20 Chapter 1. Introduction to Vectors

Problems 18-28 lead to the main facts about lengths and angles in triangles,

18  The parallelogram with sides v = (4,2) and w = (—1,2) is a rectangle. Check the
Pythagoras formula a® + b% = ¢2 which is for right triangles only:

length of v)? + (length of w)? = length of v + w)?.
g

19 (Rules for dot products) These equations are simple but useful:
Dv-w=w-v Qu-wtw)=u-v+u-w 3) () w=cv- w)

Use 2) withu =v + w toprove v + w|? =v-v + 2v-w + w - w.
20  The “Law of Cosines” comes from (v — w) - (v —w) =v v — 20 - w + w + w:
Cosine Law v —w|]® = ||lv|* - 2|lv|| |w]| cos 8 + flw]|>.
Draw a triangle with sides v and w and v — w. Which of the angles is 6 ?

21 The triangle inequality says: (length of v 4 w) < (length of v) + (length of w).

Problem 19 found v + w||? = ||v||? + 2v - w + ||w||?. Increase that v - w to
lv]| lw]| to show that ||side 3| can not exceed ||side 1|| 4 ||side 2]|:
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22 The Schwarz inequality |v - w| < ||v|| |lw]|| by algebra instead of trigonometry:

() Multiply out both sides of (viw1 + vaw2)? < (v + v3) (w? + w3).

(b) Show that the difference between those two sides equals (viwg — Ugwl)Q.
This cannot be negative since it is a square—so the inequality is true.

23 The figure shows that cosax = vy /|jv|| and sina = wvy/||v||. Similarly cos 8 is
and sin /3 is . The angle ¢ is 3 — «. Substitute into the trigonometry
formula cos 3 cos a + sin B sin o for cos(8 — @) to find cos § = v - w/|jv| ||w).




