MATH 125B, HW2, Solution

5.3.2(a) Change the variable t = \/z, and dx = 2tdt. then
2
/ F(Vz da:_/ £t tht_2/ F(o)tdt =12

5.3.2(b) Change the variable t = %, and dz = fft’ﬁdt then

/f —)dx = /21 F) <—;t—3> dt = ;/jf(t)t_gdt.

Since t > 1, ff (z)dx = 5, then
12 1?2
5 [ sortasy [ rwi=3
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5.3.5 Assume F € Cl[a,b]. Define F' = f and f is continous. By the First Mean Theorem for Integrals,
choose g(x) = 1, since f is continous on [a, b], then there exists an x¢ € [a,b], such that

b
[ @ = 1(a0)6 - o).

By the Fundamental Theorem of Caculus, we have
Fb) — F(a) = F'(x0)(b— a).

5.3.6 Define the function

7) = a/:f(t)dt—s—ﬁ/:f(t)dt:

Then by Fundamental Theorem of Caculus, for all x € [a, ],

F'(z) = af(z) - B (x) = (a — B)f(z) = 0.
Since « # 3, then f(x) =0 for all = € [a, b)].

5.3.9 Define G(z) = zf(x), then G'(z) = f(x) + «f'(z). Then by Fundamental Theorem of Caculus, we
have

/ & (2)dz = G(b) — Gla),

b b
f(z)dx +/ xf' (z)dz =bf(b) —af(a).
Change the variable f(z) =t, z = f~1(t), f'(z)dx = dt, then

b f(®)
/ zf'(z)dr = / fH(t)at.
a f(a)

5.4.0 (a) False. To use comparison theorem for improper integrals, we need f to be locally integrable.
(b) True. Since f, g are contiuous, and g is never zero on [a, b, then g is continuous on [a, b], thus
locally integrable. Since |g| are contiuous and is never zero on [a, b], there exist 0 < ¢ < C, such that
¢ < [g(z)| < C.Thus,
il
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5.4.3

5.4.5

5.4.8

Extra

Then using Comparison Theorem for Improper Integrals, we can show that g is absolute integrable.
(c) True. f is continuous implies that 1/f is also continuous, thus locally integrable. Since we have the
inequality that v/f < f+100, by using Comparison Theorem for Improper Integrals, we can prove it.
(d) True. max{f,g} = If*g‘#, and min{f, g} = W, thus locally integrable. |min{f, g}| <
|, and [max{f, g} < |f]+ |g]-

(a) For p > 1,
sinx 1
|—1 <
By using Comparison Theorem for Improper Integrals, S;’},z is absolute integrable and thus improper
integrable.
For 0 < p <1, using integration by parts,

oo : (oo} o0
sin 1 cos T 1
dr = — —dcosz = — IT° + cos zd—
1 P 1 P P 1 P

. cosT * cosz
=cosl — lim —-p —dz.
x—o0 P xp+

P P

Since p 41 > 1, then |£35%| is improper integrable on [1,00]. And lim, o “%5% = 0. Therefore, for

all p > 0, Sf;pm is improper integrable on [1, co].

(b) Using integration by parts,

> cosz /°° 1 sinx *  sinz
dr = d(sinz) = 4+ / ———dx
/e log? x . logfx ( ) log? &+ e xzloghtz

. sin x . *  gsinz
= lim —sine+p ————dx
e

z—o0 log? x zloghtte
Since p > 0, lim,_, lzig“p””m = 0. Also,
sinx 1
zlogf™x' T zlogtta’

For the integral above, change the variable log x = u, then

&S] b log b [e%S)
————dx = lim ————dx = lim du = —du.
/e zlogh™ b—oo J, zlogPttx b—oo Jq uptl 1 uptl

Since p+ 1 > 1, =5 is improper integrable for p > 0.

’ logP x

Choose f(z) =g(x) = ﬁ on the interval (0, 1).

Change the variable t = 2", dz = %t%_ldt,
oo b n L 1 oo 1
/ f(@™)dz = lim / f(z™)dx = lim / Ft)—tnldt = 7/ f(t)ﬁfldt.
1 b—oo Jq b—oo Jq n n Jy

Since t < 1,

lim Oof(ac”)dgc < lim 1 /00 ft)dt.
1

n—oo [ n—oo N

Since f is absolute integrable on [1, co], then floo f(@™)dz < oo, therefore the limit goes to 0.

(a) By Intermediate Value Theorem for Derivatives, for any x # y, the exists a ¢ € (z,y), such that

sin(x) — sin(y)
z—y

= cos(c),

thus
|sin(z) — sin(y)| < [z — y|.
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Thus

|sin(f(z)) —sin(f(y) < [f(z) — f(y)]. (1)
Since f is integrable on the interval [a,b], then for all € > 0, there exsit a parition P = {a =
X0, L1, , Ty = b}, such that
€
D (Mi(f) = ma(f)) Ax < 3
k

For any e > 0, there exists ¢k, dy € [Tr—1, k], such that

sin(f(cx)) = My(sin(f)) —

€

4(b—a)’
sin(f(dg)) < mg(sin(f)) + 0—a)
Thus
Mi(sin(F)=mi(sin(1)) < sin(f(ex)=sin(F () + 55— < Fe) =1+ 55— s < Me(f)=mel £+ 55—
Therefore,
>~ (M(sin(f)) — mi(sin(f))) A < 5 + (b — a) x 2(;_ 5=

k

(b) We could find a counterexample f(z) = x,a = 0,b = 7. Since tanx is not bounded on [0, ],

2
then it’s not integrable.



