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Abstract

In this paper, we propose a new method for polynomial optimization with real or complex

decision variables. The main ingredient of the approach is to apply the classical alternating

direction method of multipliers (ADMM) based on the augmented Lagrangian function. In

this particular case, this allows us to fully exploit the multi-block structure of the polynomial

functions, even though the optimization model encountered is highly non-linear and non-convex.

The new method is shown to be convergent under some conditions, and the numerical results

show that the algorithm returns high quality solutions and runs much faster than the two other

competing algorithms.
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1 Introduction

In this paper, we study the problem of optimizing a polynomial function in real domain or complex

domain. More precisely, the real polynomial optimization problem under consideration is as follows:

min f(x) :=
∑

1≤i1≤i2≤···≤id≤n
ai1i2···idxi1xi2 · · ·xid

s.t. x ∈ S ⊆ Rn,
(1)

and the complex polynomial optimization problem is:

min g(x̄, x) :=
∑

1≤i1···≤id≤n
1≤id+1≤···≤i2d≤n

bi1···idid+1···i2dxi1 · · ·xidxid+1
· · ·xi2d

s.t. x ∈ S ⊆ Cn,
(2)

where x̄ is to denote the conjugate of x, and we assume that g(x̄, x) is always real-valued, although

x is a complex vector.

There is a growing interest to study polynomial optimization problems, primarily driven by many

emerging applications of such models in science and engineering such as biomedical engineering,

financial engineering, material science, graph theory, quantum mechanics, signal processing, speech

recognition, and so on (see e.g., [16] for references). In particular, the conjugate (complex) poly-

nomial optimization (2) was found to be very useful in radar waveform design [1].

In terms of solution methods, Lasserre [14] and Parrilo [18] initiated the so-called sum of squares

(SOS) approach for generic polynomial optimization, which has since become a widely accepted

general purposed tool for polynomial optimization. As for specific polynomial optimization models

(most of them are NP-hard), various approximation algorithms have been proposed to find a so-

lution with worst case performance guarantee; see e.g., the recent monograph of Li et al. [16] and

the references therein. Due to the non-convex nature of polynomial optimization, another line of

research is to design efficient algorithms to find good KKT solutions for the problem. The so-called

maximum block improvement (MBI) method studied by Chen et al. [4] is one of such methods,

which guarantees that any cluster point of the sequence generated by the algorithm is a stationary

solution (hence a KKT point). Moreover, this approach was shown to be very efficient in practice;

see e.g. [4] and [1].

In this paper, we propose the alternating direction method of multipliers (ADMM) to solve problems

(1) and (2), which also aims at finding the KKT point. ADMM has been shown to be equivalent to

the Douglas-Rachford operator-splitting method, which was proposed in 1950s for solving variation-

al problems arising from PDEs (see [5]). ADMM was reinvigorated recently as it was found to be

very efficient for some convex problems arising from compressed sensing [25], compressive imaging

[22, 8], robust/sparse Principal Component Analysis [21, 17], and Semidefinite Programming [23].

We refer the interested reader to the recent survey by Boyd et al. [2] for a more complete discussion

and a list of references on ADMM.
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Inspired by the success of ADMM for convex optimization, there are some recent efforts to extend

the implementation of ADMM to solve non-convex problem as well. For instance, Xu et al. [24] pro-

posed an ADMM algorithm to the problem of factorizing a nonnegative matrix into two nonnegative

matrices. For non-convex problems, additional conditions are needed to guarantee the convergence

of ADMM, but in many ways it works very well for some practical problems. For example, it was

reported in [24] that ADMM can generate solutions with better qualities than that of other two

algorithms for matrix completion with nonnegative factorization. Inspired by the work of Xu et al.,

in this paper we propose to apply the ADMM to solve another very important class of non-convex

problems: polynomial optimization. Our numerical results show that the overall performance of

ADMM is superior to the other two alternative algorithms for polynomial optimization.

The rest of the paper is organized as follows. To apply ADMM, we first need to reformulate

problems (1) and (2) in a form where the objective function has a multi-block structure. This will

be discussed in Section 2. The same section also presents several ADMM algorithms according

to the different structures of the polynomial optimization models. Section 3 is devoted to the

convergence analysis of the algorithms presented in Sections 2.2, 2.3 and 2.4. Finally, Section 4

presents the numerical simulation results for both the sphere constrained polynomial optimization

problems and the unimodularly constrained complex polynomial optimization problems.

2 Alternating Direction Method of Multipliers

2.1 Tensor Formulation of Polynomial Function

It is well known that the alternating direction type method is designed to solve optimization

problems with an objective with two-block or multi-block structure. Therefore, to apply ADMM

for polynomial optimization, we need to convert the polynomial functions into an equivalent form

involving tensor formulations, which can be viewed as a function with a multi-block structure.

For the real polynomial f(x), we can construct a real super-symmetric tensor F = (Fi1i2···id) with

Fj1j2···jd =
ai1i2···id

|π(i1i2 · · · id)|
∀ (j1j2 · · · jd) ∈ π(i1i2 · · · id),

such that

f(x) = F(x, x, · · · , x︸ ︷︷ ︸
d

) :=
∑

1≤i1,i2,··· ,id≤n
Fi1i2···idxi1xi2 · · ·xid ,

where π(i1i2 · · · id) is the set of all distinct permutations of the indices {i1, i2, · · · , id}. In the

complex case, if g(x̄, x) always takes real value, we introduce a complex tensor G = (Gi1i2···i2d) with

Gj1···j2d =
bi1···i2d

|π(i1 · · · id)| · |π(id+1 · · · i2d)|
, ∀ (j1 · · · jd) ∈ π(i1 · · · id) and (jd+1 · · · j2d) ∈ π(id+1 · · · i2d).
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Then it holds that

g(x̄, x) = G(x̄, · · · , x̄︸ ︷︷ ︸
d

, x, · · · , x︸ ︷︷ ︸
d

) :=
∑

1≤i1,··· ,id≤n
1≤id+1,··· ,i2d≤n

Gi1···idid+1···i2dxi1 · · ·xidxid+1
· · ·xi2d .

Consequently, the tensor G is no longer super-symmetric. Instead, it is conjugate partial-symmetric

as introduced in [13], and it satisfies the following two properties:

(1) Gi1···id id+1···i2d = Gid+1···i2d i1···id ;

(2) Gi1···id id+1···i2d = Gj1···jd jd+1···j2d ∀ (j1 · · · jd) ∈ π(i1 · · · id), (jd+1 · · · j2d) ∈ π(id+1 · · · i2d).

Observe now that the problems (1) and (2) can be equivalently written as

min F(x1, x2, · · · , xd)
s.t. x0 = xi, i = 1, 2, . . . , d

xi ∈ S, i = 0, 1, 2, . . . , d

(3)

and

min G(x̄1, · · · , x̄d, xd+1, · · · , x2d)

s.t. x0 = xi, i = 1, 2, . . . , 2d

xi ∈ S, i = 0, 1, 2, . . . , 2d

(4)

respectively.

2.2 General iteration scheme

A classical method for solving (3) and (4) is the augmented Lagrangian method. The augmented

Lagrangian functions associated with only the linear constraints x0 = xi, i = 1, . . . , d in (3) and (4)

are given by

LF ,µ(x0, x1, . . . , xd;λ1, . . . , λd) := F(x1, . . . , xd)−
d∑
i=1

〈λi, xi − x0〉+
1

2µ

d∑
i=1

‖xi − x0‖22, (5)

and

LG,µ(x0, x1, . . . , x2d;λ1, . . . , λ2d) (6)

:= Re

(
G(x̄1, . . . , x̄d, xd+1, . . . , x2d)−

2d∑
i=1

〈λi, xi − x0〉+
1

2µ

2d∑
i=1

‖xi − x0‖22

)
respectively, where λi are the Lagrange multipliers and µ > 0 is the penalty parameter. A typical

iteration of the augmented Lagrangian method for solving (3) is
(

(x0)(k+1), (x1)(k+1), . . . , (xd)(k+1)
)

:= arg min
{xi∈S,i=0,1,...,d}

LF ,µ(x0, x1, . . . , xd; (λ1)(k), . . . , (λd)(k))

(λi)(k+1) := (λi)(k) − ((xi)(k+1) − (x0)(k+1))/µ, i = 1, . . . , d.

(7)
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In fact, minimizing the augmented Lagrangian function in (7) is not any easier than solving the

original problem (3). Because the variables xi, i = 0, 1, . . . , d are coupled together in the function

F(x1, x2, . . . , xd) and the penalty term, it is usually hard to minimize the augmented Lagrangian

function with respect to variables xi, i = 0, 1, . . . , d simultaneously. We will encounter the same

difficulty if we directly apply the augmented Lagrangian method to Problem (4). However, if we

minimize the augmented Lagrangian function with variables xi alternatingly, then we have several

subproblems in each iteration and these subproblems are usually easy to solve. This leads to the

alternating direction method of multipliers (ADMM) for solving (3) and (4).

The standard iteration schemes of ADMM for solving (3) and (4) are given by: (xi)(k+1) := arg min
{xi∈S}

LF ,µ
(

(x0)(k+1), . . . , (xi−1)(k+1), xi, (xi+1)(k) . . . , (xd)(k); (λ1)(k), . . . , (λd)(k)
)

(λi)(k+1) := (λi)(k) −
(
(xi)(k+1) − (x0)(k+1)

)
/µ, i = 1, . . . , d,

(8) (xi)(k+1) := arg min
{xi∈S}

LG,µ
(

(x0)(k+1), . . . , (xi−1)(k+1), xi, (xi+1)(k) . . . , (x2d)(k); (λ1)(k), . . . , (λ2d)(k)
)

(λi)(k+1) := (λi)(k) −
(
(xi)(k+1) − (x0)(k+1)

)
/µ, i = 1, . . . , 2d,

(9)

respectively. The preliminary convergence properties of these two iteration schemes will be pre-

sented in Section 3. In the following, we apply algorithms (8) and (9) to two special polynomial

optimization problems and derive specific iteration schemes.

2.3 Sphere Constrained Polynomial Optimization

One immediate application of the ADMM algorithm (8) is to solve the sphere constrained polyno-

mial optimization problem:

min f(x)

s.t. ‖x‖22 = 1, x ∈ Rn.
(10)

This problem has quite a few synonyms: it is sometimes known as the maximum Z-eigenvalue

problem, or the best rank-one approximation for tensor F , or the Tensor Principle Component

Analysis problem. The eigenvalues and eigenvectors of a real symmetric tensor are first introduced

by Lim [15] and Qi [19] independently in 2005. Since then, various methods have been proposed to

find the KKT point of (10) [4, 20, 9, 10]. Most recently, Jiang, Ma and Zhang [12] revisited this

problem and proposed an algorithm that can find the global optimum with high probability.

For Problem (10), the ADMM algorithm (8) is reduced to
(x0)(k+1) := arg min

‖x0‖22=1
LF ,µ

(
x0, (x1)(k), . . . , (xd)(k); (λ1)(k), . . . , (λd)(k)

)
(xi)(k+1) := arg min

‖xi‖22=1
LF ,µ

(
(x0)(k+1), . . . , (xi−1)(k+1), xi, (xi+1)(k), . . . , (xd)(k); (λ1)(k), . . . , (λd)(k)

)
(λi)(k+1) := (λi)(k) −

(
(xi)(k+1) − (x0)(k+1)

)
/µ.

(11)
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Note that with other variables fixed, the augmented Lagrangian function LF ,µ with respect to xi

is a simple quadratic function in the form of minimizing ‖xj − z‖22 with a given z. Thus, each of

the subproblems in (11) corresponds to a projection onto the Euclidean ball ‖xj‖ = 1, which has a

closed form solution given by

Normalize(z) := z/‖z‖2.

Therefore, algorithm (11) can be reduced to:
(x0)(k+1) := Normalize

(∑d
j=1(xj)(k) − µ(λj)(k)

)
(vi)(k+1) := F

(
(x1)(k+1), . . . , (xi−1)(k+1), •, (xi+1)(k), . . . , (xd)(k)

)
(xi)(k+1) := Normalize

(
(x0)(k+1) − µ((vi)(k+1) − (λi)(k))

)
(λi)(k+1) := (λi)(k) −

(
(xi)(k+1) − (x0)(k+1)

)
/µ.

(12)

2.4 Unimodularly Constrained Complex Polynomial Optimization

Now let us consider another special polynomial optimization problem: unimodularly constrained

complex polynomial optimization. The problem is in the form of:

min g(x̄, x)

s.t. |xj | = 1, ∀ j, x ∈ Cn.
(13)

This problem turns out to be important in the field of signal processing. In particular, Aubry et al.

[1] found that the design of phase-only modulated Radar waveforms sharing a desired range-Doppler

response can be formulated in the form of (13).

When applying algorithm (9) to this problem, the exact procedure reads as follow:
(x0)(k+1) := arg min

|x0j |=1, ∀j
LG,µ

(
x0, (x1)(k), . . . , (x2d)(k); (λ1)(k), . . . , (λ2d)(k)

)
(xi)(k+1) := arg min

|xij |=1 ∀j
LG,µ

(
(x0)(k+1), . . . , (xi−1)(k+1), xi, (xi+1)(k), . . . , (x2d)(k); (λ1)(k), . . . , (λ2d)(k)

)
(λi)(k+1) := (λi)(k) −

(
(xi)(k+1) − (x0)(k+1)

)
/µ.

(14)

Notice the augmented Lagrangian function LG,µ can be rewritten as follows,

Re

(
G(x̄1, . . . , x̄d, xd+1, . . . , x2d)−

2d∑
i=1

〈λi, xi − x0〉+
1

2µ

2d∑
i=1

‖xi − x0‖22

)

=
d

µ

∥∥∥∥∥x0 −
2d∑
i=1

xi − µλi

2d

∥∥∥∥∥
2

2

+
1

2µ

2d∑
i=1

‖xi‖22 −
d

µ

∥∥∥∥∥
2d∑
i=1

xi − µλi

2d

∥∥∥∥∥
2

2

+ Re

(
G(x̄1, . . . , x̄d, xd+1, . . . , x2d)−

2d∑
i=1

〈λi, xi〉

)
.

So the subproblem for solving x0 has a closed form solution

(x0)
(k+1)
j = eiθ, with θ = arg

(
2d∑
i=1

(xi)(k) − µ(λi)(k)

2d

)
j

, ∀1 ≤ j ≤ n,
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where the notation arg(z) represents the argument of complex number z. To derive the iteration

scheme for xi with i 6= 0, we fix other variables and extract expression only involving xi from the

augmented Lagrangian function LG,µ:

Re

(
G(x̄1, . . . , x̄d, xd+1, . . . , x2d)− 〈λi, xi〉+

1

2µ
‖xi‖22 −

1

µ
〈x0, xi〉

)
= Re

(
Ḡ(x1, . . . , xd, x̄d+1, . . . , x̄2d)− 〈λi, xi〉+

1

2µ
‖xi‖22 −

1

µ
〈x0, xi〉

)
=

{
1

2µ

∥∥xi − x0 + µ
(
Ḡ(x1, . . . , xi−1, •, xi+1, . . . , xd, x̄d+1, . . . , x̄2d)− λi

)∥∥2

2
+ h1(x−i), if 1 ≤ i ≤ d

1
2µ

∥∥xi − x0 + µ
(
G(x̄1, . . . , x̄d, xd+1, . . . , xi−1, •, xi+1, . . . , x2d)− λi

)∥∥2

2
+ h2(x−i), if d+ 1 ≤ i ≤ 2d,

where h1(x−i) and h2(x−i) are the functions not involving xi. So the solution of subproblem for

solving xi is in the form of (xi)
(k+1)
j = eiθ with θ = arg

(
(x0)(k+1) − µ((vi)(k+1) − (λi)(k))

)
j
, where

(vi)(k+1) ={
Ḡ((x1)(k+1), . . . , (xi−1)(k+1), •, (xi+1)(k), . . . , (xd)(k), (x̄d+1)(k), . . . , (x̄2d)(k)), if 1 ≤ i ≤ d
G((x̄1)(k+1), . . . , (x̄d)(k+1), (xd+1)(k+1), . . . , (xi−1)(k+1), •, (xi+1)(k), . . . , (x2d)(k)), if d+ 1 ≤ i ≤ 2d

Finally, a standard rule is followed to update the Lagrange multipliers:

(λi)(k+1) := (λi)(k) −
(

(xi)(k+1) − (x0)(k+1)
)
/µ, ∀ i = 1, . . . , 2d.

3 Convergence Results

For convex problems with two blocks, the global convergence of ADMM was given in [7, 6] under

mild conditions. Since problems (3) and (4) are highly non-convex, the convergence analysis for

the ADMM algorithms requires additional conditions.

In the case of non-convex optimization, convergence to a KKT solution is the best convergence

property that we can hope for. By imposing some conditions, Xu et al. [24] managed to show

that the sequence generated by ADMM converges to a KKT point. In this section, along a similar

line, we establish the convergence property of the ADMM algorithms for polynomial optimization

problems. The key assumptions for our results are (15) and (25), which basically means that the

iterates produced by the algorithm do not exhibit any jumping behavior. Remark that the same

condition was used in Xu et al. [24] as well.

3.1 Convergence of ADMM for Real Polynomial Optimization

We first present a convergence result for general ADMM algorithm (8) for solving (3).
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Theorem 3.1 Suppose the closed set S in (3) is given by

S = {x ∈ Rn | hj(x) ≤ 0, j = 1, 2, . . . ,m; ej(x) = 0, j = 1, 2, . . . , `},

where hj(·) and ej(·) are functions from Rn → R with first order continuous derivatives. For the i-

th subproblem in (8), i.e., minimizing the augmented Lagrangian function with respect to xi, we use

(uij)
(k+1) and (vij)

(k+1) to denote the optimal Lagrange multipliers corresponding to the constraints

hj(x
i) ≤ 0 and ej(x

i) = 0, respectively. Denote

zk :=
(

[(xi)(k)]di=0; [(λi)(k)]di=1; [(uij)
(k)]i=0,...,d;j=1,...,m; [(vij)

(k)]i=0,...,d,j=1,...,`

)
.

Assume that

lim
k→∞

(zk+1 − zk) = 0. (15)

Then any limit point of {zk}∞k=1 is a KKT point of Problem (3). Consequently, any limit point of

{(x0)(k)}∞k=1 is a KKT point of Problem (1), and whenever {zk} converges, it converges to a KKT

point of (3).

Proof. The argument here is basically the same as the one used in [24]. Since (uij)
(k+1) and (vij)

(k+1)

are the optimal Lagrange multipliers for the i-th subproblem in (8), from the KKT conditions of

the i-th subproblem, we have,

∇xiF((x0)(k+1), (x1)(k+1), . . . , (xi)(k+1), (xi+1)(k), . . . , (xd)(k))

−(λi)(k) − ((x0)(k+1) − (xi)(k+1))/µ−
∑m

j=1(uij)
(k+1)∇hj((xi)(k+1))

−
∑`

j=1(vij)
(k+1)∇ej((xi)(k+1)) = 0, 1 ≤ i ≤ d,

(16)

∑d
i=1(λi)(k) +

∑d
i=1((x0)(k+1) − (xi)(k))/µ−

∑m
j=1(u0

j )
(k+1)∇hj((x0)(k+1))

−
∑`

j=1(v0
j )

(k+1)∇ej((x0)(k+1)) = 0,
(17)

and

(xi)(k+1) ∈ S, (uij)
(k+1) ≤ 0, (uij)

(k+1) hj((x
i)(k+1)) = 0, i = 0, 1, . . . , d, j = 1, . . . , `. (18)

It follows from limk→∞(zk+1 − zk) = 0 that

lim
k→∞

(
(λi)(k+1) − (λi)(k)

)
= 0,∀i = 1, . . . , d.

Now from the updating formula for λi in (8), we get the term

lim
k→∞

(
(xi)(k+1) − (x0)(k+1)

)
/µ = 0,∀i = 1, . . . , d. (19)

in both (16) and (17). This fact combined with (15) and (16) implies

∇xiF((x0)(k), (x1)(k), . . . , (xi)(k), (xi+1)(k), . . . , (xd)(k))

−(λi)(k) −
∑m

j=1(uij)
(k)∇hj((xi)(k))

−
∑`

j=1(vij)
(k)∇ej((xi)(k))→ 0, as k →∞, ∀1 ≤ i ≤ d.

(20)
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Moreover, combining (15), (17) and (19), we get∑d
i=1(λi)(k) −

∑m
j=1(u0

j )
(k)∇hj((x0)(k))

−
∑`

j=1(v0
j )

(k)∇ej((x0)(k))→ 0, as k →∞.
(21)

It is easy to verify from (18) that any limit point ẑ of {zk}∞k=1 satisfies

x̂i ∈ S, ûij ≤ 0, ûij hj(x̂
i) = 0, i = 0, 1, . . . , d, j = 1, . . . , `. (22)

Finally, combining (20), (21) and (22) leads to the conclusion that any limit point of {zk}∞k=1 is a

KKT solution for (3). �

Now let us consider the sphere constrained problem (10) and its structured updating rule (12). Un-

der similar assumptions as in Theorem 3.1, one can prove the following results, where no conditions

on the Lagrangian multipliers for the constraints are required.

Theorem 3.2 Denote zk :=
(
[(xi)(k)]di=0; [(λi)(k)]di=1

)
is the sequence generated in (12), and as-

sume that

lim
k→∞

(zk+1 − zk) = 0.

Then any limit point of {zk}∞k=1 is a KKT point of Problem (10). Consequently, if {(x0)(k)}∞k=1

converges, it converges to a KKT point of Problem (10).

Proof. The updating rule for xi in (12) implies there exists a scaler (αi)(k) such that

(xi)(k+1) = (αi)(k+1)
(

(x0)(k+1) − µ((vi)(k+1) − (λi)(k))
)

(23)

with (αi)(k+1) = 1/‖(x0)(k+1) − µ((vi)(k+1) − (λi)(k))‖2, for i = 1, 2, . . . , d, where

(vi)(k+1) = F
(

(x1)(k+1), . . . , (xi−1)(k+1), •, (xi+1)(k), . . . , (xd)(k)
)
.

On the other hand, the KKT condition of i-th subproblem gives us

(1 + µ (vi)(k+1))(xi)(k+1) = (x0)(k+1) − µ((vi)(k+1) − (λi)(k+1)) and ‖(xi)(k+1)‖22 = 1, (24)

where (vi)(k+1) is the Lagrangian multiplier associated with the spherical constraint. Comparing

(23) and (24) gives us

(vi)(k+1) =

(
1

(αi)(k+1)
− 1

)
/µ, i = 1, . . . , d.

When i = 0, due to (12) we have

(x0)(k+1) = (α0)(k+1)

 d∑
j=1

(xj)(k) − µ(λj)(k)

 ,
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with (α0)(k+1) = 1/‖
∑d

j=1(xj)(k) − µ(λj)(k)‖2. Combining the expression above with the KKT

condition of the 0-th subproblem yields

(v0)(k+1) =

(
1

(α0)(k+1)
− d
)
/µ.

Therefore the condition limk→∞(zk+1 − zk) = 0 leads to limk→∞((αi)k+1 − (αi)k) = 0, and thus

limk→∞((vi)k+1−(vi)k) = 0, for all i = 0, 1, . . . , d. So all the conditions of Theorem 3.1 are satisfied

and the conclusion follows. �

3.2 Convergence of ADMM for Complex Polynomial Optimization

In this subsection, we consider the polynomial optimization in the complex domain. First of all,

we show the convergence result for general complex polynomial optimization problem (4).

Theorem 3.3 Suppose the closed set S in (4) is given by

S = {x ∈ Cn | hj(x̄, x) ≤ 0, j = 1, 2, . . . ,m; ej(x̄, x) = 0, j = 1, 2, . . . , `},

where hj(·) and ej(·) are complex functions but always taking real value and with first order con-

tinuous derivatives. For the i-th subproblem in (9), i.e., minimizing the augmented Lagrangian

function with respect to xi, we use (uij)
(k+1) and (vij)

(k+1) to denote the optimal Lagrange multipli-

ers corresponding to the constraints hj(x̄
i, xi) ≤ 0 and ej(x̄

i, xi) = 0, respectively. Denote

zk :=
(

[(xi)(k)]2di=0; [(λi)(k)]2di=1; [(uij)
(k)]i=0,...,2d;j=1,...,m; [(vij)

(k)]i=0,...,2d,j=1,...,`

)
.

Assume that

lim
k→∞

(zk+1 − zk) = 0. (25)

Then any limit point of {zk}∞k=1 is a KKT point of Problem (3). Consequently, any limit point of

{(x0)(k)}∞k=1 is a KKT point of Problem (2), and whenever {zk} converges, it converges to a KKT

point of (4).

Proof. The argument is very similar to the one that we applied in Theorem 3.1, except that the

KKT condition is more complicated in this case. Precisely, we have

LG,µ(x0, x1, . . . , x2d;λ1, . . . , λ2d)

= Re

(
G(x̄1, . . . , x̄d, xd+1, . . . , x2d)−

2d∑
i=1

〈λi, xi − x0〉+
1

2µ

2d∑
i=1

‖xi − x0‖22

)

=
1

2
G(x̄1, . . . , x̄d, xd+1, . . . , x2d) +

1

2
Ḡ(x1, . . . , xd, x̄d+1, . . . , x̄2d)

−1

2

2d∑
i=1

〈λi, xi − x0〉 − 1

2

2d∑
i=1

〈λ̄i, x̄i − x̄0〉+
1

2µ

2d∑
i=1

‖xi − x0‖22.
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Then, since (uij)
(k+1) and (vij)

(k+1) are the optimal Lagrange multipliers for the i-th subproblem in

(9), from the KKT conditions of the i-th subproblem with 1 ≤ i ≤ d, we have,

1
2∇x̄iG((x̄1)(k+1), . . . , (x̄i−1)(k+1), (x̄i)(k), (x̄i+1)(k), . . . , (x̄d)(k), (xd+1)(k), . . . , (x2d)(k))

−1
2(λi)(k) − 1

2µ((x0)(k+1) − (xi)(k+1))−
∑m

j=1(uij)
(k+1)∇x̄ihj((x̄i)(k+1), (xi)(k+1))

−
∑`

j=1(vij)
(k+1)∇x̄iej((x̄i)(k+1), (xi)(k+1)) = 0, 1 ≤ i ≤ d,

1
2∇xi Ḡ((x1)(k+1), . . . , (xi−1)(k+1), (xi)(k+1), (xi+1)(k), . . . , (xd)(k), (x̄d+1)(k), . . . , (x̄2d)(k))

−1
2(λ̄i)(k) − 1

2µ((x̄0)(k+1) − (x̄i)(k+1))−
∑m

j=1(uij)
(k+1)∇xihj((x̄i)(k+1), (xi)(k+1))

−
∑`

j=1(vij)
(k+1)∇xiej((x̄i)(k+1), (xi)(k+1)) = 0, 1 ≤ i ≤ d,

and

(xi)(k+1) ∈ S, (uij)
(k+1) ≤ 0, (uij)

(k+1)hj((x̄
i)(k+1), (xi)(k+1)) = 0, i = 1, . . . , d, j = 1, . . . , `.

The KKT condition for j-th subproblem with d + 1 ≤ j ≤ 2d is similar to the above formula and

hence is omitted here. For the 0-th subproblem, the KKT condition is different, which can be

described as follows:

1
2

∑d
i=1(λi)(k) + 1

2µ

∑d
i=1((x0)(k+1) − (xi)(k))−

∑m
j=1(u0

j )
(k+1)∇x̄0hj((x̄0)(k+1), (x0)(k+1))

−
∑`

j=1(v0
j )

(k+1)∇x̄0ej((x̄0)(k+1), (x0)(k+1)) = 0,

1
2

∑d
i=1(λ̄i)(k) + 1

2µ

∑d
i=1((x̄0)(k+1) − (x̄i)(k))−

∑m
j=1(u0

j )
(k+1)∇x0hj((x̄

0)(k+1), (x0)(k+1))

−
∑`

j=1(v0
j )

(k+1)∇x0ej((x̄0)(k+1), (x0)(k+1)) = 0,

and

(x0)(k+1) ∈ S, (u0
j )

(k+1) ≤ 0, (u0
j )

(k+1)hj((x̄
0)(k+1), (x0)(k+1)) = 0, 0j = 1, . . . , `.

By the updating rule for λi in (9), we also have the term

lim
k→∞

1

2µ

(
(xi)(k+1) − (x0)(k+1)

)
= lim

k→∞

1

2µ

(
(x̄i)(k+1) − (x̄0)(k+1)

)
= 0,∀i = 1, . . . , 2d.

The rest of the proof is similar to the arguments used in Theorem 3.1. �

For the specific problem: unimodularly constrained complex polynomial problem (13), the conver-

gence does not need to involve the Lagrangian multipliers.

Theorem 3.4 Denote zk :=
(
[(xi)(k)]2di=0; [(λi)(k)]2di=1

)
is the sequence generated in (12), and as-

sume that

lim
k→∞

(zk+1 − zk) = 0.

Then any limit point of {zk}∞k=1 is a KKT point of Problem (13). Consequently, if {(x0)(k)}∞k=1

converges, it converges to a KKT point of Problem (13).

The proof of the theorem above is similar to that of Theorem (3.2), and is thus omitted here.
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4 Numerical Performance

In this section, we shall compare our algorithms proposed in Section 2 with two competing methods.

One of them is the SOS method, based on which Henrion et al. [11] developed a specialized Matlab

toolbox known as GloptiPoly 3 and will be used in our test. The other one is the MBI method and

the codes in [1] and [4] are also used in our simulations. All the simulations were conducted in an

Intel Core i5-2520M 2.5GHz computer with 4GB of RAM. For convenience of the readers, below a

list of abbreviations in the tables are provided:
(aver)Time: (average) cpu seconds to solve one instance;

ADMM1: run ADMM from 1 starting point;

ADMM5: run ADMM from 5 random starting points;

MBI1: run MBI from 1 starting point;

MBI5: run MBI from 5 random starting points;

Best Val.: the best solution value among the ones generated by different starting points;

GLP: run GloptiPoly 3;

status: 1 means GloptiPoly 3 finds the global optimum of the problem.

4.1 Results for Spherical Constraint Polynomial Optimization

In this part, we present some numerical tests on (10). In particular, we consider the fourth order

problem

min F(x, x, x, x)

s.t. x>x = 1, x ∈ Rn,
(26)

where F is super-symmetric and generated randomly. In particular, we first generate a tensor F ′

such that its n4 entries follow i.i.d. normal distribution. Then we symmetrize F ′ to form a super-

symmetric tensor F . Both the ADMM and SOS algorithms can work directly on problem (26).

However, direct implementation of MBI to problem (26) will possibly result in a local maximum

instead of local minimum. To circumvent this, as suggested in [4], we apply the MBI method to

solve the following equivalent problem instead:

min F(x, x, x, x)− 6(x>x)2

s.t. x>x = 1, x ∈ Rn.

Notice that due to the constraint x>x = 1, the added term in the objective is a constant, hence

the problem is equivalent to the original one. However, the transformation helps to avoid getting

trapped in a local maximum.

The comparison is listed in Table 1. From this table, we see that for most problem instances ADMM

and MBI can achieve the global optimum if run for 5 times from different starting points. In several

instances, ADMM even returned better solutions than MBI did, and these cases are highlighted in

bold. In terms of the computational time, we see that GloptiPoly 3 is most time consuming while

12



ADMM requires the least computational efforts. So we conclude that the overall performance of

ADMM is most desirable among the three methods experimented, at least for this set of problem

cases.

4.2 Results for Unimodularly Constrained Complex Polynomial Optimization

In this subsection, we report numerical tests on Problem (13). Precisely, the problem has the

following specific form

min
R1∑
r=1

(x†Arx)(x†Ar†x)−
R2∑
r=1

(x†Brx)(x†Br†x)

s.t. |xj | = 1, ∀ j, x ∈ Cn,
(27)

where Ar and Br are generated randomly. This problem was first studied in [1] and it was solved

by MBI method there. To implement MBI, like in the last part, we actually work on an equivalent

problem

min
R1∑
r=1

(x†Arx)(x†Ar†x)−
R2∑
r=1

(x†Brx)(x†Br†x)− 6(x†x)2

s.t. |xj | = 1, ∀ j, x ∈ Cn.

Since GloptiPoly 3 cannot be applied when the model involves complex variables, we shall only

compare MBI with ADMM in Table 2.

In this table, we see that the advantage of ADMM is even more pronounced. In particular, ADMM

can provide a solution no worse than that of MBI for most problem instances and yielded better

solutions in a significant amount of cases, which are marked bold in the table. Moreover, ADMM

is much faster than MBI for this particular problem. Note that when n = 15, ADMM is about 40

times faster than MBI.
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Inst. # MBI1 ADMM1 MBI5 ADMM5 GLP

Val. Time Val. Time Best Val. Aver. Time Best Val. Aver. Time Val. Time Status

Dimension n = 6

1 -2.40 1.12 -2.41 0.23 -2.51 0.15 -3.13 0.04 -3.13 2.00 1

2 -2.61 0.06 -2.77 0.03 -3.18 0.07 -3.18 0.05 -3.18 0.37 1

3 -3.02 0.44 -2.45 0.02 -3.67 0.14 -3.67 0.03 -3.67 0.31 1

4 -3.03 0.17 -3.03 0.05 -3.03 0.28 -3.03 0.06 -3.03 0.44 1

5 -1.70 0.12 -3.13 0.06 -3.13 0.12 -3.13 0.05 -3.13 0.37 1

6 -4.07 0.09 -4.07 0.02 -4.07 0.08 -4.07 0.02 -4.07 0.30 1

7 -3.16 0.26 -2.20 0.13 -3.16 0.17 -3.16 0.06 -3.16 0.33 1

8 -2.89 0.09 -2.89 0.03 -2.89 0.09 -2.89 0.03 -2.89 0.45 1

9 -3.05 0.19 -2.14 0.14 -3.05 0.29 -3.05 0.07 -3.05 0.51 1

10 -2.98 0.17 -3.75 0.05 -3.75 0.21 -3.75 0.03 -3.75 0.36 1

Dimension n = 9

1 -4.43 0.28 -4.43 0.09 -4.43 0.22 -4.43 0.05 -4.43 2.15 1

2 -3.92 0.14 -3.92 0.09 -4.45 0.14 -4.42 0.08 -4.45 1.37 1

3 -3.30 0.20 -3.89 0.02 -4.11 0.23 -4.11 0.05 -4.11 1.22 1

4 -4.78 0.16 -4.78 0.08 -4.78 0.16 -4.78 0.05 -4.78 1.36 1

5 -4.16 0.45 -3.58 0.04 -4.19 0.15 -3.58 0.06 -4.19 1.28 1

6 -4.60 0.08 -4.26 0.08 -4.60 0.12 -4.60 0.05 -4.60 1.40 1

7 -4.06 0.34 -4.06 0.09 -5.08 0.17 -5.08 0.04 -5.08 1.29 1

8 -4.42 0.23 -3.84 0.04 -4.61 0.17 -4.61 0.04 -4.61 1.25 1

9 -3.83 0.12 -3.83 0.05 -3.83 0.15 -3.83 0.06 -3.83 1.40 1

10 -3.21 0.24 -2.72 0.04 -3.60 0.17 -3.60 0.04 -3.60 1.28 1

Dimension n = 12

1 -5.96 0.22 -4.68 0.06 -5.96 0.27 -5.18 0.03 -5.96 20.89 1

2 -4.73 0.23 -4.73 0.06 -4.73 0.19 -5.70 0.07 -5.70 17.69 1

3 -5.11 0.14 -4.93 0.06 -5.11 0.18 -5.42 0.06 -5.42 19.52 1

4 -5.09 0.09 -5.09 0.06 -5.19 0.27 -5.19 0.06 -5.19 21.42 1

5 -4.09 0.10 -4.09 0.10 -5.43 0.23 -5.43 0.20 -5.43 19.56 1

6 -3.76 0.24 -3.32 0.10 -4.74 0.11 -4.74 0.05 -4.81 17.60 1

7 -4.18 0.22 -4.18 0.09 -4.83 0.22 -4.83 0.09 -4.83 23.38 1

8 -5.44 0.35 -4.90 0.05 -5.44 0.28 -5.44 0.12 -5.44 23.37 1

9 -4.50 0.16 -4.50 0.07 -4.76 0.13 -4.76 0.05 -5.58 17.69 1

10 -5.29 0.19 -5.29 0.11 -5.29 0.12 -5.29 0.07 -5.45 19.66 1

Dimension n = 15

1 -5.17 0.41 -4.70 0.32 -5.78 0.34 -5.78 0.08 -5.78 190.34 1

2 -5.77 0.47 -5.77 0.13 -5.77 0.28 -5.77 0.13 -5.92 206.42 1

3 -5.42 0.22 -5.41 0.11 -6.34 0.27 -6.36 0.09 -6.36 229.15 1

4 -5.04 0.30 -5.54 0.18 -5.79 0.21 -7.01 0.09 -7.01 188.06 1

5 -5.08 0.27 -4.79 0.09 -5.75 0.23 -5.75 0.06 -6.06 201.93 1

6 -5.98 0.10 -6.37 0.03 -5.98 0.30 -6.37 0.10 -6.37 176.28 1

7 -4.57 0.31 -5.82 0.26 -5.97 0.27 -5.97 0.15 -5.97 230.30 1

8 -6.22 0.57 -5.16 0.08 -6.22 0.29 -6.22 0.22 -6.22 203.22 1

9 -5.45 0.29 -6.14 0.10 -5.94 0.23 -6.60 0.12 -6.60 214.75 1

10 -6.24 0.39 -5.90 0.11 -6.24 0.17 -6.24 0.08 -6.24 201.80 1

Table 1: Comparison of ADMM with µ = 0.8, MBI and Gloptli3 for Problem (26).
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Inst. # MBI1 ADMM1 MBI5 ADMM5

Val. Time Val. Time Best Val. Aver. Time Best Val. Aver. Time

Dimension n = 6

1 -29.68 0.72 -32.99 0.19 -45.70 0.55 -45.70 0.45

2 -66.34 0.59 -55.89 0.08 -66.34 0.32 -66.34 0.08

3 -50.46 0.20 -50.46 0.05 -50.46 0.32 -50.46 0.15

4 -40.22 0.33 -40.22 0.13 -40.22 0.43 -40.22 0.40

5 -41.59 0.97 -36.69 1.06 -56.75 0.43 -56.75 0.30

6 -61.82 0.20 -61.82 0.05 -61.82 0.39 -61.82 0.31

7 -58.98 0.64 -58.98 0.43 -58.98 0.57 -58.98 0.49

8 -52.84 0.49 -52.84 0.47 -52.84 0.46 -52.84 0.26

9 -45.27 0.34 -45.27 0.19 -45.27 0.33 -45.27 0.19

10 -26.35 0.23 -26.36 0.07 -41.74 0.32 -41.74 0.26

Dimension n = 9

1 -243.78 1.10 -243.80 0.20 -243.78 0.68 -243.80 0.14

2 -165.69 1.27 -165.73 0.49 -179.56 0.71 -185.14 0.34

3 -202.20 0.27 -202.21 0.05 -202.20 0.70 -202.21 0.23

4 -173.96 0.59 -173.96 0.06 -173.96 0.84 -173.96 0.14

5 -156.42 0.61 -184.01 0.08 -184.01 0.79 -184.01 0.08

6 -148.86 0.86 -136.02 1.04 -185.53 0.78 -185.53 0.34

7 -125.77 1.01 -125.78 0.14 -160.64 0.67 -160.65 0.15

8 -152.74 1.04 -152.75 0.24 -154.83 0.74 -154.83 0.26

9 -247.29 0.74 -247.29 0.43 -247.29 0.86 -247.29 0.44

10 -108.67 0.53 -108.68 0.13 -150.89 0.91 -150.89 0.14

Dimension n = 12

1 -367.27 3.73 -404.58 0.13 -404.56 3.43 -404.58 0.40

2 -397.14 1.49 -397.15 0.09 -398.01 2.31 -398.02 0.18

3 -319.20 4.64 -353.09 0.19 -353.07 3.26 -353.09 0.16

4 -426.91 0.90 -426.91 0.09 -426.91 1.75 -426.91 0.12

5 -320.66 2.45 -352.00 0.08 -344.62 2.27 -415.99 0.12

6 -371.18 4.08 -270.43 0.77 -385.45 2.93 -385.46 0.50

7 -436.90 3.05 -251.82 0.10 -436.90 2.34 -436.91 0.10

8 -311.82 5.13 -372.68 0.09 -376.70 2.62 -372.68 0.15

9 -426.09 5.86 -348.37 0.09 -450.00 2.71 -450.02 0.16

10 -345.92 2.01 -345.94 0.10 -425.70 3.04 -425.74 0.35

Dimension n = 15

1 -648.21 13.37 -619.35 0.30 -753.54 10.22 -753.56 0.53

2 -710.54 9.09 -712.52 1.44 -770.17 8.18 -791.18 1.07

3 -723.81 7.56 -723.82 0.16 -723.81 8.82 -766.35 0.17

4 -683.03 13.41 -576.47 0.28 -712.52 6.74 -712.56 0.25

5 -758.24 13.58 -514.61 1.43 -759.47 6.01 -758.29 0.45

6 -840.12 7.45 -840.16 0.24 -856.72 5.85 -856.73 0.41

7 -582.62 12.05 -583.87 1.52 -654.34 5.79 -642.03 0.48

8 -570.86 4.58 -625.53 0.13 -638.60 6.01 -668.08 0.19

9 -658.36 6.25 -712.45 0.67 -712.33 3.95 -712.46 0.30

10 -628.83 6.40 -628.86 0.13 -628.83 9.17 -651.68 0.74

Table 2: Comparison of ADMM with µ = 0.8 and MBI for Problem (27).
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