5.1.1(b)

5.1.3

5.1.5

5.1.9

5.1.10

MATH 125B, HW1, Solution

Since f(x) = 3 — 2 is decreasing on the interval [0, 2], then
1.1

UG P) = F(3)(5 —0)+ F(D)(1— 3) + F(2)(2— 1;

1 1 1
L(f,P) = f0)(5 =0+ f(5)(A = 5) + F()(E2 — 1)
Graph and use geometric interpretation of integrals to explain.
Note that lim,, % = 0. For any € > 0, there exist Ny € N, for all n > Ny, we have % < 5. Split

the set E into two parts, En, = {%,n > No}7 and F — Ey, = {%, 1<n< NO}. All points in En,
belong to the interval (0, §). Define the partition as

1 1 € 1 € 1 e 1 € €
P = Oa7377737+77"’,77737+77177 .
Nog+1 Ng 4Ny Ny 4N, 2 4Ny 2 4N, 2Ny
Then
U(fa ) (fv )< +NOXW €.

Remark: The partition P must be a FINITE set.

[ f(z)dz = 0 for all ¢ € [a,b] implies that for all [c¢,d] C [a,b], we have fcd f(z)dr = 0. Assume
that there exists some point zg € (a,b), with f(zg) # 0. Without loss of generality, suppose
f(zo) = L > 0. Since f is continuous at = = xg, for any ¢ > 0, there exists . > 0, for all
0 < |z—zo| < 9, |f(x)—L| < e. Then on the interval (xo—0J,, xo+0.)—xo, we have L—e < f(x) < L+e.
Choose € = % > 0, then

L 3L
Choose ¢ = xg —6% ,d=xo +§%7 then ( f f(z)dz > ( —c¢) > 0. Then we find the contradiction,

thus f(z) =0 for all z € (a,b). Similarly, we can prove f( ) # 0 and f(b) # 0.
Remark: If g =a or b, need to be more careful, the value of x cannot be out of [a,b].

Since f : [a,b] = [e,d], with 0 < ¢ < d, then for any x,y € [a, b],

fl@) - fly)
VI - VI = 25

Note 0 < ¢ < f(x), f(y) < d, then if f(z) > f(y),
T - T < K10

Since f is integrable on [a,b], this implies that for any e > 0, there exists a partition P = {a = ¢, 21, -
such that U(f, P) — L(f,P) =Y 1 (Mi(f) — (f))A;C < 24/ce. Thus

UNVEP) = LV P) = SO0/ = mut/ P < 3 SROZ g <
k=1 k=1

Therefore, +/f is integrable.

Use the definition of Riemann Integrable and note that for all partitions, U(f, P) > L(f, P).

1

7xn:b7}7



5.2.2 (a)Since n is even, ™ > 0, and f is continuous function, by First Mean Value Theorem for Integrals,
there exist ¢ € [a, b], such that

0= /ab f(z)x"dx = f(c) /ab x"dx.

Since [a,b] is non-degenerate, then fab x"dz is positive, thus f(c) = 0.
(b)We can find a counterexample by choosing f(xz) =1,a = —1,b=1,n = 3.

5.2.5 Since f is integrable on [0,1], f must be bounded, say there exist M, such that f(x) < M. By
comparison theorem of integrals,

1 1
nh nf M
/ f(x)dacg/ Mdr = —.
0 0 n’

1
Therefore, n® [ f(z)dz < - - 0as 8> a.

nB—a

5.2.8 (a)Since M = supyejap|f(2)|, then for all x € [a,b], we have [f(z)| < M, thus |f(x)[? < MP. By
comparison theorem for integrals, we can prove that

b
[ lr@prds < 2 - a)
Also, for any € > 0, there exists z( € [a, b], such that,
€
|f(xo)| = M — 3
Since f is continuous at & = xg, so is |f|. For any e > 0, there exists 6 > 0, for all 0 < |z — x| < 4,

1f (@) = [f(zo)l| < g

Then on the interval (zg — 6, zg + 0) — o,

(@) = |f(zo)| — g > M —e.

By using comparison theorem for integrals, I = [xg — 0,29 + d] C [a,b], and |f|P is non-negative,

b
/a |f(2)|Pdz > /I(Mfe)pdx: (M — e)P|I].

(b) Since
b
(= erjtl < [ 7@l < M7~ a)
1 b % 1
(M — 1] < (/ f<x>|pdx) < M(b—a)?,
then
b P
lim inf (/ |f(a:)|pdx> > M —e,
P a
and
b P
lim sup (/ |f(x)|pdx> < M.
p a
Therefore,

D=

b
Tim ( / If(rc)l”dfc> — M.



