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These are not complete solutions, and should be treated as rough sketches

Problem 1.1: The proof given in the book seems more or less complete. We just need to show that the
intersection of monotone classes containing an algebra A is a monotone class.

Let Y = ∩S, where S are monotone classes containing A. Let Ai ∈ Y, i ∈ N such that A1 ⊂ A2 ⊂
A3 ⊂ · · · . Since Ai ∈ S for all monotone classes containing A, we have ∪iAi ∈ S for all S containing A.
Consequently, ∪iAi ∈ Y .

Similarly, Y is closed under the limit of decreasing sets.

Problem 1.2: Let f : X → R be upper semi continuous, x ∈ X and {xn} be a sequence converging
to x. Then in particular, f−1(−∞, t) is open for all t > f(x). Note that x ∈ f−1(−∞, t). Therefore there
exists δ > 0 and Nδ ∈ N such that xn ∈ B(x; δ) ⊂ f−1(−∞, t) for all n ≥ Nδ i.e., f(xn) < t for all n ≥ Nδ.
Which implies lim sup f(xn) ≤ t, and this is true for all t > f(x). Consequently, lim sup f(xn) ≤ f(x).

Conversely, let “lim sup f(xn) ≤ f(x) for all x ∈ X, and for any xn → x”. Let t ∈ R, and x ∈
[f−1(−∞, t)]c. Then ∃, {xn} ⊂ [f−1(−∞, t)]c s.t. xn → x. By assumption, t ≤ lim sup f(xn) ≤ f(x), i.e.,
x ∈ [f−1(−∞, t)]c. Which implies that [f−1(−∞, t)]c is closed.

Problem 1.3: Consider the collection S = {A ∈ B(R) : f−1(A) ∈ Σ}.
(i) Since f is Σ measurable, (t,∞) ∈ S, for all t ∈ R
(ii) φ,R ∈ S
(iii) Let A ∈ S i.e, f−1(A) ∈ Σ, then f−1(Ac) = [f−1(A)]c ∈ Σ (since Σ is a σ−alg), ⇒ Ac ∈ S.
(iv) Let Ai ∈ S, i ∈ N, then f−1 (∪iAi) = ∪if−1(Ai) ∈ Σ, ⇒ ∪iAi ∈ S.
Therefore S is a σ-algebra containing the intervals (t,∞). And we know that B(R) is the smallest of such

σ-algebras. So B(R) ⊂ S. We are done.

Problem 1.4: Let φ(z) = u(z) + iv(z). Enough to show both u ◦ f and v ◦ f are measurable. Since u
is B(R2) measurable, At := u−1(t,∞) ∈ B(R2) for all t ∈ R. Again f is Σ-measurable, so (by Problem 1.3 )
f−1(At) ∈ Σ. Consequently, (u ◦ f)−1(t,∞) = f−1(At) ∈ Σ.

Similarly, it can be shown that v ◦ f is Σ measurable.

Problem 1.5: By the construction, Ffj (t) are a decreasing functions of t and Ffj (t) ↑ Ff (t) for each
t ≥ 0.

We assume that f is integrable. Let ε > 0, then there exists M > 0 such that
∫∞
M
Ffj (t) dt ≤

∫∞
M
Ff (t) < ε

(first inequality follows from Ffj (t) ≤ Ff (t) ∀ j ∈ N, t ≥ 0). Let 0 = x0 < x1 < x2 < · · · < x2k = M be the
partition of [0,M ] such that xi = iM

2k
and

Uk(Ff )− Lk(Ff ) < ε, (1)

where Uk(Ff ) = M
2k

∑2k−1
i=0 Ff (xi) and Lk(Ff ) = M

2k

∑2k

i=1 Ff (xi) (since Ff (t) is decreasing). Therefore

Uk(Ff )− Lk(Ff ) = M
2k

(Ff (0)− Ff (M)) < ε.
Since Ffj ↑ Ff , we can find jε ∈ N, such that 0 ≤ Ff (0)− Ffj (0) < ε and 0 ≤ Ff (M)− Ffj (M) < ε for

all j ≥ jε. Consequently for all j ≥ jε,

Uk(Ffj )− Lk(Ffj ) =
M

2k
(Ffj (0)− Ffj (M))

1



≤ M

2k
ε+

M

2k
(Ff (0)− Ff (M))

< ε+
M

2k
ε. (2)

Using (1) and (2), we have∣∣∣∣∫ ∞
0

Ffj (t) dt−
∫ ∞
0

Ff (t) dt

∣∣∣∣ =

∣∣∣∣Uk(Ffj )−
∫ ∞
0

Ffj (t) dt+ Uk(Ffj )− Uk(Ff ) + Uk(Ff )−
∫ ∞
0

Ff (t) dt

∣∣∣∣
≤ ε+ ε+

M

2k
ε+ |Uk(Ffj )− Uk(Ff )|

Now we can take j large enough such that 0 ≤ Ff (xi)−Ffj (xi) < ε/M . Then we’ll have |Uk(Ffj )−Uk(Ff )| <
ε.
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