maximum principle) show that

el S Ivlwreo + |Al2|v]2 + |R]1|v]1|A]1
< vlz2 + |hl2|vl2 + |kl1[v]1(Jholt + ¢ sup |A]1),

<s<t
where we have used the fundamental theorem of calculus for the last inequality.
Using the bootstrap assumption (2.Ta)), we see that |v(z)| < e~#?, while thanks to
Lemmaand the fact that /& < €p < e,

Eg

< Y P& B2 < cemrt/2,
VI -

lhl2lv]2 < flhl

o2
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Hence
sup |hel1 S €e P2 e 2(1+ sup |h),

0<s<t o<s<t
and with € > 0 sufficiently small, we see that
(2.4) sup |he|1 See "2 <e.
0o<s<t

Taking more derivatives of (1.5), the Sobolev embedding theorem shows that for
k=23,

hg
h < oo
|hele < |U|k+'l+h ||k+‘1+h' [vlL

2.5)
5|v|k+|h9|1|v|k+‘—l+h' o)1,
k

where we have again used the fact that # > 0. Since

hg

T+,

for some polynomial function P, and since |h[x < |holx + ¢ Supg<s<; /¢ |k, We
see that

S |hlk+1 (1 + P(lhlg-1)).  k =2.3,

he
14+ h
We now use (2.6) and (2.5)) to infer that

@7 el < ol + sup [he]2) + [Rlega|vli(1 4+ P()P( sup |he]2)),

0<s<t 0<s<t

(2.6)

S b1 (X + P@)P( sup |helk—1)).

0<s<t

where we have used |hg|1 < £ supg<s<; |/1¢]2. Interpolating between k = 2 and
k = 3 yields
(2.8) |htl2s S |vl2.s(1 + sup |hel2) + |hl25|v|i (14 P()P( sup |he]2)),

0<s<t 0<s<t

and as above, Lemma provides us with the inequality |h|>.5|v]; < ee V2,
which together with the bootstrap assumption (2.1a) shows that

sup |hilas S e P21+ sup |hylas) +ee 21+ P()P( sup |hy]2)).

O<s<t O<s=<t 0<s<t

and therefore with € > 0 sufficiently small,

(2.9) sup |hylas < €™ P2 4 ee 21+ P(sup [halo)),

0<s<t 0<s<t
where the polynomial P(¢) has been absorbed in some universal constant due to
the exponentially decaying factor e~¥*/2. On the other hand, the inequality (2.7)
with k& = 2 together with the estimate (2.4)) shows that |i]2 < €, so that with

~

(2.9), we conclude the proof. O
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Remark 2.5. Note that the estimate (2.3]) can be stated more precisely by keeping
track of constant ¢; on the right-hand side, in which case

(2.10) lhelas < €2 Jere !/,

The proof follows from the last line of the proof of Lemma since Eg 0)1/2 <
K?c1, due to the bound ||g|l4 < K||go|| < K?c1. Note that /€ on the right-hand
side of (2.2)) can be replaced by ,/c; for the same reason.

LEMMA 2.6 (Smallness of the Height Function). Let ¢y = fQ qow1 dx and sup-
pose that the bootstrap assumptions (2.1a) and [2.1b) hold. For € > 0 taken suffi-
ciently small,

(2.11) sup |h(s)]as < Ve,

o<s<t

while for lower-order norms

(2.12) sup |h(s)la.s Sc1 and  sup |h(s)|s S €2}/,

0<s<t 0<s<t
PROOF. Observe that

s <2 [ ilaslhslas ds < sup |h(s)|25[ lhslas ds

<s<t
< sup |h(5)|2.5/ /2 Jere72,
0<s<t 0

where we have used (2.10) in the last bound. Taking the supremum over the time
interval [0, 7] we deduce

sup |h(s)|as < €2 /e
o<s<t
Using the well-known interpolation estimate (see, for example, [[1]])
_ m—k
2.13) e < IF 7110 0=——F I <k <m,

with k = 3,1 = 2.5, m = 4, and the fact that |ﬁ54h,|% is bounded by &, we
have that

éal/G
|hel3 < he |1/3|h |2/3 < —(t)1/661/3ci/3e_”’/3

1/6 —y*
562/36,1/ e yt’

where y* = 3y + £(§ +3) = —48 + % > 0 (by definition, y =~ — ).
Asa consequence,

|h|§$/ |hl3|hi|s < sup Ih(S)|3/ |hi(s)|3ds < € sup [h(s)]3.

0<s<t 0<s<t
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Upon taking the supremum over the interval [0, ¢], we finally have that

(2.14) sup [h(s)]3 < e

o<s<t

We can now improve the decay result of Lemma 2.4} first for the quantity |h;|>.
Simply using the bound (2.14), exactly as in the proof of Lemma[2.4], we infer the
improved estimate

(2.15) lhelz S vllzs(1 + |h]3) < creP?/2.

As an immediate consequence, we get the smallness bound for supg— <, [(s)|4:

[|84h|2d9 =[ [84h84htd9 ds =f [86h82htd9 ds
0 0
r T T

L - ty pl/2
< [ @Holahilods < | ( 1zcle—ﬂs/2)ds
0 o o)V

t
(2.16) 5/ eJere "% ds S ee.
0

Note that in particular implies the second bound in (2.12).

Next, we establish the a priori smallness of supg;<; |/(s)|4.5. Thanks to (2.16),
we improve the decay bound for |/;|,.5 in an analogous fashion to the improved
decay estimate (2.13)) for |/;|>. We obtain |h;|2.s < cre #*/2. The first bound
in (2.12) now follows from the fundamental theorem of calculus and the previous
bound. A straightforward interpolation argument for fractional Sobolev spaces on
the unit circle I shows

t
2.17) 25 < / Ihlolhe 3 ds.
0

Using the interpolation estimate (2.13), with [ = 2.5, k = 3, and m = 5, we see
that

(2.18) Jhels < Clhel3/S1hel 5.
Using (2.18)) with (2.17) and using the above bound on |4, |, 5 yields

|2 |h| e |32 e | ds < Qb ct3e72B315\ 1115 g
45 S 611ttlz2 5 0 )((s)l/z 1

t
3/10 -5 1/5
Secl/ /e ”S|h,|5/ ds,
0

where we also used the bootstrap assumption (2.1b). One checks that y = -2 4

5
(% +1= %,3 — 72 > 0. We thus have

t a7 a—
2 s < 6013/10/ o—75/2 (e_ys/zlhtlé/s)ds
0
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Holder’s inequality with p = % and ¢ = 10 then shows that

2 . _.3/10 ! —ys/2)10/9 oo ! —5ys|, 12 1o
|hl3s < ecy (e ) ds e |he|5 ds
0 0

snof 1 sy 110 1/5
< ec) ([ e—5”|ht|§ds) < %5¢)77,
0

where the last inequality follows from the definition of y above, the bootstrap as-
sumptions (2.1b) and (2.14), and the estimate

t t
_ 1 >
/ =S5 B ds < C_e—Sys+(ﬂ/4+n/2)s irllf(_aNq(s))|h,|§ds
0 0“1

t

1

< / B3I i g (s)) e |2 ds
0 C1 r

€2

1 t _
< —/ /(—BNq(s))|85h,|2d9 ds <
c1Jo c
I

2.3 Differentiation Rules for A
Since A = [DW]™1, it follows that
9 AF = —akwr A5, JAF = ARG A3

In particular, a simple application of the above identities and the product rule imply
that for any given a,b € N,

(2.192) J99b Ak = — kGt A5 + {500, AF),
(2.19b) (@ or, aAFy = Y a9l (Ak Ayt
1+1'>1

where the term {-,-} is the commutator error. Here the constants a; ;; are some
universal constants, depending only on m, n, [, and I’ (where 0 <[ <m,0 <[’ <
n).

2.4 Estimates for V¥ —Id and A — Id

Under assumption (2.1a), the elliptic estimate (1.7) shows that on the time inter-
val [0, T'],

(2.20) VW —1d||Leo(p,) = CIVY —1d|[1.5 < Clhl2,
and for0 <s <3,
ID*W||s < Clhls+1s.
Estimate (2.20) implies that
A =1d|Loo(By) = [|(Id = VW) A Lo (B)) = ClAllLoo(By) h2:
thus under assumption (2.Tal),
(2.21) A —1d[Loo(By) = Clhl2.



710 M. HADZIC AND S. SHKOLLER

Note that (2.20) and (2.21)) together imply that for 0 < s < 3,
[ DAlls < Clhls+1.5.
Thus, with Lemma [2.6] we have proven the following:

LEMMA 2.7. With the bootstrap assumptions (2.14) and (2.10) and for € > 0 taken
sufficiently small,

VW —Tdfls + [ A —1d]l4 < Ve
2.5 High-Order Derivatives of ¢

Because our energy function &(¢) is formed using only tangential derivatives in
space, the purpose of this section is show that radial derivatives of the tempera-
ture g are also bounded, and thus the full Sobolev norms of the temperature g are
controlled by our energy function, as was explained in the introduction.

We will make use of the heat equation and its time-differentiated variants:

(2.22a) q: — Awq = fo,
(2.22b) qre — Awqr = f1,
(2.22¢) Gree — Awqr = f2,
where Ay = Alj %(Af.‘ %) and where the forcing functions fy, f1, f> are given

by
fo=—V; v,
fi = =(We-v)e + A] @ AFqu ) +0eA] (Af )
Jo ==Y v) + 2Alj (81‘Af'€q}ka N; +23tAlj (A;((]t»k ).j
+20,4] (00 AF gk ).j +07 A7 (AF ok )7 +47 (0745 gk ).
We will repeatedly make use of the following elliptic estimate:

LEMMA 2.8 (Elliptic Regularity with Sobolev-Class Coefficients). Let g denote
the unique HO1 (R2) solution to

—Agyg=F inQ,
qg=0 onodQ.

Suppose that k > 1, F € H*"Y(Q), and A € H*(Q) satisfying Ag‘A{éjSk >
A|E|? for all £ € R? for some A > 0. Then

gl zrx+1) = CIIF =10y + 14155 ) I F 2]
for some power p > 1.

PROOF. We provide the details in the course of the proof of Lemma[2.9] |
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LEMMA 2.9 (Bounding aiq, [ =0,1,2,3, by &(t)). With the bootstrap assump-
tions and [2.1b) holding, and with € > O sufficiently small, there exists a
constant C* such that

Igeeell? + geell3 + llgel3 + lgl2 < C*8.

PROOF.

Step 1. Estimating |/s:¢|0.5. We denote the quantity ||qm||%+||qt¢ ||%—|—||qt ||i—|—
||q||% by 2 (t). Twice time-differentiating (1.9d)), we find that

hg ho he
2.23 her = N — | —— T =2 —— T — ——— Uy - T.
( ) ttt Utt |:1+h:|ztv T |:1+h]tvt T 1—|—hvtt T
By the normal trace theorem (see, for example, equation (6.1) in [18]),
[vee - Nos < ||5Utt||% + [|div Utt”%-
Note that
div Vg = (le\Il v)tt + ((le —diV\p)U)tt
(2.24) k ok\
=(qr+v-WYy) + [(Ai —0; )U ok ]tt =gt + Ve v+ %,
where the remainder & reads
K =2V v + Yy -0y + (AfC - 5f)ttvi,k
+2(4F - Szk)tvi,k + (Af - 55)“@,1«-
From Lemma and , we obtain the estimate || % ||g < €8 + €Z'. Thus,

returning to (2.24) and using that [|gssr + Wi - ]| < & by (LII), we get
div v |3 < & 4 €2 and consequently

(225) |vtt . N|(),5 S E+eX.

As for the last term on the right-hand side of (2.23), we use the tangential trace
theorem (see, for example, equation (6.2) in [[18]]) to infer that

ITERADS ||§Utt||3 + ”Curlvtt“g'

Since curly v = 0 (recall v = —V p o W), we have curl vy, = [(curl — curly)v];;.
By a similar inequality as above, using Lemmas [2.6|and 2.3 we obtain the bound
[ [(curl — curlg)v]s |3 < €& + € 2. Together with (2:23) and v |3 < &, this
leads to

[V - Tlos S &6+ €X'

Together with the smallness of /g and /g, from Lemma 2.6 Lemma [2.3] and the
bound |,/ dh|? < &, we finally infer from (2:23) that

(2.26) |hettlos SE+ e
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Step 2. L? Estimates for d'q. By the triangle inequality and definition (T.TT))
of &(t), we have that for [ = 1,2, 3,

I#fall; = Iota + ofw ol + b}
<80 + o -vlg
ORI HEAT R
SEO +Elhnlys < EW) + €2,

where we used the Sobolev embedding theorem and (2.26).

Step3. H 2 Estimate for q::. We consider @he elliptic equation —Aggq = fo —
g:. We note that Lemma ensures that A¥ A7 £, > 1|£|2 for all £ € R2. Given
that || fo — g+ ||% < &, elliptic estimates show that ||q||% < &. This in turn implies
that || f1 — ¢+ 13 < &, and elliptic estimates then show that [|g¢[|3 < &. Hence,
we have that || f2 — st ||% < & + €4, and once again use elliptic estimates to
conclude that ||qt,||% SE+eZ.

Step 4. H* Estimate for g;. Since || fo — q,||% < &, Lemma shows that
||q||ﬁ < &; thus, || f1 — q,t||% < & + €Z". Another application of Lemma
together with Lemmathen shows that [|g¢[|2 < & + € 2.

Step 5. H® Estimate for g. The elliptic estimates in Steps 3 and 4 made use of
Lemma To obtain the H® estimate for ¢ requires us to improve the elliptic
estimate in Lemma E to be linear in | ,/yW¥|l¢. To this end, we write .7/ k —

J ak ;
Aj AY and rewrite (2.22a) as
(2.27) — (% qn )y =—q + fo— Al Afqu .
Letting 3% act on (2.27), we find that 9%¢ satisfies

~[ 7 (@%9),; 10 = =W v+ a0+ Y, Cop[@ )@ Pg); ]

0<f<a

= 2 Capd (4] AN)FPg;.

0<f<a

where Cyg are constants from the product rule. Multiplying this equation by 5"‘q,

integrating by parts, and using the fact that 3%g = 0 on <2 and that o7 > %, we
find that

1 - _ _
(2.28) S10%qllT = 1971 - v + g0)loll0* g llo

+ > Cap| @)@ P ). o107 o +

0<B=<«a
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+ 2 Capl@ (4] A58,

0<B<a

+ 87147 A9)ag.; |, I19% 1.

|o18%gllo

Let us examine the second term on the right-hand side of (2.28). By Young’s
inequality, for § > 0,

Y Cap @)@ Pg) | o107 llo <
0<B<a
810%12 + Cs Y Cop|dP/ 3P Dy
0<B<a
where Cs = C/§. Since
9o/ ~PDYP(A)+ I*DYP(HBDVY, A)
+ 3DWP(*DW, 0DV, A),

it thus follows that for« = 4 or 5,

&

”

The linear inequality (2.29) shows that our bootstrap assumptions (2.1a) and (2.1b)
imply that the map & +— o7 is linear with respect to these high norms.

We first consider the case that « = 4. From (2.29) wheno = 8 = 4

_ Epe Bt
(2.30) 13/ Dg|2 < 225 & < ee 8,
X

— _ h2
(2.29) 1770 < C 72w — )2 < ¢ Y255
X

The Cauchy-Schwarz inequality, together with the Sobolev embedding theorem,
shows that ||03.«7 dDg ||% has the same bound. Next,

102/0% Dq|§ + 1079° DI < [WIIZlgll3 S ce™P'& s ee™'&.

The first, third, and fourth terms on the right-hand side of (2.28)) are estimated
in a similar fashion, so we do not provide the details. Hence, by choosing § > 0
sufficiently small and employing Young’s inequality, we find that

gl + > 10} S & + €2
a<4

To estimate radial derivatives, we use polar coordinates for the disc (with the
usual basis e, and e ). Expressing the components of the matrix .27 as

AT &fre
o ::[&%Or &yee}’
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we may write
div(e/Vg) = r=' " gr)r + 171 0 q0)r + 17N (041 )6
+ r Y %% p),.
It follows that

_%rrgaqrr = r_l(r%rr)rga% + r_l(dregaQr)r

+r N 09%, ) + 1 e P%9% )

2.31) - 5B ij Fa—
— W vt g) + Y Capl@P @) ]
0<B<a
— Z Caﬂgﬂ(Al!’j Af'c)ga_ﬂq’j'

0<B=<a

Letw ={x € Q: % < |x| < 1}. For « < 3, every term on the right-hand side
has the L?(w)-norm bounded by a constant multiple of &. Hence, it follows that

D l8%15, S 6 +e2

a<3
Allowing 8% to act on (2.31) as many as three times, we conclude that

(2.32) lgl2, < &6 +eZ.

We return to the inequality (2.28) and consider the case that « = 5. Once
again, we focus on the second term on the right-hand side, the first and third terms
being similar (and easier). From (2.30) ||0°.</ Dql|3 < ee7?'&. The Cauchy-
Schwarz inequality, together with the Sobolev embedding theorem, shows that
[0*<70Dq |2 + 10782 Dq |3 + 02/ 33 Dq||3 < ee™'&. Finally, using 2-32),
we conclude ||5JZ{54D(]”% < e||v||‘21 < ee”V1&. We conclude that

gl + > 10l S & +e2.

a<5

Then setting & = 0 and letting > act on (2.31)) shows that indeed

84

or®
2

lqll6w <& +€Z.

By using a smooth cutoff function whose support contains €2 \ w, we easily obtain
the interior estimates and find that ||q||% < & = eZ'. Recalling the definition
of 2 and the estimates from Steps 2, 3, and 4, we finally infer 2" < &, which
concludes the proof of the lemma. U
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LEMMA 2.10 (Bounding Biq, 1 =0,1,2,3,by 2(t)). With the bootstrap assump-
tions and [2.1b), and for € > 0O sufficiently small, there exists a y > 0 such
that

2

(2.33) D o 105qelZ_p + lgliEs S €e™'E + 2.
=0
COROLLARY 2.11. With the bootstrap assumptions (2.1a) and (2.1b) and a suffi-
ciently small € > 0,
01155 + 1hel3 S ee™'6 + 9
with y = /2 — n as defined in Lemma
PROOF OF COROLLARY 2111 We write (1.9b) as
v=Dqg-(Id— A)— Dg.
Using the basic estimate from Lemma[2.7] we see that
1/2 —
Ivlls < (1 + Vollglls + E5 2 P2 1w —efls.

Ivlle < (1 + Vellglly + Eg2e P2 w —e|l5.

so that an application of linear interpolation (see, for example, theorem 7.17 in
Adams [1]]) provides the inequality

lvl3s S (1 + Volqlgs + Egll¥ —elg s
Using Lemmas [2.3]and 2.10] it follows that

Eﬂ(l‘
lvl3s S A+ Volglgs + ———~——
5.5 6.5 X(t)

Eg(t)e P1/2
x(1)

x| —e2s
S+ VollglliEs + &)

<e2eVE+ 9.
Next, using the formula (1.5]), we see that

v]3
h 2 < t h2 2.5 2,

which once again, thanks to Lemmas [2.3]and 2.10] is bounded by a constant mul-
tiple of €2e™ 7' & + 9. O
PrROOF OF LEMMA [2.10L

Step 1. H'! Estimates for aiq. We make use of the identity Vg = v - VW. It
follows that

VC]t = vt-V\IJ—l—v-VlIJt,
Vg = v - VY + 20, - VU + v - VW,
V(]ttt = U¢¢r WA + 3vtl‘ . V\I/t + 3l)t . qult 4+ v- V\Ijtl‘t-
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Employing Holder’s inequality and the Sobolev embedding theorem,

lvell3

|/ xheeld

||VQttt||3 < ”vttt”% |h|% + ||Utt||%|ht|§ +

o1 .
+ T|ﬁhm|o < 9,

where we have used Lemma [2.2] for the last inequality. We have similar estimates
for g¢¢, q¢, and g so that

3
(2.34) Y gl < 2.
=0

Step 2. H?> Estimate for q;;. Just as in the proof of Corollary[2.11} we see that
as a consequence of Lemma[2.9]

2
(2.35) > l9tvlls— S &.

=0
Returning to equation (2.22a)), we estimate —¥; -v — ¢, in H (). By the Sobolev
embedding theorem together with Lemmas [2.4]and 2.3]
(2.36) [Wellwioo < 1Wells < Vee 72,
so that together with 233)), || W, - v||3 < €e?'&. Then, with (2:34),

(2.37) lql3 < ee™?'E+ 2.

Next, we return to (2.22b) and estimate f; — q;; in H'(R2). By Lemma 2.4}
[W; - v |2 < eV &, while ||y - v]|2 < ‘g)e—;mE,g < €e V'&. The estimates
and ([2.37) then show that || f1 — q:/||? < €e™ 7' & + 2 so that
1

g3 S eV + .

A similar estimate then shows that || f — qu% < €e V'E + 2 so that from
(2.22¢),
||Ql‘t||§ SeeVE+ .
Step 3. H?> estimate for g;. From (2.35) and (2.36), we see that ||, - v <
ee V' & + 9, so that with Lemmas [2.7]and we have that

gl < ee™ '+ 2.

This, in turn, ensures that || f1 — gy¢ ||§ <ee V'E + P so that

lgel|?2 < ee™ 6+ 2.
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H > Estimate for g. We first look at the estimate (2.28) with @ = 5. We find
that

1l S 19 vl + lgdlla+ Y |@PaH@Pg), |,
0<B<5
+ Y [9P(4] AF)a* Pq,
0<B<5

(2.38) —_ s
|0 + HB (Ai g A )361,1'

o

For the first term on the right-hand side, we note that with the Sobolev embedding
theorem and Lemma[2.3]
vl

IWe - vlle < IVl
VX

S Ve 2\ Jx Wil + Ivlle). k= 4.5.
Using the estimate (2.29), we see that

Y@ N@ ) |y < Vee UV IW = o)l6 + llglls)-

0<B<5

+ ¥ lisllvlik

The last two terms on the right-hand side of (2.38)) are estimated in the same way
so that

1%g 111 S Vee " 21 xWella + VXY = e)lls + [v]la + llgclla).
Using the formula (2.31), we find that
lglls < Vee 2 xWilla + IVI(¥ = e)ll6 + Ivlla + llgella)
+ gz lla-

The identical procedure with o = 6 then yields

lgllz < Vee 2 /xWells + IVx(® =)l + [vlls + llgels)
+ llg:lls.
Applying linear interpolation between (2.39) and (2.40)), we have that
lglle.s S Vee ' 2(1/x¥ellas + IVI(Y = O)lles + v ]las + llg]la5)
+ gz lla.s
< ee V2812 4 1/2, ]

(2.39)

(2.40)

2.6 Lower Bound on y(¢)

The heat equation for ¢ can be rewritten as
(2.41a) qt — axjq.kj —brq.k =0 in Q,
(2.41b) q=20 onT,
(2.41c¢) q(0,-)=¢go >0 inQ,
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where the coefficient matrix a = (ay;)k,j=1,2, and the vector b = (b1, b3) are
explicitly given by

(2.42) agj = AKA], b= AF Al + AR

We first quote a theorem from [40] that will play an important role in producing
quantitative bounds from below for y(z).

LEMMA 2.12 (Oddson’s Theorem 2 in [40]). Let g € C“2(2) be a supersolution
to 2.41) in the unit disc Q = Bi1(0), and let 0 < a < % be the normalized
ellipticity constant satisfying
ajk€iéx > alar + axn)l€?
for any real vector & = (€1, &2). Moreover, let us introduce the quantities
1
ko(T) .= inf ——, (T):= sup b-x.
() Qx[0,T] ayy + azz AT) QX[OI,)T]

Let J,, denote the Bessel function of the first kind of order . and & its first positive
zero. If we define

B+1 afl
= — — 1, A = —,
2« k()
then there exists a positive constant m satisfying
q(t.x) = mpe™!

in B1(0) x [0, 00|, where p stands for the distance from x to the boundary T' and
o is an arbitrary small time.

Remark 2.13 (Optimal Decay Rate for Solutions of the Heat Equation). If we set
A = Id, then problem (2.41)) turns into the initial boundary value problem for the
linear heat equation. In this case ko = %, o= %, B=0,u= 0—‘1H —1 =0, and
A= 53, where £, stands for the first positive zero of Jo(£). In particular, if g
denotes the associated solution, then the above lemma implies that

Xheat(t) = inf (_atheat(t’x)) > e_f(z)t’
xel

which is the optimal decay rate in the case of the linear heat equation, as the lowest
positive eigenvalue of the Dirichlet-Laplacian on the two-dimensional disk corre-
sponds exactly to

A =&
COROLLARY 2.14 (Lower Bound for x(¢)). Under bootstrap assumptions (2.1a)
and (2.1b)) with € small enough, there exists a universal constant C > 0 such that

1(0) = ¢~ GHAO)N.

where ¢c; = fQ qowy dx is the first coefficient in the eigenfunction expansion of
the initial datum qo with respect to the L? orthonormal basis {@1, @2, ...} of the
eigenvectors of the Dirichlet-Laplacian on B1(0), i.e., go = c1¢1 + cap2 + -+~
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Moreover, X is nonnegative and satisfies the bound X < Ce. In particular, with
€ > 0 sufficiently small so that Ce < n/4, we obtain the improvement of the
bootstrap bound ([2.1b) given by x(t) 2 cre~Gatn/ae,

PROOF. The proof of Oddson’s theorem 2 in [40] (Lemma @]) relies on the
construction of a comparison function of the form v(¢,r) = r™*J, (éor)e_)”,
where A, i, &g are given in the statement of Lemma Jy is a Bessel func-
tion of the first kind, and » = |x| is the radial coordinate. The first property of
v that is important for the proof is that v vanishes at the spatial boundary I" and
approaches it like ¢ (1 — r)e_’” as r — 1. This is a consequence of the fact that
limy 1 Jy(§or)/r*(1 —r) = c for some constant ¢ > 0, a well-known prop-
erty of Bessel functions. The second important property is that v is a subsolution
for (2.41) (and it is constructed with the help of maximal Pucci operators as ex-
plained in detail in [40]).

The goal is to prove that for any arbitrarily small time o > O there exists a
strictly positive constant §(o) > 0 such that ¢ — §v is a positive supersolution to
the parabolic problem (2.41)) on the time interval [o, oo[. The desired lower bound
for g then follows from the weak maximum principle.

Since v is a subsolution, it follows that for any § > 0, g — §v is a supersolution.
The positivity of ¢ — dv at t = o follows from the parabolic Hopf lemma, from
which we infer the existence of a constant (o) such that % > §(o) uniformly over
Q. Note that we have used the fact that v(o, r) behaves like C(1 — r) near the
boundary I" for some positive constant C. Therefore it follows that the constant m
in the statement of Lemma|[2.12]a priori depends on the time o > 0, and moreover,
m is proportional to the lower bound for —d¢q/IN |;=¢ on T.

From the proof of the parabolic Hopf lemma (see, for instance, theorem 3.14
in [21]]), the value —dq /0N |;=¢ is proportional to the minimal value of the tem-
perature g on a space-time region of the form K := Bi—co X5, 37"] divided by o
(which is roughly the distance of K, from the parabolic boundary of Q x [0, 20]).
Note that, unlike the elliptic case, we are forced to take into account the time de-
pendence of the solution; in particular, the region K, cannot be chosen uniformly
for all times but only for times greater or equal to some arbitrarily small ¢ > 0.
However, our solution is continuous all the way to t = 0, and we do nevertheless
obtain a lower bound for all times due to the Taylor sign condition; namely, due to
(LI8),

—dnqo
c1
Note, however, that if we define the dimensionless quantity L. = (—dygqo)/c1 > 0
and assume no universal bound on L from below, the only modification in the state-
ment of the main theorem will be that the smallness condition on initial data
will additionally depend on L.

As to the bound on A, note that the exponent A = A((a;;), (b;)) depends on

the coefficients (a;;);,j=1,2 and (b;);=1,» through the relationship A = a§§ /ko.

—INGo = c12C1.
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Since ko and &y vary continuously as the coefficients are varied, it proves that A
depends continuously on the coefficients a;;, b; of the parabolic operator. On the
other hand, by Remark it follows that A|4;; =5, b;=0 = A1. As a consequence

AO)] = (A1) = M| < C(|4 = d]| oo, [|b] o)
= O(| D*(¥ = e)| oo, [|W: || L) O

3 Energy Identity and the Higher-Order Energy Estimate
3.1 The Energy Identity

Much of our analysis is founded on basic higher-order energy identities for the
classical Stefan problem. These identities provide the geometrical control of the
evolving phase boundary, which in turn controls the decay of the temperature func-
tion; moreover, these identities explain our definition of the higher-order energy
function & and the dissipation function Z.

PROPOSITION 3.1 (Energy Identity). With R = 1+ h and Ry = RJ ™!, suffi-
ciently smooth solutions to the classical Stefan problem satisfy

d
E@@(t) + 2(t)
3
oy " Z( [owanrsiaaine + [+ + [ g,)
’ Jj=0 " Q r

+é(!(«%+%)+rfﬂi?),

where the error terms %, @j, <, % <;, and ¢ are given by (A.14), (A.T5),
(A.23), (A.27), (A.16), and (A.24), respectively.

The proof is provided in Appendix
Remark 3.2. On the right-hand side of (3.1)), we have isolated the error term

3.2) Grtopt = / (—dnqe) R332 8 | dx’
T

from the other boundary integral error terms ¢; and .7/}; indeed, %jopr can only
be thought of as an “error term” on a transient time interval, for after a sufficiently
large time, we will no longer be able to control %pr via energy methods and
instead we have to rely upon a Hopf-type argument to prove that %yopr < 0.

3.2 Energy Estimates

To control some of the highest-order error terms in our energy estimates, we
shall make use of the following technical lemma, whose proof is given in [16]
and [17]]:
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LEMMA 3.3. Let H/2(Q)' denote the dual space of H'Y?(Q). There exists a
positive constant C such that

I9F Iy . < CIF]

1/2
Yy = 2@ for F € H/*(Q).

As a consequence of the energy identity (3.1]), we can establish our fundamental
energy inequality.

PROPOSITION 3.4 (The Energy Estimate). Suppose that the bootstrap assump-
tions and @2.1b) hold with € > 0 and n > 0 sufficiently small. Letting

K = |lqoll4/llgollo,

t
(3.3) sup &(s) +%/ D(s)ds <
0

o<s<t

&(0) + CK? [ te"séa(s)ds+ O(Ve) sup &(s) fort €]0,T].
0

o<s<t

PROOF. Throughout the proof, we will rely on the a priori bounds of Section 2}
in particular, we will often make use of Lemmas [2.3] [2.6] [2.9] and 2.10]

Step 1. The estimate for %opr in (3.2). We claim that

t
(3.4) |%iopt| < CK> / e &(s)ds.
0

" (=0Ngr), 36,12
[OF/—_M (~dwa) N

t
-
0

, we need a decay estimate for the numera-

Note that

t —
‘ / / (—owan) R3] < C
0
T

ING:
—ong

&(s)ds.
LOO

In order to bound the term ‘_%}X/ qq’

tor |dx¢q¢|. The Sobolev embedding theory would yield the bound |0ng:|pee <
llg¢ll24s for § > 0, but by definition of our decay norm Eg, it is only the H?(Q)-
norm of g; for which we have the desired decay. Thus, we arrive at the decay
estimate for g; by using a comparison principle together with Theorem 1 in Odd-
son [40]; indeed, in Appendix B} we prove that

(3.5) NGl < K2cre P2,
It then follows from the bootstrap assumption (2.1D)) that

Cle_{kl+n/2h

ING:(5)
—ONG($) |0 T
which, in turn, establishes (3.4).

< CK?Z?e™,
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Step 2. Estimates for %Z;, %, and %; in (3.I). Our objective will be to show
that

(3.6) 'fot!(%ﬁ@jnfot!gj

t
O(Je) sup &) +8 | P(s) forj =0,...,3.
0

0<s<t

=

We establish (3.6) for the most difficult case, j = 0. The case when j = 1, 2,
or 3 can then be proven in a similar fashion. The proof for j = 0 is divided into
three parts, and we shall begin with the term Z.

Estimates for the Integral [, %o
As derived in (A.9)), the term %, can be written as

5
Ro = p Yy cd AFI g 0% + (ug A AY).s 0009
I=1

=:1>

=2]1
+ {08, Af }q 0% + nATIOW" Af g {0°, 050
3

=:1

=II4

_ ky 96 76,0 _ . 1k¢q6 96,0
(A9) (A7) 0°q0°v" — wA;{0°, 0k }qd v

=:I5 =:Ig

— U Z(clglAfgﬁ_lvfk(gﬁq +3°W - v)
=1

=ZI7

+d13 " w - 3w (30q + 9w - v) — 3°W - v, (3¢ + W - v)).

=:1g =:19y

Estimate of [q I1. For the extremal case [ = 5,

/ 35 AKTq. 30| < 135 A1 3. 141350 o
Q

< IV —Idl6.5019¢.x llo.5119%0" [lo

AN

hl6ligllalld®v’ o

< llglla gl2g1/2 < Ee—yténgm,
x(0)1/2 8
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where we have used Holder’s inequality and the Sobolev embedding theorem, as
well as Young’s inequality together with Lemma [2.3]for the last inequality.

If [ = 4, then Lemmas[2.6/and and Corollary show that

‘ / 9 AK32q .1 30T | < |8 A |0 182G [lzoo 350 [l0 <
Q

hlasllgllas2'? S e(lqlis+ 2) S ece™' &+ D) S eV E + €.

The case when [ = 1, 2, or 3 are estimated in the same way and yield the same
bound.

Estimates of [q I for k = 2,3,4,5. The following estimate holds:

C
‘/]2—{-]3 + 14+ 15| < Eee_yt(f—i-(?.@.
Q

For the integral of I,, an application of an L>°-L2-L? Holder’s inequality together
with Lemmas 2.3] and 2.6]leads to

‘ / L| < [ (rqxAfAF).
Q

| oo 1997 [0 19%0" lo

s gk &2 1/2 ¢ -yt
N ”“AiAr “W1.oo||61||3W@ < Ee €8 +389.

The estimates for terms /3, 14, Is5, and I are established in the same manner. Note
that the commutator {3°, A¥}q.x in I3 is defined in (Z.19b) and has at most five

derivatives acting on ¢.j; moreover, the expression {3°, 9} f = 99y /' — 9;9° f
is of the form ) <|a|<6 9o da f, where the a, are smooth uniformly bounded func-

tions on the setw = {x € Q : % <|x|] <1}.

Estimate fQ I7. We first consider the case where [ = 6 and write

/ PoAky ] (3 + 50 v) = / A 35 + f B A v T .
Q Q Q

J1 J2

Thanks to Lemma we see that J; < ||55A||0,5HDU56(]||0,5. By linear
interpolation and the Sobolev embedding theorem, ||Dvd®q|lo.s < ||v|3llglle +
[vli2.5llglle.s < llvlizliglle.s. It thus follows that

C
N5 hlslsslvlislalies < < IRIIvI3 +8lg1E s
CEEge P!
L —

<8P +eeVE +8(eeVE + D)
Sx()
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for some positive constant y > 0, where we have employed Lemmas [2.3and [2.10]
with Corollary 2.11]
As for the integral of J,, we again use Lemma[3.3]to deduce that

= [0 AF o5 v 099 0] g 5

‘/56/1;0,;; Wy
Q

&
S vl3slY —1d]E s < e_ﬂtEﬂm See V'8,

where y > 0 is given by Lemma[2.3]
Now for the case that / = 5 in the integral of the term /7, it follows that

‘ [T At @+ 7w v
Q
< 35 AF || Lalldv 14 119% + 3w - v]o

< 11848 051130 Nl0.518% + %W - vl

&£1/2 a E;}/ze_’g’/2
< W””Hz.séa /2 < Wtf < JVee V8,

where we used Lemma again and the fact that (by definition of &), ||56q +
oW . ||(2) < &. Here we used the estimate (2.2). The remaining cases/ = 1,2, 3,4
follow analogously and the estimates rely on a systematic use of Lemmas [2.3] [2.6]

and [2.10]and Corollary 2.T1]

Estimate of fQ Ig. For the case that / = 1 or 2, we have that
[3 0 TG + W) < 13wl ol 17 + 3% vl
Q

1/2 —vi
- 7 EL/2,~Bt/201/2 < %é" + 389,

AP ORE

while for the case that / = 3, 4, 5, or 6,

< 9% wllLeo |8 v]l0][3%g + 9w - v]lo

‘/56_lw -5lv(§6q + %W - v)
Q
<€,

where we used the Sobolev embedding H 146 < 1,0 and Lemma
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Estimate of [¢, I9. We see that

‘/56‘11~vt(5661 + W - v)| < 3°Wlollve[l2o1l(3% + 3°W - v)lo
Q

51/2 1/2 —Bt/2 p1/2 —yt/2
< <
NX([)I/ZEﬂ e & Nﬁe &,

with the decay rate y > 0 given in Lemma[2.3]

Estimate of [, %
In the same manner, we find that | |, f@ﬂ SeeVE+59.

Estimate of the Boundary Integral f| r
Recalling (I8), 7 = AN = /R? + RZn, we begin with the formula (A-10)

Go = —0nqd®W - 7O - 7,

K,

. 8Nq%[R56h(—RJ + 25: T HI g - (he — hgT))]

a=0

K>

+ 3Nq%[(—RJ + i eI FRTO O, - (ht — heT))z]

a=0

K3
6 f— [— —
+ ) a(—ong)W - 70 (v —w) - 3.
=1

K4

Estimate of [o, K1. Note that

‘ / ON QIO - TIOW i, | < 19wl ee Virl oo [0
T

& <ee V&,

& e Pt
S |ONgel|hel2 <0 < Eg <0

where we used the trace theorem and Lemma[2.3]

Estimates of fQ K> and fQ K3. These two integrals are lower order and thanks to
Lemmas and are bounded by ee 7§ + §9. Note that [J| = 1 + O(e)
remains close to 1 due to the a priori smallness bounds from Lemma [2.6]
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Estimate of fQ K 4. The estimate of fQ K4 requires some explanation, as it has the
largest derivative count in ¢%. In Appendix [A] we derive the identity

5
(3.7) 907 =Ry — Ry + Y _ ¢ °hd % - (hE — hg).

a=0

where we recall that 7 is the unit tangent defined by (I.3) and Ry = RJ ~1. Sub-
stitution of (3.7) in the integral [p. (—dnq)3°W - 710~ (v — w) - 3'7 then yields

’/(—aNq)ﬁﬁxp 790w —w) - o'
T

S

/ ()3 (v —w) - 37
(3.8) r

+ ‘/(—aNq)O(55h) 7007w —w) -9
T

+ ‘ / (—nq)ROhI® (v —w) - 07
r

The first and the second integrals on the right-hand side of (3.8) are easily esti-
mated using Holder’s inequality and the Sobolev embedding theorem, while the
third integral requires some care due to the presence of 0°h. If [ = 1 or [ = 2,
then

' / (—dnq)R®Hh® (v —w) - 37
T

< |V=9nqd®h| | v/ =INGR]| o 18*v]1 + [3*h|1)] | oo

< &2 qlly* ee7 262 + 912 e < 2 P8 Eg)e™ E + 82,

where we have used Corollary 2.11] Lemma [2.6] and then Young’s inequality
for the last estimate. The case that [ = 3, 4, or 5 follows similarly from Lem-
mas and The case [ = 6 appears problematic because of the term
97 - 7, which, modulo coefficients, is essentially 97h, one derivative more than
appears in &. The integral is, however, easily estimated thanks to the presence of
an exact derivative, formed from the integrand 9’/ 3°h.

We set J, = /R? + hg and write the unit tangent to I'(z) as t = Jh_l(Rr +
hgN). A simple computation shows that

ng = Jh_z(R2 + 2h5 4+ Rhgo)t.
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Sincev —w = t- (v —w) ton T, we see that 3% - (v —w) = t- (v —w) 3% - t.
We then write

35 -(v—w) =g h + g,

where g1 = t-(v— w)Jh_zR, and where g, is a lower-order term in v — w and has
at most six tangential derivatives on 4. We then write

/(—aNq)REGh(v —w)- 0%
T
- / (—dnq)Rg13hTh + / (—nq)RI®hgs
r T
1 [ 267,12 76
=~ | Aw R0 + [ (~dnq) R hga.
T T

Arguing in a similar fashion as for the case that [ = 1 or 2, we see that

' / (—dNq)RICh(v — w) - 3%71| < Jee VIE.
I

Step 3. Estimates for ./}, 5;,-, and J7; in (3.1I). We next prove that

(wWI!%+ZH£!%

O(/e) sup &(s) + 6 t@(s), j =1,2,3.
0

o<s<t

=

We will analyze the case that j = 1, as the estimates for the case that j = 2 or
3 follow in the same manner. We begin with the definition of .} given in (A.23)
as

Sri= Y cqpud®? AF7T0; g 0% + 8]

0<a+b<6
a<5,b<l1

5
@A) = dp T (g, + W, - v)
I=1

5
— Z cl,uglAf-‘gs_lvfk (5561: + 37, - v),
=1
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where S7 is a lower-order term given by
S| = (quAfAlr‘),s PWrty + {558,, Af?}q,kgsvi + {55Alt"i }q,kgsvi

+ pATP W] ARG {07, 930" — (nAF) .k 9°q,9° v

+ 1 ARD38] (0%, v + AR5, 010,900
Most of the estimates are completely standard and we focus on the more problem-
atic terms, characterized by the highest number of derivatives applied to two out
of the three terms in our cubic integrands. To illustrate, in the first term on the
right-hand side of (A.23)) we analyze the cases (b = 0,a = 1) and (b = 0,a = 5).

If (b = 0,a = 1), then we first integrate by parts and an L>°-L2-L? Holder’s
inequality to find that

' [ 345 00,5 | = ‘ [PATg T + [ GakT0ug 0%
Q Q Q
< 945 1100 |33020.4 |, 13507 + 1350 110)

< |h3.50ge (190" | + [8°v]l0) < €2,
where Lemmas 2.3|and have been used. If (b = 0,a = 5), then

‘/ 55Af8,q’k§5vi
Q

A

< |hlsllgell2119°v]lo

1/2 ce V!t
S OE Eg(1)!/2e=P1/291/2 < ——€+89,
X

where we used Lemmas[2.3] 2.6] and[2.9] The remaining estimates in the expres-
sions (A.23)) and (A.26) for ., and .#] follow in an identical manner. As to the
boundary integral of .77, we state the formula for the integrand derived in (A.24))
as

4
S = 20§yq0°hi Ry Y 0°h, 076 7
=0
(A.29) . ¢
+ > a4 (-Ing)P W 70y - 707 (v — w) - 0.
I=1

We consider the boundary integral of the first term on the right-hand side. We
begin with the interpolation bound

1/4
12, 1/2 2
(3.10) |htla < |hel3" " |hels' ™ < \/E)((l‘)l/4’
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where we have used (2.18)) to bound |83/, | and the definition of 2 given in (T.12).
If @ = 4 in the first term of the right-hand side of (A.24)), then

1
2

/aNqﬁsh,Rﬁ“h,ﬁg 1
T

/ dngd(T*h, 2Ry Tt - i
r

< ' 3(anqdE - 7)[3*h, P
/

1/2

3/2 _—ytopl/2
X(z)1/256 e "9y

< 3272t | 32g,

< llgllae

where we have once again used Lemma [2.3]in the second inequality, the estimate
(3.10), and Young’s inequality. If a € {0, 1, 2, 3}, then

‘/aNqﬁsh,Rjﬁah,ﬁs—“g-ﬁ
T

< |ONG|Lo0|0°helo| Ry |Loo[0%he]0]0° & - Fi| oo

1/2

x()1/?
where we used Lemmas and and the same idea as above. The estimates

for the second term on the right-hand side of (A.24)) follow in an analogous vein,
relying crucially on Lemmas[2.6|and [2.3] This finishes the proof of (3.9).

Step 4. The proof of the lemma is a direct consequence of the bounds (3.4),

(3.6), and (3.9). O

€ < 312, vt p1/2 < 3220t | 32

< llglls

4 Existence for All Time ¢ > 0 and Nonlinear Stability

4.1 Structure of the Proof

The basic goal in our strategy for global-in-time existence and decay of the
temperature function is to prove that on any time interval on which the bootstrap
assumptions (2.Ta) and (2.1D)) are valid, we have that

t
sup &(s) —i—/ 2(s)ds < Cx&(0),
0<s<t 0

where Cx > 0 is some explicit constant depending on K. Upon choosing the
initial data (qg, ho) sufficiently small, we can obtain an improvement of the first
bootstrap bound in (2.1a)). In Section[d.2]we show the improvement of the bootstrap
assumption on Eg in (2.1a), and in Corollary [2.14 we have already shown the
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improvement of the bootstrap assumption (2.1b). By a continuity argument this
leads to a global existence result.

In order to implement the above strategy, we start with the basic energy inequal-
ity given by (3.3). Note, however, the presence of an exponentially growing term
CK? fé e & (s)ds on the right-hand side of (3.3). That term appears by treat-
ing the terms fr(—aNq,)R3|56_2j d/h|>do, j = 0,1,2,3, as error terms. By
applying a straightforward Gronwall-type argument, this will be enough to guar-
antee that solutions to the classical Stefan problem exist on a sufficiently long
time interval [0, Tx], where the time Tx may be larger than the time of existence
guaranteed by our local well-posedness theorem in [28]]. As we explained in the
introduction, by a sufficiently long time interval, we mean a time Tx after which
the dynamics of the Stefan problem are, in fact, dominated by the projection
of the solution onto the first eigenfunction ¢; of the Dirichlet-Laplacian.

To prove global existence we need, however, more refined estimates that will
show that the [ (—8Nq,)R§ |96—2/ 7 h|? dO are in fact sign definite for ¢ > Tk,
leading to the elimination of the exponentially-in-time growing bounds. First, in
Section we prove strict positivity of the term dxyg; at time Tg. Finally, in
Section we use a comparison principle to show that dyg; remains positive
after time Tg. This allows us, in turn, to prove the uniform-in-time energy bound
and extend the solution for all time ¢ > 0.

4.2 Boundedness of Eg

The following lemma shows that under the bootstrap assumptions, the bound on
Eg + f(; D(s)ds from (2.1b) is improved.

LEMMA 4.1. There exists a constant C and € > 0 sufficiently small such that if the
bootstrap assumptions (2.1a) and (2.1b) hold with such € and C, then

; ~
C
E,g(t) —|—/ D(s)ds < EEﬂ(O).
0
PROOF. We set

x(@) = g3 + lar @13 + llge: Il
and recall that
D(t) = g3 + llge I3 + llgee 1.
Step 1. Energy Inequality for ¢;;. From equation (2.22c]), we see that
1d

gl + 19wan = [ foau
Q

where the forcing term f is defined just below equation (2.22). We next show that
the right-hand side can be bounded by e D. We first focus on the term (W, - v);; in
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the forcing function f;. Using the product rule we obtain

/(‘I’t'v)ttq” :/‘I’m'UQtt+/2‘Ptt'thtt+/‘I’t'UttQtt-
Q

Q Q Q

T o A
For the integral <7}, we see that

'/ Wetr - Vq1e
Q

where we used the bound (2.26)) to estimate |/1;1¢]0.5 by & 1/2 The estimate |o7| <
€D follows analogously to the estimate for term 271, and the bound on 273 follows
from

< [Werellollvliee |geello S |heeelos Ivli2 lgeello < €D,

|3 < |WellLee viellollgiello < 1Well2 < €D,

where we have used Lemma[2.6to infer that || U, ||, < €. All of the remaining terms
in the forcing function f> can be estimated by a straightforward application of the
Sobolev embedding theorem together with Lemma 2.6 (to guarantee the smallness
of various Sobolev norms applied to the coefficient matrix (Af.c )k.i=1,2)- Thus, in
summary,

1d
2dt
Step 2. Elliptic Estimates. We next prove that the quantities x and y are respec-

tively controlled by || g+ ||g and | Vg, ||(2) Using the elliptic regularity estimate of
Lemmal|2.§] the elliptic equations (2.22)), and Lemma[2.6] it follows that

(4.1) ||‘Itt||(2) + ||V\I/‘Itt||(2) < CeD.

4.2) lgzll2 < llgeello + Il f1llo.
and
(4.3) llglla < lgell2 + 1 foll2 < llgeello + Nl f1llo + I foll2-

A straightforward application of the Sobolev embedding theorem together with
Lemmal[2.6implies that

(4.4) 1A11G + 1 foll3 < ex(@).
Hence, with @.2)-#.4),
x(@) < llgeello + ex(2),
so that for € > 0 taken sufficiently small,
x(1) < llgee (5.
Since | /113 + || foll3 < €D(7), the same argument provides
(4.5) D < Nlgul? £ 1Vaeelly < IVegelly,

the last inequality following from the uniform lower bound of the matrix AA".
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Step 3. Poincaré Inequality. The following bound holds:

(4.6) (A1 = 0S5 = 1Ve I3,
where Vg = A"V and f € HJ(Q). To see (.6), note that the inequalities (2:21)
and (2.14) show that
4 —Id|Le <€,
from which it follows that Ag‘A{Skéj > (1 — O(e))|€|? for all £ € R2. The

Poincaré inequality A|| f[|3 < [V f||2 for all ¢ € HJ}(Q) then concludes the
proof.

Step 4. The Differential Inequality and Decay. From (4.1)) and (4.3)) we obtain

that

1d

EEH(]n”(Z) +(1— 0(6))||V\1161tt||(2) <0.

Using the Poincaré inequality (4.6), it follows that

D 1gul + @11~ 0@)lgul} <0.
From this differential inequality, we immediately infer the bound
10 @O11F < g2 (0) =170,
From the elliptic estimate in Step 2, it finally follows that
x(t) < C||qtt(0)||%e—(2k1—0(e))t < C/Eﬁ (O)e_(%]_o(e))t.

Since Eg(t) = x(1)ePt and B = 211 — n < 241 — O(e) for € sufficiently
small, it is now clear that we can choose C so that on the time interval of va-
lidity of bootstrap assumptions (2.1a) and (2.1b) we actually have the improved

bound Eg(t) < %e“g’. O

4.3 Pointwise Positivity of d y¢; at Time Tx = C In K

LEMMA 4.2. Assume that the solution (q,h) to the Stefan problem (1.9) exists
on a given time interval [0, T). Let the bootstrap assumptions (2.1a) and (2.1b))
hold on that time interval with € > 0 sufficiently small, and assume the smallness
assumption (I.22) for the initial data. There exists a universal constant C such
that if T > Tk := C In K, then
—41(Tg.x) > Cere™ 81 (x). x € Bi(0).

where @1 is the first eigenfunction of the Dirichlet-Laplacian on 2 and ¢1 =
fQ qop1 dx. As a consequence,

inf dnqg:(Tg,x) > 0.
xel’
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PROOF.

Step 1. Hardy-Type Estimate. As a consequence of the higher-order Hardy in-
equality (see lemma 1 in [[18]) and the Sobolev embedding theorem, for any f €
H?23(B1(0)) N Hy (B1(0)),

f(x)
P1(x)
where ¢ is the first eigenfunction of the Dirichlet-Laplacian on the unit ball.

Step 2. The Duhamel Formula. Let

o0
qgo = Z CiPj
j=1

be the eigenvector decomposition of the initial datum go with respect to the L2
orthonormal basis {¢1, ¢z, . .. } associated with the Dirichlet-Laplacian on the unit
disk B1(0). Writing the time-differentiated Stefan problem as a perturbation of the
linear heat equation, we see that in €2, g, satisfies

(4.8) qit — Aqr = N(q, h),

where

“4.7) sup
x€B1(0)

< C| fl2.25,

N(g,h) == (aij — 8ij)qr.ij + biqri + aijeq.ij +bitq.i
+ A{Citq,k w' + A?q,k wh,
and the coefficients a;;, b; are defined in (2.42). Note that at time r = 0, ¢;(0) =

Aqo + Vqo - wo; moreover, since Ap; = —A;¢; and e’ is a linear semigroup,
the Duhamel principle implies that the solution ¢, to (4.8 can be written as

4.9)

00 t
—qr = cidie Mo+ Y cihje Mg — "2 (Vyo - wo)—[ e“IEN(q. h).
J=2 =Y

=:Z
=:X

We first prove that X(¢) > 0 for times ¢t = C In K, where C denotes a universal

constant. We shall then show that at time t = C In K, |Y(¢)| + |Z(¢)] is bounded
by a small fraction of X(¢).

Step 3. Estimate of X. We begin by writing X as
X(t.x) = c1dre M1 (x)

(4.10) Y A 3 05 (X)
A 1t JM (A=At ) )
T e141€ (P1(x)<j§ c1/\1e QDI(X))

Our goal is to prove that the term
R I )
(4.11) o= ch_fe(ll—kj)t‘p](x)

= c1A @1(x)
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is small. By Corollary [2.2]

Ci
“4.12) u < K forall integers j > 2.

1
Furthermore, using the normalization ||¢;|lo = 1 and the eigenvalue problem,
Agp; = —Ajg;j, elliptic regularity shows that ||¢[2 < A; and that |¢|[s < )LJZ.;

hence, linear interpolation provides us with the inequality

(4.13) lpjllz.as < Aj%°.
Using @.12)) and @.13)), together with the bound (.7)), we see that

0
o] < CK Y Az25 M4t
j=2

Since A1 < Ay < A3 < ---, there exists a constant ¢*, uniform in j > 2, such that
A1/A; < (1 —2c*). This implies that

(A1 —Aj) < —2c¢*A; forintegers j > 2.

In particular, for r > ChhKk,

1225 |

CKA2250=¢"Ajt < CK)225g=Cc*; — o _TJ -
j J KCec*i—1 2

for C chosen sufficiently large but independent of K. (Recall that K > 1 since
K > 2ol > 14 3, > 6) Hence, from ( and the previous inequality it

= llgollo
follows that

1
< _ —cAt<_ —Cc*Aj < —
|G|—2J§ zg 2

Plugging this into (4.10), we obtain for any x € B;(0)
1 —
(4.14) X(t,x) > zclxle—“(pl(x) >0, t>ClnK.

Step 4. Estimates of Y and Z. The term Y satisfies the estimate

1Y (£, %)L < [le" (Vgo - wo)ll2 < e[| Vgo - woll2
< e M |gollsllwollz < ecre™ 1,

where we used the Sobolev embedding theorem together with the bound ||go||3 <
K¢y, which follows from ||go|l4/||g0llo < K. Thus |Y (¢, x)| < %|X(t,x)| with €
sufficiently small.
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Next, to estimate Z, which vanishes at the boundary, we have that
e2UIN(q, h)(s)

izl [
o1() 5/0 o1()

t
< /0 1626 N (g, 1) (5) 2.2 ds

ds

t t 1/2
< / ||N(q,h)<s>||2.zsdssﬁ( [ ||N(q,h)(s)||g25ds) |
0 0

In the above chain of inequalities, we have used the bound for the second
inequality and the fact that ||e’® || gs s < 1.
We shall conclude our estimate by showing that

t
4.15) f IN(q. 1) ()13 25 ds < e} /%€,
0

We recall that
N(g,h) = (aij — 8ij)qu,ij
———
=ZZl

©.9) . .
+biqr,i + aij1q.ij +biq.i +A§,q,k w' + Af‘q,k wy,

=IZZ
and note that Z; is the highest-order term with respect to the number of derivatives

applied to ¢. Writing Z; = (a — Id) D?q,, where Id denotes the identity matrix,
we see that

t t
2 2 2 2 2 2
f 1Z112 55 ds < lla =113 51 D21 Bns S sup 1 — 1d]2 55 / 1412 5.
0 0

0<s<t

From the sharp estimate (2:12)), we infer that supy; <, la — 1d||3 55 < c¢?; fur-

thermore, for the term ||g¢[|4.25 we apply the interpolation estimate ||g¢[|3 55 <
1/5 9/5 _ 1/5 _ 9/5

lae 3> lg: 153 < e P 0g )32,

Using Lemma [2.10] we then infer that
t t

2 11/5 —Bt/10 9/5 11/5 9/5

[ 17005 ds 5 el [Ce P 0q 52 5 o} e

the last inequality following from Holder’s inequality and the fact that fé lgell? s <
€2 by Lemma|[2.10]and the bootstrap assumption (Z.Ta).

We apply analogous estimates to the term Z to finally deduce (4.15)). By (4.13)
and the above chain of estimates, it follows that

|Z| < «/26111/1069/10'
@1(x)
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Hence, at time T = C In K

|Z(Tv X)l 5 51/2 In K]/ZCIC}/10€9/10¢1 (.X)

e/ / /2,9/
0 ~1/2 1/2 _9/10
SCIF(K)l/ZOC In K'/%¢

€
< P —
= F(K)l/zo

Note that we have used the estimate ¢, /10 < eé/ 19/ F(K)'/20 (which follows from

llgoll < £(0)'/2 and the smallness assumption (1.22)) as well as €9 < €, which
is going to hold by our choice of €p. Observe that the very last inequality follows
from (4.14). The next-to-last bound is equivalent to

€ A1
F(K)20 = 4G1/21n K1/2KCh1”
which then follows from the choice of the function F(K) in Remark
The second inequality above follows from the estimate ¢; < ||gol| < &(0)Y/2 <
e/ F(K)Y2.
Step 5. Finishing the Proof. From the above estimates on X, Y, and Z it finally
follows that for any x € B;(0), T = C InK,

—q:(T.x) = |X(T. x)[ = |Y(T. x)| — |Z(z. x)|

@1(x)

_ 1 1
CY21n Kl/z(pl(x) < chkle_A‘Tcpl(x) < EX(t,x).

> X(T, x) — %X(T,x) - %X(T,x) = %X(t,x)

> c*ere T gy (x).
Finally, since dy¢1 > ¢ for some ¢ > 0 uniformly over I" and since ¢; > 0 in €,
it follows infyer dnq¢ (T, x) > 0. O
4.4 Proof of Theorem 1.2

Step 1. The Gronwall Argument. By Proposition [3.4] with € sufficiently small,
we conclude that

T
(4.16)  sup @@(t)—l—/ 2(t)dt <
0

0<t<T
T
26"(0)+CK2/ e"&@)de, tel0, 7],
0

where .7 is the maximal interval of existence on which the bootstrap assump-
tions and (2.1b) hold (with € sufficiently small). Our goal is to prove that
on [0, .7] the quantity &(¢) is bounded from above by 2& (O)echZ’ . We shall
accomplish that by bounding &(¢) from above by the function g(¢) : Rt — R,
which is defined as the solution of the differential equation

g'(1) = CK?e"g(t), g(0) =2£(0).
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Solving this differential equation, we obtain

g() = 26(0)e H €D = 2(0) 1R A KNCK
— 2£(O)€(l+0(n))CK2t < 26@(0)62CKZI’

where the convergence of the sum > ¢, nk —14k / k! is guaranteed for times ¢ <
1//n. Applying the integral Gronwall inequality to the difference &(r) — g(t), it
follows from (4.16)) and the previous inequality that

E@1) < g(1) < 26(0)2CK

for any ¢ < 7. Our goal is to prove that 7 > C In K. Using (#.16) once again,
we obtain the same smallness bound on fé 2(s)ds to finally conclude that

t
4.17) sup &(s) + / D(s)ds < 26(0)e>CK’1
0

0<s<t

Fort <CInK, and the smallness assumption (1.22) on &(0) implies that

sup &(s) + /l 2(s)ds <
0

€
0<s<t 2 .

Moreover, by Lemma.1|and since the bootstrap assumptions (2.1a)) and (2.1b)) are
valid on [0, 7], it follows that

t
Eﬂ(l) +[) D(s)ds < %Eﬂ(()).

Thus, by the continuity of & + Eg and the maximality of .7, we conclude that
min{.7,C In K} = C In K = Tk since the bootstrap assumptions are still satisfied
at time ¢+ = C In K (the argument is true as long as 1 above is chosen in such a
way that 1/./7 > C In K). By the local well-posedness theorem from [28] and
the continuity of & and Eg in time, we actually have the strict inequality .7 > Tk
as we can extend the solution locally in time. We will argue by contradiction that
T = 00. Assume .J < o0.

Step 2. Preserving the Positivity of dyq;. We next show that dyg; > 0 on
the time interval [Tk, 7 [. This will be done with the help of Lemma and the
maximum principle. We start by constructing a suitable comparison function,

(4.18) P(t,r) = k167341 (01 (r) — k2 (1 — F2),
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with positive constants k1, k2 to be specified later. A straightforward calculation
shows that

(0 —ajj0;j —b;i0;) P

3| ] 3 )
= AL _ > .
(4.19) ke [ 211% 2162 Tr(a) + 2/\1/{2(1 r?)

—(ajj —8ij)p1 —b- (Vo1 + 2/<2X)]-

Observe that both ¢ and (1 — r?) vanish for r = 1, the trace of the matrix a is
very close to 2, i.e., @11 + a2 = 2 + O(¢) and the coefficients b; are very small,
i.e., |b| = O(e). Note that the first and the second term in the parentheses on the
right-hand side of are negative, while the fourth and the fifth terms are small
of order €. If r = |x| is close to 1, then the second term dominates the third term,
and if r is away from the boundary » = 1, then one can choose x> > 0 so that the
first term dominates the third term. It follows easily that there exists a k2 > 0 and
some constant Cy such that

(4.20) (0 —aij0ij —b;i0;) P < —ClKle_%Mt.
It then follows from (4.20) and (2.42) that
(4.21) (0; —a;j0ij — bid;)(—q: — P) >
. - _3
— (0:aijq.ij +9:biqi + 3zAf§q,k w' + A¥q . w;) + Cikie sht

Note, however, that the term in parentheses on the right-hand side above is a qua-
dratic nonlinearity and as such decays at least as fast as e 2B,

|9:aijq.ij +0ebigi + 0:AS g w' + AF g w) |} o
< 0:aijq.ij l1+s + 10:biqill1+s5 + HatAﬁ-q’k wi”1+5
+ [ 4¥ . w§”1+8
<CEg (0)1/2€€_Zﬂt < Cycree 2P,
Now, using and the above bound, we note that by choosing the constant

K1 := %cle, we have that

(4.22)

(0 —aij0ij —b;i0;)(—q: — P) > Czclee_%)“t — Czclee_zﬂt > 0,

since 28 = 241 —n > %Al. The previous bound implies that —g; — P is a
supersolution for the operator d; — a;;d;; — b;d;. Moreover, by the construction
of P, we have —q; — P = 0 on I’ = dB1(0). Furthermore, at time Tx = Chnk,
we have by Lemma.2]and (4.18)), that

M T 3T

(—q: — P)|T:51nK > Ccye 01(x) — Ccree 217 p1(x)
3

+ Ccle/cze_MlT(l — r2) >0
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for € sufficiently small. Thus, by Lemma [2.12] there exists a constant 77 > 0 such

that

—(A1=0@)t

—qr— P >m(l —r)e t > Tk,

or in other words

—q: > m(l — r)e_()“_o(e))t 4+ Ccre(l — r)e_%)“’ (('fl—(r) —Kko(1 + r))
—r

=(1- r)e_(xl_o(é))’ (m + Cclee(_%’h’_o(e))’ (—('fl_(rr) — k(1 + r))),

which readily gives the positivity of dyg; on the time interval [Tg, .7 [ since
<p11T(rr) — k2(1 + r) > 0 by our choice of x; above. We conclude that the positivity
of —g; attime Tx = C In K is a property preserved by our bootstrap regime, and
moreover we get a quantitative lower bound on d ¢, on the time interval [Tk, 7.

Step 3. Conclusion. Thus for any ¢ € [Tk, .7 |, the energy identity takes the
form

t 1 3 t _ .
éa(l‘)—i—/ @(t)+52/ /athR_Z]‘a6_2]a{h‘2dx
Tk =0 TKF

:éa(TK)+i/Tt /{%+5€~}+24:/Tt f{ﬁ?wii}
i=1"1K¢& i=0"" K&

where we formally define . = Fs =% = 0. In particular, by the energy esti-
mates stated in (3.6 and (3.9) the right-hand side of the above identity is bounded
by
t
E(Tg) + O(Ve) sup &(s) + (O(e) + 5)/ 2(s)ds.
Tk<s<t Tk
Note here the absence of the exponentially growing term in the above bound
as opposed to their presence in Proposition [3.4] This is due to the fact that terms
f}K Jr ONG: R?, |§6—2/ d/h|*dx, j = 0,1,2,3, are positive and no longer treated
as error terms. By absorbing the small multiples of

t
sup &(s) and [ D(s)ds
T <s<t Tk
into the left-hand side and using the positivity of dg; from Step 2, we obtain
t
(4.23) sup  &(s) + f D(s)ds < 28(Tx) < 8£(0)e2CK*Tk
Tk

Tx<s<t
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by (.17). Finally, we choose € in the statement of Theorem so that eg < €2)/2.
Bound and the condition £(0) < €3/ F(K) (with F(K) given as in (T.23))
imply
t €2
sup &(s) + / D(s)ds < —.

Tk <s<t Tk 2
Together with Lemma [.T]and Corollary [2.14] we infer that the bootstrap assump-
tions (2.Ta)) and (2.1Db) are improved. Since & is continuous in time, we can extend
the solution by the local well-posedness theory to an interval [0, .7 + T *] for some
small positive time 7'*. This, however, contradicts the maximality of .7 and hence
7 = oo. This concludes the proof of the main theorem.

5 The d-Dimensional Case on General Near-Spherical Domains

In this section we briefly sketch the setup of the problem in general dimensions
and explain how to adapt the arguments from the two-dimensional case to the three-
dimensional case. Let Q(r) C R¢ be an open, simply connected subset of R¥,
d > 2. The moving boundary I"(¢) = 09(¢) is parametrized as a graph over the
unit sphere sd-1,

L) ={x:x=R@.OF = (1 +h(t.§)5 § €S}

Initially Rg(§) is assumed to be close to 1, i.e., Ro(§) — 1 = ho(§) = O(e).
We shall assume that Q¢ is diffeomorphic to B1(0), where ® : Q — Qg is the
diffeomorphism mapping of the unit ball onto the initial domain. Moreover, let 7
denote the family of diffeomorphisms from the initial domain £2¢ to the moving do-
main Q(t) satisfying the harmonic equation AU = 0 and the boundary condition
() =T'(1).

We shall pull back the Stefan problem onto the unit ball B1(0) via the map
W : B1(0) — €2(¢) given as a composition of U and ©:

U =Uod.

Upon defining ¢, v, w, and A just as in Section|[I] the Stefan problem (I.1I) takes
exactly the same form as (1.9). Abusing the notation, the normal velocity ¥ (I'(¢))
is now given by

R:R

JRHIVRE,,

Here [VR |é 41 stands for the squared norm of the Riemannian gradient of R(z,-)

(@) =

on the unit sphere S9=1 which is a coordinate invariant expression.
The gauge equation for W transforms into

A1V =0, WS =T@),

due to the assumption AW = 0 and the definition of W. This easily implies the
optimal trace bound ||W| gs(@) S |W|gs—0.5(2) due to the the smoothness of ®
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and the closeness assumption ||D® — Id|| gs < €, with s sufficiently large. When
d = 3, the Sobolev embedding theorem requires us to raise the degree of spatial
regularity in the definition our energy spaces by one derivative.

The second key observation is that the lower bound for the quantity y(¢) is
obtained in the same way as in the case where d = 2, from Lemma We
denote by v; the first eigenvalue of the operator —A g1, which is the pullback of
the negative Laplacian from the initial domain ¢ to B;(0). By Lemma we
obtain that

x(0) = cre™,

where |A —vi| < O(|Jh — ho|w2.00 + |ht|Loo) = O(€). Since | DP —Id||gs < €
for s sufficiently large, we have |v; — A;| < €, where we recall that A; stands for
the first eigenvalue of the Dirichlet-Laplacian. Together, the two previous estimates
imply the analogous conclusion of Corollary namely

1) 2 016_’11_110)[, X1 = 0(e).

Let 0 denote the tangential component of 3’ restricted to S2. To each multi-
index @ = (ap,a2,a3) we associate the tangential operator 3% = 9%19%29%3,
With d = 3, we define

&3p (1) = &3p(q. h)(1)

=5 X IWFE
2|a|+2b§6 *

1 —
+5 > |(—8Nq)1/2R18“8};h‘i%

|&|+2b<7
1 . .
DI [ G A A Y
la|+2b<7

+ Y =250
la|+2b<6

1
t5 2 [a=m (05000 + 9507w -v) |72
|@|+2b<7

and

P3p(t) = P3p(q, h)(1)
=2 H“l/zg&a?””ing > \(—3NQ)1/2RJ5&3};ht}i§
|@|+2b<7 |@|+2b<6
+ 0y Hul/z(ﬁ&a?q,+§5‘a§’\pt-v)ﬂi%+
ld|+2b<6



742 M. HADZIC AND S. SHKOLLER

2
+ D0 la=w 07|
la|+2b<7
2
+ Y (=P (9507qr + 0507 W - v)| 2.
|| +2b<6
The lemmas of Section [2| carry through analogously, as do the energy estimates

of Section [3] By the continuity argument of Section [ we arrive at the three-
dimensional version of our main theorem:

THEOREM 5 1 (The Three-Dimensional Case). Let (qo, ho) satisfy the Taylor sign
condition , the strict positivity assumption , and the corresponding
compatlblllty condmons Let ||golla/llgollo < K Then there exists an €y =
€0(K) > 0 and §g > 0 such that if &(qo,ho) < 63, then there exists a unique
global solution to problem (1.9)) satisfying

sup &p(q(t),h(t)) < C8}

0<t<o0
for some universal constant C > 0, and ”q”12LI5(Bl(0)) < Ce Pt where p =
211 — Ceg and A1 is the smallest eigenvalue of the Dirichlet-Laplacian on the unit
ball B(0,1) C R3. The moving boundary T'(t) settles asymptotically to some
nearby steady surface T, and we have the uniform-in-time estimate

sup |k — hols.s S +/So.

0<t<oo

Appendix A Proof of Proposition [3.1]

To prove the energy identity of Proposition [3.1} we start by applying the differ-
ential operator of the form 92/ 8{ to the equation (I.9b). For j = 0,1,2,3 we
multiply it then by 96-2/ 8{ and integrate by parts. Additionally, if j = 1,2,3 we
apply the operator 37~2/ 9/ to (T9H), multiply by 7~2/3/ ' v’, and again inte-
grate by parts.

Based on these two cases we distinguish between the two different types of
identities.

A.1 Identities of the First Type
Recall that i : @ — R is a C® cutoff function with the property

1 3
ux)=0 if|x|§§, nx)y=1 if—§|x|§l.

Applying the tangential differential operator 113 to the equation (T.9B), multiply-
ing it by 0%v’, and integrating over €2, we obtain

5
(n0®0" + nd®Af g p + nAF08q . 3%07) 0 =D e (nd' AF g . 3907 1
I=1
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where ¢; = (§). Recalling (Z:19), we write

06 4k _ s6.\yr 4k a6 4k

36 Ak = —ASTOWT, AF 4 (56, AK),

96 4k . . .
.wher.e {0°, AT} denotes the lower-order commutator defined in (2.19b). With this
identity, we obtain

(13 Af 4 k. 56”i)L2(Q)

= _(:U“A1§56\Ij,rs’4]r€q,kv§6Ui)L2(Q) + (1{8°. A8} a4, 9°0') 1 g

- _/q’kAfgé‘I’rAlfgéviNs +/MA?56\1/’A’§q,k FR +/<71
Q

r Q
Al = —/q,kAfﬁﬁqﬂA’;ﬁ%st _f,,LAggtiq;rvrg%fs _|_/gl’
r Q Q

where we have integrated by parts with respect to x* for the second equality and
used the identity v = —Alrc q k for the last equality; the error term .77 is given by

T = (g, AFAT).s IOWLBOV + u{d°, AF}q g, 801
+ nASOW Ak g (3, 9530
Furthermore, integration by parts with respect to xk yields
(/LAf-‘56q’k, 56vi)L2 = //LAf-‘8k56q§6vi + ///LAZ-C{56, YT
Q Q
(A2) = —/;LA5~‘56q56vfk — /(,uAf),k 3%¢3%’
Q Q
+ [ nAs @ 03075
Q
where we have used 8% = 0 on T, and where {d°, 35} denotes the lower-order
commutator. Summing (A.T)) and (A.2), we find that
(/’L56A5'€q,k + /;LAi-chq’k, 561)1')L2(Q)

B _/q’kA;ng‘I’rA%G”iNS B / uAF 3V (0% + 0°F - v)
r Q
+ /(91 — (nAF) e 300" + p AR, 05 }qdv').
Q

(A.3)
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The first two terms on the right-hand side of (A.3)) will be the source of positive
definite quadratic contributions to the energy. To extract the quadratic coercive

contribution from the first integral on the right-hand side of (A.3)), note that ¢, =
N*3ng on T, and also recall from (T.8)) the normal vector 7 = ATN. Thus

— / qrASIOW ARGOYI NS = / (—anq)®W 7" 3% it

(A.4) r

- /(—3Nq)56\11-ﬁ56v .

Using the boundary condition ( , we reexpress 0°v - 77 as
%y -7 =03 -7+ 0%°v—w)-i

6
=% -7+ 3%((v—w) - 7) — Za156_l(v —w)- o'

6
= 90w, -7 — Za156_l(v —w) U
I=1

Due to the above identity and (A.4), we obtain that
/(—8Nq)56\11~ﬁ56v 7

=/(—8Nq)56111-h“56\11t-ﬁ
6
—Zal/( dng)IOW - 7% l(v w) - Flt
(A.5) /( aNq)——|aﬁxp i|? dx’ +/8Nq5611'-ﬁ56\11-h“,
6

—Zal/( dng)I®W - 70% l(v w) - .

=1
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Recall that 7 = J™Y(RN — Rgt) = J Y (N 4+ hN — hgt). Thus, using
W(t, &) = N + h(t,£) N, we obtain via the Leibniz rule

W .77 = [0°N + 3°(hN)]- [(1 + h)N — hgt]J !

5
- (—R + R®h+ Y cad®h3* N - (hN — hgr))J_l
a=0

5
= (=Ry + Ry0h + " ¢]9“h3 N - (hN — hy1)).

a=0
where we have used the relations 32N = —N and N - 7 = 0 and also denoted
c({ = ¢, J ! (recall Ry = RJ ™). From here we obtain
1d - -
——(|86\Il . n|2)
1d
R2|3%h
2dz( 719°hT7)
5
A.6 d - —_ _
(4.6) +—[(—R,+2RJa6h+chaahaﬁ—“N-(hN—her))
dt =

x (_ Ry + 25: ¢J9hd* 4N - (hN — hgt))].
a=0

Thus, going back to (A.3), we obtain
26y . a6y, w14 213672
(—Onq)I°W - 7%, -7l = 37 (—Onq)RF|0°h]
r

T
45 [ onack3 e + [ %,
T

where the error term .7 is given by
d 5
_ (_ “ a6 Jaapqa6—a s . _
P = ( aNq)dt[( Ry +2R;9 h+a§=0ca8 K3*=4N - (hN hgr))

x (_R, + i cJHIIN - (hN —hgt))].
a=0
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As to the second term on the right-hand side of (A.3)), note that

6
Af-c56vfk = 56(Af-€vfk) — chglAf-‘56_lvfk
=1

6
= —56(% +v-w)— chglAfﬁG_lvfk,
=1

where Af?vik = —divyg v = —(¢; + v - w) by the parabolic equation (1.9a). Thus

—/uAf‘g%fk(g‘Sq + 0w . v)
Q

= /M56(Qt + ¥, - v)(56q + %W . V)
Q

_+_

M-

Ccy / /LglAf-‘56_lvfk(56q + %W - v)
1 q

(A7) / (8%g + 9°W - v)?
Q

l\)l'—‘

(Zd186 Ly, . 3hy 56\1:.v,)(56q+56\1/.v)
=1

mb\

+ ;LglAfgts_lvfk(g‘Sq + %W - v).
I=1 &

Combining (A.3)—(A.7) we obtain

/,u|86v|2dx+—d—/( aNq)R3|36h|2dx
Q

1d 6 6 2

- v.

+ t/u(3q+3 U) dx
Q

(A.8)

:_EE/( aNq))Zc FRION 7| dx’

—1—/%04—/%0
Q

r
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with the error terms % and % given by

5
Ko = | chglAf56_lq’k§6vi + (nq e ASA¥), 30w 90
=1

+ ufd®, AR g 3% + pASOWT AR (3°, 9,3

(A.9)

— (nAF) .k 9°q3°v" — pAF(D°, B }q°V

6 —_— —_— . —_— —_— —_— — —
— i Z (clalAfa‘s_lvfk +d;3° w9y — 30w - v,)(36q +0°W . v)
=1
and
Go = —dnqd°W -7°W - 7i,
d "6 2 J a1, qa6—a
+ (—aNq)E[R,a h(—RJ +;ca 3h354N - (hN —hgt))]

(A.10)

d - Jqap 96—a 2
- aNC]E[(—RJ +a§ca BhIN - (N — o) |
6 —_ —_— i
+ ) a(—ang)0®V -7 (v — w) - 3.
=1
Let now @ = (a1,02) be an arbitrary multi-index of order 6. Applying the
operator (1 — p)3* to (1.9b) and multiplying by 0*v’, we obtain

(1= a0’ + (1= )" A g +(1 = ) AF i . 9%07) o) =
— Z cg((1— )b aAka*=Py,, v 5.

0<f<a

In the same way as above we arrive at the following energy identity:

(A.11) /(1—,L)|a“v|2dx+%%/(1—M)(a“q,+a“\p-v)2dx =/<@odx,
Q Q Q
where
Fo=(1—-p) Y cpoP Af0* g 0™
0<B<a
+ (1= 10 ((gAS A% 370970 + (3%, AF} g x0%07)
(A.12)

—(1-p) Z (cﬂaﬂAf-‘B“_’gvfk —i—d,ga"‘_ﬂw 9By — %W - vy)
0<B=<a

x (0%q + 0%V - v),
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Summing the identities (A.8) and (A.TT)), with j = 0 we arrive at
—c_ . . 2
/,436 oot Y /(1 10)[8%97v|?
Q |Ol| 6— 2] Q

(—dng)R% |32 9/ |?

+
| =

1(@28]q + 3 9] w-v)?

+
| =

(A.13)

S ¥
{0\ '1\

> =@ g+ 0] v v)?

+

N | —
Y

T

Il

T

(%]

~.

Q

/( 3th)RJ|36_2j3{h|2+[(%J + %j) +/%-
Q T

By imitating the same calculation as above we obtain the remaining error terms.
With j = 1,2, 3 the formulas for %;, %Z;, and ¢; in (A.13) read

Bi= Y ndapd* 0 4TI q 00 o]
0<a+b<6—j
+ (nqu ASAF) s 92 0] W o2 oy
AT W AR 352 900y
+ {85V 0] AR} 00 00!

A.19 — (AS)a T2 0] g3 o] v’ — AT 930/ 07 o'
—p Y (dapdH T AR b
0<a-+b<6—j

+ dapd@ 30, - 92990y — 2 g w )

X (56_2j S{q +9°7% 8{\11 . v),

G = —dnqd° W .70 3w - 77,
+ BNq8,[86_2/ 3/ hRy (—R, + Z d)399] hgs2i—aN . ﬁ)]

e + di[( Z a} 3o na N i) ]

+ Z dap(—0N )05 3] W . 7067217491~ (v — w) - %07,
0<a+b<6—j
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and
@j =(1—p) Z cﬂaﬂAfFa"“ﬂq,ka"‘vi + (1 —M)%
0<B<a
—(=p) D (cpdP AF* Pl
(A.16) O<p=a

+ (1= wdpd*Pw-3bv — %W - v,)
x (0% + %W - v).

A.2 Identities of the Second Type

Applying 3°9; to (T.9b) and computing the L?(2)-product with 1£3°v?, we ob-
tain

(0] + w0 Af g + pAFD g ger. B0') 2 =

naab 1kq5—aql—b 5.0
E cab(ﬂaaazAia 40, 90 Ul)Lzs
O0<a+b<6
a<5,b<1

where c,p are constants appearing due to the usage of the Leibniz product rule
above. Recalling (2.19)), we write

a5 4k a5 k a5 k
P A, = —ATV AT + {9°0;, A7},
where {9°9,, A} stands for the lower-order commutator defined in (Z-19). With
this identity, we obtain
(MgsAiz‘l,k’ 55vi)L2(sz)

= —(MAfgsqj,rstAlr{‘I,k’55vi)L2(Q) + (“{558“ Af'c}qk’gsvi)LZ(Q)

(417 = —/q,kAﬁSqf{A’:?Svas + /,uAfgs\II{Alr‘q,k RN +/02/1
r Q Q
- / qrASPYT ARG VINS — / (AP WV + / %,
r Q Q
where we have integrated by parts with respect to x* in the second equality and
have also used the identity v = —A’r‘ q k to write the last line more concisely. The

error term %/ is given by
U = (g A} AF).s 309
+ 1{8%8r, ARV g 1, 0" + AT ARG, 190, 500"



750 M. HADZIC AND S. SHKOLLER

Furthermore, integrating by parts with respect to xk yields

(/LAf-‘gSa,q,k, 551)")L2

= /MAfFa@SatqﬁSv" +//,LA§‘{§5,ak}q,55v"

Q Q
(A.18) o o
=~ [ AT B0, — [t T
Q Q
+ / ARTS 4, 55 dp v’ + / AR (T 01q, T
Q Q

where we have used 8°¢; = 0 on I'. Summing and (A.18), we obtain
(19> AF, gk + AT G s, 30') 2

= — / qrASP W ARG VI NS — / nAF Y (g, + W, - v)
r Q

(A.19) o . .
+ [ (2= (@A) P + pal T . 00

Q
+ pAf (D, I }qi0°v").

The first two terms on the right-hand side of (A.19) will be the source of positive
definite quadratic contributions to the energy. To extract the quadratic coercive
contribution from the first integral on the right-hand side of (A.19), note that ¢, =
Nk3ng on T. Thus
— / qrASP W ARG VINS = /(—aNqﬁSqf;ﬁ’ESuiﬁf
r r

= [(—aNq)ES\yt S0V -7
r
As in Section [A.T| where the identities lead up to (A.6), we obtain

4
— _ — — — 2
(—ONQT W, -0 T = [Fh PR + | el 0 FN -

a=0

4
(A.20) +20°h,Ry Y _c]9*h 0N -7

a=0

4
+ Y @ (-oNg) PV -y -0 (v —w) - A,
=1
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where caJ = ¢, J ! and ¢, are some universal constants. As to the second term on

the right-hand side of (A.19)), note that

5
Af-‘gsvfk =9 (Af-‘vfk) - Z clglAf-‘55_lvfk
=1

5
= —55(% +v-w)— chglA{-‘gs_lvfk,
=1

where Af.‘vik = —divyg v = —(¢; + v - w) by the parabolic equation (1.9a). Thus

— / /LAZ-C55vfk(§5qt + 3°W, - v)
Q
= [Mgs(Qz + W) (g + 0, - v)
Q
+ ZC]
=1 g
= /M(gs% + W, - v)?
Q

,uﬁlAfgs_lvfk(gsqt + 37U, -v)

—

~

(A21)

ﬂgs_lqjt . 5IU(55ql‘ + 55\1‘1‘ . v)

Mo

+ d;

~
Il

1

+ Cy

M

O B

,uglAf-cgs_lvfk(gsqt + 3°W, - v).
1

Combining (A.19)—(A.21)) we obtain

1

1d _ _ ~
3 ulasvlza’x—i—/(—BNq)lBS\Dt-nlzdx/
Q r
+/M(§5qt + 070, - v)2dx
Q

(A.22)
’2

4
- /aNq‘Z ¢J 90> % -7t
a=0

T
—i—/Yl-i-/%
Q T
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with the error terms .%; and .7} given by

= D dappd R AR g5 0
0<a+b<6—j
a<7-2j,b<j
+ (g rASAR) 8772 9] w72 9]y
+ M{57—2ja] , Af}q,k,57_2j3{_lvi
+ AT 0] U AR g {077 030 T

(A.23) R A o
— (nAF) 0772 8] q9" 2 8] v + nAF M 9] q{d"  ox 3o o'
+ AT 9,007 g7 8 o — (37 H g + 972 8] W - v)
x> dap(nddbw, 37y
0§a+b<6_j — . i—1—b k=aab_ i
+ pd’ AT T A8 07V )
and
G =20nqd 2[Ry Y ¢l 3%00hdTH YN 7
O<a+b<7—j
(A.24) + (—oNg) ¥ w7
XY dpd 2T T (v - w) - 9990,

0<a+b<6—j

Note that the first line of (A.24) appears as an expanded difference between two
positive definite expressions (—dx¢)|d7~2/ 3/ W-7i|? and (—dnq)|d7~2/ 3/ h|2. We
do this just as we did after (A.3)) using the formula i=J YN +hN —hgt) and
the parametrization W(z, &) = (1 + h(t,€))N.

Let now o = (&y,a2) be an arbitrary multi-index of order 5. Applying the
operator (1 — 1£)d%d; to (T.9b) and multiplying by d*v’, we obtain

(1= 0! + (1 = A, g +(1 — ARG 4 9%7) 1 ) =
S el - P A g, 0,

0<|Bl+b<5
B=a:b<l

In the same way as above we arrive at the energy identity

(A.25) ——/(1 ,u)|8°‘v|2dx+/(l—u)(8°‘qt—i—aa\llt )2 dx _fyl dx,
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where

S= Y cpp(l—w)dPolako Po}bg 0%

0<|Bl+b<5
B=a:b<l

+ (1= ) ((qa AL AX). 5 0207 970" + {979, AF)g 1 8%0")
(A.26) L
—(1—p) Z cﬂua“—ﬁ\pt . alv(aaqt + 0%y, - v)
0<B<a
—(1—p) Z cluaﬂAfg‘x_ﬂvfk(g‘xq, + 0%, - v).

B=<a

For a general j € {1, 2,3} we have

Fr= Y dgp(1— WP b ARO[ k"' + (1 — W%
0<|Bl+b<7-2j
B=<a:b=<j
(= Y dagppd’ a7
0<|B|+b<|a|
(A.27) . 8“_‘38{_1_[’1)(5“8{4] +999] W - v)

—(=p) Y dgpud*?
0<|B|+b<|a]

. Bf_l_bAf‘gﬁ B?Ufk (5“3{6] + 0%/ w- v).

Summing the identities (A.22)) and (A.23)) we arrive at

%%{/MW—%M% > /(1—;@\30‘3{1}\2}
'Q

Q loe|=7—-2j

+ /(—aNq)R3\57—2fa{hyz +/u(57_2j8',/q + 9779w v)?

(A.28) : e
+ > A= w@%dq + %0 - v)?
le|=7-2j g
=/(5”,- +5%~)+/%j~, j=1,23.
Q r

Summing the identities (A.13) for j = 0,1,2,3 and (A.28) for j = 1,2,3, we
conclude the proof of Proposition[3.1]
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Appendix B  Proof of the Inequality (3.5)

We use the comparison function P defined in (4.18]) with the same k, and .
Note that k1 = Cxecg is defined as a multiple of ¢; for some constant Cx > 0.
Using (.20) and upon possibly enlarging C, we infer (0; —a;; —b;)(—g; + P) <
0. Theorem 1 from [40] guarantees

(B.1) —qr+P < Coclpe(_MJrce)t,

where p(r) = 1 — r stands for the distance function to the boundary I". Note that
the constant « in the definition (4.18) is chosen right after (4.22). It is in particu-
lar proportional to Eg (0)1/2 < ||go|l4. By definition of K we have that ||gol4 <

K||gollo. Since however ||gollo < Kc1, we obtain P/p < CK2cje 3411/2_ Sim-
ilarly, the constant Cyp is proportional to the L°°-norm of the initial datum for
—qr + P, wherefrom we again obtain Co < K 2¢q by the same argument as above.
Dividing by p in (B.I), from the above inequality we infer that

[ONGtloo < Cchle(_Al‘f‘Ce)t‘

This proves the inequality (3.5).
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