MAT 201B Homework 5

February 23, 2016 Indrajit Jana

THE FOLLOWING SOLUTIONS MAY NOT BE COMPLETE, AND SHOULD BE TREATED AS ROUGH SKETCHES

Problem 8.2: Follows from the definition.

Problem 8.3: (a) implies (b): Since M, N C H are closed subspaces of H, we can write M & M+ =

H =N@NL Soany x € H can be decomposed as © = z + (z — z0) = on + (¥ — 2p7), Where
Tm € M,z € N and o L(z — 2pq), o0 L(x — Tpr). Now if M C N, then Qy = y for all y € M. Which
in particular implies that (QP)x = Q(zr) = xm = Pu.

(b) implies (a): Let z € M, then Pz = z, and thus Qz = QPz = Px = x. Therefore x € N ie.,
MCWN.

(a) implies (c): Since M C N, we can write N' = M@®(M*NN). And we also have H = N@N L. There-
fore H = M@ (MLENN)SN* and these three components are orthogonal to each other. So any 2 € H can be
orthogonally decomposed as © = a1 +Tpqran + T2 Consequently PQx = P(zp+2pq1nn) = T = Pa.

(c) implies (d): Since P, Q) are orthogonal projection operators, ||P|,||@| < 1. Thus for any = € H,
[Pzl = [ PQz] < [|Qx]|.

(d) implies (e):

(x,Pr) = (zm+ (2 —2p),20)
= [leml?
< lanl? (since [l = [[Pz]* < [|Qx[* = [lanl|®)
= (z,an)
= (z,Qu).

(e) implies (a): Let x € N, then Qz = 0. Consequently, |zr|? = (z, Px) < {(x,Qx) = 0, which
implies that 2, = 0 and thus € M*. Therefore N'* C M=*. Since M, N are closed, we can conclude
that M = M1+ Cc NL- = W,

Problem 8.4: First part: Let x € H = U2 ;ranP,,. Then there exists N, € N such that x € ranP, for
all n > N,. Which implies that x = P, for all n > N,. In other words, ||P,z — Iz| — 0 as n — ooE|

Second part: Obviously if P, = I for all sufficiently large n, then we have lim,,_, || P, — I|lop = 0. Con-
versely, if P, # I for all n € N, then for each n there exists x,, € ker P, such that ||z,|| = 1. In that case,

Mf H = U ranPy, then for any € H and any € > 0 we can find y € U2 ranP, such that ||z — y|| < e. Now there exists
Ny € N such that y € ranP,, for all n > N,. Therefore P,y = y for all n > Ny, and thus ||Prz —z|| = ||Prz — Pry| + |y — z|| <
(T4 ||Prllop)llz — y|| < 2e. Which proves that even if H = U2 ranP,, P, — I strongly.



[P0 = llop = [ Pnan — @nl| = [lzn]| =1 # 0 as n — occ.

Problem 8.6: First part: Obviously if U : H; — Ho is unitary then U is an isometric isomorphism
between H; and Hy as a normed linear spaces.

Conversely, suppose U : ‘H; — Hs is an isometric isomorphism between H; and Hsy as normed linear
spaces. Then isomorphism implies that U is invertible. In addition, the isometry implies that for any
T,y € H1 we have HUx”?‘b = ||.13||H1, ||UyH7'l2 = Hy”HN and ||(](']j +y)||%2 = ||.’13 +y||%1 Combining all these
we obtain

U+y),Ulz+y))n, =@ +y,2+yn,
= <U.’E, Uy>'H2 + <Uy7 U1'>H2 = <$7y>7-£1 + <yvx>7-[1
= R€<U‘T; Uy)Hz = R6<I7y>7{1'

Similarly, using the fact that (U(z+iy), U(x+iy))n, = (x+iy, x+iy)5, , we can prove that Im(Ux,Uy)y, =
Im(x,y)y,. As a result we have

Uz, Uy)y, = (x,9)3, Y,y € Hi.
Second part: U : Hq — Ho is invertible iff U™ : Ho — H; is invertible. Secondly U is unitary iff

Uz, Uy)n, = (z,y)n, Va,yeM
= (Uz,Uy)u, = U (U), U (Uy)yu, Va,y€et
— (5,8)30, = (U1(s), U (t))n, Vs,t€EHa,
which proves the result.

Problem 8.7: Note that by Cachy-Schwarz inequality, |¢,(z)| = [(y,z)| < ||z||||ly||. Which implies that
oyl < llyll- Secondly, ¢y(y/llyll) = [lyll. Therefore ||¢y[| = |ly]l-

Problem 8.8: Note that for any y,z € H, u, A € C we have u¢,(r) + \p.(v) = puly,z) + Mz, z) =
(fy + Az, x) = ¢5y15.(7). Using this fact, we can validate that the inner product is linear and satisfies all
the other properties of inner product. Completeness of H* follows directly from the completeness of H.

Problem 8.9: First part: Let {xy, }n, {yn}n C M be two sequences in M such that lim, o ||z, — 2| =
0 = limy, o0 [|lyn —[|. But since ¢ is bounded, |¢(zn) = ¢ (yn)| < [|@[l2n—ynll < [Sll(|lzn =]+ [z =yal) = 0
as n — 0o. Therefore ¢(z) := lim, 00 ¢(x,,) is well defined.

Second part: If the index set I is countable, then the necessary and sufficient condition is ", |cq|* < oc.
Since {u,} is an ONB, any z € H can be written as z = > (uq,z)us. Now suppose Y. |co|? < o0,
then we can construct ¢ € H where the ath component of ¢ is ¢, w.r.to the basis {u,}. And we see that
¢c(ue) = co = P(uy). Therefore from problem 8.7, 6|l = ||¢c|l = |le|| < oo.

Conversely, suppose ||¢|| < oco. Let us define C,, = (¢1,¢2,...,8,,0,0,0,...) with respect to the basis
{ua}. Then ||Cp|I> = 30 _, lcal? = ¢(Cr) < [|¢[/|Crll. Which implies that ||C,|| < ||¢||. Since this is true
for all n and the right hand side does not depend on n, we can conclude that >_  |cq|* < oo.



If the index set [ is not countable, then using the first part and the above discussion, we can conclude
the necessary and sufficient condition is Supg.gaite > pc; lca|? < oo

Problem 8.11: First part: Let dimH = n > k = dimker A. Let By := {u1,...,ur} be an ONB of ker A.
Extend By, to an ONB of H as B,, = By U {ug41,...,u,}. Now obviously, ranA = span{A(u;) : 1 <1i < n},
but A(u;) =0 for all 1 <i < k. Therefore ranA = span{A(u;) : k+1 < i < n} and thus dim ran A < n —k.
It suffices to show that A(ugs1),..., A(u,) are independent.

Suppose there exists ¢gy1,...,¢, € C such that at least one of the ¢; # 0 and 0 = Z?:Hl ciA(u;) =
A (Z?:kﬂ ciui). Then Z?:kﬂ ciu; € ker A = span{uq,...,ur}. Which contradicts the fact that B, =
{u1,...,u,} is an ONB of H. Therefore A(ug41),...,A(u,) are independent and thus dim ran A =n—k =
dim H — dim ker A.

Second part: Notice that for any = € ker A, and any y € H we have 0 = (y, Az) = (A*y,x). Which
implies that ker A = (ran A*)%. Therefore dim ker A = dim(ran A*)* = dim X — dimranA* = dim ker A*.

Problem 8.12: Since A = A*, from the second part of problem 8.11, we obtain ker A = (ranA4)*. Now
if z € ker A, then we have ||z| < 1||Az|| =0 ie., 2 = 0. In other words ker A = {0} = (ranA)*. Therefore
H = {0} = (ranAd)*+ = ranA. It suffices to show that ranA = ranA. Let {Aw,}, be a Cauchy sequence
in ranA, then ||z, — x| < 1| Az, — Az, || — 0 as n — co. Which implies that {,},, is Cauchy in H, and
thus x, - = € H as n — oo. Since A is bounded || Az,, — Ax|| — 0. Which proves that ranA is closed.

Let x1, 29 € H such that Azy = y = Axs. Then |x; — 23] < %||A1:1 — Azo|| = 0. Which implies that
r1 = x9 i.e,. the solution of Az = y is unique.



