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Abstract

The motion of an elastic solid inside an incompressible viscous fluid is ubig-
uitous in nature. Mathematically, such motion is described by a PDE system that
couples the parabolic and hyperbolic phases, the latter inducing a loss of regularity
which has left the basic question of existence open until now.

In this paper, we prove the existence and uniqueness of such motions (locally
in time), when the elastic solid is the linear Kirchhoff elastic material. The solution
is found using a topological fixed-point theorem that requires the analysis of a lin-
ear problem consisting of the coupling between the time-dependent Navier-Stokes
equations set in Lagrangian variables and the linear equations of elastodynamics,
for which we prove the existence of a unique weak solution. We then establish
the regularity of the weak solution; this regularity is obtained in function spaces
that scale in a hyperbolic fashion in both the fluid and solid phases. Our func-
tional framework is optimal, and provides the a priori estimates necessary for us
to employ our fixed-point procedure.

1. Introduction

We are concerned with establishing the existence (and uniqueness) of solutions
for the equations of motion of linearly elastic solids moving and interacting with an
incompressible viscous fluid, with the natural conditions of continuity of the veloc-
ity fields and normal components of the stress tensors along the moving interface
between the two materials.

The analysis of interacting fluid-structure problems has been the subject of
active research since the late nineties. As of now, only the question of the possible
motion of a solid inside a viscous flow, in which the solid is either rigid or consists of
a finite number of modes, has been settled. In [12], existence and uniqueness (locally
in time) of smooth solutions has been obtained using a Lagrangian framework, for
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the rigid body case, provided that the rigid disk is sufficiently heavy. In [6], for the
same problem, but with an arbitrary number of rigid solid bodies, existence of at
least one weak solution has been established in an Eulerian formulation by a global
variational approach; their result holds for all time in two space dimensions as long
as no collisions occur between solids or with the boundary, and is local in time for
the three-dimensional case. In [7], by generalizing the methods of [6], the case of
an elastic body following the linear Kirchhoff law, with the important restrictions
of allowing only a finite number of modes, and a relaxation of the continuity of
the normal stress along the boundary of the solids, has been considered. The above
list of references for contributions to this area is by no means exhaustive; see for
instance [4, 10, 13]. Note also that the related problem of the free fall of a rigid
body in a Stokes flow in the full space has been considered in [17], for the stationary
case, and in [14] for the stationary as well as the time-dependent case.

More recently, the interaction of a viscous incompressible flow with an elastic
plate (without the restriction of a finite number of modes), whose constitutive law
comprises a parabolic hyperviscosity term in the plate, has been studied in [2].
We remark that this additional hyperviscosity term is of crucial importance in that
study. (Note also that two-dimensional plate models that approximate thin three-
dimensional structures usually contain fourth-order operators arising from bending
stresses, whereas models of elastic solids have only second-order operators; as
such, plate models can provide better a priori control for the motion of the material
interface.)

In the steady-state situation in which both phases are governed by elliptic oper-
ators, [11] has obtained an existence result (for the case where the solid follows
the nonlinear Saint Venant-Kirchhoff law) by the use of a fixed-point method that
iterates between fluid and solid phases. This approach is indeed natural for the
steady-state problem since the analysis can make use of elliptic-regularity theory.
For the dynamic problem, however, such an iteration procedure appears to fail
because of a consequent loss of regularity induced by either a fluid-solid-fluid iter-
ation or a solid-fluid-solid iteration. This loss of regularity is due to the fact that
hyperbolic and parabolic systems do not have the same regularity requirements and
properties, which is in fact the heart of the difficulty in the coupling of the two
phases.

Whereas the coupling between the Navier-Stokes equations and the linear
Kirchhoff law is perhaps the most fundamental problem to consider in regards
to the motion and interaction of an elastic body in a viscous incompressible fluid,
none of the methods that have been developed to date can handle this system,
mostly because of the differences between parabolic and hyperbolic regularity, i.e.,
in both the requirements on the function spaces for the prescribed data, as well as
the functional framework of the solution space.

We now come to the formulation of the problem. The motion of the fluid is
described by the time-dependent incompressible Navier-Stokes equations, while
the deformation of the solid body is governed by the linear Kirchhoff equations.
The two models are coupled along the moving material interface by imposing
the continuity of the normal component of the stress tensors as well as the par-
ticle displacement fields. From the point-of-view of mathematical analysis, the
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Navier-Stokes equations are traditionally studied in the Eulerian (or spatial) descrip-
tion, while the elastic body is studied in the Lagrangian (or material) frame. Because
the material interface is fixed in the Lagrangian representation, we shall study this
problem entirely in material coordinates. This Lagrangian framework also has the
advantage of keeping the hyperbolic problem (where the loss of regularity occurs)
linear, which is of paramount importance here. Note, however, that a semi-linear
elastic system, as for some plate or shell models (see for instance [3]), can be handled
without any difficulty by our methodology. The question of existence for the case
of a quasilinear elasticity law can also be obtained (and shall be addressed in later
work), requiring a smoother functional framework leading to more compatibility
conditions at the origin.

Let us now set the equations. Let  C R? denote an open, bounded, connected
and smooth domain with smooth boundary 02 which represents the fluid container
in which both the solid and fluid move. Let Q5 (r) C Q denote the closure of an open
and bounded subset representing the solid body at each instant of time ¢ € [0, T']
with @ (1) = Q /€25(t) denoting the fluid domain at each ¢ € [0, T']. Note that in
our analysis Q°(¢) is not necessarily connected, which allows us to handle the case
of several elastic bodies moving in the fluid.

Remark 1. If a function u is defined on all of 2, we will define u/ = u lﬁf and
0
u' =u 155' This allows us to indicate from which phase the traces on

') := Q/(0) N 25(0)

of various discontinuous terms arise, and also to specify functions that are associ-
ated with the fluid and solid phases.

For each t € (0, T], we wish to find the location of these domains inside €2,
the divergence-free velocity field u/ (, -) of the fluid, the fluid pressure function
p(t,) on Qf (1), the fluid Lagrangian volume-preserving configuration nf, ).
Q) = Q({ — Q/ (1), and the elastic Lagrangian configuration field n®(t, -) :
Q%(0) = ) — Q°(¢) such that

Q=19 un’ ), (1a)
where

0 (@, x) = ul (0,07 (1,0)), (1b)
and u/ solves the Navier-Stokes equations in QS (1):

wl + @V =divT! + £y, (1c)
divu/ =0, (1d)

with

T/ =v Defu/ — p1. (le)
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The function 1°® solves the elasticity equations on £2°(0):
it =divT® + fs, (1)
with
TS = A Trace(Vy' — DI +up (Vo' + V'l —=21), (1g)

and where the equations are coupled together by the continuity of the normal com-
ponent of stress along the material interface I'(f) := Q¥(¢) N /(¢) expressed in
the Lagrangian representation on

o :=T1(0)
as
T° N =117 on/11(Va/)™" N1, (1h)
and the continuity of particle displacement fields along 'y
' =0 (1i)
together with the initial conditions
u(0,x) = up(x), ap
n0,x) =x, (1k)

and the Dirichlet (no-slip) condition on the boundary €2 of the container
ul =0, (11)

where v > 0 is the kinematic viscosity of the fluid, A > 0 and ;= > 0 denote the
Lamé constants of the elastic material, N is the outward unit normal to I'g and Def u
is twice the rate of deformation tensor of u, given in coordinates by ut, j +ul ;. All
Latin indices run through 1, 2, 3, the Einstein summation convention is employed,
and indices after commas denote partial derivatives.

We now briefly outline the proof. As the solid and fluid phases are naturally
expressed in the Lagrangian and Eulerian framework, respectively, we begin by
transforming the fluid phase into Lagrangian coordinates, leading us to the system
of equations (4) of Section 3. This system of partial differential equations is both
parabolic (in the fluid) and hyperbolic (in the solid) in character; hence, one of the
fundamental difficulties that must be overcome is an appropriate functional frame-
work accommodating both features. Sections 4 and 6 are devoted to the setting of
our functional framework, which appears to be of hyperbolic type in both solid
and fluid phases, and is necessitated by the estimate of the elastic energy. This
hyperbolic scaling in turn requires the initial data to possess more regularity, and
thus produces more compatibility conditions in the fluid phase than if a parabolic
scaling were used (as seen in the statement of the existence theorem in Section
5). Whereas the choice of working in Eulerian or Lagrangian variables may seem
arbitrary, at the level of the functional framework, it appears that the problem truly
requires this hyperbolic functional framework for both phases, regardless of the
choice of spatial or material coordinates.
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In order to solve (4), we use a fixed-point approach, where we solve the linear
system (20) for the Lagrangian velocity w, the coefficients a; (n) coming from the
flow map n of a given velocity v. The study of the regularity of the solutions to
this problem, which constitutes the main part of this paper, is given in Sections 9
and 10. It appears that the regularity theory for (20) cannot be obtained directly
by solving the problem with the actual coefficients ai] (7). In Section 8 we explain
the smoothing process for the problem: we introduce smoothed velocity fields v,
which provide us with smoothed coefficients aif (7,,) (which we denote generically
by v and a). We also present two versions of what we term the Lagrange multiplier
lemma (which associates a pressure function with the weak solution) that will be
of basic use throughout this paper.

We study in Section 9 the existence of weak solutions w to (20) (with regu-
larized coefficients), as the limit of penalized problems. Whereas these penalized
problems are not necessary merely to obtain existence of weak solutions, they are of
paramount importance in getting the appropriate regularity results for w; and wy,,
the primary reason being that the pressure associated with (20) with the Dirichlet
boundary condition cannot be obtained simply from the variational form of the
problem, and requires the study of the time-differentiated problem in order to get
more information on W, (which would need to be in L2(0, T; H 1 (2; R3)) for the
Lagrange multiplier lemma). Unfortunately, this time-differentiated problem con-
tains p o 7 in its formulation, which leads to a circular argument, and thus explains
the need for the penalized problem. We then obtain the regularity for the problem
by the energy inequality for w;; and some difference-quotient inequalities for 1w,
and w carried out in Lagrangian variables in a neighborhood of the interface I'g.
This, in turn, provides us with an estimate for the frace of w and w; on I'g, which
after a return to the Eulerian variables for the fluid phase, immediately provides
the regularity in the fluid domain. The regularity in the solid phase is then obtained
in a straightforward manner from elliptic regularity and the already-obtained trace
estimate. We note that the estimates proved at this stage blow up as the regularized
coefficients tend to the true coefficients, i.e., as the regularization parameter tends
to zero.

For this reason, in Section 10, we obtain a different set of estimates (founded
upon interpolation inequalities) for the solutions of the regularized problems, and
conclude that the norms of the regularized solutions are actually uniformly bounded
in the appropriate spaces, which thus provides, by weak convergence, a solution to
(20) with the appropriate a priori estimates.

Finally, we conclude the proof of the existence theorem in Sections 11 and
12 by means of the Tychonoff fixed-point theorem. Although it might be possible
to employ the Schauder theorem instead, it appears that the strong convergence
requirements of the Schauder theorem are not very convenient to write and are, in
particular, unnecessary for the use of the Tychonoff theorem.

Uniqueness is proved in Section 13 with further regularity requirements on the
data.
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2. Notational simplification

Although a fluid with a Neumann (free-slip) boundary condition indeed obeys
the constitutive law (1e), it turns out that the notation is substantially simplified (par-
ticularly in Section 9 wherein we analyze the twice differentiated-in-time problem
in Lagrangian coordinates) if we replace (le) with

T/ =vvu/ — pl; )

this amounts to replacing the energy [, s Def ul : Def v by [ of Vul : Vv, which
0 0

is an equivalent form when u/ = 0 on 92 due to the well-known Korn inequality.
Henceforth, we shall take (2) as the fluid constitutive law.

3. Lagrangian formulation of the problem

In regards to the forcing functions, we shall use the convention of denoting both
the fluid forcing f and the solid forcing f; by the same letter f. Since f has to
be defined in €2 (because of the composition with 1), and f; must be defined in Qf),
we will assume that the forcing f is defined over the entire domain 2.

Let

a(x) = [Vn! (017!, A3)

where (V! (x))ij = 9(n/)"/dx7 (x) denotes the matrix of partial derivatives of

n/. Clearly, the matrix a depends on 7 and we shall sometimes use the notation
aj. (n) to denote the formula (3).

Let v = u o np denote the Lagrangian or material velocity field, ¢ = p o n is the
Lagrangian pressure function (in the fluid), and F = f/ o 5/ is the fluid forcing
function in the material frame. Then, as long as no collisions occur between the
solids (if there are initially more than one) or between a solid and €2, the system
(1) can be reformulated as

Ny =v in (O, T) X Q, (48)
vl — v(aljalkvi,k),j +@fq) e = F' in (0,7) x Q, (4b)
akvi =0 in (0,.7T)xQ), (40

1
U; — |:Cljkl/ vkvl} i = fl in (07 T) X st (4d)

0
vo' gafal Nj —qal N; = c”kl/ v .1 Njon (0,T) x Iy, (4e)

0

u(t, ) € Hp (2 RY) ae.in (0, 7), (4f)
v = up on Qo x {t =0}, (4g)

n=1d on Qo x {t=0}, (4h)
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where N denotes the outward-pointing unit normal to I'g (pointing into the solid
phase), and

Throughout the paper, all Greek indices run through 1, 2 and all Latin indices run
through 1, 2, 3. Note that the continuity of the velocity (1i) along the interface is
satisfied in the sense of traces on I'y by condition (4f), whereas the continuity of
the normal stress along the interface is represented by (4e).

Remark 2. The case in which the viscosity or Lamé coefficients are variable func-
tions depending on x € 2 and satisfying the usual assumptions, can be handled by
our methodology without any supplementary mathematical difficulties.

4. Notation and conventions

We begin by specifying our notation for certain vector and matrix operations.

We write the Euclidean inner-product between two vectors x and y as x - y, so

that x - y = x' y'. .

The transpose of a matrix A will be denoted by A7, i.e., (AT)"/. = A].

We write the product of a matrix A and a vector b as A b, i.e., (A b)! = Ai/.bj.

The product of two matrices A and S will be denoted by A - §, i.e., (A - S)j. =
i ok

A, S i

The trace of the product of two matrices A and S will be denoted by A : §, i.e.,

A:S =Trace(A-S) = Ag. s

For s > 0 and a Hilbert space (X, | - ||x), H*($; R3) denotes the Sobolev
space of R3-valued functions with s distributional derivatives in L?(£2; R?), while
L?(0, T; X) denotes the equivalence class of functions which are measurable and

. T
have finite || - || ;2 norm, where || f||i2(0’T; 0= Jo IIf@%dt.

We also set Hlo,(Q): R?) = {u € H'(Q]; R3)| u =00n 0} .
For T > 0, we set
VHT) = {w € L0, T; HX(Q}: RY) | w, € LX0, T: H' (2] R?))
wy € L2(0, T: L*(Q): RY))),
VIT) = {w € L20. T; H(QY: RY) | w, € L0, T: HX(Q): R) |
wy € L20, T; H'(Q): RY)),
VHT) = {w e L*0, T: H*(Q): R?)) | w, € L*(0, T: H'(Q): R?)) |
wy € L2(0, T; L*(Q: RM)}
V(T) = {w e L*0,T; H>(Q: R?) | w, € L*(0, T; H*(Qf: R?))|
wye € L2(0, T; H'(Q5; R))}.
We will solve (4) by a fixed-point method, set in an appropriate subset of
V;(T) X VS3(T). We assume in what follows that v € V;(T) is given in such a
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way that the matrix aij (n) associated with the flow 7 of this velocity field v is well
defined.

We then introduce the space (of weak solutions)

V,([0, T]) = {w € L}0,T; L*(2: R%)) |/0‘ we L*0,T; H (2 RY)),
we LX0,T; H'(QY: RY), a/w',; = 0in [0, T] x ],
w =0 on BQ}.

Note that we impose the condition fo w e Lz(O, T: H! (2; R3)) to ensure con-
tinuity of the displacement field, in the sense of traces, between the solid and fluid
phases along the interface I'g. We will also define for ¢ € [0, T],

Vo(t) = (¥ € HY(: RY) |a ()9, =0in @} .

Furthermore, we will need the space

W0, T]) = {w e L%(0, T; L*(Q: RY)) |f w e L*0, T; H'(Q; R?)),
0

we L0, T; H' (Q/:R*) w=00n 89},

with the “divergence-free” constraint removed.
In order to specify the initial data for the weak formulation, we introduce the
space

Ly, ;=1{¥ € LX(RY) | divy =0in @), ¥-N=00n03Q},

which is endowed with the L2($2; R3) scalar product.
The space of velocities, X7, is defined as the following separable Hilbert space:

Xr = {u € L*(0, T; Hy (2, RY)) | (uf/() uS> € VA(T) x Vj(T)}, )
endowed with its natural Hilbert norm

2 2 2 2
u = ||U u - u -
lulx, = NullZ20. 7. m @r3y T ||L2(o,r;H3(Qg;R3))+” rlle(o’T;Hz(Qé;R%)

f
0

2
+llu . . + [lu
” [||L2(0,T,Hl(§26,R3)) ” tl”

+

2

+ llully» 2008 - R3
L*(0,T; H?(2; R

L2(0,T; H3(25:R3) ¢ (KD

2
L2(0,T; H (@) ;R3)

The existence of solutions to (4) will be obtained in the separable Hilbert space
Yr ={, p) € X7 x L0, T; H*(Q; R)| p; € L*0, T; H'(Q): R},

endowed with its natural Hilbert norm

2
L2(0,7; H2(Q}:R))

2

+ ”p’”U(o,T;Hl(Qg;R))’

I, pIF, = lulk, + Pl
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Remark 3. Note well that our method does not require any a priori knowledge of
the regularity of the second time derivative of the pressure function p,,; this is due
to the Dirichlet boundary condition on €2 as well as the Lagrangian representation
of the problem that we employ.

We shall also need L°°-in-time control of certain norms of the velocity, which
necessitates the use of the following closed subspace of X7:

Wr = {u € Xr| uy € L0, T; L*(2; R?), u; € L0, T; H' (2); RY)),

ue L™, T; H*(Q; RY)), / ueL®0,T; H(Q; R3))},
0

i

2 2
+||I/t ||L°°(0,T;H2(Q%;R3)) + ”Ml ||L°°(0,T;H] (Qa’RW))

endowed with the norm
2

2 2 2
”M”WT = ”M”XT + ”ul‘l‘ ||L°°(O,T;L2(Q;R3)) + ‘
Lo°(0,T; H3(Q5:R%)

For some of our estimates, we will also make use of the space
Zr = {(u, p) € Wr x L*(0, T; HX(Q}: R)| pr € L*(0, T; H'(Q): R))} .

endowed with its natural norm

2
L2(0.T; H2(Q):R))

2

+ ”p’”LZ(o,T;Hl(Q-Of;R))'

G, pIZ, = lullgy, + lpl

Throughout the paper, we shall use C to denote a generic constant, which may
possibly depend on the coefficients v, A, w, or on the initial geometry given by
Q2 and Qg (such as a Sobolev constant or an elliptic constant). Similarly, we will
denote by C (M) a generic constant which depends on the same variables as C as

well as on M (which is a variable defined in the next section) and ||ug]| HY(@] B3y

I f (0| 3 (:r3) and the fixed time T for which the forcing functions are defined.
We note that these constants do not blow up whenever the quantities they depend
upon remain finite.

For the sake of notational convenience, we will also write u(t) for u(z, -).

5. The main theorem

Theorem 1. Ler @ C R? be a bounded domain of class H?, and let Q) be an open
set (with a finite number 2 1 of connected components) of class H* such that
Q) C Q. Define Q) = QN (Q)°. Letv > 0, 4 > 0, u > 0 be given. Let

feL*0,T; H(Q; RY), f; € L*(0, T; H' (2 RY)),
fir € L20, T; L*(2; RY)), (6a)
£0) € H3(S: R?). (6b)
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Assume that the initial data satisfies
wo € H3(QY; R N HA(Q); R N Hy (@ RH N L3,
as well as the compatibility conditions

[Vi! Nlan =0 on Ty, wi=00nd, vaul —Vgy=0o0nTy, (7a)
0 0 q
(V] N+ v u}.} @Faf),©0) 1N Tan

= (M uf X N2 lan 0n To, (Tb)

with go € H*(Q!; R) defined by

Aqo = div £(0) + (a] ), (O)uy.j in 2, (8a)
g0 = v[Vu] N1-N onTy, (8b)

9

a_?\(/) = £(0)- N 4+ vAug - N on 3, (8c)

and wy € H} (2 R3) N H3(Q5; RY) N H3(Q; R3) defined by

wi = vAug — Vo + f(0) in 2, (9a)
wi = £(0) in Q. (9b)

(Note that (aij )tlt=0 depends only on uy and not on the values taken by u at times
t>0)

Thenthere exists T € (0, 7_") depending onuy, f,and Qf , such that there exists a
solution (v, q) € Zt of the problem (4). Furthermore, n € C°([0, T1; H3(Qg :RY)
NH3 QS R N HY(Q; RY)).

Remark 4. In Theorem 6, assumptions ensuring uniqueness of the solutions are
also given.

Remark 5. If we had not made the notational simplification of Section 2, we would
have to modify (7) by
[Def u} Nlan =0 on Ty, w; =00ndQ, vAu) —Vgo=0on Ty,
[wIDef w{ NT + vl uj.; (afa}),0) +uf .} @Fa}),0) 1N Tan

= [(cljklu(f)la;< Nj)?:l][al’l on FO?
and (8b) would be replaced by gp = v [Def u(]; N]-N onTy.

Remark 6. The regularity of our solution v € W7 implies that for each ¢t € (0, T']
the solid domain () is of class H>. Also, although we have stated our results
for three-dimensional motion, all of our results hold in the two-dimensional case
as well.
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Remark 7. We have stated our results using the convention of Section 3, wherein
the forcing function f is taken to be defined over the entire domain €2. It is certainly
possible to define separate forcing functions for the solid and fluid phase, in which
case we would need the following regularity:

fr € L*O.T: H'(Q: R), fr, € L*(0. T: L*(Q: RY)),
fru € L0, T: Hjo(:RY), fi € L*(0, T; H*(Q); RY),
for €L20, T3 HY(Q: RY), fi, € L2(0, T3 L2(Q5: RY), £(0) e H¥ Q) R?).

The compatibility condition vAug — Vgo = 0 on I'g in (7) would be replaced by

vAu{)‘ —Vqo + fr(0) = f5(0) on I'g. In the definition of go, f7(0) replaces f(0)

and in the definition of wy, f(0) is replaced by f(0) and f;(0) respectively in Qg
and 2.

Remark 8. Note that the supplementary regularity condition for #(0) and f(0) is
due to the hyperbolic scaling of the velocity and forcing in the fluid. A parabolic
scaling in the fluid, which may appear to be more appropriate, would not, however,
lead to the necessary estimates, except for the case in which the initial solid-fluid
interface is flat (which is not the case considered herein). This is due to an elastic
energy integral (which we shall shortly identify) that requires the hyperbolic scaling
in order to be estimated.

Remark 9. Note also the presence of two compatibility conditions for the stresses
on I'g, which is also a consequence of the hyperbolic scaling. A fluid-fluid interface
problem would require only one compatibility condition.

Remark 10. Note that the proof of existence of solutions requires only the “mini-
mal” regularity assumptions (6) on the forcing function f’; this is due to our method
of proof which employs the Tychonoff fixed-point theorem instead of a Banach-type
contraction mapping. Note also that unlike the case of a free-surface fluid problem,
a Banach contraction method does not work for the problem that we study herein.
We will see later that some additional Lipschitz assumptions (124) are necessary
for uniqueness.

Remark 11. We also remark that our technique is restricted to the case where the
elastic constitutive law in the solid is either linear or semi-linear. Whereas the paper
is written with a linear elasticity law, we can handle in the same fashion and with
the exact same methods, the case where an extra contribution of the type F(Vn, n)
is added, with F satisfying the usual regularity and growth assumptions. In that
case the linear problem (20), defined hereafter, which is used in the fixed-point
approach would be replaced by a similar problem, with (20c) replaced by

w;—[c‘/kl/() wk,l},j—}-F(V/O w,/o w):flin 0,7) x Q) ,

which does not create any additional difficulties with respect to the analysis of the
linear case.
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The consideration of a quasilinear elastic law such as the nonlinear Saint-
Venant Kirchhoff material, involves a smoother functional framework and will
be developed in a future article.

6. A bounded convex closed set of W

Definition 1. Let M > 0 be given. We let C7 (M) denote the subset of Wt consist-
ing of elements u € Wr such that

lullfy, <M, (10)

and such that
u(O)lgs = uolgy. andur(0)lgr = wilgy, (1

with w; defined in Theorem 1, and where we continue to assume that the conditions
stated in Theorem 1 for the forcing function f and the initial data uq are satisfied.

Lemma 1. There exists My > O such that Ct(M) is non-empty for M > M.
Furthermore, Ct (M) is a convex, bounded and closed subset of Xr.

Proof. We note that if v(¢) = ug + twy, then v € Cy(T) for M = My = ||17||%,VT.
The fact that C7 (M) is closed follows from Mazur’s lemma. 0O

Remark 12. Note also thatif 0 < 77 < T, then Cy/(M) is non-empty. Henceforth,
M 1is assumed to be larger that M.

In the remainder of the paper, we will assume that
0<T <T,

where the forcing f is defined on the time interval [0, 7_"]; we will have to choose
T sufficiently small to ensure existence of solutions to our problem.
We will need the following series of simple lemmas on the set C7(M).

Lemma 2. There exists Ty € (0, T) such that for all T € (0, Ty) and for all
v € Cr(M), the matrix a is well defined, and satisfies the estimate (wWhich is
independent of v € C1(M))

||a||LOQ(O,T;H2(Q({;R9)) + ”al ||LOQ(O,T;H](Q{;;R9)) + ”att ||LOO(0,T;L2(Q(];;R9))
+||at ”LZ(O,T;HZ(Qg;RQ)) + ”att “LZ(O,T;HI(Q({;RQ))
+||at”“LZ(O,T;LZ(Q({;Rg)) g C(M) (12)

Proof. Notice that in the separable Hilbert space H 3(9({ : R3) (for which the
Bochner integral is well defined),

t
n(t) =Id+/ v(s)ds;
0
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this together with the Jensen and Cauchy-Schwarz inequalities shows that

I —1d] , S CVT o]

L%(0,T; H3(Q ;R L2(0,T; H3(Q];R3))’

and thus

[V —1

JSCVT ullx, SCVT VM. (13)

||L°O(0,T;H2(Q({;R9)
Next, choose R > 0 to be such that for any 3 x 3 matrix b satisfying ||b —1I||pe < R,
we have detbh = %

We then see from (13) and the Sobolev inequalities that, for T < Ty = CTRZ,

Vn(z) is invertible for ¢ € [0, T] in Qg for any v € Cr(M). From now on, T is
assumed to be in (0, Tp). Since

1 f
t:—CfV [. Q',
a0) = Gerva COTVn@ in

we then see from (13) that

||a||LOO(0 T: HZ(Qf RQ)) = C(l + v )5
Similarly,

||U - u0||L°°(0,T;H2(Qg;R3)) § Cv TM’ (14)
providing

/ 5
||at||L°°(0,T;H](Q({;R9)) é C(l + ”u()”HS(Q(J;;R}) + TM) .
In the same fashion,

lvr — wi @)y SCVT M, (15)

L>®(0,T;H!
providing

S CU+lwi 5y FVTM)

||a””L°°(O,T;H](S2({;R9) H'(Q({;]R

The L>-in-time estimates are established in a straightforward manner from the
definition of C7 (M), which concludes the proof of the lemma. O

Remark 13. Note that 7 also depends on M.

In the following, T is taken in (0, 7p) (and M is still taken in (0, Mp)). By the
same arguments as above, we can easily prove the following results:

Lemma 3. Forallv € Cy(T),

la —a(0)]? + llas — a, (0)])? SCMNT.

(16)

L%(0,T; H2(Q ;R?)) L=(0,T; H' (@) ;R?) =
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Lemma 4. There exists T\ € (0, Tp) which depends on M, and a constant C > 0
which depends on uq but does not depend on M, such that for all v € Cp(T),

2

2 5 _
L(0,T; H3 (@) ;R3) + vl + [l C.

] L0, T; H2(Q) :R3)) L(0,T; H\(Q):R3) =
a7

The next result concerns potential solid-solid or solid-container collisions for a
short time.

Lemma 5. Let d > 0 denote the infimum of the distances between two distinct
connected components of Q) (if we have more than one solid in the problem) and
of the distance between Qy and 9S2. Then, there exists T € (0, To) such that for

allv € Cy(Ty),
T d
- < - 18
| 1mgins < 5 ()

< CcJT [fOT vl )]% proves the

. T
Proof. The inequality [, ||v||Loo(Qg~R3) < .
; IR

result. 0O
Henceforth, we shall require
T €0, Ty), Ty =min(T}, D).

The series of estimates in Sections 9 and 10 will show that M must first be chosen
sufficiently large, and then T must be chosen sufficiently small.
The next result is crucial for the derivation of appropriate estimates; while it

appears that we should require an estimate of g;; in LZ(O, T; LZ(Q'Of ; R)), we are
not able to obtain such an estimate, and effectively replace it with an estimate of g,

in L0, T; L2(Q; R)).
Lemma 6. Forallv € Cy(T),

”a"(t)||L°°(O,T;L3(Q{;;R9)) é C(M) . (]9)

Proof. Let ¢ (¢) = f of la;(£)]> + 1 = 1. We then have in the distributional sense
0

Y0 =3 / a0 Pau (0).
Q0
Thus,
V0 = Cllan Oy gr ool Oll 2igf o)

which by interpolation yields
W/(t) g C ”alt(t)”LS(Q({;]R% ”alt (t) ”HI(Q(;,RQ) ”all[(t) ”LZ(QJ;RQ)’

ie.,
1
Y0 S CIO lan Ol g1 gf gy lam Ol 2 gm0, -
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Thus, since ¥ (t) = 1,

3
2 ! 2
I;0(1‘) é ['(//'(0)3 + C‘/O ”att(t)”Hl(Qé.;Rg) ”al‘ll‘(t)”LZ(Qg;R())} )
which by (12) provides

U (1) < [P (0)5 + M),
which establishes (19). 0O

Remark 14. Note that in the above L3 estimate, the exponent 3 is the limiting case
for this lemma.

Remark 15. Had we not made the notational (constitutive) simplification of Sec-
tion 2, we would require the following Korn-type lemma in the Lagrangian setting
(this is the only mathematical issue that the actual constitutive law (1e) requires):

Lemma 7. There exists T3 € (0, T) such that forany T € (0, Tz3) and v € Cr (M),
forall ¢ € HL(Q); R3) andt € [0, T,

HY () R3)’

fgfw’;(r)zp,;; +af (. @ 0¢.f +ak(9.]) 2 C 9]
0

Proof. To prove this result, weleta(t) = I +[a(t) —a(0)] and apply (16) followed
by the Korn inequality. O

7. The basic linear problem

Suppose that M = My, T € (0, Ty) and v € Cy(M) are given. Let n =
Id+ fo v and let a;’ be the quantity associated with 5 through (3).

We are concerned with the following time-dependent linear problem, whose
fixed-point w = v provides a solution to (4):

wi —v(ajafw' 1), ; +@q) = fon in (0,7)xQf,  (20a)
awi ;=0 in (0,T)x ),  (20b)
w! — [c’f“/ wk,1:| =f in (0,T) x Q, (20c)

0

, . t
vw' ,xafa) Nj — ga’ N, :c’jklf wX,; Njon (0,T)x Ty,  (20d)
0

w(t, ) € Hy (2; R?) ae.in (0,7), (20e)
w = uo on Qo x {t=0}, (20f)
n=1Id on 0 x {t =0}, (20g)
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The following regularity result will be of paramount importance in our analysis:

Theorem 2. Given f and uq satisfying the assumptions of Theorem 1, there exists
M > 0, T > 0, such that for any v € Ct(M), there exists a unique solution
(w, p) € Zr of (20). Furthermore, w € Ct(M).

Sections 9 and 10 are devoted to the proof of this theorem. In the following, we
set

N(uo. /) = (1 + Jluol? s o T 0117243y + 1 O3 gm0

2 2
+||f||L2(0,T;H2(Q;]R3)) + ”ft ||L2(0,T;H1(Q;R3))
2 4
+||ftt“L2(0,T;L2(Q;R3))) . (21)

8. Preliminary results

8.1. Divergence, extension and regularization-type results

We first state the following result, whose proof follows the same argument as
for the case of a smooth boundary, with the exception that the regularity results for
elliptic systems of [8] are used instead of the more classical results wherein the
boundary is smooth.

Lemma 8. Let Q' be a domain of class H* (k = 3). Then, for 0 < m < k — 2,
there exists a continuous linear operator

L {(d’ r) € H™(Q;R) x H" (02 RY)| / d=f r.n}
Q Q2
N Hm+l(Q/; R3)
such that u = L(2)(d, r) satisfies

divu =din,
u=ronds.
Furthermore, the operator norm of L(QY") remains bounded as the norm of the

charts defining Q' stays in a bounded set of H*.

We will need the following extension:

Lemma 9. Recalling that Qg is of class H3, for each 1 < m < 3, there exists a

continuous linear operator
E:H™(Q}: R N Hlo Q] R?) - H™(Q: R*) N H} (2 RY)

such that E(u) = u in Qg
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Proof. The result is well known in the case where Q(]; =R3;letIT: R} — R3
denote this extension operator, and let {\IJl-}lN= | denote a collection of charts in a
neighborhood of 'y (each W; is a map of class H> from the unit ball in R3 into an
open set containing a coordinate patch of I'g), and let (6;) lN: | denote the associated
partition of the unity. We see that

N
F(u) = Z T[(G;u) o W;] o W,
i=1
is an extension of u into a neighborhood of I'g. By introducing a smooth cut-off

function &, equal to 1 in Qof and equal to O in the complementary part of this neigh-
borhood included in €2, we see that E(u) = & F(u) satisfies the statement of the
lemma. O

In a similar fashion, we can also extend from £ to R3, with the same arguments.

Lemma 10. There exists a linear and continuous operator E, from H™(2; R3)
into H™(R3; R3) (for each 1 < m < 3) such that Eo(u) =uin Q.

We also need a regularization lemma for the coefficients aij , which we shall use
to obtain estimates for the solutions of the regularized problems (whose coefficients
by definition use these regularized coefficients); we will then pass to the limit as
the regularization parameter tends to zero.

Lemma1l. Letv € Cr (M) and n = Id + fo v. Then, there exists a sequence
reg

w € VIE(T) = {u € L0, T5 H3(Q): R¥)| u, € L2, T; H3(Q): RY), uyy €
2 . g3cof. w3 - —
L2 T H7 (82 : RO))}, such that vy (0)or = ol var (O)lgr = wilgs, and
lv, — U”vﬁ(n + [ (vn — U)”||L°°((),T;L2(SZ({;R3)) — 0.

Proof. Let p € D(B(0, 1)) be such that p = 0 and fB(o,l) p = 1,and let p,(x) =
n3,o(xn) denote the usual mollifier.

From Lemma 9, for any ¢ € [0, T'], let v(¢) = E(v(¢)), so that v € V3f(T) N
V3 (T) with ||77||V}(T) + 1vllvar) <C ”U”V}(T) . We extend to R3 by setting

V' = Eg(v).
Then let v,, be defined for any ¢ € [0, T'] by

Un () = pp * V' (2).

From the properties of the space convolution, we know that v,, € V;eg (rHn VS3 (T)
and that

~ , ~ ’ /
10, — v ”V;-(T) + 1o, — v ||VS3(T) + 1(vn — V)i "L”(O,T;LZ(QO[;]I@)) -0
as n — o0. This in turn implies that

10, — v”v]%q) + I (vn — v)””LW(O,T;LZ(Qg;H@)) -0
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as n — 00. Now, for the initial conditions, let us define
t
vn (1) = uo + twy — / (" = 1) ([Bp)y dt’
0

(the Bochner integral being well defined in the Hilbert space H 3(S2f :R3)). We
then have v, (0) = ug, v,,(0) = wy.
Moreover,

Un = Un + Eg(E(u0)) — pn * Eg(E(u0)) + 1t [Eg(E(w1)) — pp * Eg(E(w1))],

which yields ||v,, — vIIV;(T) + (v, — — 0,asn — o0co. 0O

U)tt ”LDC((),T;LZ(Q{).;R"%))
Remark 16. Our construction does not necessarily yield v, = 0 on d€2. Conse-
quently, with n, = Id + fo v, we do not have n,(2) = Q. It, nevertheless, does
not matter for the purpose of our analysis.

Remark 17. In the following, we will solve (20) as the limit as n — oo of the
solutions w;, to the problems (20) associated with these regularized v,,. The interest
of this regularizing process is that for a given n, a(n,) and its ﬁrst and second time
derivatives are in L>(0, T'; H2( :R%) ¢ L®(0, T; L°°(SZ : R?)) and its third
time derivative is in L2(0, T: HZ(Qf :R%) ¢ L0, T; LOO(Qf : R%)) which is
necessary in order to get the existence of regular solutions to (20). These bounds
in those spaces of course blow up as n — oo (except for the estimate for a(n;,)).
Nevertheless, using the fact that ||v,, — v||v T~ 0asn — oo, a(n,), and its

first, second and third time derivatives satisfy the same type of estimates as (12),
(19) and (16), respectively, with a constant C (M) which does not depend on . This
fact will be used, together with interpolation inequalities (that hold since the solu-
tions w,, are regular) in order to get estimates in Y7 for w, which are independent
of n. By weak convergence, this will provide our smooth solution to (20).

We will also use the convention of denoting the regularized velocity fields v,
by v, and the corresponding regularized matrix a(n,) by a.

Remark 18. Since the fluid forcing in (20) is given f o 1, we need to extend f to
R3. Hence, when we solve this problem with the regularized coefficients arising
from v, we in fact implicitly use the extension E, ( f). This extension has the same
regularity as f with R> replacing ; this follows from the fact that E ¢ commutes
with the time derivative. For notational convenience, we shall continue to denote
the extended forcing function by the same letter f.

8.2. Pressure as a Lagrange multiplier

Lemma 12. Forall p € L2(§2O i R), t € [0, T], there exists a constant C > 0 and
¢ € H (2, R3) such thata ®)¢', ,j=pin Qf and

191 quzy < CIPI g 22)
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Proof. Let p; € LZ(QB; R) be such that p; > 0in ;. Let p be defined by p = p
in Q(J; and

detVn(t
Jog P detVn(@)

p=
Je 1 detVn()

in Qf). Since
/ pon) ldx = / p(x) detVn(t)dx =0,
n(t,Q2) Q

we then see that ¢ = L(n(t, Q))(p o n(t)*l, 0)on() e Hé (Q; R?) satisfies

div(g o n(1)™") = pon(®)~Linn(r, Q),

and thus
al ¢!, =divigon®) Hontt)=p=pinQ].

The inequality (22) is then a simple consequence of the properties of L and of
the conditionv € Cr(M). O

We can now follow [16]. We define the linear functional on HO1 (S R3) by
(p, aij (t)(pi,j )Lz(szf-IR)’ where ¢ € HO1 (Q2:; R3). By the Riesz representation the-
0 i

orem, there is a bounded linear operator Q(¢) : L2(Qg ‘R — H(} (€2; R3) such
that

Vo € Hy (@R, (p. al 00'.)) 20/ ) = (QOP. 0y o).
Letting ¢ = Q(¢) p shows that
100)Pll gy @iz = ClPl2 s ) (23)
for some constant C > 0. Using Lemma 12, we have the estimate

2 <
IIplle(Qg;R) = ClOOPI gt :re) 181 1l (@ r3)

< CIQOPl gy ez 1PN 2 gf ey (24)

which shows that R(Q(#)) is closed in H (Q; R3). Since V,(t) C R(Q(#))* and
R(Q(t))*t C Vy (1), it follows that

HY (2 RY) = R(Q(1)) ® 1033 Vo (). (25)
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We can now introduce our Lagrange multiplier

Lemma 13. Let £(t) € H™'(Q; R?) be such that £(t)¢ = 0 for any ¢ € V,(1).
Then there exists a unique q(t) € L2(§20 ; R), which is termed the pressure function,
satisfying

Vo € Hy(QRY), £1)(@) = @(1). al¢'.}) 2 or -

Moreover, there is a C > 0 (which does not depend on t € [0, T] and on the
choice of v € Cy(T)) such that

19012075y = € IS0 0:m5)-

Proof. By the decomposition (25), for v € HO1 (2, R3), we let ¢ = v1 + vy, where
v] € Vy(¢) and vo € R(Q(t)). From our assumption, it follows that

£)(@) = £ (v2) = W (1), v2) g @ 3y = VO, 9 10 )

for a unique ¥ () € R(Q(1)).
From the definition of Q(f) we then get the existence of a unique g(t) €

L2(S20; R) such that
Vo € Hy (@ RY), £10)(@) = @(®). a/¢'.)) 2 qr -
The estimate stated in the lemma is then a simple consequence of (24). 0O

We will also need a version of the Lagrange multiplier lemma for the case

where £(t) € H -1 (Qg ; R3), which implies an estimate on the pressure, modulo a
constant. We first have

Lemma 14. For all p € Lz(Qf; R) such that fo pdetVn =0,t € [0, T], there
0 i '
exists a constant C > 0 and ¢ € HOI(SZf; R3) such that ai] t)¢',j=pin SZ(]; and

< Clipl?

1> (26)

HLQ):RY) = L2Q);R)’

Proof. Since

/ pon) ldx = / p(x) detVn(t)dx =0,
n(t.2) J

2

we then define ¢ = L(n(t, @{))(p o n(1)™",0) o n(t) € HL(Q); RY).
The inequality (22) is then a simple consequence of the properties of L and of
the conditionv € Cr(M). O

In a similar fashion to the proof of Lemma 13, we can now establish our second
Lagrange multiplier
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Lemma 15. Let £(1) € H™'(Q/:R3) be such that £1t)p = 0 for any ¢ €
V() N H(} (Qf; R3). Then there exists a unique q(t) € Lz(Qf; R), satisfying
/. of q(t)det Vg =0, which is termed the pressure function, satisfying

0

Vo € HY(Q): R, L) = (q0). a/¢')) g

Moreover, there is a C > 0 (which does not depend ont € [0, T] and on the choice
of v e Cy(T)) such that

<
19O 275y S CIED 10 -
Remark 19. The four previous lemmas do not rely on the fact that v = 0 on 9€2.
Therefore, they are also true for the case where the coefficients a are associated

with v. The important point is that the estimates (12), (19) and (16) are also satisfied
by the regularized matrix a and velocity v.

9. Estimates for (20): the case of the regularized coefficients

9.1. Weak solutions

Definition 2. A vector w € V, ([0, T']) with w; € V,(z) forae.t € (0,T) is a
weak solution of (20) provided that

t
(1) <U)t, ¢> + v(a]’;wlsr ’ a}:(bl’s )LZ(Q(J;I;R‘)) + (Cljkl/(; wkvl ’ ¢l’j >

L2(Q):R)
= (F7 ¢)L2(Q({;R3) + (fa ¢)L2(QB;R3)7 v¢ € Vv(t) ) and (273)
(i) w(0, -) = uo, (27b)

fora.e. 0 <t < T, where (-, -) denotes the duality product between V, (¢) and its
dual V, ().

9.2. Penalized problems

Whereas the existence of a weak solution can be proved directly in the space
V, ([0, T1), with w; € V,(¢)’, this framework is not suitable for finding the pres-
sure estimate required by our analysis. (Even for the well-studied problem of the
Navier-Stokes equations on a fixed and smooth bounded domain, the weak solu-
tion only provides a pressure estimate of the form fo pE L?(0,T; LZ(Q(J;; R)))A
penalized form of the problem, however, together with the penalized form for the
time-differentiated problem, provides the correct pressure estimate in the limit as
the penalization parameter tends to zero.

As we noted following Lemma 11, we will work with a regularized sequence
of velocities v,,, and we shall generically denote elements of this sequence simply
as v, and the associated regularized matrices a(n,) as a.
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Given the regularity assumptions in (6), f; € C([0, T]; L?(2; R3)), so that
£1(0) € LAQ): RY)).
Then, let wy € Lz(Q; R3) be defined by

wh = vAw! + v((af al) O)uh,i ), j+F (0)— (@) )1 (0)qo), j —q1.i in ), (28)

wh = f1(0) + [V ub, 1,5 in 2, (28b)

where g1 € H'! (Q ; R) is defined by

ad . . . ) .
Aqy = W[Vﬁ(wl)l + (F):(0) + v((a] a) O)ug,r ), j —((@])1(0)q0), j ]

+2al) Oy, ; +(a ) Oy, ; in 2, o9
q1 = v[Vwi N-N + (alkalj),(O)ué),k N;N;]— Cijklu’é,l N;N; on T
+q0(al) ()N N; (29b)
9 .
a_jl\; = F(0)- N — [(@]):(0)qol,; +vAw; - N

+u((a] af) 0)u,i ), Ni on 3K2. (29¢)

Once again, we remind the reader that (a ),(O) and (a ),t (0) depend only on

uo and wi, and we note that they are equal to (a’ ):(0) and (aj )#(0), respectively.

Letting ¢ > 0 denote the penalization parameter, we define w, € W([0, T]) to
be the unique weak solution of the problem (whose existence can be obtained via
a standard Galerkin method in a basis of H(} (S R3)):

t
(1) (wé‘[s ¢> + v(é]’;w(ls‘!r ’ d/iﬁbl,s )Lz(Qf.R) + (cl]kl/ wlg,[ ) d)lsj)
o 0 LY(Q):R)

1
+(gajw —qo — tq1, ak¢ ,1>

L2(Q):R)
= (F7 ¢)L2(Q(/;;R3) + (fv ¢)L2(Q‘6;R3) (303)
V¢ € Hj (Q2; R?), and
(i) w(0, 1) = up, (30b)

where (-, -) denotes the duality product between H(; (§2; R3) and its dual.

9.3. Weak solutions for the penalized problem

The aim of this section is to establish the existence of w,, as well as the energy
equalities satisfied by w, and w,,, and the energy inequality satisfied by wg,,. It
turns out that the exposition is simplified if we first study the twice differentiated-
in-time problem, that we introduce now.
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Step 1. Galerkin sequence. By introducing a basis (e;)i’il of H(} (€2: R3?) and
L%(R; R?), and taking the approximation at rank / > 2 under the form

1
wi(t,x) =Y yi (1) ex(x),

k=1
and satisfying on [0, T']
1) (Wi, ¢)L2(Q;R3) + U(fl]};U)lnyr > gl]i(ﬁ,s )LZ(Q{;;R%
—i—(cijklwlf,l ) ¢i,j )LZ(QB;R) + V((&]};&z)ttwlvr , Dus )Lz(Qg;ﬂ@)
+2U((&£az)tw111r , ¢as )LZ(Q(];;]R3) - ((gll-qu)[lv ¢i7j )Lz(Q({;R)
= (Ftl‘a ¢)L2(QS’R’§) + (flf’ ¢)L2(Q£‘);R3), V¢) (S Span(el, veey e[),
(ii) wiz(0) = (w2)1, wi(0) = (wi)r, wi(0) = (uo);, in €2,

where ¢ = qo +1t q1 — (1/8)&{ wf,j and (ws); denotes the L2(§2; R3) projection
of wy onto span(ey, ..., €7), and (wy); and (u¢); denote the respective HO1 (€ R3)
projections of wy and ug on span(ey, ..., €;), we see that the Cauchy-Lipschitz the-
orem gives us the local well-posedness for w;. The use of the test function (w;)
in this system of ordinary differential equations (which is allowed as it belongs to
span(ey, ..., €;)) gives us in turn the energy law

2 ~F ~5 _
2 dr ”wltt”LZ(Q;R_?) + V(@ Wigr,r s AGpWiress )Lz(Q(f;;R.s)

ld ijkl.  k i ~7~S
+§E(C Wiy sl wltvj )Lz(Q‘(‘);R) + V((akak)ttwlar s Wittss )Lz(Qg;R:;)

~F ~ ~j .
+2v((a]};a]i)tw[[7}’ s Wigrss )LZ(Q({;R:;) - ((al' ql)ltv wl;lvj )LZ(Q({;R)
= (Fu, wln)Lz(Qg;Ra) + (fur, wln)LZ(Qa;I[@)-

After transforming the term with (g;); (since it involves Vwy,,) and integrating
this relation from O to ¢z € (0, T'), we get

1 1 t
2 ~r ~5 2
w5 200.w3 +V/ (akwltt’rv akwltlvs) 200/ .3 +8f / qlst
2 L?(2;RY) 0 L2(2y;R7) 0 Q(])c
| [ . t . .
+§(C” wlpl»wl;’j)Lz(Qf);R)_’_/ /f qus 12@@))owis
0 Jo}
, . t . . t , .
~] ~] ~]
+(a; )nwz’,j]—2/ /f(a,- )zqzthit,j—/ /f(a,- Vet QI Wiy j
0o JoJ 0 Jol
t
~r ~S
+V/O ((akak)ttwlvrs Witgss )L2(QJ;R3)
t
~r -~
+2U/O ((akak)twllvr s Witgss )Lz(Qg;H@)

t t
< C N(uo, f)2 +/ (Fir, wltt)Lz(Q({le) +/ (fir, wltr)L2(95;R3)~ (31
0 ’ 0
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By noticing that, ¢ being fixed, the third term of the left-hand side of this
inequality involving the square of (g;);; acts as a viscous energy term, and tak-

ing into account the L*°(0, T'; LOO(Qf ; R)) bound of each one of the regularized

coefficients Ezi] and their first and second time derivatives, we then get

1 ) v [! ) e (! ’
E”wltt (t)”LZ(Q;]R3) + 5 o val””Lz(Qg;R") + Z .~ i
0

t et t et
= 2 2 2
. [/0 | 1900 g oy + N0 2+ [ ||qm||L2(Qg;R)}

1. .
+§(Cl]k[wlf,l (1), wiy,j (t))LZ(Qg);R)

t t
g c N(M(), f)z +/ (Fll7 wllt)LZ(Q(f;.]Rfi) + / (.fttv wltt)Lz(QB;RS)’
0 ’ 0

where C, depends on the regularizing parameter of a and on &, but not on /. By
Gronwall’s inequality, we then get an estimate on each of the integral terms multi-
plying C,, which in turn implies

t
2 2
lwte (D122 sy + /0 N .
1 .. . ! ~
+§<ctﬂ<lwz§‘,z (1), wig,j (D)2 (s ) + € fo /Q i < Ce Nauo. 7.
0
Step 2. Weak solution w, of the penalized problem and its time differentiated prob-

lem. We can then infer that w; is defined on [0, T'], and that there is a subsequence,
still denoted with the subscript /, satisfying

w; — we in L2(0, T; Hy (22 R?)), (32a)
wi; = we, in L2(0, T Hy (2 RY)), (32b)
Wiy — wey in L2, T; LA RY) and in L2(0, T; H'(22/: R?)), (32¢)
Qi = g n L2(0, T LX) R)), (32d)
where
1. .
qe = qo +tq1 — Eaing’,j . (33)

From the standard procedure for weak solutions, we can now infer from these
weak convergences and the definition of w; that wg,,, € L?(0, T; H~'(Q; R?)).
In turn, we,, € CO([0, T1; H N (4 RY), we, € CO([0, T]; LA2(Q: RY)), we €
CO([0, T1; HY (2 R?)), with w, (0) = ug, we, (0) = wy, wey; (0) = wo.

‘We moreover have, for wy,,
1) (wyyy, ¢)L2(Q;R3) + U(&/’;U)]t,r , ai(ﬁ,s )LZ(Q({;R3) + (CijklU)]k,] , ¢ivj )Lz(Qé;R)

+U((C~1,€Zl}z)twl,r ’ ¢7S )LZ(Qg;R3) - ((&ZQI)t, ¢iaj )LZ(Q(;,R)
== (Fl‘v ¢)L2(Q(J;;R3) + (ftv ¢)L2(QB;R3) + Cl(¢) V¢ € Span(elv ceey el)a

(i) wy,(0) = (wi)r, wi(0) = (uo); in €2,
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where ¢;(¢) € R is given by

(@) = (W21, §) 1208 V@MW1 GO 201
WOl 8 ) e HV @O WD s 655) 201 )
—(@ani©0), ¢, 12 gy = (F1 (00, 8) 12 o1 ay = (10, @) 12y -
Thus, c;(¢) converges to the same expression, where the approximate initial data
(w;); are replaced by the actual initial data w; (i = 0, 1, 2). From our compatibility
conditions (7) together with (28), this leads us to
leill g-1(:r3) — 0, asl — oo. 34)
Similarly, for wy,
(1) (wl[7 ¢)L2(Q;R3) + V(a/’;wlar ) a]i(p»s )LZ(Q{);RS)
+<Cijkl/ wlkalv¢i9j> _(gl/CIl, ¢i7j) 2 f. 3
0 LA R) l L6209
= (Fs ¢)L2(Q(];;R3) + (fv ¢)L2(QE;R3) + Cl(¢)t

+d;(9)Ve € span(ey, ..., ), (35a)
(ii) w; (0) = (uo); in 2, (35b)

where d;(¢) € R is given by

di($) = (W1 @) 2(0:8) + V@ Oworr . GO 20 s,
—(@] q1)(0).¢'. )2l ry ~ FO:0) 2 gf sy = (FO). )12y r3)-
Similarly as for ¢;(¢), from our compatibility conditions (7),
ldi 1l -1 @sm3) = 0, sl — oo. (36)

We can thus infer now that at the limit w, satisfies, for all ¢ € LZ(O, T;
Hy (2 R?)),

T T
\/0 (wSt’ ¢)L2(Q,R3) dt + V/(; (a/’;waar ’ a]i¢vs )LZ(QO/,RS) dt
’ ijkl ! k i ’ [k
+/ (cl] / We 51 ¢l9j> dt — / (Cls, ak¢ sl )Lz(Qg;R)dt
0 0 L2(Q:R) 0

T
= /0 (Fv ¢)L2(Qg;R3) + (f’ ¢)L2(§28;R3) dt’ (37)

which, combined with w,(0) = ug, shows us that w, is a weak solution of (30).
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Moreover, w,, satisfies for all ¢ € L0, T; HO1 (S R3)),

T T
/0 (wsl‘t’ ¢)L2(Q;R3) dt + v\/o ((aié/’;wé‘vr )ta ¢aS )LZ(Q({;R?’) dt
T T
+ @Mk ) e dE = | (@der 90 gt
o & sl sJ )L (QO’R) o k4elts ) LZ(QOQR)
T
- /(; (Ftv ¢)L2(Qg;R3) + (ﬁ’ ¢)L2(Q’6;R3) d[ (38)

Step 3. Strong convergence for the Galerkin approximation. Since w, €
L%, T; HOI(Q; R?)), we can use it as a test function in (37), which provides
us on (0, T') with the equality

1 r. e
zllws(t)lliz(Q;Rg) +v/0 (@ we.r s GWess ) 2 gf o) 91
1/ ... ! ro
+_ <cl]kl/ w{;‘kvl ’ / w817j>
2 0 0 L2(Q3:R)
t
+/0 8I|qslliz(Q£;R) —&(qo + 1491, qs)Lz(Qg;R)dt
1 t
= §||u0||i2(Q;R3) + [) (F, we)Lz(Qg;RS) + (fs ws)Lz(QB;R3) dt. (39)

Similarly since w;(¢) € span(ey, ..., ;) for all # € [0, T'], we can use it as a test
function in (35), which gives us

1 ’ r .
Ellwl(t)”LZ(Q;RS) +UA (CI;;LU[,r ’ aliwhs )Lz(Qg;R3) dt
V(o [F o
+§<CU /wz ,1,/ we',j>
0 0 L2(2):R)
t
2
+ /0 11 1 5y~ 00+ 141, @) 27
1 t
= E”(u())l”iZ(Q’R%) +/(; (F, wg)Lz(Qg;]R3) + (f! w€)L2(Qf);]R3) dt
t
+ / tdi wr) + cr(wy) d, (40)
0

By (32), (34) and (36), we then infer by comparing (40) and (39), that as [ — oo,
forallt € [0, T],

E”wl(t)”Lz(Q;R?’) + U/() (a;;l,l)[,r ) a}zwlas )LZ(Q({;R?’) dt

1 L. 4 t . t
- c'f“/ wlk,l,f w) dr+s/ latl?, /. dt
2 ( 0 0 ° L2(Q%:R) 0 L2@):R)



Motion of an Elastic Solid inside an Incompressible Viscous Fluid 51

1 t
2 ~r =5
- §||w€(t)||L2(Q;R3) + V/(; (A We.r , ApWe,s )LZ(Q({;R3) dt

1 ( ijkl ! k ! j ! 2
+_ CU / We 1 7/ w6l7 j dt+8f “‘Zs” f dt’
2 0 0 J LZ(Q’B;R) 0 LZ(Q'();R)

which gives in turn the strong convergences

w; — w, in L*(0, T; HI(Q(J;; R%)), (41a)

w; — w in L0, T; L*(S: RY)), (41b)

f w; — / we in L2(0, T; H'(2:; RY)), (41c)
0 0

q — g in L20, T; L2(Q]: R)). (41d)

Since w,,; € L2(0, T; HOl (2; R3)), we can prove in a similar fashion the strong
convergences

wi; — we, in L20, T; HY(QY; R?)), (42a)
wy; — wg, in L2(0, T; L2(S2; RY)), (42b)
w; — we in L0, T; H (2, RY)), (42¢)
i, = qe, in L*(0, T; L*(Q); R)). (42d)

Step 4. Energy inequality for wg,;. By using the relation
1 2 ! ~r ~5
§||wll‘t”L2(Q;R3) +v 0 (akwll‘lvr y ApWlgess )LZ(Q({;R?’)

1 N ] t . .
Kl ok T
5 (T wi s wigs ) 2@y — 2 (@1 W
2 ° 0 Jof

t t
5 i . ) .
+8/ ffq[tt+/ ff‘]ln [2(61,-])twl§7j +(a,~j)tzwll,j]
0 J 0 J
t . ) t
~J i ~F ~S
_/0 /Qf(ai )ttCIlwln»/ +V/0 ((akak)ttwl»r7 Wittss )Lz(Qg;H@)
0
t
+2V/(; ((aza}z)twltvr’ Wettss )LZ(Q({,R’;)

t t
g C N(”O’ f)2 + f (Fl‘lv wltt)LZ(Q(J;.RS) + / (fl‘h wllt)Lz(Qf);R*%)’
0 ’ 0

and the weak convergences (32), along with the strong convergences (41) and (42),
we then get

1 t
2 ~ ~
EHwEZIHLZ(Q;R}S) UA (a]’;wstt’r s a]zwé‘lﬂs )Lz(Q({;R3)

1 .. . ! ; .
kl k ~]
+§(CU Wey sl s wsfg’ )L2(98;R) - 2/ /f(a,- )thstwe;t,j
0 Jal

t t . R . .
+<9/ / f 48[21 + / / ; Gett [2(511'/)tw£;aj +(aij)ttwsl ) j ]
0 Jal 0 Jol
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t . t
~] i ~7 ~S )
_/O '/s;f(ai )tthwe;,,j —H)/O ((akak)ttwe’rv wstt,s)Lz(Q(f;;R_%)
0
t
~r~S
+2V/0 ((akak)twatvr» Wetrss )Lz(Qg;R3)

t t
< C N(uo, f)2 +/ (Fre, wazz)Lz(Q(f)”.W) + /0 (fir, wstt)L2(Qf);R3)-
0 ;
(43)

9.4. Existence of W, Wy, Wy, uniqueness

In this section, we establish the existence of w, and its first and second time
derivatives by taking the limit ¢ — 0. The inequality (79) proved at the end of this
section, holds for any regularized velocity field ¥ = v,, independently of n, and
requires, in its proof, strong convergence results from their penalized counterparts
since the regularity that we take on the data does not allow us to view wy; as a weak
solution of a variational problem.

Theorem 3. Suppose that ug and f satisfy the conditions stated in Theorem 1. Then,
there exists a weak solution W to the problem (20) with the mollified coefficients
replacing the actual coefficients. Moreover, W is in LZ(O, T; Vy(-)) and is unique,

and w, € W([0, T)).

Proof. Step 1. The limit as ¢ — 0. Lete = %; we first pass to the weak limit as
m — 00. The energy law (39) shows that there exists a subsequence {w 1 } such
my

that

wi —w in W(O0,T]. (44)

m

Moreover, since (39) also shows that ||le./ w"L il — Qasm —
m

L2(0,T;L2(QY:R))

00, we then have ||Zzij J)i,j [| =0,i.e.,

L2(0,T;L2(QYsR)
w e Vy([0, T]) . (45)

Step 2. The penalized time differentiated problems and estimates independent of €.
Thanks to (42) and (43), we have

we, € L0, T; HY (2; RY)) N CO([0, T1; L2 (2; RY)).

We can thus use it as a test function in (38), which gives us, for a.e. t € (0, T),

1 t
2 ~r ~5
§||wsz||L2(Q;R3) + V/(; (A wer,r, ApWer,s )LZ(Q{;;R%

1 .. . ! '
ki, k 2
+§(c” wg,z,wf;’j)LZ(szg;R)"‘g/ /fqgt _8/ /f%’q1
0 Jg) 0 Jep
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1 . _ t ‘ .
+/ /er;(&,'j)twal,j_/ /f(a,’)tqswsi,j
0 Jol 0 Jol

t
+v L) Weyr » Wepss v
/O (( k k)t esr et Y)LZ(QO’RS)

t t
2
é C”wl”LZ(Q‘R% +A (Flv wEt)LZ(Qg.R3) +/ (fls w&t)LZ(Q‘(Y);RS)'
; ; 0

At this stage, we remove the time derivative from the g, term in this inequality by
integrating by parts:

t . i t . i . ) . .
/Oqg,@{),w;,,-:—/o 0o (@Dewe ) e+ (@@ w1 (0 — qo(@) ) Oy,

(g (0) = go by div up = 0); we then infer by the regularity of a and of w, that
2 v ~r ~5
§||w€t||L2(Q;R3) + E /(; (akwatvr ) akwé‘tvs )LZ(QO/;R3)
‘|“(Cijklw]§al W )L2(93:R)

< C [ 10 g+ 10O g +C Co IV 0O

L2(Q);R) L2(Q);R%)

+& Nuo, f)? +C /0 -

where 8§ > 0 is arbitrary, and C denotes a generic constant depending on the
smoothing parameter n implicit in a.

Note that it is the presence of a;; which requires the use of the regularized
coefficient matrix a; this is due to the fact that a,(¢) is not in £°° as the pres-
ence of Vw, and g, (both taken in L?) would require. In order for us to be able
to obtain consistent estimates later on which are independent of the regularization
process, we must require the pressure of the penalized problem to be in H'! (for
a.e.t € (0, T)); this requires difference-quotient methods. In order to achieve this,
we first define this pressure function to be in L? (ae. t € (0,T)), and then find
estimates which are independent of the regularization of a. Thus, in (0, T'),

2 2 2
”wé‘t(t)”LZ(Q;RS) + ||w€(t)||Hl(g26;R3) + /0 ”wé‘t ”HI(Q(J;;R3)

t
< C 2 2
< ¢ /0 1612 g 2y + 3101
t
+C Cyll Ve ()2 +€ N(uo, ))*+C / e 2 sy (46)
i ,

By the Lagrange multiplier Lemma 13, we also have

L2(Q]:RY)

lge ()12 [nwg,(r)nu(g gsy + Vw2

t
—}—HV/ Wy
0

L2 ]R) L2(Q) :RY)

2

+ N(uo, f)? }

L2(Q4R?)
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which coupled with (46) and (39), gives for a choice of § > 0 small enough,
<C
19 O1 g1 ) < [ / 19612 gy + 176N g + N, ) }

+C /O lwe 11720 m5)

Since fo IVwg (t)||2 < C N(uo, f)?, we get by Gronwall’s inequality an

2@ R =

estimate on fo llge I which in turn provides

Z(Qf R)

lge ()11 SCLIVweO?

L2(Q);R%)

t
2 ~ 2
Lz(Qf ]R) + N(Lt(), f) ] + C‘/(; ”wat ||L2(Q;R3)'

(47)

Combined with (46), still for § > 0 small enough, this also gives

||w£z(t)||L2(Q RR3) + ||ws(t)||H1(Qs ‘R3) +/ ||wst||H1(Qj R3)

< € NGwo, 72+ C @Iy oy oy +C /0 -
O’

By Gronwall and (39), we first deduce a bound on fo llwe, 12 12(@:R%) which in turn
provides us with

t
2
e (1132 . + 106 O 1 g 29, /O el g

< € N(uo, £)* +C wet|? (48)

H(Q{;R3)’

Step 3. An estimate of wg; on [0, T] which is independent of €. By using w,(t) =
uo + fé we,, we see that

t
2 2 2
lwer (1 20 + 1031 0 ) + fo ey g

C lluol?

é (I/t() f) +C1t / ||w5[||H1(Qf R3) Hl(Qf :R3)

< EN(ug, f7? +clr/ ey |12

HI(Q)R3)’

where we denote by C aconstant, dependent on the smoothing parameter of a (but
not on &), which will remain unchanged in the following estimates.

Now, we see that for any 0 < 7 < 11 = Min(Tyy, %), we have
1

1 t
2 2 - 2 i 2
lwer D32z + 1wl gy ) + 5 /0 el g gy < € Nlwo, 7,



Motion of an Elastic Solid inside an Incompressible Viscous Fluid 55
which with w, (t) = ug + fot' Wy, gives

llwe (1)1 < € N(uo, )% (49)

HY(Q):R3)

Next, we take t = t1 and let w, () = wg(#1) —I—ftt] we;; we know from (48) and (49)
that

t
2 2 2
||w8t(t)||L2(Q.R3 + ||ws||H1(Qx.R3 +/ ”w””Hl(Qof;R*)
< C Nuo, /)* +C1 (t —11) ||wg 112
= Q)R

+C ||ws(f1)||Hl(Q/ R3)

<N 12+ a0 [l e

Now, we see that for any 11 < ¢ < 2 £, we have

1 [ ~
2 2 1 2 < 2
e (172 g )+ 10371y ) + 3 fo ety gy < € N o, 7

which with w, (2t1) = uo + fozt' W, gives

lwe@eD)II2, < C N(uo, f)*.

Q)R

We then see by an easy induction argument that for any ¢ € (0, T),
2 2 L 2 ~ 2
lwer (0172 ) 1wl gy 29+ 5 /0 e, g oy SC Nwos /)2 (50)

(As is evident in the proof, the constant C grows as T increases and thus depends
on T.) Thus with (47), for all t € [0, T,

196013 1 ) < € Newo, /)2, 1)

Step 4. Weak convergence and llmit problem. Since w, also satisfies (39), we thus

deduce that for the choice ¢ = there is a subsequence, still noted w 1 , such that
mj

wi — w in L%(0, T; H (Q: R?)), (52a)

"l[
w1 — W, in L2(0, T; L*(2; RY)), (52b)

nl] [

=72 7200/

g1 — g inL°(0,T; L*(£2: R)) . (52¢)
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By the weak convergences (52), we infer from (37) that at the limit, for each
¢ € L*(0, T; Hy (2 R?)),

T T
/(; (J}[, ¢)L2(Q,R3) dt + V/(; (&£ﬁ)vr l El]i(p»s )LZ(QJ,RS) dl

T t T
+ ci-/kl/ Wk, ’) dt—/ G, alok, - dt
fo ( SRS L2@QR) o AP0l
T
:/0\ (F, ¢)LZ(Q'(§;]R3) + (f’ ¢)L2(QB;R3) dt (53)

Now for the initial condition, we notice that @ € C°([0, T1; L%(Q2; R3)). From the
following identities which hold in L2(Q2; R?),

t

t
w(r)=w<0)+/ i, ws(f)=uo+/ e,
0 0

we deduce from the weak convergence of fo We, tO fo W, in L0, T; L2(Q; R?))
that w(0) = wug in L%(Q2; R?). Combined with (53), this shows that @ is a weak
solution of (27) associated with v.

Now, let us prove that the sequences in (52) in fact converge strongly.

Step 5. Strong convergence. Since w € L%0, T; H& (2; R?)) we can use 0 as a test
functionin (53), which provides an energy law that we can compare to (39). By using
the weak convergence in (52), and the fact that ||Zz,l( wek ”LZ(O,T;LZ(Q({;R%) —- 0
as ¢ — 0 from (39), we deduce from this comparison that for any ¢ € [0, T'], as
g — 0,

1 e -
Enws(t)”%}(Q;R.%) + V/ (alzwe,r ) a}zws,s> i dt
0 L2(Q];R3)

1 .. ¢ ¢ .
+_(cljkl/ wé‘ks[ 9/ wé‘l’j>
2 0 0 L2(Q;R)

[ 2 ! ~7 -~ ~5 ~
g E”w(t)”LZ(Q;R}) + U/O (akw’r y QpW,s )Lz(Qg;R3) dt

1 . t t .
+_<czjklf wk’l’/' wz’j> ,
2 0 0 L2(Q};R)

which with (52) precisely gives the strong convergence

w1 —  in L2(0, T: HY(Q!: R%)), (542)

my
w1 (1) = w() in L*(; R?) forany ¢ € [0, T], (54b)

mj

t t
/ wi — [ @ in H'(Q4; R?) forany 7 € [0, T]. (54c)
0 m 0
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Step 6. Uniqueness. Now, to prove uniqueness, let us assume that there exists an-
other solution w’ to (27), such that w’ € L>(0, T; V;(-)), w, € L*(0, T; L*(Q; R?)).
By defining sw = w — w’, we see that Sw € L2(O, T; V) is a solution of

(1) (5“}[, ¢)L2(Q;R3) + V(dzswsr ) El]i(pvs )LZ(Q(]; R%)

+ (df”/ swk,;, ¢l,,) =0V € Vy(1),
0 L2(Q:R)
(i) Sw(0) =0in Q.

Since Sw(s+) € L%(0, T Vi(+)), we can use Sw as a test function in (i), which
gives a.e. in (0, T),

1d .. ! .
~— | 16wI32,0. 3 +(c’f”/ swk,, Swl,,)
2dt |: LR 0 L2(Q3:R)

+v(@dw,,, aéw,s) =0

L) R3)

which, with the condition w(0) = 0, precisely proves that 6w = 0, establishing
the uniqueness of such a solution. O

We will also need information on wy;.

Theorem 4. Ler w € L%(0, T; V;(-)) denote the unique weak solution of (53),
whose existence is ensured by Theorem 3. Then w; € L2(O, T; HO1 (2; R3 ) and

Wy € W0, T1). Furthermore, g, € L2(0, T; L* (R} ; R)).

Proof. Step 1. Limit as ¢ — 0 in (43). In order to get an estimate independent of
¢ from (43), we integrate by parts in time to remove the second time derivative on

et
t . . . .
/ Ger [2@])) wel,j +@) w1
0
Z_A qet [2(51,-1);11)5;,]-—1—(&[.]),121)8[,]- ]t+qst(t)[2(éi])lwé‘;sj +(C~l,'])ztwsl,j 1)
—q112@) Owi’,; +@ )i O)uo’ 5 1, (55)
(e (0) = g1 — (1/&)[ @) (Oyuhy, ; +a! (O)w},; 1 = g1 in 2 by our compatibility

conditions on the initial data), from which we then infer by the regularity of a and
of w, that

1 t
2 ~ ~c
§||wsn||L2(Q;R3) + V/O (g Werrsr » ApWeryss )LZ(Q{;;R»“)
+l(cijklw ko we, i) <cc t lge %, s
2 1ol Wers jIL2(QYR) = 8 ) st LZ(Q(];;]R)

!
2 2
+4 /(; ||Vwen||L2(Qg;R9)+3 ||CIez(l‘)||L2(Qg’;R)
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+C Csl|Vwe, ()] +C Cs [IVwe () + CsCN(uo, f)?

L2(Q):RY) L2(Q):RY)

t
+C f (R
A ;

where § > 0 is arbitrary.
Thus, for § small enough,

t
2 2 2
”wé‘tt(t)”Lz(Q;R} +/ ||sztt||L2(Qof;R9) + ||ngt(t)||L2(%;R9)

/ 14960132 gy 8 Mt O g ) + € Coll VeI

L2(Q):RY)
t
+C N(uo, f)*+C /0 lwe s 1720 m3)- (56)
By the Lagrange multiplier Lemma 13, we also have
196001 g 2 < €| M6t Ol gy + IV O
JrCIsz(t)IIL2 ol :R) + Cllge (1 )IIL2 oliR)

Ve (0132 g5 9, + Nwo, 7],

and thus with (50), (51) and (56) for a choice of § > 0 small enough,

460 O g ) < € [ / 146012 gy + € IVt O 1

HIVwe (720 59, + € Nwo, f)?

t
+C /0 ||wg,,||iz(Q;R3)],

which by Gronwall’s inequality and (50), gives

t t
2 < A 2 2
/O 1496017 g < € [N(uo, N+ /0 ||wg,,||L2(Q;R3)]

and thus,

t
19O} 1) = € [N(Mo PP+ Vst o1 o) + /Ouwg,,niz(g;Rg)].
(57)

We then infer from (56) that
2 ! 2 2
||wetz (t)”Lz(Q;]R3) + [) ”Vw&tt ||L2(Qg;R9) + ”VU)SI([) ||L2(QB;R9)

t
<¢ [nwet(r)nm, po, + N0, ) + /0 ||wm||iz(Q;R3)]
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By the Gronwall inequality and (50), we first obtain an estimate for the term

t
/ lwe s (2) ||%2(Q'R3) which implies in turn that
0 ;

t
2 2 2
e Oz + [ 19000 0 g+ IV O gz

< C Vw7, o1 oy +C N, )7,
0’

Step 2. e-independent estimate for we;; on [0, T']. In the same fashion as we derived
(50) from (48), we can deduce that for all ¢ € [0, T'],

t
lwe st 172 s + /O IVWerr 7 .oy + IV Wert 2 00y S CN (o, £)°.
(58)
From (57) and (58) we then infer

2 < 2
1960 D123 g1 ) S € Nwo, 1) (59)

We thus deduce that for the choice ¢ = le there is a subsequence, still denoted
w 1, such that

m
wL = W in L2(0, T; H'(Q2:; RY)), (60a)
wi o= W, in L2(0, T; H'(Q; R?)), (60b)
wi = Wy in L2(0, T; L2(; R3)) and in L2(0, T; H'(Q7; R?)), (60¢)
g1 = in L2, T; L2(Q); R)), (60d)
ar = Gr in L2(0, T; L2 : R)). (60e)

Step 3. Initial condition for w,. By the weak convergence in (60), we infer from
(38) that for each test function ¢ € L?(0, T; Hj (€2 R?)),

T T
/0 (ﬁ)l‘t’ ¢)L2(Q;R3) dt + U/(; ((&Z&Iiw’r )ta ¢’S )LZ(Q{)I;RS) dt
+/(; (MW", ¢l1j )LZ(QB;R) dt — /(; ((aijCI)t, ¢l,j )L2(§2({;R)dt

T
- /0 (Fro ) gty + Ui )2y i 61)

Now for the initial condition, we notice that @, € C°([0, T]; L%(Q; R3)). From
the following identities which hold in L?(2; R?), we find that

t '
wy (1) Zwt(o)‘i‘/o Wy, We(t) = wy +f0 Weyy -

Since [y we, = Jo Wy in L2(0, T5 L2(Q2; R?)) weakly, we deduce that i, (0) =
wy in L2(2; R3).
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Step 4. Strong convergence: the easy cases. We will also need the fact that the weak
convergence in (60) is in fact strong. Notice that since w; € L%(0, T; HO1 (92 R3)),
we can use w; in (61) to get for any ¢ € [0, T,

| B . -
E“wt(t)lliz(Q;R3) + l)'/(; ((azaiw,r )ta We,s )LZ(Q({;R3)
o _ 1 .. .
_/(; ((ai‘]q)tv w;a/ )LZ(QO/,R) + z(cl]klwkyl (t), wl,j (t))Lz(QS,R)
1 2 L iiki i
= E”wl ||L2(Q;]R3) + E(C Ugs1, U0 j )LZ(QB;R)
t
[0 3o ey + i T .
Since w(t) € V;(¢) in [0, T implies (), %', ; = —a/ !, ;, we then deduce that
1 2 !
E”wt(t)”L2(Q;]R3) + U/() (alza[iwtvr s Weys )Lz(Qg;R3)
t t , .
~r =S\ ot . ~JN 5 i, )
+U/0 ((akak)lwyr , Wt,ys )LZ(Q(J;;R3) _/(; ((ai )l‘qv wl’] )LZ(QS;R)
+ /0 (@)eGes 035 2oty + 5 €D 0,8 O) 2wy
1 2 1 ijkl  k i
= §||w1||Lz(Q;R3) + E(CU UG- 10" j ) L2 R)
t
+'/0 (F[, d)t)Lz(Qg;RS) + (_fh wI)LZ(QB;RS) dt (62)
Similarly,
1 5 !
E”w«%(t)”LZ(Q;R}) + U/(; ((alzélinvr )t: We, s )L2<Q(J;;]R3)
_/0 ((aiqu)tv ws;’j )LZ(QSI;R) + E(cl'lklek,[ (t), wel,j (t))Lz(Qg);R)
1 2 L ik k i
- §||w1”L2(Q;R3) + E(C u()sl , UQ 5] )LZ(QB;R)
t
+/() (Flv w”)L2(S2({;R3) + (fl’ wEt)Lz(Qf);RS) dt .
From the definition of g,, (Zl{)twgi,j = —Ezij wel,j —& (qe; — q1), and thus
1 2 t c
5 ||wst(t)||L2(Q;R3) + U/O (Arapwessr , Wepss )Lz(Qg;R3)

t t .
~r~s ~J i
v a,a;)iWe,r, Wey, — a: s Weysj
+ /0 ((apay)iwe,r et S)LZ(Q({;]I@) A (( ,)tQa et ])LZ(Q(J;;]R)

t . . t
+‘/(; ((&ij)lqé‘t’ w€l9j )LZ(Q({;R) +8/(; (61517 ‘Isz _ql)LZ(Qg’R)
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1 ijkl. =k j
+5 @ wet (0, we'j (D) 2gyw)
1 2 1 ijkl k i
= Ele ||L2(§2;R3) + E(CU Ugl » MOI,.,' )LZ(Q{);R)
t t
+A (Fls w&t)LQ(Qg;R3) + -/0 (ftv wSt)LZ(Q’(Y);R3)' (63)

By integration by parts, since g.(0) = qo,

/ ((a )Iq€7 'lUgt,] )LZ(Qf R) / (((a )tCIs)t, ws i )Lz(Qj R) d
+((a[ )1qe (1), we ) j (t))Lz(Qg;R)
~(@)O)go. u'.1) 201y (64)
Now, since g (f) = qo + fé gs; dt we deduce that for any ¢ € [0, T], g. (1) —

q0 + fé q: dt in L2(Qf; R), which proves that g(t) = go + fot q:, and thus that
G € €010, T1; L2(Q; R)), with §(0) = qo. Furthermore, for any ¢ € [0, T],

Ge(t) = (1) in L2(Q]; R) as e — 0. (65)
Similarly, since w,(0) = w(0) = ug, we have for any ¢ € [0, T],
we(t) = w() in H (Qf IR3) ase —> 0.

Moreover from

2 _ 2 .
||w€(t)”H'(Qg,R3) - ”u0||H1(Q(J;,R3) + 2/(; (w€t9 wé‘)Hl(Q(f;;Rf&) dtv

we infer from the strong convergence in (54) and the weak convergence in (60)
that for any ¢ € [0, T],

1
2 ~ ~ _
10O s gy = 1001 g e +2 /0 (B, B) 1 qf oy 41258 = == = 0,

from which we obtain the strong convergence

we (1) — W) in H'(Q); RY) as e = o (66)

mjp

Thus, from (64), the strong convergence in (54) and (66) together with the weak
convergence in (60) and (65) shows that

t . ) t . . 1
~j i TN -
/0 ((a[‘ )Iqé?v w&‘[s] )Lz(Qg;R) dt_)‘/é ((Cli )tCI» wtvj )LZ(Q({,R)dt as e= m; g 0
(67)
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From (67), the weak convergence in (60) and the strong convergence in (54),
we then deduce from (62) and (63), that as ¢ = mll — 0, forany ¢ € [0, T,

1 Lo
§||w€t(t)||L2(Q;R3) + V/(; (alga}zwetar » Werss )LZ(Q{;;R% dt
+§(Cljklwsk,l (1), we',j (t))LZ(QB;R)
1. s~ -
- §||wl(t)||L2(Q;R3) +v | (@ apwr,r, Wr,s )Lz(Qg.Rs) dt
0 ;
1 y
+5(c'f"lw’<,z (0, ' ()12 a8R) -

which implies the strong convergences

wi (1) = W) in H'(Q;R?) forany s € [0, T, (68a)
ml
wi — b in L2, T; H' (2} RY)), (68b)
¢
w1 (1) = W (t) in L*(92; R?) forany ¢ € [0, T]. (68¢)

L
7
ml[

From the strong convergence in (68) and Lemma 13, we also deduce that

llge — q”LZ(O,T;LZ(Qg;R)) — 0, ase > 0. (69)

Step 5. Strong convergence: the more delicate case of wy. Our main difficulty
results from the fact that we cannot directly obtain an energy inequality for wy,
(from the limiting weak form of the twice time-differentiated problem). Rather,
our starting point will be (43), from which we will get by weak lower semi-
continuity the desired inequality, provided that we can prove that wy;; — Wy
in L2(0, T; Lz(Qf :R3)). To prove this result, let us first remind the reader that
wg,, satisfies, for all ¢ € L2(0, T’; HO1 (Q; R?)),

T T
\/(\) (wé‘l‘tt’ ¢)L2(Q,R3) dt + v[) ((&]i&]};wa,r )ltv ¢7S )Lz(Qé,RS) dt
! ikl k i ! I k
+/(; (cl] Wey sl s ¢l,j )LZ(QagR) dr — /0 ((&kq€)tlv d) sl )L2(Q(J;;R)dt
T
== /(; (Fttv ¢)L2(Q({;R3) + (fltv ¢)L2(QB;R3) dt . (70)
From the bounds associated with the weak convergence in (60), we then see that
T ) .

/0 lweri O3,y di < €. (1)

where C denotes a constant which depends on the data, the smoothing parameter
implicit in a, but not on the penalization parameter ¢. In the following, this letter
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will denote a generic constant depending on these variables. Let us fix § > 0, and

let
Qf = {x e Q]| dist(x, Tp) > 8, dist(x, 3Q) > 5}.

Let us then denote on [0, T'],
Qs(1) = (2, ).
For each t € (0, T'), we have the existence of 6z > 0 such that
Vi' e (t — 8t t + 81), Qos(t) C Qs(t).
By a simple change of variables and (71), we then get

~ |
“deta Werrr © 1 H L2(1—81,1+8t; HY 4, (Q25(1);R3Y)

We set
ug =detd w07 L.

From (72) and (60), we then get

. < C
”ust”Lz(t78t,t+5t;Hol’div(ng(t);Rﬁ’) =G,
ot N L2 —s1 145t 1 (G2 2R3y = C-

<cC. (72)

Thus, from the classical compactness results (since the domain Qos (¢) is fixed on

(t —8t,t + 81)),
up — u =detd wy o7 " in L2(t — 8¢, t + 8t; L*(Q0s(1); RY)),
which obviously gives (since on (f — 8¢, ¢ + 8t), 7 1(¢/, Qs(1)) C Q(Sf),

Wey — wye in L2( — 81,1 4 813 L2(Q1; RY)).

By a finite covering argument, and the L°° bound (58) of wg,, in L2(2; R3), we

then infer that

T T
. 2 _ ~ 2
limsup /0 el g o) 4 = /0 01 gy ) 41 (73)
Successively from the Cauchy-Schwarz and Sobolev inequalities,
2 3 < f £ 12 -
”wgn”LZ(O,T;Lz(QgﬂQ({C;H@)) = Cl& Ny | ”w"||L2(0,T;H'(ngQ{";R3))
~ 3 c
<Cie)nel’I N, M (74)

From (73) and (74), we then infer

T
limsu we,, ||? dt
p fO l Ett||L2(Qg;R3)

T
- ~ c
S/O IIwnllé(Qg;R% di +C |12} N Q]| Nwo, )2,
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which immediately shows that

T T
limsup ./() ||wszt||L2 ol R dt §f0 ”w””L2 QiR at,

thus establishing the strong convergence as ¢ = ml — 0,
i

w1 — Wy in L20, T; LA(Q: R3)). (75)

mytt

Next, we restrict our test function ¢ to be in the space {¢ € V;(¢) | ¢ =0 on Q_f)}.
For all such test functions and fora.e r € (0, T), ¢ € V;(¢),

(Wer (1) — wer (1), D) 2R3y + v((agay (i — we,r ) (1), ¢’S)L2(Q{;;]R3)
(@)@~ g) 0, B ) 200y =0

thus, the second Lagrange multiplier Lemma 15 ensures, from the strong conver-
gence in (75), (69) and (68c), that

”(q%)t - él“Lz(O,T;LZ(Qg;]R)) -0 . (76)
where
_ - 1
qr = qr det V7,
|Q |

and a similar definition for g.. In the following, we will denote
1 1
c= f| qt detVipand ¢, = o f| qst det V7.
19]

Step 6. Aninequality for w;; with a constant independent of the mollification param-

eter. Now, from the weak convergence (60) and the compactness of the trace oper-

ator, we then infer that as ¢ = le — 0,

@D = wedee 720,712 (g m3y) = ©- 7

We now note that from (43) and (55), forany 0 < ¢t < T,and 0 < 8§t <
Min(t, T —t),

18t 5 t+8t
) / ||wezz||L2(Q.R3) + V/ / (AT akwsttss )L2 Qf R3)
15t ’

1 t+6t -
+_/ (ct/ wé‘t sl s wst 5] )LZ(QJ ;R)
t—48t

t46t
/ / [ Get 2([1 )twé‘[’j +(a )ttwe 7/]

t+6t . X . ,
+/ /fQEz [2 @))rweb,j +@@ w1
t—45t QO
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146t pt’ , ) t+8t pt’ . )
_2/ / /f (glf/)t‘hzwa;pj _/ / f(a,'j)ttchwslnaj
_ - Q}
48t
+U/ / (R 1t We,r s Werpss )Lz(Qf R3)
t+5t
+2 V/ / ((akak)twahr , Weyrss )Lz(Qf R3)

1468t
< C ot Newo, ) + / / Fot wer) 2

148t
/ f (fies wetz)LZ(QS R3)- (78)
t

8t
The first three terms of the left-hand side of this inequality will be dealt with
by weak lower semi-continuity. By the weak convergence in (60) and the strong
convergence in (54), (68¢), (66) and (69), we infer that all of the remaining terms,
other than the term [**.' fo fo @!)1qe,wel,, j , converge as & — 0 to the same

expressions with the limits w and q replacing w, and g,. From the definitions of ¢
and c., we have

t+8t  pt’ )
~j /
f / /f(ai )thtwsipj
t—58t JO Qp
t+8t pt’ . ) . ]
~ ] = ~J
2/ / //(ai )t(q‘s)twsipj +Cs//(ai )twsit,j .
=8t Jo | JQf 97

0

From the strong convergence (76) and the weak convergence (60), we then deduce
that the first term of the right-hand side of this inequality converges as ¢ = nl” -0
to the corresponding term where g; replaces ¢., and w;, replaces wg,;.

For the second term of this right-hand side, we notice from a spatial integration

by parts (since ¢, depends only on the time variable) that

t+8t pt’ . )
~]
/ / cg/f(ai )i Wei,,
t—ét JO Qp
t+8t  pt’ . . . .
~J] ~J
:/ [ Ce _/,«-((ai )t)aj wsi;"‘/ (ai )twsith
t—st Jo Q) To

and thus from the weak convergence in (60) and the strong convergence in (75)

and (77) we then get the convergence as € = ml[ — 0 to the corresponding term

where ¢ replaces ¢, and w;; replaces w;;. This implies that as ¢ = mll — 0,

t+8t  pt’ . t+8t pt’ .
_j . i n
f f /@ );qg,wgit,j%/ / ff(a,- )i Wiy -
=5t Jo Jaf =5t Jo Jaf

Consequently, all the terms, except the three first ones, appearing in the inequality

(78) are convergent as € = mi[ — 0 to the same expression, where ¢, and w, are

replaced respectively by g and w.
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By weak lower semi-continuity for the first three integrals, we then infer that as
&= mll — 0 the same inequality as the previous one holds with w and g replacing
respectively w, and g,. By dividing those integrals by 25¢ and passing to the limit

as 8t — 0 (which is possible a.e. in (0, T)), we then find that a.e. in (0, T'),
1 ~ 2 ! ~p ~ ~§ ~
§||wt[(t)||L2(Q;R3) +v 0 (A Wrer s ApWitss )Lz(Qg;Rs)
1 » 1 R o
5 B (0, B, () 2aym) fo fQ @2} +@)ui )
0
. . . . 1 . .
+ [ aonaal b 0 -2 [ [ @l
) 0 Jo}
t
+U/0 ((&]’;ai)ttﬁ)ar s Wer s )L2(Q~0f;IR3)
t t ) )
+2V/0 ((&]Z&i)t'd)t’r , Wt s )LZ(Q{;;R% _/(; /Qf(&ij)ttqﬁ);tﬂj
0

' '
< CN(ug, f)2 + / (Ft, 'I)f’)LZ(Qg~R3) + / (fiss lz}lT)Lz(Q?');R3), (79)
0 ’ 0

where (we recall) C does not depend on the smoothing parameter of a. 0O

9.5. Regularity for w and its first and second time derivatives, dependent
on the regularization parameter of a

As discussed in the introduction, we shall focus on the regularity near the
interface, which will provide us with the trace estimates on the interface. Elliptic
regularity for the Dirichlet problems will then yield the full regularity result in each
interior component. In this subsection, C continues to denote a generic constant
which depends on the same variables as C and C (M), and additionally on the
regularization parameter. In Section 10, we obtain estimates independent of n, by
interpolation mainly, which requires us to know a priori that the solution is smooth
(without using the estimates that we get in this subsection, since they blow up with
the regularization parameter).

We remind the reader that at this stage, we have already proved that w €
L2(0,T; V;(-), W, € L*(0, T; Hy (22; R?)) and w;, € W([0, T1), and that both G
and g, are in L2(0, T; L2(Q; R)).

The missing regularity results will be recovered using difference quotients.
Recall that if we consider the partition of the space R? formed by the two half-spaces
Ri ={xx23, ) eR¥ x>0l and R = {(x!, x2,x3) e R? | x3 < 0} and
the horizontal plane {x3 = 0} with the usual orthonormal basis (ey, e2, ¢3), then
we have

Definition 3. The first-order difference quotient of a function u of size h at x is
given by
n) —
Dpu(x) = W,
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where £ is any vector orthogonal to e3. The second-order difference quotient of u
of size h is defined as D_j, Dju(x), given explicitly by

u(x +h) +u(x —h) — 2u(x)

D_pDpu(x) = e

We will denote
Vou = (u,1, u,2).

Letting Al = Ez,i&,{ , we write the weak form as
(ibl’ ¢)L2(Q,R3) + V(Al]a)9i £ ¢7j )LZ(Q({’RS) + (Clj / w 71 k) ()blyj ) )
0 L2(Q):R)
_(qv a]l(¢kal )LZ(Q({;R) = (F7 ¢)L2(95;R3) + (f9 ¢)L2(Q?),R3)
for all ¢ € HOI(Q; R3), forae.0<r < T.
Next, assume that Q = B(0, 1), the unit ball centered at 0, and that Qf =

{x € B0, 1) | x3 > 0} and ¥ = {x € B(0, 1) | x> < 0}. Select a smooth cut-off
function ¢ satisfying

¢=10onB(0,%), ¢=00nR’— B, 1), and0<¢ < 1.

Let¢p = D_y, (§2th)); then clearly ¢ € H(} (2 R3) forae. t € [0, T]. We may
thus substitute ¢ into the above weak form to obtain

A+ Ay + Az — Ay = B,
where
Ay = (Dyiby, £2Dph) 120 k%

Az = v(DR(ATD,i), (D), ) 12 of oy

t
Az = (Dh(cljkl/ ), (szh'I)l)vj> ’
0

L2(Q§;R)
As = (g, & (Dpl&> Dy Do) 2 )
2 ~ 2 ~
B = (F, Dy (" Dp)) 2 qf g3y + (D f. §7 D) 1205 R3)-

For the first two terms, we easily find that

A= L yep,ap
1= EE”; hw”LZ(Q;RS)a

Ay 2 CleDyVBI?, ;o = CIVDI?, ;.
= L2(2):RY) L2(2:R%)

For the remaining terms, we shall use the notation ¢” (x) to denote c(x + h).
Whereas the coefficients of the elasticity tensor are constant, it should be kept in
mind that our assumption on the domain comes in fact from a change of variables
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which produces a non-constant elasticity tensor. It is the integral below with the
Dj,c term which necessitates the hyperbolic scaling of our functional framework.
Expanding A3z, we have

t
Az = (;Zch : Dh/ v, thw>
0 L2(Q}:R%)
t
+(§2Dhc:/ Vi, D,,Vzb)
0 L2(2):;R%)

t
+ (2;v; ® Dy, " : D,,/ vw)
0 L2(Q):R?)
t
+(2;z,thc”k’f uv",l,thl)
0

The second term on the right-hand-side is

t
<Dh (;ZD,,C : / vw) ,sz))
0 L2(Q}:R%)

t t
= <[§2Dhc]_h:Dh/ vw+D,h(§2Dhc):f Vi, vw)
0 0

L2(Q):R)

L2(2}:R%)

Hence for 8 > 0, we see that the A3 term yields the following inequality:

A3 — —— | ¢°c": DyVw, DyVw
2dt 0 0 L2(Q:R?)

t 2
é@‘{D_h/ Vw
0

t
/vw
0

For the A4 term, we have

+ Coll VI3,
L2(Q:R%)

(@):R?)

2
+C

L2(Q5R)

Ay =G . @1 "Dy Dy, +a (D_pt*) Dy 1 +12¢5.0 17" Doy Dy G
2 D (G0 ) D) 2 g1
By the divergence-free condition, w € V;([0, T']), we get, in Qf R
0 = D_j((a,)" Dyi* . +Dya i 1]
_ =l ~ k ~I1h ry ok ~[1—h ~ k ~ =k
=a, D_p,Dpw",; +D_pla, )" Dpw®,; +[Dpay ] " D_pw™,; +D_p Dpagw”,; ,

allowing us to eliminate the first term appearing in the expression of A4, which
gives for 6 > 0,

< ~k 2 ~12 Ao
1Aal 018 Dt 1 1 g )+ Coll ) + NV 0
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Finally,
=112 )
B < 0LIV D72 ggpo) + 16 DAV DI, 01 g
=112 2 2
FCNVBIT, g1 oy T ColIl I gpimsy + 1S W g,

Choosing 6 > 0 sufficiently small, we have the inequality

d t t
— g Dhw %5, . +<;2c”:f thw,f thw)
dt ( L2(;R3) 0 o 2@5R)

~ 112
+||§Dth||L2(Qé~;R9)
3 ¢ 2 ‘ 2 )
<C H;“/ DV + f Vw + IV 72 . oy
0 L2(Qf;R?) 0 L2(Qf;R?) o
~ 112 ~ 12 2 2
+||Vw||L2(Qg;R9) + IIqIILz(Qg;R) + IIfIILz(Qg;R3> + IIfIIHl(Qé;Rg)) .

From Gronwall’s inequality, it follows that 9,0;w € L0, T; L*>(V/: R3)) where
v/ = {x € B(O, %) | x> 0}, and where « = 1,2 and j = 1, 2, 3. Hence,
dew € L*(0,T; H' (VI;R3)), so that by the trace theorem we obtain 9, w €
L*0, T; H*>(V/ N {x3 = 0}; R?)). Thus,

we L?0,T; H> (v n{x? =0}, RY) (80)
(with an estimate which blows up as the mollification parameter n — ©0). Simi-
larly,
t
/ We L0, T; HP (VS N {x® =0} RY)), (81)
0

where V¢ = {x € B(0, 5) | x> < 0}

We now drop the assumption that €2 is the unit ball, and once again assume
it is an open bounded subset of R® with all of the smoothness assumption stated
previously. We choose any point xg € I'gp and assume that

Q! N B(xo,r) = {x € Bxo,r) | £* > y(x', x))},
Q5 N B(xo,7) = {x € B(xo, 7) | x* < y(x', x%)}

for some r > 0 and some smooth function y : R> — R. We define the following
change of variables:

yi=xl=®x), i=1,2
yi=x -yl 2P = o),

and write
y = ®(x).



70 D. COUTAND & S. SHKOLLER

Similarly, we set

=y =Wy, i=12
B =y 4yl ) =8y,

and write
x=W(y).

Then ® = WL, and the mapping x — ®(x) = y straightens out I'y near xg, and
det ® = det¥ =1, (see [13]).

We can assume 0 = ®(xp). Choose s > 0 so small that B(0, s) C ®(B(xg, r)).
Let

w'(t, y) = o, (), ¢'(t,y) =4, @), [, y)=ft, @O).
Then w’ and w) are in L?(0, T; H'(R; R?)), where ' = B(0, s). We also set
sz({/ = B(0,s)N{y* >0}, @ =B0,s)N{y> <0}
Then, since (w, g) satisfy the weak formulation, applying the change of vari-

ables, we see that (w’, g’) satisfy

/ / "y . /o
Wy, @) 2R3 T V@ w,i, ¢, )Lz(sz-of/;ﬂv)

t
ijki k i
+(c’] / w9 q)
0 L@y R)

k
—(61/, [a]l( o \I/]gqus/ r )LZ(Q'(;./;IW) = (f/: ¢/)L2(Q’;R3) (82)

for all ¢’ € HO1 (Q;R3), forae.0 <t < T, where

a/kl _ Ajj oW gkgé’ C/zrks

i

=M glgh, gy =1VW(mI

It is easy to verify that both a” and ¢’ retain the uniform ellipticity conditions of
the original operators A and c; Moreover, w’ satisfies the divergence condition
ai] o dw”, ;=0in[0, T] x ". Thus we may apply the results obtained above for
the case where the domain is the unit ball to find that

w' e L20,T; HS v/ n(x3 = 0); RY)),
t
/ w € L0, T; HS VY N {x? = 0}; RY)),
0

where V/' = {x € B(0,%) | x* > 0}and V¥ = {x € B(0,) | x* < O}
Consequently,

t
we L0, T: H @V NTy; RY), / We L®0,T; H @V NIy RY)),
0
(83)

where V/ = W(V/") and VS = W (V¥).
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Since I'p is compact, we can as usual cover I'g with finitely many sets of the
type used above. Summing the resulting estimates, we find that we have, for the
trace on ['p,

W e L*0, T; H'>(Ty; RY)), (84a)
t

/ W e L0, T; H'(Ig: R)). (84b)
0

Converting the fluid equations into Eulerian variables by composing with 771,

we obtain a Stokes problem in the domain ﬁ(Qg ):
—vAU+Vp=f =0 +val,jon  uy—p @),;oi”"!, (85a)
divu =0, (85b)

with the boundary conditions that # = 0 on 7(3dS2) and that u € L%(0, T;
H'3({(Iy); R?)), where u = wo ' and p = § o 7~ '. Since the domain
ﬁ(Qg ) is of class H3, by the elliptic regularity of [8], (84a) implies that u €
L2(0, T; HX((2)); R%)) and p € L2(0, T; H'({(QY); R)). It follows that

e L0, T; HX(Q): R, §e L0, T; H'(Q):R).  (86)

Similarly, elliptic regularity of the elasticity problem shows that
t
f W e L0, T; H*(2); RY)). (87)
0

Next, we consider the weak form for the time derivate W, forall¢ € Hj (Q; R?):

(Wrr, §)2qr3) + VAW, 11 o )@l T (@t ¢t ) L2 @R

_([&qu]l’ ¢i’j )Lz(Qg;R) :(F[, ¢)L2(Q({§R3) + (ft’ ¢)L2(Q‘8;R3) a.c. t e (Os T)
Expanding the time derivative, we see that there are two additional terms in the
weak form given by (A[*w,, , ¢.s )2l ) and ((@)]q, ¢, )12 Ry These
additional terms are easy to handle, and by letting ¢ = D_j(¢>Dy,1,), and fol-

lowing the identical procedure as above, since we also already know that w,; €
L0, T; L*(2; R?)), we find that

b € L20, T; HX(Q): R?), G € L*0, T; H'(Q); R)),
W e L0, T; H*(S; R)). (88)

Because of the assumptions on the forcing and these estimates for w,, we may
improve the regularity results (86) and (87). We apply the identical procedure, but
this time we use ¢ = D_;, Dy, (g“zD,h Dy w) as the test function. We find that

b e LX0,T: H3(Q): RY). § € L0, T; HA(Q]: R)).

t
/ W e L0, T; H(Q5; RY)). (89)
0
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Moreover, ||(w, @z, < CN (uo, f), where the constant C — o0 as the mollifi-
cation parameter n — 00.

In the following section, we will use a different form of (82). If we denote by
¢ a smooth cut-off function, equal tolina neighborhood of 0 contained in Q' and

0 outside €, and denote W = ¢2w’, Q = ¢%¢/, bl = al oW g, ClUM = /M
we then obtain for any ¢ € H'(R3; R3),

(Wl‘a (p)L2(R3;]R3) +v (EIJB;{WJ( s wvj )LZ(R17R3)

t
+<Cukl/0 Wk, <P',J'> (@R (Q’b’r‘(pk’r)Lz(Ri?R)
L2RL;RY)

= (F1, ¢)L2(R1;R3) + (Hj, ¢,; )Lz(Ri;RS)

+(F2, ©)pagsr3) T (K, ¢, )L2(R1;R3) , (90)
where
Fi=2F" v bl bfw' +4'Bi 22, (91a)
H; _ubfb,; aw, (91b)
=2 f" - g2, / w’, 910)
0
K! = c"/”dgz,,/ot w'*, 91d)

Moreover, W satisfies the divergence condition
bW, =a=5b/c%; W in[0,T] x R (92)

Note that we consider the above inner-products over all of R since W and
its derivatives are compactly supported in Q’; the contribution outside ' is zero
regardless of the way in which we extend b and g to [$']°. This same remark also
applies to (92).

10. Estimate for (20): the case of the actual coefficients

10.1. Energy estimate for Wy, independent of the regularization parameter for a

We are now going to use the regularity results (88) and (89) in the energy
inequality (79) (which was bounded by a constant that does not dependent on the
mollification parameter). Our approach now will be to use interpolation inequalities
to obtain an estimate which is independent of the regularization parameter.

This section will be divided into eight steps, each of which is devoted to the
estimation of the various integral terms in (79).

In what follows, § > 0 is a given positive number; the choice of § will be made
precise later, as it will have to be chosen sufficiently small.
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Step 1. Let I} = fot Jor @ (&l.j ):W!,, ;. Then, by the Cauchy-Schwarz inequality and
0

by interpolation,
! 2 ! 2 2
< N a g X
0 [0V g+ Co [ 101, o o W o

t t
~ 12 0.5 1.5
< afo 19001 ) + CaC(M)/O 190173 1 11

where we have used (12) for the L™ control of @, in H!. Thus,

L2f ) +C5C(M)(S(;lg Iqulle(Qf R)

c T
X q - T3,
[/0 ||qf||Hl(Qé;R)}

By Lemma 13 applied to (61), and (12),

n< 8/ IV 12

Ak < C U2 sy + 10 @1 g oy + 1 g

+ o]

L2Q)R) =

+||fl||L2(QA :R3) + ”wt”Hl(Qf RR3) HZ(Qf R3)

Thus, with @, (f) = w; +fot Wy, W(E) = uo +fol wyand g = qo—f—fé g; respectively
in H'(Q); RY), HX(Q]; R?), and H'(Q{; R),

I = / ”tht”Lz(Qf RY)

t t
1 2 ~ 2 ~ 2
+CsC(M) T [N(uo,ﬁ +T /0 13015 g1y fo 13131 gy
t t
+T [f e, 3+f A 3}
0 HY(Q)R?) 0 H?(Q2):R3)
+ sup [B11%,1 5.3 + SUP [1Bre 132,05 | - (94)
0.7] H(Q5:;R3) 0.7] L2(2;R3)
Step 2. Let I = [y [ 1 @)1 w!, ;. Then,
t j .
< i)l ; g
L < /0 1@ ey 1 g (Qé;R)nqtnLﬁmg;R)

t t
< A A X G |12 .
<s fo 190131 gy 2y + Co fo N 2 .

Thus, when we use (12) for the L control of d,; in L2,

~ 1.5
228 [ 10 g+ o COD [ IVEI Ly IV
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which with @, () = Wy + [, W, gives
! 2 1 2 ! 2
< a 1 D
L=< 8/0 ”‘It”Hl(Qg;R)"'CS T [N(uo, ) +/0 IIthIIHl(Qg;Rg)

t
+T /0 1Vl 1., } : 95)

Step 3. Let Is = [ [ / i@ )i, ;. Then,

t t

< a 2 D112 . aol12 X

<6 /0 a1 gy o) 1V sy o)+ Co /0 1901 s g e,

t t

< ~ 2 2 ) _

= (S/(; ||at”||L2(Q(§,R9)[N(MO7 f) +T /(; ”wl”Hz(Qg,R:")]

t
~ 105 ~ 1.5
s [ NG g g IS
where we have used w = ug + fot w;. Thus, by (12), and (93),

t t
< 2 = 12 1 ~ 2
I; < 8C(M) [N(uo, + T/O ||wt||H2(QOf;R3)i| +CsT4 /0 “q’”Hl(szg;R%

t t
1 2 ~ 12 ~ 2
+CsC(M) T+ [N(uo, P+T /0 196131 g 7 fo 0111

t
+T /0 112, ofimny TSP 12131 g o) + sup 1001172 0., ] . (96)

Step 4. Let Iy = fé fQé c}(&ij)t,lbf,,j. Then,

t t
< -2 . o
L <o /0 V012, 0 )+ C /0 1 g g 90
t t
<8 | IVl —i—CCM/ 71%> 7l
< /0 V012, 0 5o + CoCOD) [ 11 1l

HUQ)R) T HIQ)R)
' 2
<4 Vuw :
= /0” wtt||L2(Qé;R9)

t t
1 2 ~ 12 ~n2
+C5C(M) T [N(Mo, H +TfO ||q,||H1(Qg;R)+/O ||q||H2(Qg;R)]

o7

The next two steps will require the introduction of §; > 0, which is different
than § and will also be made precise later.

Step 5. Let Is = — [, [ (1)@}, j (t). We first notice that

Is = —/f ciz(r)(c”z;/)n(a)i,,- ) —Mf),j)—/lé;(t)(dl.j),,ué),j.
Q) ol
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For the second term of the right-hand side of this equality,

+Cs lar ()1 lluoll?

L2(Q);R) L2(Q);R%) H3(Q{;R3)’

- /Q L GO@ 811501

0

and thus by (17), since T < Ty,

- / L@y S 811G O, o ) + CoCOD N, ). (98)

ol L2(Q);R)

For the other term,

= [ a0@u ;0 =)

2

<
SO gy FCollan O 19—Vl (99)
and thus, by the L control in L provided by (19),
[ i@ o i)
Q0
<
S S UG DI}, g 5 + O3 CODT / IVl g 0y (100)

By (93), (98) and (100), we finally have

t t
< 2 ~ 2 ~ 2
Is < (5+31)[N(uo,f) +C(M)T[/O 1 g+ | ||w,,||Hl(Q£;R3)]
! 2 2
+C(M)T/ ||wt||H2 Qf Rg + [%?]P] ”w”Hl(Qa;R3) + [%l:l]P] ”wlt”LZ(Q;RS)

+ Cs5,C N(uo, f)>. (101)

sescont [V,

Remark 20. Note that L3 and L® in (99) are limit cases for both (19) and the
Sobolev embeddings in dimension three. In dimension = 4, this would no longer
be possible and we would be required to introduce a smoother functional frame-
work.

Step 6. Let Ig = — fo qr (t)(&l.j),wf,j (t). Similarly to our previous step, we first
0
notice that

Is = — fQ L@@ (1) = @) Oy, j (1) — /Q RAGICANOIZNIO
0 0
For the second term of the right-hand side of this equality,

—/th?z(t)(&ij)z(o) by, (1) < 81 la ()] G, (D)%
0

H2(Q];RY) L2(Q);R)

+Cs, ||th(f)||L2(Qf B9’
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and thus,
~ - - 2
_/Qg G (@O (1) = C81 N o, [)* N3O o g
+C51|:||Vw1||L2 ooy * T / 19801 g Rg)} (102)
For the other term,
/ 4@ = @O} () = 518D, g1
FCslla 0 = GO o o IVIIT, 1
and by (16),
- / G O@) O = @O O = 13O, g1 o)

—|—C5 C(M) T ||th(t)||L3(Qf R9)

In the same fashion as we proved (19), we use the L°° control in L3:

IO,

t t
< 2 ~ 12 ~ 12
el [ AT L R |
which combined with the previous inequality provides us with
- / LGO@) 0 = @), 0

< sl +Cs C(M) T ||V ||?

L2(Q);R) HY(Q):R%)

2 ~ 12
+CsC(M)T [/0 1930171 g o) * /O ||an||L2(Qg;R9)] (103)

By (102) and (103), we finally have

Is < (5 +51) [CN(MO f)2+C(M)T/ [ A

~ 2 ~ 112 ~ 2
+eon | [N 100 5| + sup i 12 .3

+Sup ||LU|IH1(QS R3 :| + CS] [N(M(), f)2 + T/ ”wal“Lz(Q/ Rg)]

+CC(MT [N(uo,f)2+ fo 1Vl g o)+ /0 ||th||§,1(gg;w)}

(104)
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Step 7. Let I; = — [y (@5a)ut., , Wi.s )20 k3 Then,
=112
= Sf va’fan Qf :R%) + CSf ||(akak)tt||L2 Qf R)”VWHWIA(QJ;RQ)
< ~ 2 05 1.5
= 8/0 ||an||L2(Qg;R9)vLC(sC(M)/0 IV |H1(sszR9 |V ||H2(QfR9),

where we have used (12) for the L control of a;;, a, and a respectively in L%, H!
and H2. Thus,

1
n<e / Vi I +CsCDTH [Nwo, 1)

L2(Q);R%)

t
~ 02 ~ 12
+T/0 ||Vw,||H1(Q_Of;R9)+/O ||Vw||H2(QOf;R9)] (105)

Step 8. Let Iy = — [o ((@4al)Wy.r , Wirss ) 12 ) Then,

t t
< ~ 12 Ter=sy 12
Iy <8 /0 V017 g 5, + € /0 (TN | LA .

t t
< ~ 2 0.5 - 15
<3 fo 19001} 5o, CCM) fo 1930103 gy 1 V1135 5,

Consequently,

Iy = 3/ IV 17 +CsC(M) T4 [N(uo, y

L2(Q);R%)

+T/ ||tht||L2(Qf RY) / v Hl(Qf Rg)] (106)

Step 9. Thus, from (79), and estimates (94)—(106), we then obtain the inequality
T
~ 2 ~ 12
[%l’-l]P] ”wlt(t)”LZ(Q;R3) + /0 ”wtl”Hl Qf Rg) + [?)l:ljl")] ”wt”Hl(Q(S);RS)
< [C8(1 + CM)N (o, )2 + C81(1+ TCM) + Nuo, NI, I3,
o .
+Cs,N(uo. f)* + Cs, T* || (. I3,
1 ~ o~

+CsCMT (|, §) 17, + Nuo, f)°). (107)

We then infer from (107), (93), and (12) that ||Cjt||Loo(0 712090 R)) is also
k) 9 Oa

bounded by the right-hand side of (107); this bound is important for elliptic es-
timates that follow.

10.2. Estimate of w; independent of the regularization of a

In this subsection, let W; be one of the H?> charts defining a neighborhood of
528 and let W; = Ciz w o ;. Since the estimates that follow do not depend on the
choice of WV;, we will denote W; simply by W.
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Recall that for all ¢ € L2(0, T; H'(R?; R?)),

T T o
/0 (Wir, @) 12 r3.R3) dl+”/() (AN )Lz(Ri;R*) dt

T . . T . .
+ /0 (CTOWE, ) @ gy dE — fo (6] Q). ¢ ) 2y mydt
T
= /() (F1s ¢)L2(R1;R3) + (His, ¢si )LZ(RLR% dt

T
+/ (F2y, ¢)L2(R3_;R3) + (Kigs @i )LZ(RE;R% dt .
0

With the choice of ¢ = D_j Dj, W; in this variational formulation, which is possible
since w; € L%(0, T; HO1 (Q2; R?)), we then get

1 L
EHDhWt(T)”iZ(RS;RS) +U/0 (b]};b]iDhWtﬂr? Dy Wi, )Lz(Ri;ﬂ@)
| .
+5 (€O D WL (T), DyWs (1)) 122
T - j .
_/() (Dh(bi O)r» DhW;’j )Lz(Ri;R)
T T h
v f (DuBBWel . DaWao) e cpo)
0
T ~ ~
+\)/ ((b]:b]b()chWarv DpW; s )LZ(R13R3)
0
! i h
) G T
0

T
+ / (DRC"S W DAW ) 23 )
0
< C N(uo, f)?

T
+/ (Flta D—hDhWt)LZ(Ri;H@) + (DhHita DhWt»i )LZ(Ri;RS)
0

T
+ f (Fro Doy DWo) o ) + (D Hig. DyWoi) o sy (108)
0

Since the estimation of the integrals with the indefinite sign in this inequality does
not create any new difficulty with respect to the estimates that we have obtained in
the previous subsection (they are even easier since the more difficult integrals /5
and /¢ do not have an analogue here), we provide the details in the appendix. With
§ > 0 to be fixed later, this leads us to

T
2 2
/O DAY Wil 53y SUP IDHTW e g

< [C8(1 + C(M))N(uo, f)* + C81(1 + TC(M) + N(uo, £)HN @, 3,
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1 -~
+Cs,N(uo. f)* + Cs, T* || (0. I3,
1 -~ o~
+CsC(M)T 3 (| (B, §)II3, + Nuo, £)?).

We remark here that the estimates obtained in this section could have been per-
formed with ¢ € (0, T') generically replacing T'; this explains the presence of

sup || DhVW”LZ(R}r;R@’)
[0,T]

on the left-hand side of this inequality. As this inequality is independent of &, we
then deduce that

T
2 2
/0 V0V Wl g sy + SR VOV W2 g3 sy
< [C8(1 + C(M))N(ug, £)* + C81(1 + TC(M) + N(uo, )1, é)llzzr
1 ~ ~
+Cs, N (uo, £)* + C5, T% || (i, P17,
1 -~
+CsCMT (|0, )17, + Nwo. ).
and thus for the trace, where we will write for notational convenience R? = {x3 =
0},
r 2 2
J Ry -
0 ’ [0,T] ’
< [C8(1 + C(M)N(uo, £)* + C8;(1 + TC(M) + N(uo, /)N, é)llzzr
Lo
+Cs, N (uo, £)* + C5, T% || (i, P17,

+CsCMDT (1, DI, + Nuo, ),

which implies that

/0 ' Wl go.gsy + sup W55 @2.m)
< [C8(1 + C(M))N (uo, f)* + C81(1 + TC(M) + N(uo, HHIN@. 7,
+Cs, N(uo, )2 + Cs, T4 1, DI,
+CsCMNTH (1@, DI, + Nwo, ).

Since this has been done for any W = {l.z w o W;, we then deduce by the finite-
covering argument and the fact that each W; is of class H3 that

T
/0 [ [P sup [ -
< [C8(1 + C(M))N (uo, f)* + C81(1 + TC(M) + N(uo, HHHN@. 7,
+Cs, N, )2 + Cs, T4 1, DI,
+CsCODT (|, PG, + Nwo, ). (109)
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Elliptic regularity for the Stokes problem (see [8]) (for t € [0, T'] considered as
fixed)

AL 0 i 1+ G o i ==l 01 + Floii ! + (@], jafw 5 )07

—al.;qlion " = 1@ gulon ",
@] af) ! i 1, o in di(r, Q)
div(d, 0 77 (t, ) = —[@)ew', ;107" in i, ),
W, 071 (t,) = 0on7j(t, 0K),
By 0 (2, ) =y 0 /i (2, ) on ij(z, To),
then implies with the L°°-in-time estimate (17) of n (and thus of 7) into H 3 and

the fact that ||g;(¢) ”LZ(Q{;;]R) is bounded,

| ~ =]
”wt on (t)”Hz(f/(l Qf)‘R3 + ”qt on (t)”Hl(ﬁ(l,Qg);R)
<C[||_wnoﬁ_l+Fl -

7 = 1@g k0]
+U[(Cll al )lw ’k]vj 077 ||L2(7)(I Qf) R? + ”(al 5] a[ w k)t“LZ(T](l‘ Qj) R3

I

+: 0 7 Ol s royrs) + 11 G o U_IIILQ(W ol iR
Thus, once again with (17) and (16),
121 )2 55y = € IV DO s g 0, + 18Dl 1 1 5
§ C[”ﬁ)tt||Lz(Qé';R3)+||V11]||W1,4(Q£';R9)+||V1I1||L4(Q(f)';R9) + ”Vﬁ)’”L“(Qg;R")
+||Vé||L4(Q({;R3) + 1 fellz2ursy + 10l 15y r3) + ﬁ”‘}t”Lz(Qg;R)L

from which we immediately infer that

/0 O +/0 ACT A
T ) T )
<C [/0 ||wtt||L2(Qf RY) +/0 1 fell 2 qms) +/0 1De W5 g )
1
+T4 |:||VWI||H1 Qf RY) +T/0 ”tht”Hl Qf R9)+/() ”V ”Hl(Qf R9):|

1 2
+7 [N(uo, i) +T/0 ||q,||H1(QfR)+f ||q||H2(QfR)H
Thus, with the trace estimate (109) and (107),

T
~ 2
J 0 g e+ /O 1917102
< [C8(1+ CM)IN (o, ) + C81(1+TC(M) + Nuo. HHN@. )IIZ,
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+C3, N o, )2 + C;CONTA(I@, DI, + Nwo, )
+Co, TH @, )11, (110)

Similarly, the classical elliptic-regularity theory for the elasticity problem (for
1€[0,TD

—[ M@k 1, = =y + fi in 2,
w(t,) =w(,-) only=09%,

implies that ||II)||H2(QB;R3) é C [ || - II);; + ft ”LZ(QB;RB) + ”ﬁ)”Hl‘S(F();]R}) ], which
with (109) and (107) provides us with the estimate

sup 191320 ) < [C8(1+ CM)N (o, f)?

+C81(1+ TC(M) + Nwo, HHIN, DI,
+Cs, N (o, )2 + CCADTA(I@, DI, + Nuo, £)2)
+Cs, T2 @, @113, (111)

10.3. Estimate of W independent of the regularization of a

Just as in the previous subsection, W again denotes W; = §2 w o ¥;, where we
recall that W; denotes the ith chart.

Choosing ¢ = D_;, D, D_;, D;, W in the variational formulation (90), we then
find that

T
%anhDhW(T)niz(Rg;Ra) +v fo BB Dy Dy W,y Doy Dy W) 12y o)
1 — T T )
+5(C" DDy /0 WX, D_yDy, /0 W) @ w)
T ) )
—/0 (D_ Dy (b] Q), D_pDpW', i) 23 )

T
+V/ (D—hDI1(b]rcbi)W,ra D_,Dp W, )LZ(R‘LR%
0

1 T
- Z V/ (D-1yrn(bpb) D-yenW.r s D DpWis) 123 w3
p=0 70
+ /0 (D_p Du[C™] /0 W D_yDhW') 23 gy

1 T T
_Z/o (D<71)Ph[C”k‘Y]/(; D(fl)l’hkar’thDthas)LZ(Ri;]R)
p=0

T
< C N(uo, f)* +/ (D_p F1, DthhDhW)Lz(Rgr;Rs)
0
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T
+/ (D DyHi, D—pDpW.i) 2R3 R3)
0
T
+/ (D—_pDp F, DihDhW)Lz(Ri;R% + (D_,DypK;, DLW,; )LZ(R‘Z;R3)'
0
(112)

Similarly as in the previous subsection, the estimates provided in the appendix yield
(with § > 0 to be fixed later)

T .
2 2
/0 1D DRV W2z o) + SUP I1D-n DY fo Wi s ws)
< C8 (14 C(M)N(uo, f)* 1@, )7, + CN(uo. f)*
I ~ ~
+CsC(M)TH (|0, )17, + N(uo, £)?).

As this inequality is independent of &, we deduce just as in the previous section
that

T .
~ 12 ~ 02
/0 ||w||H2'5(F0;R3) + [%1’1?] ” /é w||H2'5(F();R3)
< €8 (1+ C(M)N(uo. f)* (B, §)7, + CN(uo, f)?
1 -~ o~
+CsCMTF (|, )17, + Nuo. ). (113)
Elliptic regularity for the Stokes problem (see [8]) for ¢ € [0, T],
—VA[D o 77, ) + V(G o 77, ) ==y 0 i1+ fva]jon T @ onT,
—@l.; ) o in (e, ),
div(ib o 7711, ) = 0in 7j(r, ),
(@ o i "), ) = 0onijt, ),
(@07t ) = (@odqi "t ) on it To),

then implies with (17)
~ o~ ~ o~
”w on (t)||H3(ﬁ(t,Q(f).);R3) + ”q on (t)"Hz(f)(t,Qg);R)
S CUI=doii™ + f4val,jon™ 0 on™ Dl ol
H1G] D) 01 10l vy 18 0T Ollg2s i, royimn |
Thus, with (17),

< CUIHN g g oy + 18 ysggf sy 17 it @i+ 18 2 sy
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from which we immediately infer,

T T
~ 2 ~ 2
/0 LIOT A /0 13012 g 5

T
<c |:TN(uo, f)2+T2f0 Il |12

HY(Q):R3)
! 2 ! 2
+[ ”f”Hl(Q]R}) +f ||1I)||H2.5(F0.R3)
0 ' 0 ’
! 2 ! 2 L,
1 - -
+CT [N(uo, ) +T/0 ”‘b”m(gg;Rsﬁfo IIqIIHZ(Qg;R3)}

T T
1 2 ~ 0 ~ 12
+CT# [||uo||H2(Qg;R3)+TfO ||w,||HZ(Q(,;;R3)+/O ||w||H3(Qg;R3)H.
Thus, with the trace estimate (113),
T 2 r 2
/0 1915 o ) fo 1012 01 )
< [C8(1 + C(M))N (uo, £)* + C81(1 + TC(M) + N(uo, HH@, I3,

+C3, N (o, )2 + CsCONTH (1@, PG, + Nwo, )
+Co, TH (@, )11, (114)

Similarly, elliptic regularity for the elasticity problem (for ¢ € [0, T'])
i [k
_[Cl] /0 'lI) 51 ]9] = _a)t+f ln Qa
t t
/ w(t, ) = / w(t,-) onTo=0%Qy,
0 0

implies that

t
0

which with (113) and (107) provides the inequality

/0 v H3(Q3;R3)

< [C8(1+ C(M)N (o, f)> + C81(1 + TC(M) + N(uo, /) 111, D13,
+Cs, N(ug, )2 + CsCOMNTH (I, P13, + Nwo, )
+C, TH (i, 1, - (115)

’

t
<c ||—wt+f||Hn<95;R>+Hf W
0 H25(Ig;R3)

H3(Q):R3)

2

sup
[0,7T]
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10.4. Existence and uniqueness of a smooth solution for the non-regularized
system (20).

We now infer from (107), (110), (111), (114) and (115) that

1@, 1%, < [C81 + C(M)+ N(uo, £)?)
+C81(1+ TC(M) + N(uo. HH 1@, I,
+Cs, N(uo, )2 + C;CANTH (|, PG, + Nwo, £)?)
+Cs, T2 @, I, -

this inequality being independent of the smoothing parameter of a.

We will call the constant C in this inequality C; to indicate that at this stage it
is a constant given by our successive estimates which, for the sake of conciseness,
we have yet to make explicit.

First, we fix §; so that

C181 < g and C181N (uo, f)* < g.
The constant Cs, becomes thus determined, and we have
16, 117, < [C18 (1 + CM)N(uo, f)* + C1&iTCMD] (|, §)|1Z,
+[Cs, + CsCM] T, PG, + Cs, N(uo, 1)?
FCGCODN o, NPT+ 1D, DI,
Now let
M = sup(Mo, 2 [C1 + Cs,1 N(uo. £)%) . (116)

Consequently, C (M) becomes a fixed constant. Now, let us fix § > 0 small enough
so that

-~ 1 -~ o~
1@, DIZ, < [§+ C18TC(M) + [Cs, + CsCMIT 3] ||, PII,
1 ~ o~
+CsC(M) T3 N(uo, £)* + Cs, N(uo, £)* + 311, DI, -
Now, let T € (0, Tjs) be small enough so that
2@, Pz, < 1 1@, 9N%, +C1 Nwo, £)* + Cs, N(uo, £)*,
which implies
1. I, <M. (117)

Henceforth, we revert to our original notation, denoting w and a by the sequen-
tial notation w,, and a,,, respectively. The uniform bound (117) ensures the existence
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of a weakly convergent subsequence (W (1), go(n)) in the reflexive Hilbert space
Y7 such that

(wo(n), qg(n)) — (w,q)in Y.

The usual compactness arguments then provide the strong convergence

(Won)» Gomy) = (w, q) in L0, T; HX(QL; RY) x L2(0, T; H'(Q]; R)) .
(118)

Combined with the strong convergence
an — ain LX(0, T; HX(Q]; R%))

(which follows from the mollification process), the Sobolev embeddings provide
the strong convergence

a,,a,{an — aa’Vwin LZ(O, T; Lz(Qf; Rg)),
aann — aTq in L2(0, T, LZ(Q(J;; Rg)).

We then deduce from (53) that, for each ¢ € L?(0, T; H] Q7 R3),

T T
/(; (wl‘a ¢)L2(Q;R3) dt + v\/o (a]';w,r ’ a}z(pvs )LZ(Q({;R3) dt

T t T
+ Cijkl/ wk’ , i,_ dl+/ , al k’ dt
/0 < RERE L@y R) ) AP D ealw

T
= /(; (f (¢] 7)9 ¢)L2(Q({,R3) + (f’ ¢)L2(S‘26;R3) dt’ (119)

which combined with the fact that, from (118), for all ¢t € [0, T], w(t) € V,(1),
proves that w is a weak solution of (20).

Since w € L%(0, T H(% (€2: R3)) we infer the uniqueness of a solution in Yr
to this system in the same classical fashion as for the solution w of the regularized
problem.

Moreover, it is also obvious that we have from (117) the estimate

lwllfy, < M. (120)

This concludes the proof of Theorem 2.
Henceforth, M is given by (116) and T is chosen such that (117) holds.

11. The fixed-point scheme for the nonlinear problem

We will make use of the Tychonoff fixed-point Theorem in our fixed-point pro-
cedure (see, for example, [5]). Recall that this states that for a reflexive separable
Banach space X, and C C X a closed, convex, bounded subset, if F : C — C is
weakly sequentially continuous into X, then F has at least one fixed point.

With the quantities M and T being defined as in the previous section, we make
the following
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Definition 4. We define a mapping ®7 from Cr (M) into itself (from estimate
(120)), which associates w € Wr, the unique solution in Y7 of (20), with a given
element v € Wr.

We next have the following weak sequential continuity result.

Lemma 16. The mapping O associating w with v € Ct(M) is weakly sequen-
tially continuous from Ct (M) into Ct (M) (endowed with the norm of Xr).

Proof. Let (vp) en be a given sequence of elements of Cr (M) weakly convergent
(in X7) toward a given element v € C7 (M) ( C7 (M) is sequentially weakly closed
as a closed convex set) and let (vy(p)) pen be any subsequence of this sequence.

Since V;(T) is compactly embedded into L%(0, T; H2(Qf; R?)), we deduce

the following strong convergence results in L2(0, T'; Lz(Q‘g; R)) as p goes to co:

(@))paf), — ajaf, (121a)
[a})p(af)p)j — (a]af).;. (121b)
(), — af, (121¢)

flon, = flon. (121d)

Now, letw, = O (v,) and let g, be the associated pressure, so that (g ) peN is
in a bounded set of V}(T). Since Y7 = X7 X VJ%(T) is a reflexive Hilbert space, let
(Wo'(p)» 4o (p)) peN be a subsequence weakly converging in Y7 toward an element
(w, q) € Yr. Since C7(M) is weakly closed in X7, we also have w € Cr(M).

We can then infer in a similar fashion as for the proof of (119) in the previous
section, that for each ¢ € L*(0, T; H|} QL R3Y),

T T
\/0 (wla ¢)L2(Q;R3) dt + V\/(; (a]';w’r ) ai(pvs )LZ(Q({;R3) dt

T t T
+ Cijkl/ wk’ ; i,_ dl+/ , al k’ dt
/0 < o WP L@y R) o O AP D alm

T
= /(.) (f on, ¢)L2(Q{).;R3) + (f’ ¢)L2(QB;]R3) dt,

which combined with the fact that, from (121), for all t € [0, T'], w(t) € V,(¢t),
shows that w is a weak solution of (20) in C7 (M), i.e., w = O (v).

Therefore, we deduce that the whole sequence (®1(v,)), ey Weakly converges
in Ct (M) toward 7 (v), which concludes the proof. 0O

12. Proof of Theorem 1

The mapping ® being weakly continuous from the closed bounded convex
set Ct (M) into itself from Lemma 16, we infer from the Tychonoff fixed-point
theorem (see, for instance [5]) that it admits (at least) one fixed point v = ©(v) in
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Cr. Moreover, since T < Ty, Lemma 5 ensures that there is no collision between
solids or between a solid and 0€2. Thus, (v, ¢) is a solution of (4). Note that the
continuity of the Lagrangian velocities v/ = v* at the interface Iy is ensured by
our functional framework, since (v, ¢) € X7 implies v € L*(0, T; Hj (Q; RY)),

which provides the equality v/ = v* in H 2 (To: RY).

13. Uniqueness

Uniqueness will be obtained under stronger assumptions than the ones used to
establish existence, for reasons that will be explained hereafter.
If (v, g) € Y7 is another solution of (4), then

(v — ﬁ)ﬁ — v(a/alk(vi,k — ))sj +a,{<(q,k —qsk)

=5f1in(0,T) x @/, (122a)

af( =)y =68ain (0,T) x 2, (122b)
t

(v— D) — [c’]kl/ (v — 5)’2,} ,;=0in (0, T) x 5, (122¢)
0

. . s t
vl — o), a;‘al]Nj —(q — c})ai]Nj = c”k[/ W — 5k, N;
0

+8g" on (0, T) x Iy, (122d)
v—v=0o0n(0,T) x L2, (122e)
v— 17 =0on {0} x 9, (122f)
with
8f' = —v((ajaf —alaf) v'x)).;+fon— foil+(—af +aq.x
in (0, T) x QI (123a)
sa = (@ —d9ii; in (0,T) x @, (123b)
s5¢' =v(@! i akal N, — o7 L akal N))
—G(@ —al)Njon (0, T) x T. (123¢)

If we view this problem with v — v as the unknown velocity and ¢ — g as the
associated pressure in the fluid, this problem looks similar to the linear problem
(20); it is tempting to conclude that similar estimates as in the study of the regular-
ity of (20) would yield a differential inequality that would provide uniqueness. It
appears, however, that such a procedure fails because, due to the Dirichlet boundary
condition on 92 for the velocity, we are not able to get the necessary information
on the second derivative of the pressure function. Such information is crucial since
8f:: contains g;;, which makes the second time differentiated problem impossible
to estimate.

For this reason, we will need to impose more regularity on the data and forcing
functions, so that we, in turn, have enough information on ¢;;, which will then be
viewed as a coefficient in the study of the regularity of (122) in Yr.
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We first update the functional framework. Let us define

VHT) = {u € L20. T: HQ{: )| u, € VIT)},
VHT) = {u e L*0, T; HY(Q); R¥)| u; € V2(T)).

Let us define the reflexive separable Hilbert space as
X4 = {u € L*(0,T; Hi (2 RY))| (uffo Lf‘) € VH(T) x V;‘(T)},

endowed with its natural norm

2

2 2 2
ety = flueelle, + "“"LZ(O,T;H4(9£;R3)) * ‘

X

Y4 = {(u, p)lucXt, peL?0,T: HQJ:R), p, € L20, T; HX(Q}: R)),
pu € LXO, T; H(Q); R))),

L2(0,T; H4(24:R3))

In a similar fashion, we introduce

endowed with its natural norm

2
L2(0,T; H3 (2} ;R))

2

+ ”p’”Lz(o,T;HZ(Qg;R))

G, P = Nl + 11

2

+||Ptt||L2(0’T;H1(952R)).

We will also need
Wi = {u € Xl uy € L0, T; L2 (@ RY), [ ue L0, T; H(Q): RY)
0
ue L®0,T; H (Q: R?), u, € L2, T; H*(25; R?)
wy € L0, T3 H' (@) Y],

endowed with its natural norm

2

e

2 2
+||M ||LOO(0’T;H3(QB;R3)) + ”ut ”LOO(OyT;HZ(QB;Rf‘))

2 2 2
“u”W; = ”u”X; + ||uttl“L°°(0,T;L2(Q;R3)) + ‘
Loo(0,T; H (2, R3))

2
+||Mtt ||LOC(O,T;H1(Q»6;R3)) )
as well as Z%.(T') = {(u, p) € Y;| u € Wz} endowed with its natural norm,

2

2
L2(0.T; H3(Q):R)) |

P20 720 )

2 2
G, Pz = Nully. + 1Pl

2

+”p””LZ(o,T;Hl(szg';R)Y
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We can then define the convex set C},(T') in the same fashion as Cy (T'), with
W}J replacing Wz and with the additional condition w;;(0) = w, where w, has
been defined in (28).

We can then prove, in a way similar to the proof of Theorem 2 (with the intro-
duction of the penalized problems, time-differentiated three times now) that the
following holds:

Theorem 5. With the same assumptions as in Theorem 1, and with the addjtional
conditions that Q2 is of class H4, Qf) isofclass H?, the initial data upe H’ (Qg ;R3)ﬂ
H*(QS; R3)(WH(} (Q; R?) mLﬁiv,f’ £(0) € H>(; R3), satisfying the supplementary
compatibility conditions (recall the assumption of Section 2)

[([Vw] NI +2vw] .} (afa))iO)N; + vu . (afa) )it (07 Tuan
= [(Mw},f Nj)iZ; Jan onTo,

wy € Hy (2 RY),
and the supplementary assumption on the forcing function that

feL*0,T; H (@ RY), f, € L0, T; H* (2 R?),
fir € L*(0, T; H'(2; RY))
fur € L*(0, T; L*(2; RY)),

there is a T > O such that there exists a solution (v, q) € Y7 of (4). Furthermore,
v € C},(T) for M appropriate.

We can now get estimates for (122) which will give an appropriate differential
inequality, in the space Z7 used to prove Theorem 2. We notice that this problem
is similar to (20) except for the divergence-type condition which is not set to zero,
and the boundary forcing on the interface.

The Neumann forcing does not give any specific difficulty, and can be handled
without modification of our previous estimates.

The divergence-type condition does not bring any difficulty either because we
do not need to establish the existence of a solution to (122), since it comes de
facto from the definition of v and v; we can directly use this condition in the steps
where we obtained e-independent estimates for w;;, w; and w. We also do not
have to regularize the coefficients, since the regularity of w is a given. Those three
steps would provide us in the same fashion as for the proof of Theorem 20 with
the appropriate estimates to be made precise later. Note that this process works
because the right-hand side of the divergence condition for w in (122) has (roughly
speaking) the term Vn — V1, which has one time derivative less than the left-hand
side Vv — V1 (the term Vv on the right-hand side being viewed as a coefficient
whose regularity is given by Theorem 5).

We are now in a position to state the uniqueness result.

Theorem 6. With the same assumptions as in Theorem 5, and with the additional
assumption that there exists K > 0 such that
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ViST, V(x,y) €Qx Q,|f(t,x)— ft, )+ V[t x)
=V @D+ 1fi, x) = filt, IV file, x)

Vit D+ 1 fir(t, %) = fut, DI+ V2 F(E, x) — V2 F(E, )]
<K |x—yl, (124)

ie, £, V£, V2f, fi, Vf, and fi; are uniformly Lipschitz continuous in the spatial
variable, then the solution is unique.

Proof. With those assumptions on f, we have for the forcing f on— f on appearing
in (122), an estimate

”f on— f o ﬁ”LZ(O,T;HZ(Qé‘;RS)) + ”(f on-— f © ﬁ)t”LZ(O,T;Hl(Qg;RS))
+I(fon—fo ﬁ)”“LZ(O,T;LZ({zg;R%) S<Cln— ﬁ“V;(T)-

The other terms associated with §f, g, da have the same effect in the integral
estimates for wy;, w; and w. This leads us to

Vie (0, 7), [v=1,9—@lz =Ciln— Myay: (125)

where the constant C; depends here on the same variables as the generic constant
C as well as on the initial data. This thus implies

Vi € (0.7), v =y < C1 lIn—iilly.

from which we infer
t
Vie (0, 7), |lv- ﬁ”V}(z) <G / lv— IN)”V?(’) S Cit v — ﬁ”v}(;)a
0

which shows that for T} = %, we have v = v on [0, T;]. We can then iterate
this, starting from the initial time set at 77, which shows in a similar fashion, since
v(Ty) = v(T}), thatv = v on [T1, 2T;]. By induction, we getv = von [0, T]. O

14. Concluding remarks

Whereas the fluid-solid interaction is indeed a moving interface problem, it
appears that the methods for its analysis differ drastically from the classical meth-
ods developed for the Navier-Stokes fluid interfaces independently by Solonnikov
(see [15] and references therein) and Beale [1].

First, our functional framework scales in a hyperbolic fashion in both the par-
abolic (fluid) and hyperbolic (solid) phases.

Second, whereas the fixed-point problem (20) is inspired by the classical fixed-
point problem used in parabolic-type interface problems, the Fourier-transform
technique used to get regularity in parabolic theories requires the introduction of the
problem with constant coefficients (for which there are explicit solutions), with the
forcing functions containing the difference (small in a neighborhood of a point on
the interface) between the actual coefficient and this constant coefficient. Whereas
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this procedure is contractive for parabolic problems, the hyperbolic part is problem-
atic in the sense that the difference between the actual and the constant hyperbolic
viscosity is not regular enough to get these contractive estimates (those coeffi-
cients are not constant after the truncation and change of variables to the full space
problem).

Third, whereas energy methods without the use of Fourier techniques are indeed
known for incompressible fluid interfaces, the highest-order time derivative of the
pressure is known in L2(0, T; LZ(Q; R3)) in that case, which allows the use of an
iterative method from the constant-coefficient problem in energy spaces similar to
the ones described in [15]. In the fluid-solid problem, the knowledge of the highest-
order time derivative of the pressure is not known, which prevents such an iterative
procedure from the constant-coefficient problem to get regularity. Instead, we are
forced to work directly with the Lagrangian formulation (20), which requires the
introduction of the penalized problems for reasons explained previously about the
pressure. In turn, working with the Lagrangian formulation (20) requires us to first
smooth the coefficients, and then to obtain estimates independent of the smoothing
parameter by using interpolation inequalities.

Fourth, we clearly identify in our method the central and sufficient role of the
trace of the velocity on the material interface I'g, whereas classical regularity results
in interface problems involve the study of the regularity in the interior.

Fifth, once again regarding the pressure estimate, obtaining a contractive fixed-
point scheme does not seem possible for the hyperbolic-parabolic problem (even
with data arbitrarily smooth), whereas it is indeed the best-known method for the
parabolic interface case. Note, however, that this later point is associated with the
incompressibility of the fluid and does not seem to appear without this constraint.

This last remark is not without consequences for the numerical analysis of the
problem, which we shall develop in future work. As for the question of the con-
vergence of solutions of certain regularized models considered by other authors, it
seems that the evidently natural approach of taking an elasticity law with a finite
number N of modes introduced in [7] and letting N — oo leads to some difficul-
ties, as there is no elliptic operator for the discrete elasticity problem for which H>
regularity may be used independently of the number of modes. On the other hand,
it can be shown that the addition of a hyperviscosity to the solid problem (similar in
spirit to the hyperviscous plate problem introduced in [2]) would indeed converge
to the solution of the actual problem as the hyperviscosity parameter tends to zero,
since we can apply the methods constructed here to this family of problems and
obtain estimates that are independent of the hyperviscous parameter in the correct
norms:

Appendix A. Some additional estimates

Appendix A.1. Estimates for (108)

In this section, § > 0 is assumed given and we now proceed to the estimate of
the terms of (108) whose sign is indefinite. Recall that from (12), a, a,, and thus
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I;, l;, are controlled respectively in L°°(H 2y and L®(HY), independently of the
regularizing parameter n associated with a.

Step 1. Let Ji = [y (Dub] Q1. DiW/, ) 23.m)- Then,
T
|J1| g 8'/ ”DhVWf”LZ(R? RQ) +C5‘/0 ||Dhb||L4(R3 RQ ||Ql||L4(R3 R)
T
<s / 1D4 VWi 223 50, + CsCOMD) / 1093 ) 1911 sy
T
<5 /0 DR Wi s g g

1
CsC(M) T+ S 2
+CC(M) [(Ogg)anlle(m;Rﬁ/O 10112 R)]

From (93) and the definitions of W and Q, we then infer

T
<
il < ca/O 1201 ot

+C5C(M) T4 [N(uo, f)2+T/0 1112

Hapm TSP 1t 172 )
T T
AT | 080 g+ [ 1800 0 |
~ 12 r
+ 5up 1 g, + [ 10 g1 } (A126)

Step 2. Let J = [ (Dubil Q, DyWi, ;) 123 ) Similarly as for Ji,

T

1l <8 /0 1 DRV Willy 23 .oy + C fo 1 Dwb 2 s ) 1 Qg
T

< / | DAY Wil s oo, + CC (M) / 1O a3 101373 2 iy

T
1
< 7
< CS/O ||w,||H2(Qf B + CsC(M) T3

T T
2
X[N(uo,ﬁ +Tf0 ||qt||HIQ,»R)+/ ||q||HZQfRJ A127)

Step 3. Let J3 = [y (bii DyQ, DyW,;) 123 - Then,

T T
EL /0 IDA Wil s )+ C /O 15111 | 0 Q0
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Thus, similarly as for (A.127),

T
~ 1
1 € [l g+ CoCONT
2 ’ 2 r 2
[0 24T [0 o o [0 |- 4129

Step 4. Let Jy = fOT (l;l.j D, Q;, Dy, Wi,/- )LZ(Rﬁr;R)' This term will require more
care. We first notice that

T o
Is = [ D101 DU/ W s Dy
0
T ~ .
_/ (Dth, Dhbl/ thsj ( +h))L2(R3_;]R)’
0

which with the divergence relation (92) leads us to

T T ,
Jy = / (Dp Ot Dhat)Lz(Ri;R) _/ (Dy O, Dh[btijwls]’ ])LZ(RLR)
0 0

T . .
0

For the first integral of this identity, J, 41 = fOT (D Q¢, Dpay) L2(R}:R)» We have

T T
1| < 2 T2 ~ 12
HES fo ||Dth||L2(R3+;R>+Ca<fO L g L.

T 12 2

+/0 ||Dhb||L4(R}r,R9)||w[||L4(Q(§,R3)
T - 2

+/(; ||b||le4(Ri,R9)||th||L2(Q(j)(,R9)
g 2 2

+/0 ||bt||L4(R1,R9)”Vw”L“(QOf,Rg))

T
<56 Dy 0|12
= [) ” h Ql ”LZ(Ri;R)

") -2
HCaCMD T LS0p 1D} o i+ 890 T o ]
! 2 2 ! 2
B ) )
< cs /O 190131 1y + GO T [N(uo, PE+T /0 12012

T
+Tf0 ”wn”f‘ll(Qg;R3):| . (A.130)
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T S wi
Next, for J7 = [/ (D4 Qr. Dylby] W', Dr2wyiwy»

T
2 2
FAER: /0 104 Q11223 ) + s /0 1 DwB 32 3 oy IV W 515 o)
T
+Cs /0 1511 s | PHV W g e -
Therefore,

2 ! 2

31 < 6/0 18013 53
' T

which with the definition of W and Q provides

<
VHERS) T
! 2
+CCN TH [N, 747 /0 .
T
+[0 IV ||H2(QfR9)} (A.131)

Similarly, for J3 = [ (Dh Qr, Dab] Wi',j (- 4+ 1) 2 ),

T T
3 2
FAES: /0 104 Q172 3 ) + s /0 1DnBI7 s oy 19 Wi

13
< 5112 i
<O [ IV, gy 5o, + CCON T

x [N(uo, P4 / 190012 g1 o) + /0 IV, g, RQJ
(A.132)

Step 5. Let Js = [ (Du(BB) Wiy (- + 1), DyWiss) 23 s Then,

T
51 < [ UDAT Wil g o /0 DRI g oy IV Wil e

Lo 1
<O [ 1112 g o)+ CCOD) T [N, 17

T
S Ty T AGR | (A133)
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Step 6. Let Jo = [if (Da(Byb) W, (- + h), DpWis) 12(®3;RY)- Similarly,

T
ol < 5/0 DR W3 55
e /0 1DRGE 1 e IV W Iy

b 1
< O [ IR, o g, + CCON TH [N G0, 7

+T/ IIszllH. @l R9)+/ ||Vw||H2 ol RQ)} (A.134)

Step 7. For J1 = [y (BLB{)i DyW.r . DiWiss) p2es o) We have

T
|J7| é 8‘/0 ”DhVWl”LZ(R? R9)+C5/0 ||(bbT)f||L4(R3 R9)”D/’lVW”L4(R3 R‘))

T 1
§ca/ ey g ) + CCOD TH [Newo, )2

+T/ 1911 g0, R9)+/0 Ivil?, QfRQJ (A.135)

For the next step, we introduce §; > 0, which is different from §.

Step 8. Let Jg = [y (DRCTSWE . DyWis) g g
An integration by parts in time gives

T
Jg = _/0 (DRC™ WEr o DaW' o) 2 )

HL(DRC™ WE, (), DWW ()o) 2 iy 16 -
Since ;) is of class H*,

IJs| < CT [ sup VW, |2 1+ CN(uo, f)?

[0, T
+Cs, [||VW<T) VW(0>||L2(R3 9, H VWO s 0 ]

+41 sup | D, VW |2
[0,T

Lz(R3 RQ) + Sup ”W”HZ(R% R3)

L2(R?;R%)’
and thus,
|Js| < CTLsup |V 1|72 gq o) + sup 19132 gy ) 1+ Coy N(uo. £)?

[0,T]
+Cs,T? sup ||Vw,||iz(%;R9) +C8; sup ||’1’||§12<95;R3>- (A.136)
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Step 9. Let Jo = [} (Fi,, D_yDyWy) 123 R0 - Then

T
ol < 8 fo A F—e /O 1) o) IV W s

T
77T\ n2 2 2
+Cs /O Ny g o) | Wiy + o N o, )

T T
4G [ 1B g W00 g g+ € [ 1Bt ol g

T
< 2
= Cg/(; ”wl”Hz(Qf R3 + C(SN(M()? f)

T
2
+C5C(M)T[N(uo, PE+T /0 1201

T
A [l g o |+ GCODT

T
2
x [N(uo, +T fo 140151 g+ S92 1 R)}

Thus, with (93),

T
< 2
1S 5 [ NI o o)+ Cs N, £)
) T
+CCOn T [N 247 [ 1l o o
T
AT [ 100 oy ) | + CCODT
T ~ 2 ~ 2 ) .
x [ /0 1 gy S0P g5+ s ||w||H1(Q.O;R3)}

(A.137)

Step 10. For Jip = fOT(DhHit, Dy W, )Lz(Ri;R3), we have

ol < 5 / Wil e ey + € /O By o) IV s
T
e /0 R R M
+Cs /0 155 11y IV W s

T
+Cy /0 DAy ) I P
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T
< CS/O ”wt”Hz(Qf ®Y) + CsC(M) T nonumber

T T
2
[N 2 T [0 g T [0 g ]
(A.138)

Step 11. Let

T T
Jll :/ (DhFZIv DhWt)LZ(Ri;R3) +/ (D—hDhKita thi )LZ(RS_;R3)'
0 0
Then,
1Tl < C T sup 19131 00 man & SUp 18122 00 m5 ] + CN o, £)2.
0.7] H(Q4:R?) 0,71 H2(Q):R?)

(A.139)

Appendix A.2. Estimates for (112)

As in the previous section, recall that from (12), a, and thus I;, is bounded in
L>°(H?) independently of the parameter 7 associated with .

Step 1. For Ki = [f (D4 Di(B)) Q. Dy DyW'. ;) 2g3 ) we have
T
K] = 3/ 1D— hDhVW”Lz(RS RY)
0
T
4Cs [ DA DA g g 1Oy
T
< 8/0 1Dk DAV W g5 o) +C5C(M)f 191 e 12N s
r 2
cs fo 191,

1
+C5C(M)T4[N(uo,f)2+T/0 ||q,||H1(Q,R)+/ ||q||H2(Q,R)]

(A.140)

A

T ~ 7 .
Step 2. Let Ko = Z;:O fO (D(_l)phbij D 1yrnQ, D_pDpW',; )Lz(Rﬁ_;R)'Then’
T 2
1Kol gafo 1D 4 DT W IR s R9)+Ca/0 1DHBI g oy 195 O s

r 1
< CSf [ +csc<M>T4[N<uo, ?

+7 /O 191 7 20 + fo ||q||H2(QfR)} (A141)
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T 7j i
Step 3. Let K3 = [y (b} D_pDyQ. D_nDaW'.}) 2 g3 )
‘We first notice that

T o
K3 = / (DD Q, thDh[b,-]Wl’j])Lz(RLR)
0
T . .
+Z/0 (D-nDpQ, Di—nyrnb D—nyrnW',j) 2w k)

T o
—/0 (D_p Dy Q, DyD_y[b]] W) 2@ Ry

which with the divergence relation (92) leads us to
T
= / (D—nDpQ, D—pDpa) 2R3 R)
0
1 T )
+ Z/o (D Dy 0, D(—l)PhBij D_iynW',; )LZ(Ri;R)

T X )
—/ (D4 Dy Q. DyD_p[b]1 W', )L2@®3 Ry
0
We then have
g 2
Kol S8 [ 1D0DR IR, s, + C fo 181, oy 11,
T
4Cs [ DUy 1 DT W s
0
T
4o [ B0 1YW By
) T
<
< Ca/ 11 g 5y + CCODT [ N PP+ [, g RJ

T T
i 2 =12
+C3C(M)T4[N(Mo, M+T /0 LN fo ||w||H3(Qg;R3)].
(A.142)

Step 4. Let Ky = [ (D_ Dy(BB)W,,, D_DyW.y) 123w Then,

T
|K4|§8/0 1D DEYW I s R9)+C5/ 165" |12 s )

T
1
gcaf 1013 g ) + GO T [N(uo,f>2

T
+T / AL LT | (A143)
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. -

Step 5. For K5 = Z;:o Jo (Dvyrn(bib)D—1yppW.r . D_p D W ) 2@ R
T

IKs| < 8/0 1D LD WIR g o

e /0 108 BE) I g o | DT W I s

< too 1 2
<5 | NI g oy + GO T [N, )

T T
2
+T /O 101 ) * / w12, Qng)} (A.144)

Step 6. For Ko = [y (D_yDa[CT™™] [ WE., . D_yDyWi.0) 2gs ). an inte-
gration by parts in time gives

T .
K¢ = —f (D_hDh[C”’“] Wk, D_hDh/ W)
0 0 L2(R3;R)

T T
+(DhDh[C"’“] / Wk, D_yDy / W) ,
0 0 L2R¥;R)

from which we infer from the H* regularity of 3,

‘D hDh/
e

T
Ko< € [ 1MWl m0
0

T
| vw
0

L2(R3:R9)

’

L2(R3;R%)

+ ‘
L4R3;RY)

leading us to

|Kg| < CT | sup [|0]|%2,0s. —i—sup||/zi)||2 . (A.145)
0.7 H2(Q4:R?) o1 Jo H3(Q):R3)

Step 7. Let

1 T .
K7=>Y" / <D<_1>ph[C”’“‘] / Dy WE.,. D_hDhW’,s)
=070 0

An integration by parts in time gives

1 T .
K1=-%" / <D<_l)ph[C”“] Dy, W, DDy, / W)
=070 0 L2(R3;R)

T T
+ < D_1yrn[CT] D(—])th Wk, D—hDh/ Wl,s> ,
0 0 L2(R3;R)

L2(R3;R)
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and thus, from the H* regularity of Q3

T
K< € [ 1D Wil ‘D hDh/
0 - L2(R3:RY)
T
0 - LZ(RE;R%
Therefore,
Co2
|K7| £ CT sup ||w|| 26523y T+ SUP /ﬁ) . (A.146)
o1 R 0 H3(Q):RY)

Remark 21. The H* regularity of €2 is used only for proving (A.145) and (A.146).
As a matter of fact, W37 for p > 3 would have been sufficient.

Step 8. Let Kg = [y (D—F1, DyD—3DyW) 23 o, - Then

T
2 T
Kl 8 [ WP gy )+ Co /0 D8I sy IV g

+Cs / 1BBT 17 e 3 oo, 1D VDI + CN(uo, f)*
0

L2(Q);R%)
e fo R .
+Cs /O 181 w1V g
T 2 2 r 2
< i
<o [ 1are, QfRz)+CSC<M>T[N<uo,f> w1 [ ||wt||H2(Qg;R3)]

+CsC(M)T [N(uo, 4T /0 llge 2 +CN(uo, £)*. (A.147)

H'(Q; R)]

Step 9. For K9 = fOT (D_pDypH;, D_,DyW,; )Lz(Ri;Rg), we have

T T
. T
|K9| § 6/(‘) ”W”H’J’(Rg R3) +C8/0 ”Dh(bb )||L4(R3 R9)”V ||L4(Qf R9)
T
+Cs /0 1D DA BB oy 1912 g
T
e /0 157 1.y oy 1912
T 5 T
T
:5/0 190 g +CSC<M>T[N<uo 7 +T/ 141, Rg)}

(A.148)
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Step 10. Let
T
Ko =/ (D—pDpFa, D_pyDyW) 2R3 g3
) 3
T
+/ (D-nDpD_pKi, DpW.i) 23 gsy-
) 3
Then
. 2
K10l £ CT | sup [19]l32. g5, + Sup / W +C Nuo, f)*.
[0,7] 0 .7111Jo  IlH3@Qs;R3)
0’

(A.149)
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