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ANALYSIS ON GROUPS OF DIFFEOMORPHISMS
OF MANIFOLDS WITH BOUNDARY AND THE
AVERAGED MOTION OF A FLUID

STEVE SHKOLLER

Abstract

We establish the existence of three new subgroups of the group of volume-
preserving diffeomorphisms of a compact n-dimensional (n > 2) Riemannian
manifold which are associated with the Dirichlet, Neumann, and Mixed type
boundary conditions that arise in second-order elliptic PDEs. We prove
that when endowed with the H* Hilbert-class topologies for s > (n/2) +
1, these subgroups are C'°° differential manifolds. We consider these new
diffeomorphism groups with an H!-equivalent right invariant metric, and
prove the existence of unique smooth geodesics n(¢,-) of this metric, as
well as existence and uniqueness of the Jacobi equations associated to this
metric. Geodesics on these subgroups are, in fact, the flows of a time-
dependent velocity vector field u(¢, x), so that d:n(t,-) = u(t, n(¢,-)) with
1n(0,z) = z, and remarkably the vector field u(t,z) solves the so-called
Lagrangian averaged Euler (LAE-«) equations on M. These equations, and
their viscous counterparts, the Lagrangian averaged Navier-Stokes (LANS-
a) equations, model the motion of a fluid at scales larger than an a priori
fixed parameter o > 0, while averaging (or filtering-out) the small scale
motion, and this is achieved without the use of artificial viscosity. We
prove that for divergence-free initial data satisfying u = 0 on OM, the
LAE-a equations are well-posed, globally when n = 2. We also find the
boundary conditions that make the LANS-a equations well-posed, globally
when n = 3, and prove that solutions of the LANS-a equations converge
when n = 2,3 for almost all ¢ in some fixed time interval (0,7) in H®,
s € (n/2 4+ 1,3) to solutions of the LAE-a equations, thus confirming the
scaling arguments of Barenblatt & Chorin.
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1. Introduction

The Lagrangian averaged Euler (LAE-«), or Euler-a, equations may
be written in Euclidean space R™ as the following system of partial
differential equations (PDE):

9 (1 — a®A)u+ curl(l — a?A)u x u = —grad p,
(1.1) ]
u(0) = up, divu=0,
where u(t, ) is the velocity vector field, p(¢, ) is the scalar pressure, and
a > 0 is the averaging length-scale. This conservative system of PDE
models the averaged motion of an ideal incompressible fluid, filtering
over spatial scales smaller than o (see [20] and [24] for derivations of
this model). Let P denote the Hodge (or Leray) projector defined below
in Section 5, and let A = —P/\ denote the Stokes operator. When
dissipation is present due to kinematic viscosity v > 0, we obtain the
so-called the Lagrangian averaged Navier-Stokes (LANS-«), or Navier-

Stokes-«v, equations:

(1.2)
(1 — a2 A)u+ curl(l — a?A)u x u = —gradp — v(1 — a?A) Au,
u(0) = ug, divu =0.

The LANS-a equations were first studied in [17] with periodic boundary
conditions; the extension to bounded domains will be addressed herein
and in [24]. We remark that when a = 0 the Euler (v = 0) and Navier-
Stokes (v > 0) equations are recovered. Equations (1.1) and (1.2) have
received a great deal of attention in both the mathematics and physics
literature, because of their remarkable ability to reproduce the large-
scale averaged motion of the Euler and Navier-Stokes equations, without
the use of artificial viscosity or dissipation. We refer the interested
reader to the papers [7], [8], [9], [27], [10], [30], and [29] for numerical
simulations of turbulent flows using the LANS-a equations, as well as
(energy) scaling arguments, and modifications of the morphology of fluid
structure.

In a striking coincidence, if the damping term vAuwu is added to the
right-hand-side of (1.1) instead of the dissipative term —v(1 —a?A)Au,
then the equations are precisely the Rivlin-Ericksen second-grade fluids
equations developed in [33]; furthermore, (1.1) can be exactly identified
with vortex blob methods (introduced in [11]), and in two-dimensions
are globally well-posed for Radon measure initial data [30].
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Thus far, there has been no analytic study of any kind for either the
Lagrangian averaged Euler (LAE-«) or Lagrangian averaged Navier-
Stokes (LANS-«a) equations on Riemannian manifolds with boundary.
In this paper, we shall generalize (1.1) and (1.2) to the setting of a
compact, n-dimensional (n > 2), Riemannian manifold with smooth
boundary. In the inviscid case, we shall extend our results from [34] and
[23], and prove that solutions of the LAE-a equations are geodesics on
new subgroups of the volume-preserving diffeomorphism group with re-
spect to a very natural (new) H!'-equivalent right-invariant weak metric.
Because of this fact, there is a wonderful interplay between the geome-
try and curvature of the new volume-preserving diffeomorphism groups
which we introduce, and the analytical properties of solutions to both
the LAE-a and LANS-« equations. In the geometric setting, one can
view this work as an extension of the program initiated by Arnold [3], [4]
and Ebin & Marsden [13] to the setting of turbulence modeling. In the
PDE setting, our intent is to write (1.1) in Lagrangian variables, and
study the resulting Lagrangian PDE; as we shall explain below, there
is greater temporal regularity available when studying the Lagrangian
PDE rather than the Eulerian PDE, as well as interesting geometric
implications to the study of volume-preserving diffeomorphisms.

We shall establish C'°°-in-time local well-posedness in any dimension
for the LAE-a equations with H*® initial data, s > (n/2) 4+ 1, by prov-
ing that unique C'*° geodesics exist; solutions are global in dimension
two. These results are analogous to the fundamental results of [3] and
[13], wherein it was proved that solutions of the incompressible Euler
equations are smooth geodesics of the weak L? right-invariant metric.
In our setting, however, we must first establish the existence of new C'*°
volume-preserving diffeomorphism groups on manifolds with boundary,
such that motion on these subgroups corresponds to solutions of both
the LAE-a and LANS-a equations. We remark that it is quite easy to
establish a local existence theory in Eulerian variables, and we do this
in the proof of Theorem 3.

In the viscous case, we shall derive the boundary conditions which
provide well-posedness for the LANS-a equations when boundaries are
present. Unlike the three-dimensional Navier-Stokes equations, the three-
dimensional LANS-a equations are globally well-posed (see [17] for spa-
tially periodic solutions, and [25] for solutions on bounded domains).
We establish that solutions of the LANS-« equations converge regularly
to solutions of the LAE-« equations even in the presence of boundaries.
This result verifies the scaling arguments used by Barenblatt & Chorin



148 STEVE SHKOLLER
in [5].

A generalization to Riemannian manifolds

We begin by generalizing the system of equations (1.1) from R" to the
setting of a C'°°, compact, oriented, n-dimensional Riemannian manifold
with C* boundary, (M, g). Letting V denote the Levi-Civita covariant
derivative, (1.1) becomes

o1 — ? L) u —vAu+ V(1 — o?A)u
(1.3) —a?(Vu)' - Ayu = —grad p,

divu =0, u(0) = uo,

where o > 0 is a constant and
A, = —(do + dd) + 2Ric.

We supplement this PDE with one of the following three boundary
conditions:

(a) Dirichlet or no-slip: v =0 on OM.

(b) Neumann or free-slip: g(u,n) = 0 and (V,u)* + S, (u) = 0 on
oM.

(c) Mixed: w = 0 on Iy, and g(u,n) = 0, (V,u)? + S, (u) = 0 on
I's, where OM = T'; UTy, T'1 = OM /T2, and the sets 'y, 'y are
disjoint.

On a Riemannian manifold, there is always more than one choice for
the correct “Laplacian” on vector fields or 1-forms. Our Laplacian A,

is the operator
L = —2Def*Def

acting on divergence-free vector fields (or coexact 1-forms), where the
(rate of) deformation tensor is given by

1 1
Def(u) = i(Vu + Vul) = §£ug, £ = Lie derivative,

and Def* is the L? formal adjoint of Def. Other possible choices are the
Hodge Laplacian —A = (dé + dd) or the rough Laplacian —TrVV, but
the boundary conditions (a)-(c) insist upon our choice £. Note that

(Vnu)tan + Sn(u) — [Def(u) . n]tan
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for vector fields u which are tangential to M, so the second-fundamental
form of the boundary 0M is encoded into the natural boundary condi-
tion; this is a significant improvement over the energy function used in
[23], and shows that the curvature of the boundary contributes to the
energy of the averaged fluid motion.

1.1 Reformulation of the LAE-a and LANS-a equations

All of our analytical results are founded on a reformulation of the LAE-
«a and LANS-a equations. We shall show that the LAE-a equations
have the equivalent form:

(1.4a) Opu+ Vyu +Uu) + RY(u) = —(1 — a?L) L gradp,
(1.4b) divu(t,z) =0,

(1.4c) u=0on oM,

(1.44d) u(0,x) = ug(x),

where

(1.5) U*(u) =a*(1 —a®L) ' Div [Vu- Vu' + Vu - Vu — Vu' - Vu] |

R*(u) = (1 — L) N Tt [V (R(u, )u) + R(u, ) Vu + R(Vu, -)u]
(1.6) —(VuRic) -u+ Vu' - Ric(u)} ,

and that the LANS-a equations are given by
(1.7)  Opu+ Vyu +U(u) + R(u) = —(1 — o?L) " gradp — vAu,
together with (1.4c) and (1.4d), where

A=—-PA,

denotes the Stokes operator on Riemannian manifolds. The regularizing
terms U*(u) and R*(u) are not dissipative; rather, they remove energy
from the scales smaller than « in a dispersive fashion.

In the simplest setting of the flat torus T™ (periodic box) with R = 0,
the LANS-« equations become

(1.8a) Ou + Vyu + Divr® = —gradp + vAu,
(1.8b)  7%(u) = a?(1 —a2L)7! [Vu - Vu' + Vu - Vu— Vu' - V.
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The term 7% may be thought of a subgrid stress analogous to the tra-
ditional Reynolds stress, but unlike Reynolds Averaged Navier-Stokes
(RANS) or Large Eddy Simulation (LES) models, the additional term
Div 7 is not dissipative. In particular, no artificial dissipation is added
to the Navier-Stokes equations to filter the small scale fluid motion;
rather, a geometric, nonlinear-dispersion-type mechanism is used to av-
eraged over spatial scales smaller than a. The idea of smoothing by
nonlinear dispersion was used extensively by Holm, Ratiu, & Marsden
[19].

The form of LANS-« given by (1.7) also solves the problem of bound-
ary conditions; namely, it is clear that for all solutions to LANS-«, Au
must equal zero on the boundary, since all of the other terms in the
equation equal zero on the boundary, whenever © = 0 on M. It thus
makes sense to write the LANS-« equations as

(1 — A u+ V(1 — 220 u — o (Vu) - Au
(1.9a) = —gradp — v(1 — &®A,)Au
(1.9b) u=0and Ayu=0on oM,

since for sufficiently regular velocity fields, Aw is in the domain D(1 —
a?/A;) = H*(TM) N HY(TM). Both forms of the LANS-a equations,
(1.7) and (1.9), are equivalent, but it is (1.7) which provides the addi-
tional boundary condition to deal with the fourth-order operator v(1 —
a?/\,)A on bounded domains.

1.2 Notation

For each x € OM, the g-orthogonal bundle splitting T,M = T,0M & N,
induces the Whitney sum

TM|opns = TOM &4 N,

where N is the normal bundle, N = Uzecop Nz | OM.

Letting @ : E — M be a vector bundle over M (or over OM),
we denote the H® sections of F by H*(FE) and for all n € D*, we set
Hy(E) :={U € H*(M,E) | 7o U = n}.

For any vector bundle £ over a base manifold M, we shall often
make use of the notation &, | M to denote £, where &,, is the fiber
over m € M.
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We use R to denote the Riemannian curvature operator of V. The
Ricci curvature as a bilinear form is given by

Ric(z,y) = Tr g(R(x, ), y),

with the associated linear operator Ric: T, M — T, M given by
g(Ric(z),y) = Ric(zx, y).
If n € H¥(M, M), then the tangent mapping 7' is in
HY M, T*M @ n*(TM)).
If w € T, M, then in a local chart,

Tn(z) - w = (n(z), Dn(x) - w)

where D is the matrix of partial derivatives of 1 with respect to the
coordinate chart.

We shall use the symbol £ to denote the Lie derivative, d for the
exterior derivative on AF(M), the differential k-forms on M, and & for
its formal adjoint with respect to the L? pairing. For a vector field u
on M, Vu! shall denote the transpose of Vu with respect to g.

The Hodge Laplacian on differential k-forms is A = —(dd +dd), and

A, = A + 2Ric.

When we wish to explicitly convert between vector fields and 1-
forms, we shall use the musical maps b : TM — T*M and £ : T*M —
TM; for example, if u is a vector field on M, then v’ is the associated
1-form.

2. Main results

We prove the existence of smooth-in-time classical solutions to the
Lagrangian form of (1.3); namely, we study the Cauchy problem for
the Lagrangian flow map on any one of three subgroups (which we
construct) of D,,. We let D;, denote the topological group consisting
of Hilbert H?®-class volume-preserving diffeomorphism of M with H*®
inverses. Solutions of the LAE-« equations have better temporal regu-
larity in Lagrangian variables than in Eulerian variables and contain the
Riemannian geometry of the volume-preserving diffeomorphism group
as we shall describe below.
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New subgroups of Dy,

For n € D, s > 5 + 1, we let Ty denote its tangent map, i.e., the
Frechet derivative of i thought of as bundle map. In local coordinate
xt, Tn(x) is On' /027 (x).

Theorem 1. Set s> 5 + 1 and let n denote the outward-pointing
normal field along the boundary OM, and let S,, : TOM — TOM denote
the Weingarten map so that

g (Sp(u),v) = I, (u,v) = —g(Vyn,v), u,v € Hs_%(TﬁM),
where 11, is the second fundamental form of OM C M. Define the sets
S n =1{n €D | Tnloar - n € Hy**(N), for all n € H*2(N)},

w0 =N €D, | nlom = e},

and

S

omiz = 11 € D), | n leaves T; invariant, n|r, = e,

Tnlp, - n € H3/2(N|[y), for all n € HY2(N|T9)},

where we suppose that M,0M are C*°, that Ty and 'y are two disjoint
subsets of OM such that if mg € I'; (i = 1,2), a local chart U (in M)
abouimo can be chosen so that U N OM C T';; furthermore, we assume
that 'y = OM /Ty and that OM =T UTs.

Then DZ,D’ DZ,N? and Dy, .., are all C> subgroups of Dy, and the

tangent space at the identity of these groups is given by
T.D; = {u €T.D; | (Vauloar)™ + Su(u) = 0 € H**(ToM)
for all n € H*"Y/2(N)},
T.D;i p = {u €T.D;, | ulon = 0},
and
T.DS e = {u € ToD5 | (Vauloar)™ + Sy(u) =0 € H*~2(TTy)
for all n € H*"2(N|I'3) and ulp, = 0}.

We also form the corresponding sets Dy, D}y, and D, .. which do

not have the volume-preserving constraint imposed. These sets are C'*°
subgroups of the full diffeomorphism group D?, and have the analogous
tangent spaces at the identity without the divergence-free constraint.

We call the groups DZ} Ds D; N> and D;miw the Dirichlet, Neumann,

and mixed volume-preserving diffeomorphism groups.
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Well-posedness in Lagrangian variables

Theorem 1 allows us to do smooth calculus on these spaces, and hence
consider the Lagrangian flow of (1.3). In this article, we shall prove
results for the case of the group D; p»> as the no-slip conditions have

been of most interest in the literature.!

Theorem 2.  Set s > (n/2) + 1, and let (-,-) denote the H!-
equivalent right-invariant metric on DZ p gien at the identity by

(X,Y)e = (X,Y)r2 + 20° (Def(X), Def(Y)) >, VX,Y € T.D; p.

For ug € T.D}, pp, there exists an interval I = (=T.,T), depending on
lugls, and a unique geodesic 1 of (-,-) with initial data n(0) = e and
1(0) = uo such that 1 is in C*(I,TD;, ) and has C*° dependence on
the initial velocity ug.

The geodesic 1 is the Lagrangian flow of the divergence-free time-
dependent vector field u(t,x) given by

8t77(tv x) = u(t’ n(tv SU))? 77(0) =6

and u € CO(I,TED;D) N Cl(I,TeDZ_Dl) uniquely solves (1.3), and de-
pends continuously on ug.

We use 7(t, z) to denote 9in(t, ).

Corollary 1. Ifn =dim(M) =2, then T = oo, so C™ geodesics
of (-,+) on D}, |, exist for all time.

The proof, which is based on the fact that |curl(1 — oA, )u|z2 is
conserved, is given by Theorem 2.1 in [35], where the same result is also
shown to hold for the Euler equations.

Limit of zero viscosity

In certain topologies which are not too strong, we can also prove the
limit of zero viscosity; namely, solutions of the LANS-a equations con-
verge to solutions of the LAE-a equations on bounded domains, with
the no-slip u = 0 boundary condition.

Theorem 3 Forn = 2,3 and s € (5 + 1,3) solutions of the LANS-
a equations (1.7) converge in L*((0,T),T.D;, ) to solutions of the
LAE-a equations (1.4).

!By setting M = (}, all of our results hold for compact oriented n dimensional
Riemannian manifolds without boundary.

153
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This theorem confirms the scaling arguments of Barenblatt-Chorin (see,
for example, the second paragraph of [5]). We remark that when s > 3,
the LANS-« equations satisfy the additional boundary condition Au = 0
which the LAE-a do not; thus, in such strong topologies, a boundary
layer forms, and requires the development of a Prandlt-type theory.

Riemannian geometry of (D;, p, (-, "))

There are some interesting geometric corollaries which Theorem 2 pro—
vides. We define the Riemannian exponential map Exp, : T, ’D

D, p of the right invariant metric (-, -) by Expe(tu) = n(t), Where t > 0
is sufficiently small, and 7(t) is the geodesic curve on DZ’ p emanating
from e with initial velocity u. Because the above theorem guarantees
that geodesics of (-, -) have C*° dependence on initial data, Exp, is well
defined, satisfies €xp.(0) = e, and so by the inverse function theorem
we obtain

Corollary 2. Fors> (n/2)+1, the Riemannian exponential map
Exp, : Tk D,p—D,pisa local diffeomorphism, and two elements 1y
and 1y ofD D that are in a sufficiently small neighborhood of e can be
connected by a unique geodesic of (-,-) in D} p

Note that for the L? right invariant metric on D,, whose geodesic
flow gives solutions to the Euler equations, the analogous local result
was obtained by Ebin-Marsden [13], but Shnirelman [36] has shown that
this local result does not hold globally. Namely, when M is the unit cube
in R3, he proved the existence of fluid configurations which cannot be
connected to the identity by an energy minimizing curve. This has mo-
tivated the construction of generalized flows; Brenier [6] has recently
constructed Young measure-valued flows that are both Lagrangian and
Eulerian in character, and which give weak solutions to the Euler equa-
tions in the sense of connecting any two fluid configurations (again on
the unit cube in R?). The construction of such weak solutions for the
weak form of (1.3), given on the flat three-torus T2 by

/ /1r3{ u-Op—u@u:Vo

PA)H[Vu -Vl + Vu - Vu — Vu' - Vu] 1 Vol dodt =0

for all ¢ € C*°([0,T] x T3) with div ¢ = 0, is the subject of ongoing
research. In this setting, one generates weak solutions whose distribu-
tional derivatives are Young measures.
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Note that while the group exponential map is only C° and does not
cover a neighborhood of the identity, the Riemannian exponential map
on DZ} p is smooth by Theorem 2, so that in conjunction with the fact
that the right multiplication map is C*°, the topological group D} b
looks very much like a Lie group. As a consequence of the smoothness
of Expe and the proof of Theorem 12.1 in [13], geodesics of (-, -), which
are the solutions of (1.3), instantly inherit the regularity of the initial
data. Thus,

Corollary 3. For s > § + 1, let n(t) be a geodesic of the right
invariant metric (-,-) on D}, p, i.e., On(t,x) = u(t,n(t,x)) and u(t,z)
is the unique solution of (1.3) with v = 0. If n(0) € DZTD]"’ and 1(0) €
Tn(O)DZTg for 0 <k < oo, then n(t) is H** for allt € I.

Our final theorem is geometric and concerns the existence of the
weak Levi-Civita covariant derivative on D) p of the the weak right
invariant metric (-, -), as well as its Riemannian curvature operator.

Because the metric (-, -) is equivalent to an H' metric by Korn’s in-
equality, it induces a weak topology relative to the strong H*® topology,
s> 5+ 1, of D; p- In general, there does not exist a weak covariant
derivative operator associated to a weak metric, nor a bounded Rie-
mannian curvature operator. Thanks to Theorem 2, however, these
structures do indeed exist.

Theorem 4. FEzxtending X,,,Y,, Z, € 1,)D;, p.neDy p, to smooth
vector fields X,Y, Z on DZ’ p» there exists a right invariant unique Levi-

Civita covariant derivative V of (-,-) on Dy, p given by

VXY () = {Peo [0:(Fy 0" + Vxyop1 (Y on™)
1

+ 5 (U(X 0 n LYy on ) +R(X,on Y, 0n )] } o,

where Y and R are given by polarization of the operators U'andR',
defined in (1.5) and (1.6), respectively, and where for r > 1,

Pe: H'(TM)NHy(TM) -V
is the (-, -)c-orthogonal projection given by
Pe(F) = v,
where v € V), is the unique solution of the Stokes problem

(1—L)v+grad p= (1 —L)F,
diveo=0, v=0o0ndM.

155
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For right-invariant vector fields X,Y on D;D which are completely de-
termined by there value at the identity X, Ye,

- 1
VxY(€) = Peo [V, Yo + 5 (U(Xe, Vo) + R(Xe, Vo)) |.
Finally, define the weak Riemannian curvature tensor
~ 3
Rn : [TU,DZ,D] — TU,DZ,D

by

Ry(X,y, Vi) Zy = (@yﬁxz)n— (@X@yz)ﬁ (@[X,Y]Z)n, neDp.

Then for s > (n/2) + 2, R is right invariant and continuous in the H®
topology.

Since the weak curvature operator R is bounded in H® for s >
5 + 2, the fundamental existence and uniqueness theorem for ordinary
differential equations provides us with the following:

Corollary 4. For s > (n/2) +2 and y,§ € T.D;, 1, there ezists
a unique H® vector field Y (t) along a geodesic curve n of (-,-) which is
solution to the Jacobi equation

@ﬁﬁﬁy + Rn(ﬁ7y)77 =0, Y(0) =y, VﬁY(O) =Y.

Because the geodesic flow 7 of the right invariant metric (-, -) on Dl p
is the solution of (1.3), and since the Jacobi equation is the lineariza-
tion of the geodesic flow, Corollary 4 proves existence and uniqueness of
solutions to the linearized LAE-« equations, where the linearization is
carried-out about a solution u = d;non~! to (1.4). We are thus able to
follow Arnold [3], and study the Lagrangian stability of our solutions,
by studying the curvature of our infinite-dimensional group. Positive
curvature indicates stable motion, while negative curvature implies ex-
ponential divergence of trajectories.

Since this system, averages over the small-scale fluid motion, one
might hope that solutions of (1.4) have nicer stability properties than
solutions to the Euler equations. Geometrically, this implies that as «
is increased away from zero, the sectional curvatures which are negative
for the Euler flow, may flip sign and become positive. Indeed, this seems
to be the case; we give a simple example.
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We consider periodic two-dimensional motion, so the configuration
space is the group of volume-preserving diffeomorphisms of the two-
torus T2. Consider the parallel sinusoidal steady flow given by the
stream function & = cos(k,z) and let ¢ be any other vector of the
tangent space at e, i.e., ¥ = ) xje;, where x_; = Z;. Theorem 3.4 of [4]
states that the curvature of the group D,(7T?) in any two-dimensional
plane containing the direction £ is non-positive and is given by

S
Key =7 > adilar + mipanl,
l

k x1)?
where ay; = (|l~cj—l)|’ k x| = kilo — koly is the (oriented) area of the
parallelogram spanned by k and [, and S is the area of the torus. Then,
a corollary of this theorem states that the curvature in the plane defined

by the stream functions & = cos(k, x) and ¢ = cos(l, z) is
Key = —(k* +1%) sin? Bsin® v/48,

where ( is the angle between k and [, and ~ is the angle between k + [
and k —[. Recall that these are the curvatures with respect to the right
invariant L? metric.

Now using the right invariant metric (-,-) on D5(T?), we can prove
the following result [32]. Let K (£,1) denote the sectional curvature on
DZ(’]I‘Q) with the right invariant metric (-,-), where & = cos(k,z) and
1 = cos(l,x). For |e| sufficiently small, let | = k + €. Then for any k,
there exists 0 < ag(k) < 1, such that for all a > a,(k), K(£,v) > 0.
This means that for certain large enough values of «, the sectional
curvature does indeed become positive, and stabilization of the flow
occurs.

3. Review of the Hilbert manifold of maps and
diffeomorphism groups

Let us briefly recall some facts concerning the geometry of the man-
ifold of maps between two Riemannian manifolds. We refer the reader
to [31], [14], and [15] for a comprehensive treatment of this subject. Let
(M, g) be a C* compact oriented n-dimensional Riemannian manifold
with boundary, and let (N, h) denote a p-dimensional compact oriented
boundaryless Riemannian manifold. By Sobolev’s embedding theorem,
when s > n/2+ k, the set of Sobolev mappings H*(M, N) is a subset of



158 STEVE SHKOLLER

C*(M, N) with continuous inclusion, and so for s > n/2, an H*-map of
M into N is pointwise well-defined. Mappings in the space H*(M, N)
are those whose first s distributional derivatives are square integrable
in any system of charts covering the two manifolds.

For s > n/2, the space H*(M, N) is a C* differentiable Hilbert man-
ifold. Let exp: TN — N be the exponential mapping associated with h.
Then for each ¢ € H*(M, N), the map wexp : TpH*(M,N) — H*(M,N)
is used to provide a differentiable structure which is independent of the
chosen metric, where wexp(v) = exp ov, and

T,H*(M,N) = {u € H'(M,TN) | 7ou= ¢},

where 7 : TN — N.

When OM # (), the set H*(M, M) is not a smooth manifold. We
can, however, embed M into its double M, a compact boundaryless
manifold of the same dimension, extending the metric g to M. Using
the above construction, we form the C° manifold H®(M, M). Then for
s> (n/2) + 1, the set

D* = {n e H5(M, M) | n is bijective ,n "+ € H*(M, M),
n leaves OM invariant}
is an open subset of H*(M, M). By choosing a metric on M for which
OM is a totally geodesic submanifold, the above construction provides

D® with a C*° differentiable structure (see [13] for details). For each
n € D?, the tangent space at 7 is given by

T,D° ={u€ H*(M,TM) | tou=n, g(uonil,n) =0on OM}

and the vector space T,.D? consists of the H?® class vector fields on M
which are tangent to 9M.
Let p denote the Riemannian volume form on M, and let

Dy :={neD*|n"(n) = p}

be the subset of D® whose elements preserve p. As proven in [13], the
set Dy, is a C°° subgroup of D* for s > (n/2) + 1. We call D}, the group
of volume preserving diffeomorphisms of class H®. The tangent space
at n € D}, is given by

T,D;, = {u€H*(M,TM) | mou=n, gluon™t,n)=0on oM,
div(uon™t) = 0},
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so that the vector space T D}, consists of divergence-free H* class vector
fields on M that are tangent to OM.
We have the following standard composition lemma:

Lemma 1 (w and « lemmas). For n € D?, right multiplication
R,:D° —D° (H®— H®), (+—(on, is C™,
and for n € DT, left multiplication
L,:D*—7D° (H°— H?), (+—mno(, is C".

Finally, the inverse map ( +— n~!) : D¥ — D* is only C° and not
even locally Lipschitz continuous. Thus, D*® and D), are not Lie groups,
but are C'*° topological groups with C'™° right translation.

4. Proof of Theorem 1

4.1 The Neumann group D y

We begin by first establishing the result for D}, y- We split the proof
into three steps.

Step 1. Bundles over D}, and the transversal mapping the-
orem.

Recall that a smooth map between Hilbert manifolds f : My — My
is transversal to a submanifold M3z of My if for all m € f~1(M3),

The transversal mapping theorem asserts that f~!(M3) is a submani-
fold of M if f is transversal to M3.
Let us define the following infinite dimensional vector bundles over
D3
“w

TM|OM) | D5,
TOM) | D5,

S—

Q ™ W
I
dmu‘;
(MY

Njw A~ —~

_3
(TM|OM)* ® Hy, *(TOM)| | Ds.
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For z € OM, let Il : T,M — T,0M be the g-orthogonal projector,
and define the section II : D;, — G pointwise by II(n)(z) = II,,), so

that for all 7 € D5, I(n) : Hy **(TM[OM) — Hyy **(TOM). For
n € H*"'/2(N), define the section of F, h,, : D;, — F, by

hn(n) = Tnloa - 1.
Finally, let f, : D;, — & denote the section of & which is given by
fn=To h,.
Then, the set D}y is the inverse image of f,, acting on the zero section
of £.
Lemma 2. The map f, :D* — & is C*°.

Proof. This follows from Lemma 4, the trace theorem, and the fact
that II is smooth, as g and OM are C*°. q.e.d.

Hence, by the transversal mapping theorem, to show that D} y is
a C°° subgroup of Dj;, we shall prove that f, is a surjection; this will
provide D; n Wwith smooth differentiable structure. That DZ’ N isa O™
subgroup then follows from the fact that Dy, v is trivially closed under
right composition.

Step 2. The covariant derivative of f,.

We use the symbol V to denote the weak Levi-Civita covariant
derivative on sections of F and G (as obtained in Lemma 4). Follow-
ing the methodology of Lemma 4, we compute that for all n € D}, and

w € TyDs, Vauha(n) € Fy = Hy /> (TM|OM) is given by

where V denotes the Levi-Civita covariant derivative in n*(T'M).

Next, we compute the covariant derivative of the section IT of G. We
shall denote the metric tensor g evaluated at the point n(z) by gy()-
Using the fact that g is covariantly constant, and letting (-)*** denote
the tangential component of a mapping v : M — TM|0OM, we have
that

In(x) ([qun(x)] : ’U(:L'), Z(.%')) = —9n(=) ((vuv(x))tan’ Z(l‘))
(4.1) ~na) (Vuz(2))™", 0(2))
—t () (V" (), 25" (2))]
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where we use the notation: u[f] = df - u for any function f € C*(M).
It is clear that the operator V,II, is self-adjoint with respect to g.
By definition of the g-orthogonal projector II, ), we see that for all
x € OM,

Intey (M) - w(@),v(x)) =0, YweF,ve H3’3/2(N),

so that setting the map v in equation (4.1) equal to the mapping v, and
noting that the covariant derivative V on G is the functorial lift of V,
we obtain the formula

[VuII(n)] (v) = —(Vur)"™ = Sy (u).
It follows that for all n € £, 1(0),

ﬁufn('r]) = ﬁan ' h(77) + anuh(n)
Sy (u) + (Vo)™ € &,

_3
where v =Tn|gp -n € H{; 2(N).
Step 3. f, is a surjection.
It remains to show that for all n € f,,*(0), Vfu(n) : T,D5 — &, is

onto. Because right translation on Dy, is a smooth operation, it suffices

to find u € TeDy, such that Vufn(e) = w for any w € Hs_3/2(T8M).
To do so, we shall solve the following elliptic boundary value problem:
Find (u,p) € T.Dj x H*"'(M)/R such that

(1—-Ap)u+grad p=F, divu=0in M,

(4.2 g(u,n) =0, (Vpu)™ + S,(u) =w on OM,

where F € HS"2(TM),w € H*=3/2(TOM),n € H*"1/2(N).
We first define the space
HY(TM) = {ve H(TM)|divv =0 and g(u,n) = 0 on IM},

and establish the existence of a unique weak solution u € H}(T'M) to
(4.2). Let B: Hy(TM) x HY{(TM) — R be the bilinear form given by

B(u,v) = /M [9(u,v) + 2g(Def u, Def v)] p.

B is symmetric and by Korn’s inequality, which states that |u]; <
C|Def u|o + Clulo (see, for example, [38] Corollary 12.3), there exists

161



162 STEVE SHKOLLER

B > 0 such that Slu|; < B(u,u); hence, B is coercive with respect to
HY(TM). Let §: HY{(TM) — R be given by

50) = [ atFou+ [ gwope

By the trace theorem,

‘/ g(wﬂ))ﬂa‘ < Clw|r2(ramy vl1,
oM

so that together with the Cauchy-Schwartz inequality and the embed-
ding H' — L?, we see that § € H}(TM)*. Hence, by the Lax-Milgram
theorem, their exists a unique u € H}(T'M) satisfying B(u,v) = F(v)
for all v € HY(TM). This, in turn, uniquely determines p € L?(M)/R,
as the solution of B(u,v) — §(v) = [y, p - div vp for all v € HY(TM)
that satisfy g(u,n) = 0 on M. We have thus obtained a unique weak
solution (u,p) € HY(TM) x L*(M)/R of the boundary value problem
(4.2).
Now, since

2Def*Def u = —2DivDef u = —Au — 2Ric(u),
we see that if u € H*(TM) N HY(TM) satisfies
B(u,v) = §(v), Vove& HYTM),

then u is a solution of (4.2). We shall use an elliptic regularity argument
to prove that u is in fact a classical H*® solution of (4.2).
Let (U, ¢) coordinate chart on M, and x € C§°(U). Since

(1 - Ar)(Xu) = X((l - Ar)u) + [(1 - Ar)a X]’LL,

and since [(1 — A,), x]u is a first-order differential operator, our elliptic
regularization of u can be localized to the chart U. We can assume that
U intersects OM, for otherwise, standard interior regularity estimates
can be applied. Let % denote the coordinates on U and set 9; = 9/dz".
We may express the Hodge Laplacian A on U as

Au = Noe + Y (u),

where Ay = g% (2)0;0ju, and Y is a first order differential operator.
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We consider the boundary value problem in U given by

(1 —=Apc)u+gradp=F, divu=pinU,
By(u) =0, B1(u) = w on U,

where By(u) = g(u,n), Bi(u) = 2[(Du + Du') - n]**”, and Du-n =
8jui gink. Applying induction to the usual difference quotient argument
(see, for example, [38]) yields the elliptic estimate

luls + pls—1 < C (|F|s—2 + |pls—1 + |Bo(w)|s—1/2 + |B1(u)]s—3/2) -
Hence, the operator
L:HNHY(TU)
— H*72(TU) @ H (U) & H**(ToU) & H*3/*(ToU)
given by
Lu = ((1 = Apetr), div u, Bo(u), B1(u)) = (F, p,0,w)

has closed range, and since its adjoint has a trivial kernel, £ is an isomor-
phism (see also [26] for an alternative proof that £ is an isomorphism).
A simple computation verifies that along M,

2[Def u - n]"™ = (Vou)'™ + S, (u) ¥V ue Hy(TM),

so that on U, [Def u - n]**" differs from Bj(u) by a linear combination
of C* Christoffel maps, and we shall denote this difference by I'(u).
Hence, the operator

L:H*NHL(TU)
— H"X(TU) ® H* Y (U) ® H*/>(ToU) @ H*3/*(TaU)

given by
Lu= ((1—2A)u,div u, Bo(u), (Vau)™ + Sy (u))

differs from Lu by the operator Ku = (Y (u) + Ric(u), 0,0, T'(u)) which
is compact by Rellich’s theorem. Therefore, £ has index 0 and trivial
kernel, and is thus an isomorphism, which concludes that DZ’ N isa ™
subgroup of Dj,.

With an almost trivial modification, DY is a C' subgroup of D?.
To see this, we redefine the vector bundles £, F,G to have D* as base
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manifold rather than D;, and we redefine the space H}‘(TM ), removing
the divergence-free constraint. In this case,

2Def*Def u = —2DivDef u = —(A + 2Ric + grad div)u,

so to establish that f, is a surjection, we solve the following bound-
ary value problem: For F € H*"2(TM), w € H*3/?(TOM) and n €
H*"Y2(N), find u € T,D* satisfying

[1— (A +grad div)ju = F in M

(4:3) g(u,n) =0, (Vou)™ + S, (u) =w on OM.

A weak solution in HY(T'M) is obtained using the Lax-Milgram
theorem just as in Step 3 above. Up to a compact operator, this is
precisely the elliptic system studied in ([16]), wherein existence and
uniqueness of classical H® solutions is established. Since modification
of an elliptic operator by lower-order terms does not change its index,
we have existence of u € T,.D}, solving (4.3), and this completes the
argument for the subgroup DY;.

4.2 The mixed group D; ;.

We shall follow the three step proof above, keeping the same notation.
Step 1. Bundles over D;, and the inverse function theorem.
We modify the vector bundles F, £, and G as follows:

_3
52

(TM]FQ) l D
HY 2 (TTy) |

S—

G=|H, *(TMTy)* ® H, (TF2) | Dy,
For n € H*~'/2(N|T'y), define f, : D — D*~1/2(I'1) x € by

Ja(m) = [0lry, fa(n)] = [lry, T(n) o (Thlr, - n)] .

The trace theorem together with Lemma 2 ensures that f,, is C*. Since

5 iz = o t(e,0), we must prove that f,, is a surjection, in order to
show that DS miz 18 @ submanifold of Dj,. Again, it is clear that the set
DY is closed under right composition.

©w,mix

Step 2. Computing the tangent map of f,.
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Step 2 of the case D;N shows that for any u € T,,D;,,
Vafa = Sy(u) + (Vou)'™ € &), v="Tnlr, -n € Hy3/2(N|Ty).

Now V, f, is the vertical component of T f,, - u, the TE-valued image
of u under the tangent mapping T'f,. Letting H C TE denote the
connection associated with the Levi-Civita covariant derivative V (see
Step 1 above), we have the local decomposition T f,,-u = V,, fr —wx () -
fn, where wyy is the local connection 1-form on £ associated with the
horizontal distribution H. Then,

Tfa(n) - w= (ulr,, Vafu(n) —wn(u) - fu(n)), e T,D,.

Step 3. f, is a surjection.

It suffices to prove that for all (v, w) € H*~Y2(TM|Ty) x &, there
exists u € TeDZ such that

u=1 on I
(Vo)™ + S, (u) = w on Ty,
and to do so, we shall follow Step 3 for the case of DZ ~» and obtain u
as the solution of

(1-Ap)u+gradp=F, divu=0, in M,
(4.4) u=1 on I'y,
gu,m) =0, (Vuu)™ + S, (u) =w on Iy.

It suffices to consider the homogeneous boundary condition v = 0 on
I.
To obtain a weak solution to (4.4), we define

HY(TM) = {ve H(TM)|divv =0, g(u,n) =0 on Iy
and u =0on I'1},

and again consider the bilinear form B : HY(TM) x HY(TM) — R
given by

B(u, v) = /M [g(u, v) + 25(Def u, Def v)] 1.

We define § : H (T M) — R by

$(v) = /M g(F,v)pu+ /F2 g(w,v)pa.
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The argument we gave in Step 3 of the case DZ’ n shows that there
exists a unique solution u € HY(TM) satisfying B(u,v) = §(v) for all
ve HY(TM).

Now, if w € H?(T'M) N HY{(TM) satisfies B(u,v) = §(v) for all
v € HY(TM), then u is a solution of the mixed problem (4.4) for which
elliptic regularity is slightly more subtle than for the Neumann prob-
lem. In particular, the identical argument which we used for that prob-
lem provides the H? class regularity of w on M/(I';y N T'y); after all,
the boundary conditions on both I'1 and I's are elliptic in the sense of
Agmon-Douglis-Nirenberg as the Complementary Condition is satisfied
(see [1], and see [37] for an alternative method). The fact that OM
is O and that OM = T'y U T’y gives the regularity of the solution on
M (see, for example, Fichera [16], pages 377 and 385). Hence, our ar-
gument in Step 3 for the subgroup D}, n given above yields a unique
solution u € H*(TM)NHY(TM) of (4.4), and thus concludes the proof
that Dy, .., 1s a € subgroup of Dj;.

Just as we proved that DY, is a subgroup of D* by a minor modifi-
cation of the argument for the case D} n» we easily obtain that D
also a C*° subgroup of D?.

s .
miz 15

4.3 The subgroup D,

This case was studied by Ebin-Marsden [13] using a different approach.
By setting I's = () above, we immediately prove that DZ’ p is a C* sub-
group of Dj, and that D7, is a €™ subgroup of D*, with the appropriate
tangent spaces at the identity.

This concludes the proof of Theorem 1.

4.4 The group exponential map.

Let &° denote either of the groups Df,, D3, or D; .., and similarly, let

mix’
&;, denote either of the groups DZ,D’ DZ,N’ or D?

,u,,mzx'

Corollary 5. Let V € T.®*, and let n; be its flow, (d/dt)n, =
Vomn. Then, for s > (n/2) + 2, n; is a one parameter subgroup of G*,
and the group exponential map Exp: T,B° — &° given by V — ny is
continuous but not continuously differentiable, while the curve t — 1 is
C'. This holds for &7, as well.

Proof. The result follows from ([13], Theorems 3.1 and 6.3).  q.e.d.
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4.5 Further remarks on diffeomorphism subgroups

The existence of the above C'*° subgroups follows from the existence,
uniqueness, and regularity of solutions to certain elliptic boundary value
problems.

This methodology allows to prove directly that for s > (n/2) + 1,

D3 is a C'°° subgroup of D?.

H,miT

We need only modify the map f,, given in Step 3 above as follows:
Forn € H*~1/2(N|T'y) and p the Riemannian volume form on M, define
Fap : Dy — A3(M) x D5V2(Iy) x € by

Fou(m) = 0" (), nlry, 1L(n) o (T|r, - n)] .

Again fn,u is C'*°, and following the notation of Step 2, we easily com-
pute that

Tfn,u(n)'u = (diV (uo 77_1)>U|F17§ufn(77) —wy(u) - fu(n)), u€ TﬂDZ'

Finally, the modification to Step 3 consists of obtaining a solution
u € T, D, satisfying the boundary value problem

(1-Ap)u+grad p=F, divu=gq, in M,
u =1 on I'y,
g(u,n) =0, (Vyu)™ + S, (u) =w on I's.

Only minor modifications need be made to our previous proofs, so we
leave this for the interested reader.

Of course, setting I'y = ) proves the theorem when D}, i 1 replaced
by Dy, p, while setting I'y = (0 proves the theorem in the case that D; , ;.
is replaced by D) n-

5. The Stokes decomposition for manifolds with boundary

In this section we recall well-known results about the Hodge decom-
position for manifolds with boundary (see [12] and [28] for proofs), and
define a new Stokes decomposition based on the solution to the Stokes
problem, whose summands are (-, -)-orthogonal.

Let (M, g) be a C* compact, oriented Riemannian n-dimensional
manifold with C*° boundary OM, and let i : 9M — M be the inclusion
map. Then for a smooth vector field X on M and n, the outward-
pointing normal vector field on M, i*(X J u) = g(X,n)uy where p is

167
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the Riemannian volume form, and pug is the volume form on M coming
from the induced Riemannian metric.

By the trace theorem, i*« is well-defined on OM for a € H*(A*(M))
when s > 1; hence, for such s, a € H*(A*(M)) is tangent (||) to OM if
and only if n Ja = 0, and normal (L) to OM if and only if nf A o = 0.

When OM = 0, (do, 3)12 = (o, dB3) 2, where (¢,0)2 = [, & A *i)
(here, * : AF(M) — A" *(M) denotes the Hodge star operator), and
we have the standard Hodge decomposition

HS(Ak) — d(Herl(Akfl)) D (5(Hs+1(Ak+1)> @Hs,k7

where H5* = {a € H*(A¥(M))|da = 0 and da = 0} are the Harmonic
fields.
When OM # (), we have that

(dev, B) 2 — (0,68) 12 = /a (wFna B

and

(60, B) 12 — (ev,dB) 2 = — / (n 30, B)us.

oM
This shows that if Ja = 0, then « || OM iff (a,dB) 2 = 0 for all 3, in
which case the notion of « || M is well-defined even if « is only of class
L?. Similarly, if da = 0, then o 1. OM iff (o,dB) = 0 for all 3. We
define
H; (M) = {a € HY(AM(M)) | a || 0M},
Hy(AF) = {a € HY(AS(M)) | o LMY,
M ={a e | a| oM},
CoF = {a € HS(A*(M)) | 6a =0 and « || OM}.

Then for s > 0, we have the Hodge decompositions

Hs(Ak:) _ d(HZ—H(Ak_l)) ® (5(Hts+1(Ak+1)) @Hs,k,
H*(AF) = d(H*H (A1) @ ¢t

from which we can define the L? orthogonal projection onto ker(d).
Consider the Hodge Laplacian —A = dd 4+ dd with domain

{a e H*(A*(M)) | nJa =0 and n_J da = 0},
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and let B; denote the L? orthogonal projection onto H; * We call

P, : H¥(A®) — H}(AF)
Pe(w) = Puw + 0d(~L)Hw — Puw)

the L? Hodge projection.
We shall now restrict our attention to H*(A'(M)) and identifying
1-forms with vector fields thru the metric g on M. Letting

XP={ue H*(TM) | divu=0,ul| OM},
we may equivalently express the Hodge decomposition as
HS(TM) = gradH* ™Y (M) @ X7,

so that for all u € H*(TM), u = v+grad p, where v € Xf andp: M —
R is obtained as the solution of Neumann problem

Ap=divu in M
g(grad p,n) = g(u,n) on OM.

Thus, a convenient and equivalent formula for the L? Hodge projection
is
P.:H*(TM) — X7, P.(u)=u— grad p.

For each n € Dj;, we define the projector

P, T,D° — 1,D,,
Py(X) = (Pe(X on™h))om.

Thus P : TD® — T'D;,, given on each fiber by P,, is a bundle map
covering the identity and is C*° by Appendix A of [13].

Next, we define a new projector based on the elliptic Stokes problem.
Let &° denote D}, Dy, or Dy ., and similarly, let &, denote Dl‘i Ds
DZ,N’ or bemiz.

For r > 1, let V" denote the H" vector fields on M which satisfy
the boundary conditions prescribed to elements of T.®*, and set V), =
{ue V" | divu =0}. If 1 <7 <2, then elements of V" and V), only
satisfy the essential boundary conditions (v = 0 on OM if &), = Dfu D>
g(u,n) = 0 on OM if &, = D; y, or u = 0 on I'1 and g(u,n) = 0
on I'y if & = D;,..) because vector fields in V" for r < 2 do not
possess sufficient regularity for the trace map to detect derivatives on
the boundary.

We set £L = —2Def*Def, and consider the positive self-adjoint un-

bounded operator (1 — £) on L?(TM) with domain D(1 — £) = V2.
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Proposition 1. For r > 1 we have the following well defined
decomposition

(5.1) V=V (- L) gradH"(M).

Thus, if F '€ V", then there exists (v,p) € Vi, x H""1(M)/R such that
F=v+(1—-L) grad p

and the pair (v,p) are solutions of the Stokes problem

(1-L)v+grad p=(1—L)F,
div v =0,
v satisfies boundary conditions
prescribed to elements of V.

(5.2)

The summands in (5.1) are (-,-)c-orthogonal. Now, define the Stokes
projector

P.: V" —>V;,

(5:3) Pe(F)=F — (1 — L) grad p.

Then, for s > (n/2) +1, P: T®* — T'®;, given on each fiber by

B Py T,6° — 17,8,,
Pn(Xy) = [Pe(Xn o 7771)] o1,

is a C™ bundle map covering the identity.

Proof. Acting on divergence-free vector-fields, £L = A,. Thus, the
proof that D}, iz 8 a C°° subgroup of D}, shows that the Stokes problem
(5.2) has a unique solution (v,p) € V}; x H™Y(M)/R for any F € V",
r>1.

It is easy to verify that the summands in (5.1) are (-, -)-orthogonal,
so it only remains to show that P is smooth. For E, € T,&°, let
F = F,on™ ! and let (v,p) solve (5.2). By (5.3), it suffices to prove
that

[(1— L) 'grad p| o = [(1 — £) 'gradA ™ div(l — L) (v — F)] on

is smooth. Letting V;) = von € T,,&;,, we have the equivalent expression
for [(1 — L) tgrad p] on given by

(1=L)~t, ograd, o A™L, odivyo(1— L), (Vy — Fy)

which is a C*° bundle map by Proposition 5 together with Lemmas 5
and 6. q.e.d.
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S

5 miz and its
b

. . . . o o
6. A new right invariant metric on D#’D, Du,N’
geodesics

Recall that a weak Riemannian metric on a Hilbert manifold M is
given by a map y which assigns to each m € M, a continuous positive-
definite symmetric bilinear form v(m) € T;; M @ T,; M, which is C*>
with respect to m € M. The metric v is termed weak, because it defines
a topology which is weaker than the original topology on M (and hence
on T, M).

In general, the geodesic flow of a weak metric does not exist. A
simple example is given by the lack of a well-defined exponential map
for the usual L? metric on D* when M is not empty. Nevertheless, the
seminal paper of Ebin-Marsden [13] proves that it is indeed possible to
define a weak right invariant L? metric on D;, for manifolds with bound-
ary, and that this weak metric induces a (weak) Levi-Civita covariant
derivative and geodesic flow. As we have described, the geodesic flow of
the invariant L? metric on D, generates solutions to the Euler equations
of ideal hydrodynamics; we shall introduce a new weak invariant metric
on Dj, which, remarkably, also generates the geodesic flow that solves
the LAE-a equations.

Let &;, denote either D;D, DZ,N’ or D? and let g denote the

H,maz?

induced inner-product on the fibers of [T*M® T*M]*®2.

Proposition 2. Define the bilinear form (:,-). on Tc®;, as follows:
Jor X, Y € .G}, and o > 0, set

2

(XY= [ (0:X(@). ¥ () + G Exala), £r (@) uta)

(6.1) = /M (92(X (2), Y (2)) + 20%g5(Def (X)(z), Def (Y ) () u(2)

and define a bilinear form on each fiber of T'®;, by right translation so
that for Xy, Y, € T,&;,
(X, Yn)y = (Xy 0 n ', Yo n Ve

Then -,-), given on each fiber by (-,-)p, is a right invariant weak Rie-
mannian metric on &;,.

Proof. That (-,-) is C* on &, follows from Lemma 1. That (-,-),
is a positive-definite symmetric bilinear form is proven as follows:

2Def u = £,9 = Vu + Vu!,
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so for any of the boundary conditions prescribed on elements of T &y,
we have that
0 < 2Def"Def u = —(A + 2Ric)u,

so that integrating by parts (and noting that the boundary terms van-
ish), we may express (-, )¢ in the equivalent form

(X,Y)e = /M ge (1= A X (), Y (2)) ).

Since (1 — A,) is a self-adjoint positive operator (on L? vector fields
that are divergence-free), this shows that (-,-) is a well defined C*
weak invariant Riemannian metric on &;.  q.e.d.

The metric (-, -) is invariant under the action of &;,, so the subgroups
of the volume preserving diffeomorphism group that we have constructed
play the role of both configuration space as well as symmetry group
(this is the massive particle relabeling symmetry of hydrodynamics).
In order to formally establish the equations of geodesic motion of the
invariant metric (-,-) on &;, we shall make use of the Euler-Poincaré
reduction theorem. The reader unfamiliar with this symmetry reduction
procedure is referred to Appendix A for a brief discussion.

Proposition 3. Let the pair (&;,(:,)) denote either D; p: D N
or Dy, iz together with the right invariant Riemannian metric defined
in (6.1). Then, a curve(t) € T®y, is a geodesic of (-,-) if and only if its
projection onto the fiber over the identity given by u(t) = n(t)on(t)~! €
T.®;, is a solution of

O(1 — M) u+ V(1 —a?A)u — a?Vul - Apu = —grad p,

(6.2) divu=0, u(0)=u,
together with the boundary conditions

u=0onoM if &;=7D,p,

g(u,n) =0,

(Vo) + Sy (u) = 0 } on OM if Qﬁu: N3

u=20 on I'y
g(uv TL) =0, if 6; - Dz,mim
(Vo)™ + S, (u) = 0 } on Iy

where grad p is completely determined by the Stokes projector Pe.
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Proof. From part (d) of Proposition 6, the reduced Lagrangian is
given by (-, )¢, so that 7(t) is a geodesic of (,-) on &;, if u(t) = 5(t) o

n(t)~! is a fixed point of the reduced action function (on an arbitrary
interval (a,b)) s : T.®;, — R given by

Let € — n° be a smooth curve in &, such that n =7 and
(d/de)n‘|e=0 = dn € T,;8};

the map t — dn(t) is the variation of the curve 7(t) on the interval (a, b)
and dn(a) = dn(b) = 0. The curve € — 71 induces a curve € — u° in
the single fiber T, % such that u” = u and (d/de)u‘|=o = du. The
Euler-Poincaré reduction theorem gives the relation

du=0;(dnon )+ [onont, ule.
Computing the first variation of the action s, we have that

ds(u) - du

b
= / / (9(u, 6u) + 20°g(Def u, Def du)) pdt
a JM

= [ ot~ 250u00m

+o? /a 0T + S, o .

Since u and du satisfy the boundary conditions prescribed to elements of
T.®;,, the boundary term in the above equation vanishes, leaving only

b
ds(u) - du = / /Mg((l — A )u, Op(dnon ) + [dnon Tt ule) pdt.

Using the formula [z,yle = Vya — V,y and integrating by parts, we
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obtain
ds(u) - du
- /b/ g((1 = a?2)0u+ V(1 — a® A )u
n —o2Vul - Ay, dno n_l)udt
N /b<8tu +(1—aL) 7 [Vu(l - oA )u
’ — o?Vut- Aru] ,0n o n71>edta
where again £ = —2Def*Def. Since right translation is an isomorphism,

dnon~te T.®;, is arbitrary, so u is a fixed point of s iff
O+ Pe (1 — a?L)™! (Va(1 - ?A)u — o®Vul - Aul) =0,

and this is precisely (6.2), as (1 — a?L)u = (1 — a?A,)Ou since
divoju = 0. q.e.d.

In the next section, we prove Theorem 2 by establishing existence
and uniqueness of geodesics of the invariant metric. The following sim-
ple lemma will play a fundamental role.

Lemma 3. Fors> (n/2)+1, let u,v € TcD}, j,, and consider the
unbounded self-adjoint operator (1 — L) on L* with domain D(1 — L) =
H*(TM)NHYTM). Then

(1—L)Vyuv =V, (1 — A)v —div[Vv - Vu' + Vo - Vi
— grad Tr[Vu - Vo] + (V,Ric) - v
— grad Ric(u,v) — Tr[V(R(u, -)v) + R(u,-) V).

Proof. First notice that for s > (n/2) + 1, V,v is an H*~! vector
field on M whose trace vanishes on 0M; thus, it makes sense for the
operator (1 — £) to act on V,v.

Recall that £ = —(A + 2Ric + grad div), so we begin by computing
the commutator of [-A, V,]. Let {e;} be alocal orthonormal frame, and
write the Hodge Laplacian A = —(dd + 0d) acting on 1-forms (identified
with vector fields) as A = V, V., + Ric, so that

AVyv =V, Ve, (Vyv) — Ric(Vyo).
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Using the definition of the Riemannian curvature operator, we compute
that

Ve, Ve, Vuv =V, (R(u, €;)v) + Ve, (Vie, 4v) + Ve, Vi Ve, v
=VuVe; Ve, + Ve, (Vie, w)0) + Vie ) Ve, v
+ Ve, (R(u, e)v) + R(u, €;)Ve,v
+ V. Ric(v) — V4 (Ric(v)) .

Expressing u as u/e;, we see that [e;, u] = e;[u’]e;; hence, one may easily
verify that

Viesu) Ve v = div[Vu - Vu,
Ve (Viesuv) = div[Vo - Vu'l,

so that

— AV, =—V,Av —div [Vv -Vul + Vo - Vu]
— (VyRic) - v — Tr [V(R(u, -)v) + R(u-)Vv].

Using the fact that divV,v = Tr(Vu-Vov)+Ric(u, v), and combining
terms involving the Ricci curvature gives the result.  q.e.d.

We remark that if we embed M into its double M, smoothly extend-
ing g, and let (1 — £) denote the operator (1 —2Def*Def) on M, then it
makes sense for Ro (1 — £) o E to formally act on an arbitrary vector
fields on M. Here, R denotes restriction and E denotes extension; see
the proof of Theorem 2 for a more detailed construction of such an op-
erator. It follows that the above lemma also holds for the groups D/i N
and D}, ;. when the operator (1 — £) acting vector fields which vanish

on OM is replaced by Ro (1 — L) o E.

7. Proof of Theorem 2

Let us denote the covariant material time derivative by (V/dt). For
the remainder of this section we shall, for convenience, set &« = 1. The
unbounded, self-adjoint operator (1 — £) = (1 — 2Def*Def) on L*(T'M)
has domain H?(TM) N H}(TM).

Proposition 4.  For s > (n/2) + 1, let n(t) be a curve in D;, p,

1

and set u(t) = non(t)~". Then u is a solution of the initial-boundary
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value problem (1.3) with Dirichlet boundary conditions w =0 on OM if
and only if

(7.1) Pyo |+ Uw) + R(w] on| =0,

U(u) =(1— E)_l{div [Vu -Vul +Vu-Vu—Vul - Vu}}
R(u) =(1— L) "H{Tr [V (R(u, )u) + R(u, )Vu + R(Vu,)u]
— (V4 Ric) - u+ Vu' - Ric(u) },
and fn : 1,Df, — TnDZ,D is the Stokes projector.
Proof. We first set v = 0. Covariantly differentiating 1 = uon yields
Vi)

E o 7771 = 3tu + Vuu

Using Lemma 3, we obtain that
A/
=(1—2A,)0u~+ V(1 — A)u
— div[Vu - Vu! 4+ Vu - Vu
— grad Tr(Vu - Vu) — grad Ric(u,u)
— Tr [V(R(u, )u) + R(u,-)Vu] + (V4Ric) - u.
Now
Vu! - Au = div[Vu' - Vu] + grad ¢ — TrR(Vu, -)u — Vu' - Ric(u),
for some ¢ : M — R; hence,
(1 — Ao+ V(1 — Ap)u — Vu' - Au = —grad p
if and only if
Vi)

7 ° nt+Uu) + R(u) = —(1 — £) " tgrad p,

for some p : M — R, and by Proposition 1, this is precisely equation
(7.1). q.ed.
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We can now proceed with the proof of the theorem. We first consider
the inviscid case first with the viscosity v = 0.
By Proposition 4, the geodesic flow of the invariant metric (-,-) is
the solution of
Vi _

S0 = (1= Py

ar Py o (Hn + ﬁn)ﬁa

where S is the bundle map covering the identity given on each fiber by
377, and

Un(Xy) = UXyon]on, Ry(Xy) = [R(Xyon~")]on VX, € T,6;,.

Now the second tangent bundle T 273; p is identified with H*® maps
Y : M — T?M which cover some X, € TnD; p- The second-order
vector field 7 : M — T?M is just such a map, covering 7 € THDZ’D.

Using a local representation, we may express the material time
derivative above as the system

="V,
. dV, . .. = .
ij = dT" = B(n,n) = =Ty(10,0) + Sy(1),
7)(0) =e
V;](O) = uo,

since Vn/dt = ij+1', (1, 1), where I'; (7, 1) is the Christoffel map, given in
alocal coordinate chart on M by 'y, (7, 7) = F;k (z)(non~1)I (non~ 1)k,
B(n,n) is the principal part of the geodesic spray of (-, ) on Dy, p; hence,
with U denoting a local open neighborhood of n € D; p» to establish the
first assertion we shall prove that B maps U x Hp(TM) into Hp(T'M),
and that B is C°°. The result then follows by application of the fun-
damental theorem of ordinary differential equations on Hilbert mani-
folds (see [21], Theorem 2.6), and the existing time-reversal symmetry
t— —t.

As the Christoffel map is a C°° map of U x H, (T'M) into H, (T M)
(since g is C*° and H*® is a multiplicative algebra), we must show that
gn is C*°. Since fn : T,D}, — TnDZ,D is C'*° by Proposition 1, to show
that P, o Hn : TnD; D TnDZ’ p is C*° it suffices to prove that

(1 —L)71, odivyo [V(on ) on - V(jon ') on): T,D; p — TyDj
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and

(1—£)~", ograd, o Te[V (o~ t)on - V(non™")on] : T,D;, p — T,Dp

are C'*° bundle maps. But this follows from Lemmas 5 and 6 together
with Proposition 5. Since R and Ric are C* on M, a similar argument
shows that P, o R, : 1,D, p — TyD; p is C* as well.

We next prove that (1 —7P,) o (Vn/dt) is C*. Since dyu € T.D;, p

P, o VI _

Py o 7 [Oiu + Pe(Vyu)] on,

so that
(1—Py) o (Vi/dt) = —(1— L) 'grad po,

where p depends on v and the pair (v,p) is a solution of the Stokes
problem

(I1-Ap)v+grad p=(1—-L)V,u
dive =0
v=0o0n oM.

Since s > (n/2) + 1, (1 — £)V,u is in H*73(TM); the argument in
Step 3 of the proof of Theorem 2 then gives a unique solution (v,p) €
Vf[l x HS72(M)/R. If =1 < s—3 < 0, then the pair (v, p) is interpreted
as a weak solution.

A priori, (1 — £)'grad p is only in H*~!, but we shall show that,
in fact, (1 — £)"'grad p is actually of class H*. We have that

(1— L) tgrad p= (1 — £) 'gradA 1 div(1 — £)(v — V,u).

We embed M into its double M , extending ¢ to M , and choose a C'*°
extension of u to M. For any vector bundle £ over M, let

E:HE | M)— HYE| M), BE)|u=¢

denote the linear extension operator, and let R denote the corresponding
restriction operator. Let £ denote Ro Lo F; then it makes sense to form
the commutator of the operators div with £, and the operator

[div, £] : H"(TM) — H""*(TM)
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is continuous. Notice that as £ is a local operator, if w =0 on M, then
Lw = 0 by the property of the extension operator given above. Since
div v =0,

—(1 - £)tgrad A~ divLy = —(1 — £) " tgrad A~ [div, L]v,
which is in H¥(TM) N H}(T M), since

—(1 = £) tgradA~Y[div, £] : H*"YTM) N HY(TM)
— H¥(TM) N Hy(TM)

is a compact operator.

The identical argument shows that —(1 — £)~'gradA~'[div, £]V,u
is in H5(TM)N HY(TM), since Vyu is in HS~YTM)N H(TM). Since
divV,u = Tr(Vu - Vu) + Ric(u,u) is an H*~! vector field on M, and

since
—(1 = £) tgradA~1L : HS"YTM) — H¥(TM) N HY(TM)
compactly, we see that
—(1 = £) tgradA7divLV ,u

is in fact of class H®. Regularity up to the boundary immediately follows
from the fact that V,u = 0 on M. Thus (1 — L) 'grad pisin H*, and
from Section 10, it follows that [(1 — £)~'grad p] on is in H3(TM).

The fact that w is the unique solution of (1.3) is the statement of
Proposition 4. That u is in C°(I, V)N C(I, Vj_l) and depends con-
tinuously on the initial data ug follows from the fact that the inversion
map (n +— n~ 1) : D5 — D* is only C°, but is C! when considered as a
map from D* into D*~!. This proves the theorem.

8. Proof of Theorem 3

Let A = —P/\, denote the Stokes operator. The operator A~! is
continuous from H = {u € L3(TM) | divu = 0, g(u,n) = 0 on OM}
into D(A) = HX(TM)NV, where V = {u € HY(TM) | divu = 0}. The
embedding of V in H is compact; thus A~! is a self-adjoint continuous
compact operator in H, so that there exist eigenvalues

0< A <Aq,.eny )\j—>OO,
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and eigenfunctions w; € D(A) for j € N, such that
ij :)\jwj, jeN.

Let P; : H} — V; := span{wy,...,w;} denote the projection onto the
span of the first j eigenfunctions of A.
Our approximating equation will be

(8.1) at’LLj + Pj (Vujuj +ua(Uj)) =0, Uj(O) = Pju().
By Lemma 3, it follows that
<Pj (Vuju]‘ —i—Z/{o‘(uj)) ,Uj> =0,

so that computing the (-, -). inner-product of (8.1) with u; shows that

IN

d 1
— (\Uj\g + a2|A2Uj\3)

1
= v (143w + 2| 4w )

| Pjuol3.

IN

Thus, it follows that (8.1) is solvable for all ¢ > 0 whenever v > 0, for
each j. Next, we estimate higher-order derivatives of u;, so that we can
pass to the limit as j — co. We only consider the range of s € (§+1,3)
for n =2, 3.

Using the Moser or calculus inequalities

s n
[f-9ls < C(flslglee + [flz<lgls) frg € H (M), s 2 5 +1,

we obtain the basic estimate

d EA A
7 [uj (1) < CluglonluglZ — v(AZ Auj, A3ug)o.
Since Auj € D(A2) for s € (5 +1,3), the definition of D(A?), as given
by [39] for example, shows that

o0
—v(A% Auj, Aduj)o = —v Y AR <o,
j=1

so that ¥/(t) < a(t)y(t), where y(t) = |u;j(t)|? and a(t) = Clu;(t)|cn-
Hence y(t) < elo a(s)dsy ) With this a priori bound, standard compact-
ness arguments (see, for example, the proof of Theorem 1.2 in Chapter
16 of [38]) allow us to pass to the limit as j — oo and obtain the ex-
istence of unique u € L*([0,7T),T, Dy, p), where T is independent of
v > 0. This proves the theorem.
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9. Proof of Theorem 4

The existence of the unique Levi-Civita covariant derivative of the
right invariant metric (-, ) on D;, p 1s an immediate consequence of the
smoothness of the geodesic flow of (-,-) provided by Theorem 2. The
formulas for V then follow from the fundamental theorem of Riemannian
geometry.

As to the properties of the curvature operator, right invariance of R
follows from the right invariance of V. Next we prove that R is bounded
in H* for s > 5 + 2.

Extend X,,Y, 2, € T, HD; p to smooth right invariant vector fields
a”,y", 2" on D}, ;, and let z = 2" (e),y = y"(e), and z = 2" (e). Let

My =(1 = Pe) o Voy + (1/2)Pe o (W, y) + R(z,y)).
As the proof of Theorem 2 shows, M has the following property:

If z and y are H® divergence-free vector fields on M, and s is
sufficiently large so that H*~1(TM) forms a multiplicative alge-
bra, then there exists a positive constant ¢, such that |M,yls <

clzlslyls.

Now, since V is right invariant, we have that

Ry (X, Yn)zy = (ﬁy*@mr/zr)n - (ﬁmrﬁy’“%)n + (ﬁ[xr,yr]zr)
=[(Vy + My)(Va + Mz)z]on

— (Vo + M) (Vy + My)z]on

+ [(Viwy) + Mpy)z] o
= [(Vva - V.V, + V[%y})z] on

+ [(MyM, — MM, + My, ,)z] on

+ {Vae, My}z +{M,,Vy}z]on,

n

where {-,-} denotes the commutator of operators.

Since R(z,y)z on = [(DyDy — DyDy + Dy 1)2] 0 1, this term is
clearly continuous in H®, as R, the curvature of V on M, is C°.

That (z,y, z) = [(MyM; — My M, + M, ,)z] on is continuous in H*
follows from the above property of M; namely, [z,y] € H*~'(TM) and
for s > (n/2) + 2, H*~2(TM) forms a multiplicative algebra so that

|M[z,y]z‘571 < C‘[-T7y]|s,1|2|sfl < c|zls|yls|2]s-
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Finally, continuity of (z,vy, z) — [{Va, My}z + {M,,V,}z]onin H?
follows from the fact that the commutator terms are both order-zero
differential operators, together with the property of the multiplicative
algebra.

10. Smoothness of differential bundle maps over the identity

Let ®° denote either DY}, D}, or D ... Suppose L : H*(E) —
H*7Y(F) is an order [ differential operator between sections of two vector
bundles E and F' over M. The purpose of this appendix is to carefully
explain why R,oLo R, 1 : H*(M,E) | &° — H*{(M,F) | &% is
smooth, even though the map n — 1! : &% — &° is only C°. That
RyoLoR, -1 is C follows from the special structure of exact sequences

covering the identity map.

A sequence of vector bundle maps over the identity F 4, FLaGis

exact at F if range(f) = ker(g); split fiber exactif ker(f), range(f)=ker(g),
and range(g) split in E, F', and G, respectively; and bundle exact if ad-
ditionally ker(f), range(f)=ker(g), and range(g) are subbundles. It is
standard ([2], Proposition 3.4.20) that a split fiber exact sequence is
bundle exact, so that if E, F', and G are Hilbert vector bundles, and
the sequence is exact at F', then ker(f), range(f)=ker(g), and range(g)
are subbundles.

Let M denote the double of M, and set H*(A*¥) = H*(A¥(M)), the
H* class sections of A¥(M). Let Hp (AF) denote the H® class maps of

M into A¥(M) which cover 7.
Lemma 4. For s> (n/2)+ 1, the map

(0 Tn) : D* — [H*(TM)* @ H " (TM)] | D°
18 C°.

Proof. For each x € M, the metric g induces a natural inner-product,
say g, on elements of Ty M & T, )M, and hence a weak L? metric on
H*(TM)*®@H;~'(TM) given by [, g(-,-)u. There exists a unique Levi-
Civita covariant derivative associated with this weak L? metric which we
denote by V. The covariant derivative V is induced by the connector K
which is the functorial lift of the connector K uniquely associated with
the metric g thru the fundamental theorem of Riemannian geometry
(see Theorem 9.1 in [13]).
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Let us denote the map n +— T by s, i.e., s(n) = Tn. Continuity of

s is immediate. Thus, we shall show that s is of class C!. Let € — n¢ be

a smooth curve in D* such that n° = n and (d/de)|=on® = V;, € T, D%;
then, Vv, s(n) € H*(TM)* ® H3~'(T M) is computed as

d

€y —

8(77 ) - dE

v\/7,8(77) = de

Tn" =V,
e=0 e=0
where V denotes the unique Levi-Civita covariant derivative in the pull-
back bundle n*(T'M) associated to the metric g on M. Specifically, for
W e T, M and V;, € n*(TM), VwV,(z) has the local expression

Vi V() = TVy(z) - (Tn(x) - W (2)) + Uyy (V(), T(z) - W(z)),

where I', ;) denotes the Christoffel symbol of the metric g evaluated at
the point n(x) € M.
We compute the operator norm of

Vs(n) € Hom(H;(TM), H(TM)* @ H; ™' (T'M))
which we shall denote by | - |op. We have that

Vs()|op = sup IVVil s R
op Vo Ha Vilst nlHs(TM)*@H;™ (T M)

= sup sup IV Vi ls—1
Vp€HS |V ls=1WeHs |W|s=1

< sup sSup |VV|S—1 ‘W‘s
Vn€HS,|Vyls=1 WeHs |W|s=1

< C(.q’ ’Tms—l> < 0.

Computing the supremum of [Vs(n)|op in a neighborhood of 7 yields
the C' topology; as the supremum is finite, we have established that s
is a C'' map.

To see that s is of class C?, we compute in a local chart

d
—|  VVpe =TV, (x) - VwVy(2)
de|._,

+ 1T Tn(z) (Vy(x), Tn(x) - W(z))
+ Ly (Vo(), Vir Vi (2)) -

Since Ty is in the multiplicative algebra H*~! and I' € C*°, the same
argument as above shows that s is C2. In particular, we see that the kth
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derivative of s is a rational combination of n,Tn, VV,, and derivatives
of I', which combined with our argument showing that s is C'! together
with the fact that multiplication of H*~! maps is smooth, shows that s
is C* for any integer k > 0, and hence that s is C®°.  q.e.d.

Define d : H3(A*) | G5 — H '(A*1) | &* to be the bundle map
covering the identity given by
En(o‘n) = [d(ay o 77_1)] on Voye H;(Ak)
Similarly, define
5 HI(AR) | G5 — HIY (AR | &0

by 8, = [6(ay; o~ on. Lemma A.2 of [13] states that these bundle
maps are smooth. We give the following proof. First note that, as d is
an antiderivation satisfying

dlaNB)=danp+(-Drfands VaeAk,

it suffices to give the proof for k = 1, in which case da = Va — (Va)?,
where V is the Levi-Civita covariant derivative on T*M. Using the
chain rule, we see that d, = [VoTn=! — (Vo Ty 1) on Now T'n~!
is of class H*~! whenever 7 is an H® class diffeomorphism, so the proof
of Lemma 4 shows that d is C*°. The fact that ¢ is C* follows from a
similar argument. We also have the following

Lemma 5. Fors> (n/2)+1, if X,,Y, € Hﬁ(TM), then
div, o [V(X,on ) on - V(Yyon ')onl € Hi (TM).

Proof. We identify X, Y, € HS(TM) with ay, 8, € H;;”(Al)7 respec-
tively. It then suffices to prove that 8, o (d, () -dy(8,)) is in Hf]_2(A1),
and hence that d(ay) - dy(6,) is in Hi~'(A') (since 0 is C*°). But this
follows since H*~! is a multiplicative algebra, and d is a C°> bundle
map. q.e.d.

A similar argument yields

Lemma 6. Fors> (n/2)+1, if X,,,Y; € Hi(TM), then
grad, o Tr[V(X,on ") on - V(Yyon N on € Hffz(TM).

We shall need Lemma A.3 in [13] which we state as follows:
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Lemma 7. Let m : E — M be a vector bundle, let J be a fi-
nite dimensional subspace of H*(E) consisting of C*° elements, and let
B : H(E) — J be a continuous orthogonal projector onto J. Then
J = Ty | D% is a subbundle of Hy(M,E) | D° for r < s, where
Iy = A{f € H(M,E)|f € RyJ}. Furthermore, B : H} | D° — 7,
given by ﬁn = Ry oPoR,-1 is a C bundle map.

For the remainder of this appendix, A shall denote the bundle map
given by A, (ay) = [A(c; on~1)] on for any linear operator A acting on
H?*(A¥). We shall use the notation W to denote the bundle W, | D* for
any vector space W. For example, H*(A¥) shall denote H; (AF) | D*.

Again, for » > 1, let V" denote the H" vector fields on M which
satisfy the boundary conditions prescribed to elements of T,®*, and let
Vy={uon:ueV'}.

Proposition 5. Let £L = —2Def*Def and define L by

[,77 = TRn oLo TRT]—I.
Then, for s > (n/2) + 1, the bundle maps

(1-L):Vi| 6 — H2(TM) | &,

(1-L)"1: H2(TM) | & = V5 | &°
are C°,

Proof. By the L? orthogonal Hodge decomposition,
HP(AF) = d(H*FH (AF) @ S(H* (M) @ Ml

where Hf{jlds = {a € H*(A¥) | da = 0 and 6o = 0} denotes the Har-
monic fields.
Hence,

(10.1)
er(d)]* = & (H*F (AF)) and [rer(@)]* = d (B ().

Let 7 denote the L? orthogonal projection of H*~(A*+1) onto Hfi;lld’fﬂ,

and let p = 7|ygs(ar)) denote the restriction of 7 to d(H*(AF)), so
p: d(H(AF)) — Hfi;lld’fﬂ. Since Hf;ﬁi’fﬂ is a finite dimensional sub-
space of H*~1(A*+1) consisting of C elements, Lemma 7 asserts that
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p is a smooth bundle map, and that im(p) and hence im(1 — p) is a
subbundle. We may thus form the following exact sequence

siAk sE- = d S— k s
Hy(A*) | D° 5 im(1 —p) = H2(A*?) | D°.

Since d is a C° bundle map, this shows that ker(d) and im(d) are
subbundles.?
Now let

P2 S(HS(AF)) © HS"L(AF1) — pg LA+

be the restricted orthogonal projector. Then by the same argument p,
is a smooth bundle map and im(1 —p,) is a subbundle. Hence, we may
form the exact sequence

Hy(AY) | D* % im(1 —By) = Hy 2(AF2) | D%,
and thus obtain that ker(§) and im(8) are subbundles.

Using (10.1), we may restrict the domain and range to ensure that
the maps d : §(H*T1(AFTY)) — d(H*(AF)) and 6 : d(H*T1(AF1)) —
S(H*(A*)) are isomorphisms.

To find the inverse of d between these vector spaces, first let w = 4.
Then

dw = d63 = ddw = 5d(58) = (d6 + 6d)(38) = —AGB = —Aw;

therefore, w = (—=A)"16dw = §(—A)"tdw, so that §(—A)~! is the in-
verse of d. Similarly, we find that d(—A)~! is the inverse of 4.
Next, let

ps : kerd = S(H*TH (AR @ Wk — HEE

SO
(1 — p3) : kerd — S(H*TT(AFHDY).

Now ps3 is a smooth bundle map by Lemma 7, and since ker(d) is a
subbundle, we may form the exact sequence

ker(d) 23wk Lo

2That ker(d) and im(d) are subbundles is the statement of Lemma A.4 in [13]; we
have supplied a short proof simply to correct some typographical errors and provide
some needed clarification.
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Thus, the im(p3) is a subbundle from which it follows that
im(1 —p3) = 6(HT (A1)

is a subbundle, so that it makes sense to define

d: 6(HsH1(AF+1)) — im(d)

as a smooth bundle isomorphism. A similar argument allows us to define

3 : d(H*T1(AF1)) — im(3)

as smooth bundle isomorphism.

We have shown that the bundle map §(—A)~! covering the iden-
tity is the inverse of d which is smooth; hence, by the inverse function
theorem, the bundle map d(—A)~1 is also smooth. On the other hand,
d(—/\)~1 is the inverse of §, and by the same argument is smooth. Since
d and 0 are C°°, then (—A)~1 is C* on im(d) ® im(d), and hence —A
is C* on ’Hfzfl 4s again by the inverse function theorem.

Thus far, we have been working with sections of differential k-forms
over the boundaryless manifold M. We shall now restrict our attention
to H*® class sections of A'(M). Letting n denote the outward-pointing
normal vector field on M, for r > 2, we define the closed subspace of
H"(AY(M)) by

H, = {ae H (AM)) | nda =0, (Vo)™ + S, (”) = 0 on I'y,
and o =0 on I';},

and for 2 >r > 1, set
H)y={ae H'(A(M)) | ndJa=00nTs, and « =0on I'1}.

Note that the restriction operator to these subspaces is a continuous
linear map. L is a self-adjoint linear unbounded nonnegative operator
on L? with D(£) = H%, and £ : H} — im(d)®im(J) is an isomorphism.
It follows that (1 — £) : H3 — H'(A(M)) is an isomorphism. Since

L = —(A + 2Ric + do),

and since we have proven that Zn? En, 3,7, and ﬁn are C'°° bundle
maps, it follows that

187
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(1—-L): (H}), | & — H*(TM) | &°

is a C'*° bundle isomorphism covering the identity, so that by the inverse
function theorem,

(1—L)1: H)72(TM) | &° — (H}), | &°

is C*° as well.
This proves the theorem in the case that & = D7 . . In the case
that &° = D3, simply set I'1 = ), and for ° = D3, set I'y = () in the

definition of H’. q.e.d.
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Appendix A. The Euler-Poincaré variational principle

The reduction of geodesic flow on Dy, (or any of its subgroups) onto
the single fiber of 1Dy, over the identity e is an example of the Euler-
Poincaré theorem (see [22]) which we shall now state in the setting of
a topological group G which is a smooth manifold and admits smooth
right translation. For any element n of the group, we shall denote by
TR, the right translation map on T'G, so that for example, when G is

either Dy p,, D} n, or Dy, i, then TRy 1) :=1j 0 n~ L

Proposition 6 (Euler-Poincaré). Let G be a topological group
which admits smooth manifold structure with smooth right translation,
and let L : TG — R be a right invariant Lagrangian. Let g denote the
fiber T.G, and let | : g — R be the restriction of L to g. For a curve
n(t) in G, let u(t) = TRy )-11(t). Then the following are equivalent:

a the curve n(t) satisfies the Fuler-Lagrange equations on G;

b the curve n(t) is an extremum of the action function

for variations én with fixed endpoints;
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c the curve u(t) solves the Euler-Poincaré equations
d 4l ol
Lo _ s
dt du Y5
where the coadjoint action ady, is defined by

<ad:;v7w> = (Uv [uaw]R>7

foru,v,w in g, and where (-,-) is the metric on g and [-,-]r is the
right bracket;

d the curve u(t) is an extremum of the reduced action function

for variations of the form

(A1) ou = + [w, u]r,
where w = T'R,-16n vanishes al the endpoints.

See Chapter 13 in [22] for a detailed development of the theory of La-
grangian reduction as well as a proof of the Kuler-Poincaré theorem.
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