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Abstract

Multiple subcarrier modulation is an appealing scheme for high-data rate optical communication. However a

major drawback is its low average power efficiency. While subcarrier reservation is a common approach to combat

this problem, little is known about the performance of algorithms that utilize subcarrier reservation. By combining

properties of sparse signals with an abstract form of the Uncertainty Principle related to multiple subcarrier signals,

we design an effective iterative method for constructing average-power-efficient multicarrier signals. Unlike most

existing subcarrier reservation methods, our method provides a guaranteed bound for the achievable average power

reduction as well as guaranteed rates of convergence. Numerical simulations demonstrate the performance of the

proposed method.

I. INTRODUCTION

In optical and wireless communications systems, Multiple Subcarrier Modulation (MSM) is used to combat

intersymbol interference in frequency selective channels. In MSM multiple subcarriers are modulated at a lower

rate with a conventional modulation scheme, while the overall bit rate remains the same as if a single carrier was

used [1].

In optical fiber communications multiple digital and/or analog information sources are modulated onto different

electrical subcarriers, which are then modulated onto a single optical carrier [2]. The MSM electrical signal can

be modulated onto the optical carrier using intensity, frequency of phase modulation, however most current MSM

systems use intensity modulation [2].

One of the main drawbacks of Intensity Modulated (IM) MSM is average optical power inefficiency. Since optical

intensity needs to be non-negative, a large dc bias must be added to the electrical MSM signal so that it becomes

non-negative. This increases the average power of the system which is not only power inefficient, but can also

trigger non-linear effects and signal distortion.

In [2], two techniques have been proposed which reduce the average optical power in IM MSM systems: use of

reserved subcarriers with block coding and a variable dc bias that depends on the current symbol. In [3] a lower

bound for the maximum average power of the signal with reserved subcarriers placed contiguously, at the end of

the transmission band, is obtained.
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Subcarrier reservation is a method where a certain set of subcarriers, reserved subcarriers, is not used for data

transmission. Reserved subcarriers are used to increase the average power efficiency of the system [3]. When

reserved subcarriers are used, two questions arise: how should reserved subcarriers be positioned and what is the

optimal amplitude that should be transmitted on those subcarriers, that would result in smaller dc bias that is

necessary.

In this paper we give answer to both of these questions. We propose the use of Kashin’s representation [4] of

a signal with reserved subcarriers in order to obtain a more flat signal in the electrical domain. Lyubarskii and

Vershynin have shown that it is possible to obtain a Kashin’s representation of a vector, if the transformation

matrix used satisfies the Uncertainty Principle for matrices, given in [4]. They present an efficient algorithm for

computing Kashin’s representation in connection with vector quantization. When adapting their approach to our

problem, we need to make some key modifications, which stem from the fact that the setting in [4] is for discrete,

finite-dimensional vectors, while we have do deal with continuous-time signals. Once Kashin’s representation is

obtained, the information is more evenly distributed over all subcarriers - large peaks are eliminated, hence required

bias is reduced, which results in the average power reduction (APR). The data subcarriers are positioned only on

odd subcarriers, since it has been shown in [5] that in this case the clipping noise falls on the even subcarriers.

We further provide a robust and numerically cheap algorithm to obtain a Kashin’s representations for IM MSM

signals. We note that in terms of APR reduction, the method of reserved subcarriers is not necessarily the best one,

however, in case reserved subcarriers are used, Kashin’s representation provides a good performance and a simple

algorithm for finding the amplitudes of reserved subcarrriers.

The rest of the paper is organized as follows. In section II we define the problem and give a brief overview

of the system model and on the reserved subcarrier approach. In Section III, which contains our main results, we

introduce a key concept of our approach, Kashin’s representation, as well as our main theorem. Section IV gives

a detailed description of our APR algorithm, while Section V contains numerical simulations. Concluding remarks

are given in Section VI.

II. PROBLEM STATEMENT

We consider the following baseband model for real-valued MSM optical signals with BPSK-modulation1

s(t) =

(
N∑
l=1

cl cosωlt

)
g(t) 0 ≤ t ≤ T,

where cl ∈ {−1, 1} , g(t) is a rectangular transmit pulse shape, T is the symbol duration and ωn are the subacarrier

frequencies given by [3]

ωl =
πl

T
.

Without loss of generality we may assume that T = 1.

1We note that the results derived in this paper can be easily extended to MSM signals with different trigonometric representations.
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As mentioned in the introduction, we need to ensure that s is not negative so that intenstity-based detection at

the receiver can work properly. In order to make s(t) non-negative, a (potentially large) dc bias, sdc, must be added

to the signal

s1(t) = s(t) + sdc.

It is obvious that the minimum possible value for sdc that will result in s1(t) ≥ 0 is given by

sdc = | min
t∈[0,1)

s(t)|.

Since the average power of s1(t) is proportional to sdc, the problem of reducing the average power comes down

to reducing the negative peaks of s(t).

Remark 1: We note that in multiple subcarrier modulation a fraction of the time domain symbol from the end is

inserted at the start of the same time domain symbol (cyclic prefix) in order to prevent inter-sybmol intereference.

Since cyclic prefix insertion is done after the peak reduction, it in no way affects the amount of dc bias that needs

to be added to the signal to ensure its non-negativity.

A. Average power reduction via reserved subcarriers

The method of reserved subcarriers was first introduced in [6], and has become a standard approach to combat the

peak-to-average power problem in OFDM [7]. It is thus not surprising that it has also been proposed in connection

with the average-power problem in optical communications. We note here that a convex optimization approach

using reserved subcarriers appeared in [8]. While the performance of this approach is attractive, its computational

complexity is still too large in most applications.

Let Isub = {0, 1, . . . , N−1} be the index set of available subcarriers. In the reserved subcarrier approach, we split

Isub into two sets Idata and Ires, Isub = Idata ∪ Ires, where we denote |Idata| := n. The subcarriers associated with

Idata are used for sending data symbols {xk}nk=1, while the coefficients {rk}N−nk=1 sent on the reserved subcarriers

associated with Ires are chosen such that |min s(t)| is minimized, where

s(t) =
∑
k∈Isub

ck cosπkt, with ck =


xk if k ∈ Idata,

rk if k ∈ Ires.
(1)

Since the coefficients rk carry no information and are thus disregarded at the receiver, this scheme reduces the

data rate by a factor n/N . This is the main drawback of any reserved subcarrier APR algorithm. When system

resources, such as bandwidth in our case, are used to reduce the APR, the system capacity is increased. On the

other hand, the sacrifice of bandwidth results in capacity reduction. There is a trade-off, so the real measure of

performance of any APR reduction method based on subcarrier reservation is achievable capacity. Here, we focus

solely on the APR reduction - the analysis of achievable capacity when reserved subcarriers are used is beyond the

scope of this paper.
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While the set of reserved subcarriers is chosen in advance and cannot change from signal to signal (otherwise the

resulting overhead of informing the receiver about the new set of reserved subcarriers would render such a scheme

useless), the coefficients rk are optimized depending on the data vector to be transmitted.

This raises the following crucial questions:

1) How shall the index set of reserved subcarriers be chosen so that it provides optimal performance for all signals?

2) Given a properly chosen set Ires, how can we efficiently compute the coefficients rk?

3) Can we give a bound on the maximum dc bias that has to be added for a given set Ires?

B. Oversampling and average power reduction

It should be noted that all previously stated equations are dealing with continuous-time signals. However, in

practical systems, the signal is digitally generated and processed, before it is converted to a continuous-time signal.

Essentially all existing peak reduction methods operate on discrete signals, the samples of an MSM signal. It is

well known that the peak value of the samples can only be related to the peak value of the continuous signal, if the

signal is oversampled, sampling at Nyquist rate does not suffice. Therefore, any peak reduction method must operate

on sufficiently oversampled discrete signals to produce meaningful results. In [9] an upper bound is derived on the

peak value of real and complex bandlimited signals, given the peak value of the samples and the oversampling rate.

To achieve this oversampling rate, it is customary to zero-pad the signal in the frequency domain with (L− 1)N

zeros, where N is the number of subcarriers that the MSM signal occupies. An oversampling factor of L = 4 has

been shown to be sufficient for most practical purposes [10].

In the design of our algorithm, we will focus on minimizing the dc-bias for sufficiently oversampled discrete-time

signals, as defined in (2). By invoking a theorem by Boche and Wunder [9], we will then be able to infer an accurate

statement about the required dc-bias for the associated continuous-time signals.

Therefore we consider the reserved subcarrier approach for sufficiently oversampled discrete-time signals. We

introduce a discrete-time signal, s(l), associated with (1), as follows. For a given oversampling factor L ≥ 1 we

define Izero = {N,N + 1, . . . , NL − 1} and set I := Isub ∪ Izero (the first N indices of I coincide with Isub).

Denoting M := LN , we define s(l) = s(t/NL) = s(t/M) for l = 0, . . . ,M − 1 as:

s(l) =
∑
k∈I

ck cosπkl/M, where ck =



xk if k ∈ Idata,

rk if k ∈ Ires,

0 k ∈ Izero.

(2)

For the purpose of designing an APR algorithm, using reserved subcarriers, the introduction of zero-padding

in (2) can also be interpreted as having two types of data subcarriers, Idata, where we send the actual desired

information, and the zero-padded “subcarriers” Izero, where we send zeros. We emphasize that this viewpoint only

makes sense while designing the APR algorithm, in practice one does, of course, not send zeros on the zero-padded

subcarriers.
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C. Choice of reserved subcarriers

In [5] a clipping method has been proposed in order to achieve a more power efficient optical OFDM. The

authors propose using no bias - all negative values are clipped and forced to zero. The method of the authors is

based on the very nice observation that if the data in the unclipped MSM signal in frequency are positioned only on

the odd subcarriers, after clipping the whole negative portion of the signal then all clipping noise falls on the even

subcarriers. Unfortunately this observation holds only when no oversampling is used (i.e., L = 1). Thus, in a real

case scenario this method would fail since the clipped signal will have a much larger bandwidth due to the clipping

(it is easy to see that if the oversampled signal is clipped, then the subcarriers that correspond to zero-pading would

not be zero after the clipping). Why not simply filter the clipped signal? This however introduces new, possibly quite

large, negative peaks into the signal. Surely, the reader might think, we can simply iterate this process of clipping

and filtering and achieve our goal. Unfortunately it is not that easy. Indeed, if one did clip the whole negative part

of the signal, one can show that iterating between clipping and filtering would not result in a convergent algorithm.

Using zero-padding instead of filtering would produce equally useless results in this case.

Still, this algebraic property of frequency distribution of clipping noise that was observed in [5] is very appealing

and can be effectively used in combination with our algorithm. Therefore, in one version of our algorithm the

reserved subcarriers will be positioned only on even subcarriers. The set of reserved positions in that case is given

by

Ires = {0, p, 2p, . . . , (N/p− 1)p},

where we assume that 2 ≤ p divides N , and that p is even.

III. UNCERTAINTY PRINCIPLE AND KASHIN’S REPRESENTATIONS

In this section we introduce Kashin’s representation, a key concept in the design of our algorithm. Kashin’s

representation has been proposed by Lyubarskii and Vershynin for the construction of “spread” frame representations

by linking it to an abstract form of the Uncertainty Principle. We refer the reader to [4] for more details on the

material presented in the next few paragraphs. For background on frame theory we recommend [11]. In this paper

we only need a very specific type of frame, so-called Parseval frames, which are a natural way to extend many

of the powerful properties of orthonormal bases to a redundant (i.e., linear dependent) collection of vectors. To be

precise, a sequence {ui}Mi=1 ⊂ Cm is called a Parseval frame if

‖x‖22 =
M∑
i=1

|〈x, ui〉|2,

for all x ∈ Cm. A frame {ui}Mi=1 ⊂ Cm can be identified with its frame matrix U of size m×M whose columns

are ui. Given a Parseval frame, every vector x ∈ Cm can be represented as

x =
M∑
i=1

biui = Ub, (3)

with frame coefficients {bi}Mi=1, where bi = 〈x, ui〉 = (U∗x)i.
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When M > m, (Parseval) frames are linearly dependent systems, therefore the representation (3) is not unique.

In fact, there exist inifinitely many different choices for the frame coefficients bi (as opposed to orthonormal bases

where the coefficients are unique). The choice bi = 〈x, ui〉 is special in the sense that the resulting sequence of

coefficients {bi}Mi=1 has minimal `2-norm among all possible choice. However, sometimes it is more desirable to

have representation coefficients that satisfy other properties, as is the case in this paper. For instance we may be

interested in “spreading” the information contained in x “as uniform as possible” across the frame coefficients. To

achieve this goal, Lyubarskii and Vershynin propose to use Kashin’s representation, which we define now.

Definition 3.1 (Kashin’s representation): Consider a sequence {ui}Mi=1 ⊂ Cm, where M > m. We say that the

expansion

x =
1√
M

M∑
i=1

aiui (4)

is a Kashin’s representation with level K of a vector x ∈ Cm if

|ai| ≤ K‖x‖2.

We call the coefficients ai Kashin’s coefficients.

It is easy to see that if all frame coefficients bi have the same magnitude, their magnitude is equal to 1/
√
M . Thus,

owing to the normalization by 1/
√
M in (4), the smallest value for K is 1 (which however is often not achievable).

We emphasize that K is independent of x.

The existence of Kashin’s representation is related to an abstract form of the Uncertainty Principle, which we

recall in a moment. Whenever a frame {ui}Mi=1 satisfies this Uncertainty Principle, one can effectively transform

every frame representations into a Kashin’s representations.

Recall that the classical Uncertainty Principle states that a function cannot be localized in both time and frequency.

A generalized version of the Uncertainty Principle has been introduced for the discrete setting by Lyubarskii and

Vershynin, however we consider a special case of their definition. Before we proceed we need to define a way of

measuring “localization” or sparsity of a signal in the discrete, finite setting, since the usual notion of localization of

a signal via its second-order moments does not yield anything useful in finite dimensions. To that end, for a ∈ Cm

let its quasi-norm2 ‖a‖0 denote the number of non-zero entries of a. In other words, if ‖a‖0 is small, then a is a

sparse signal. As in [4], but with an additional restriction, we introduce the following:

Definition 3.2 (Uncertainty Principle for matrices): An m × M matrix U satisfies the Uncertainty Principles

with parameters η, δ ∈ (0, 1) if

‖Ua‖2 ≤ η‖a‖2, (5)

for all a ∈ Cm such that ‖a‖0 ≤ δM , and ai ≤ 0, where i = 0, . . .m− 1.

To see why this is indeed a form of Uncertainty Principle, consider the case where U consists of m random rows

of the M×M Fourier matrix. Then inequality (5) says that the energy of the Fourier transform of x cannot be entirely

concentrated on the frequencies associated with the row indices of U (otherwise we would have ‖Ux‖2 = ‖x‖2).

2The “zero-norm” ‖ · ‖0 is not really a norm, since the property ‖αa‖0 = |α|‖a‖0 is not satisfied.
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We now introduce a negative-sided truncation (we are only interested in eliminating peaks on the negative side

of our signal):

τ−∆ = max (z,−∆)

where ∆ > 0. Let

x =
M−1∑
i=0

biui,

be the frame representation of x ∈ Cm and ui are the columns of transformation matrix U that satisfies the

Uncertainty Principle with parameters η and δ. Then we can define a truncation operator, T as:

T x =
M−1∑
i=0

b̂iui, b̂i = τ−∆(bi), ∆ =
‖x‖2√
δM

One can show that the residual of this one sided truncation is small, due to the fact that U satisfies the Uncertainty

Principle. Specifically we have [4]

Lemma 3.3:

‖x− T x‖2 ≤ η‖x‖2 (6)

Proof: While this lemma is essentially identical to Lemma 3.6 in [4], we include the short proof nevertheless

since it highlights in a nice way the crucial role of the correct choice of the threshold.

We consider a subset T of {0, ...,M − 1} defined as T = {i : bi 6= b̂i} = {i : bi < −∆}.

Then we have that the following holds:

‖x‖22 =
M−1∑
i=0

|bi|2 > |T |∆2.

Thus,

|T | ≤ ‖x‖
2
2

∆2
= δM.

We can then estimate the residual that results from the truncation:

x− T x = x =
∑
i∈T

(bi − b̂i)ui = U(b− b̂).

Then,

‖x− T x‖2 ≤ η(
∑
i∈T
|bi − b̂i|2)1/2

≤ η(
∑
i∈T
|bi|2)1/2

≤ η(
M−1∑
i=0

|bi|2)1/2 = η‖x‖2

where we have used the Uncertainty Principle for matrices.

In figure 1 we have illustrated how the Uncertainty Principle allows for the average power reduction in multicarrier

signals. In figure 1(a) we have a frequency domain representation of a multicarrier signal with reserved subcarriers.
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The data subcarriers of the multicarrier signal are represented with circles, while the reserved subcarriers, set to

zero, are represented with squares. In figure 1(b), we can see the corresponding time domain signal of the MSM

signal from figure 1(a), which in lemma 3.3 is denoted by coefficients bi. If we now truncate the negative peaks

of the time domain signal (the shaded area in figure 1(b)), we obtain the residual signal, b− b̂ which is shown in

figure 1(d). We can see that this signal is sparse in time. If we now look at the corresponding frequency domain

of the residual signal, x − T x = U(b − b̂) from lemma 3.3, we can see that the residual signal is not sparse in

the frequency domain, due to the Uncertainty Principle. The reserved subcarriers are no longer equal to zero. What

this means in terms of the average power reduction is that we can clip the negative peaks and use the reserved

subcarriers to represent the clipping noise, in order to preserve the orignal data. This distortionless clipping is the

basic idea behind our algorithm which is presented in section IV.

(a) Frequency domain: Data subcarriers and reserved subcarriers (b) Time domain: Corresponding signal in time with clipping of the

negative peaks

(c) Frequency domain: Residual signal after clipping (d) Time domain: Sparse residual signal

Fig. 1. Illustration of the Uncertainty Principle on the MSM signal with reserved subcarriers
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It is shown in section 4 of [4] that certain random orthogonal matrices satisfy the Uncertainty Principle with high

probability. In particular, it is proven in Theorem 4.3 that the random partial Fourier m×M matrix (constructed by

randomly selecting m rows of the M×M Fourier matrix for properly chosen m) satisfies the Uncertainty Principle

for matrices with high probability.

Unfortunately we cannot simply resort to this appealing result. The reason, as mentioned earlier, is that we have

to oversample our signal in order to get an accurate estimate of its peak properties. This oversampling means that

even if we did select the reserved subcarriers randomly, the resulting matrix we are dealing with contains a block

of (L− 1)N (deterministically selected) rows that correspond to the zero-padded subcarriers Izero, as explained in

Subsection II-B. Thus in our case the matrix U will never be entirely random.

In order to use Kashin’s representation, a crucial step is therefore to demonstrate that the transform matrix

described in the lemma below does indeed satisfy the Uncertainty Principle for matrices.

Let D be an M ×M discrete cosine transform matrix given by

D =



T0(0) T0(1) . . . T0(M − 1)

T1(0) T1(1) · · · T1(M − 1)

...
...

. . .
...

TM−1(0) TM−1(1) · · · TM−1(M − 1)


, (7)

where

Tk(i) =


√

1
M k = 0,√
2
M cos (2i+1)kπ

2M for k = 1, 2, . . . ,M − 1.

Lemma 3.4: Let D be an M×M discrete cosine transform matrix where M = LN . We divide the index set I =

{0, . . . ,M−1} into three disjoint subsets Idata, Ires , Izero, where 0 ∈ Ires, |Ires| = q, Izero = {N,N+1, . . . ,M−1}

and |I \ Ires| = m, so that M = m + q. Let U be the m ×M submatrix of D that consists of the rows of D

indexed by I \ Ires. Then there exist (η, δ) ∈ (0, 1) such that U satisfies the Uncerainty Principle with parameters

(δ, η)

‖Ua‖2 ≤ η‖a‖2,

for all a ∈ Cm such that ‖a‖0 ≤ δM , ai ≤ 0, for i = 0, . . .m− 1, and η = 1− 1√
M
‖aT ‖1, where aT is a vector

of all non zero elements in a ∈ Cm.

Proof: Let V be the q ×M submatrix of D that consists of the of the rows of D indexed by Ires.

Since D is a unitary matrix, we have

‖Da‖2 = ‖a‖2 (8)

Then

‖Da‖22 = ‖Ua‖22 + ‖Va‖22,
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and

‖Ua‖22 = ‖Da‖22 − ‖Va‖22. (9)

Since we want to show that

‖Ua‖2 < η‖a‖2

for all nonpositive a such that ‖a‖0 ≤ δM from (8) and (9) we can see that it is sufficient to show that there exists

a number η̃ ∈ (0, 1) such that

‖Va‖2 ≥ η̃ > 0, (10)

for all a with ‖a‖0 ≤ δM , ai ≤ 0, i = 0, . . . ,M − 1.

Let T be any index set from {0, . . . ,M − 1} of non-zero elements of the vector a such that |T | < δM . Then,

since ‖Va‖2 = ‖VTaT ‖2, we have that (10) is equivalent to

‖VTaT ‖2 ≥ η̃ > 0 (11)

for all aT such that (aT )i 6= 0, for i = 0, . . . , |T | − 1; where aT is a vector of non-zero elements of vector a,

and VT is constructed by selecting columns of V that correspond to positions of non-zero elements in vector a.

We emphasize that we have no control over which columns of V are selected, we only know that the number of

selected columns is bounded by |T |.

Considering (7), we can look at the 0th element of the product of VTaT :

(VTaT )0 =
1√
M

q−1∑
k=0

aT (k) = − 1√
M
‖aT ‖1,

since all the entries of a are nonpositive. Hence for elements of aT we have that aTi < 0. From here, it is obvious

that

(VTaT )0 < 0. (12)

We can write ‖VTaT ‖22 as:

‖VTaT ‖22 = |(VTaT )0|2 +
q−1∑
k=1

|(VTaT )k|2.

Therefore, due to (12) there holds

‖VTaT ‖2 > 0.

and

η̃ :=
1√
M
‖aT ‖1 > 0.

Setting

η = 1− η̃

we note that η < 1, which concludes our proof.

Remark 2: Due to the one sided truncation, the non-zero elements of the truncated signal have indeed all the

same (negative) sign.
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Remark 3: It is clear that the proof is independent of the choice of Ires, as long as 0 ∈ Ires. However, that does

not mean that all choices of Ires will perform equally well. The choice of Ires that minimizes η and maximizes δ

will give the optimal performance (note that η and δ are not independent). In this paper we consider two choices

for Ires - one presented in subsection II-C, and one where elements of Ires are randomly chosen (although we do

ensure that 0 is always included). We furthermore note that the estimate for η in our proof is far from sharp.

Theorem 3.5: Let Isub = {0, 1, . . . , N − 1} be the set of available subcarriers. Let Ires be the set of reserved

subcarriers such that 0 ∈ Ires and |Ires| = q. Let {xk}nk=1 be a vector with ck ∈ {−1,+1}, k = 1, . . . , n, transmitted

on the subcarriers Idata = Isub \ Ires. Assume we construct the Kashin representation of {ck}nk=1 with respect to

Idata, Ires with oversampling factor L, where {rk}qk=1 are the coefficients transmitted on the reserved subcarriers.

Then the continuous-time signal

s(t) =
∑
k∈Isub

ck cosπkt, with ck =


xk if k ∈ Idata,

rk if k ∈ Ires.
(13)

satisfies

min
t
s(t) ≥ −(K +N(CL − 1)), (14)

where CL = (cos π
2L )−1 and K is the Kashin constant given by K = (1−η)−1δ−1/2, where η and δ are as defined

in Lemma 3.4.

Proof:

In section V of [9] it has been shown that for a complex trigonometric polynomial (multicarrier signal) given as:

s(t) =
N−1∑
k=0

cke
jk2πt, 0 ≤ t ≤ 1 (15)

the following is true: ∣∣∣∣∣ max
t∈[0,1]

|s(t)| − max
0≤l<LN

∣∣∣s( l

LN

) ∣∣∣∣∣∣∣∣ ≤ N(CL − 1) (16)

where N is the number of subcarriers, ck, k = 0, ..., N − 1 are the information bearing coefficients and L is the

oversampling factor. It is not difficult to see that this result also applies to our setting.

Equation (16) gives the bound on the error that is made when we use an oversampling grid to estimate the peaks

of s(t). We can see that with choosing the appropriate L, we can achieve any desired accuracy [9]. If we are only

interested in estimating the peaks on the negative side, (16) becomes:

min
t∈[0,1]

s(t)− min
0≤l<LN

s

(
l

LN

)
≥ −N(CL − 1)

By Lemma 3.4 the matrix U satisfies the Uncertainty Principle with parameters η and δ. Then each vector x ∈ Cm

admits Kashin’s representation of level K = (1− η)−1δ−1/2.

Let s = [s0, . . . , sl, . . . , sLN−1], where sl = s
(

l
LN

)
, be a Kashin’s representation of some vector x ∈ Cm. Then

sl are Kashin’s coefficients, so we know that:

|sl| ≤ K‖x‖2, l = 0, . . . , LN − 1
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We can assume that ‖x‖2 = 1 without loss of generality. For the negative peaks of s we have that:

min
0≤l<LN

sl ≥ −K (17)

Equation (17) gives a lower bound on the negative peaks of the discrete, L times oversampled signal. It is now

obvious, that using (16) we can obtain the lower bound on the negative peaks for the continuous-time signal as:

min
t∈[0,1]

s(t) ≥ −(K +N(CL − 1)).

We note that for K >> N(CL − 1), which is always true if L is large enough, we have that

min
t∈[0,Ts]

s(t) & −K

So, when using a Kashin’s representation we can give a guarantee on what the maximum value of the dc bias

that needs to be added to the signal will be: it is equal to Kashin’s constant K.

Remark : Along the same lines as in Theorem 3.5 one can derive a bound on the dc bias in case the reserved

subcarriers are placed at the end of the transmission band. This setup coincides then with the setup in [3].

So far, we have established that in our setup a Kashin’s representation of any x ∈ Cm exists, and we have shown

that we can relate a Kashin’s representation to the continuous time signal that needs to be transmitted. We now

introduce the algorithm for obtaining a Kashin’s representation of any vector x ∈ Cm.

As stated before, choosing optimal positions of reserved subcarriers is a crucial part of an APR algorithm, and it

is a problem that has yet to be solved. Although we do not give an optimal solution for this problem, we provide

an insight on how such optimal solution might be obtained: the optimal set of reserved subcarriers is the one that

minimizes η.

IV. AVERAGE POWER REDUCTION ALGORITHM VIA KASHIN’S REPRESENTATION

Here we show how our APR algorithm can be successfully implemented.

Let N be a number of subcarriers in one MSM symbol and Isub, Ires, and Idata index sets as defined in section

II. Let q be the number of reserved subcarriers, and n the number of data subcarriers, such that n = N − q. If L is

the oversampling factor, then the size of the oversampled signal, x̃ is M = LN , and the index set that corresponds

to the zero-padded portion of the the signal is Izero. We now define an index set Iinterest as Iinterest = Idata ∪ Izero.

The portion of vector x̃ that corresponds to positions in Iinterest is denoted as x = x̃(Iinterest).

We define the matrix U as a partial discrete cosine transformation (DCT) matrix which is constructed by selecting

the rows of a full M ×M DCT matrix that correspond to positions stored in Iinterest. U is of size m×M , where

m = M − q. We can compute now the frame representation of x as:

y = U−1x

We now introduce the algorithm for obtaining Kashin’s representation of x:
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Algorithm 1: Input: x̃, Iinterest, η, δ,(the choice for η and δ is discussed in section V) ε - desired accuracy in

reconstructing x, and/or r - maximum number of iterations. It should be noted here that when constructing x̃ we

set x̃(Ires) = 0.

Output: vector a of length M - Kashin’s representation of x.

Initialitzation: Initialize vector a: ai = 0, i = 1 : M , calculate the truncation level for the first iteration as

∆ = ‖x‖2√
δM

Repeat r times:

• Calculate y: the inverse DCT of x

• Truncate y at level ∆(k): obtain ytrunc = t−∆(k)(y) where k is the current iteration

• a(k) = a(k−1) + ytrunc

• Calculate the DCT of a(k), x̃(k) = dct(a(k))

• Calculate the residual in the following way:

res(k) = x̃(k)(Iinterest)− x̃(Iinterest)

• Set x̃(k)(Ires) = 0

• Calculate new truncation level as ∆(k+1) = η∆(k)

• If ‖res(k)‖2
‖x̃(Iinterest)‖2 ≤ ε - break

We can see that by treating the zero-paded portion of x as data subcarriers we enforce that amplitudes on those

subcarriers remain 0 which ensures that our signal has the same bandwidth as the original signal, which is, as

previously discussed, not the case in [5].

We can give a bound on the complexity of our algorithm: in each iteration we do 2 DCTs (which has the same

complexity as FFT, O(NL logNL). So the algorithm complexity is rO(NL logNL), where r, for a given η and

ε, can be obtained from ε = ηr.

V. SIMULATION RESULTS

In this section we evaluate the performance of our algorithm. Our measure of performance is complementary

cumulative distribution function (CCDF) of the added dc bias, which denotes the probability that the required dc

bias for one IM MSM signal exceeds a given threshold. We plot the CCDF in case our algorithm is used and in

case when no average power reduction method is used.

We use an MSM signal with 128 subcarriers. We explore the performance of our algorithm with different number

of reserved subcarriers: 64, 32, 16 and 8, positioned on every other, every fourth, every eighth and every sixteenth,

even subcarrier, respectively. The oversampling factor is L = 4, so the oversampled signal in each case is of length

512. The modulation used is BPSK, and in each case we have averaged over 105 randomly generated symbols. We

have also set ‖x‖2 = 1 in order to ensure fairness of comparison of our curves for different number of reserved

subcarriers.

It is important to note that there are no clear guidelines on choice of η and δ , although the right choice is critical

for the performance of the algorithm. In [4] it is shown that from Kashin’s representation,x can be reconstructed
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Fig. 2. CCDF of the probability that the minimum dc bias for a 128 IM MSM signal exceeds a given value on the x-axis, in case 64, 32, 16

and 8 reserved subcarriers positioned on every 2nd, 4th, 8th and 16th even subcarrier, respectively, are used, and in case when no reserved

subcarriers are used

with accuracy of ηr‖x‖2 . So for a given η we can calculate the maximum number of iterations in which the

algorithm should converge. Obviously, for a smaller η we can get more average power reduction, but if η is too

small, x̃ will not be reconstructed with the desired accuracy. So for a set δ = 0.8 and ε = 10−4 we experimentally

found the minimum possible η that satisfies this ε . The results are given in Table I. We note here that for our

choice of η and δ, U does not always satisfy the Uncertainty Principle. However, it does satisfy it with very high

probability, while with such a choice we can achieve much better power efficiency.

q η

64 0.6125

32 0.6865

16 0.7425

8 0.775

TABLE I

USED η VALUES FOR DIFFERENT NUMBERS OF RESERVED SUBCARRIERS

In Figure 2 the results of our simulations are shown. As it can be seen from the plots, when 64 reserved subcarriers

are used we get an improvement of more than 4dB. In case when 8 reserved subcarriers are used the improvement

is around 0.5dB.

As stated before in all our simulations the reserved positions are chosen as every pth even subcarrier. We have

also explored the performance of our algorithm in case the reserved positions are chosen randomly, with exception

that 0th subcarrier is always included in the set of reserved subcarriers. We plot this result in figure 3 where we

can see that we still achieve a slightly better performance in case when we position reserved subcarriers on even
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Fig. 3. CCDF of the probability that the minimum dc bias for a 128 IM MSM signal exceeds a given value on the x-axis, in case 64, 32, 16

and 8 randomly positioned reserved subcarriers are used, and in case no reserved subcarriers are used

subcarriers when the number of reserved subcarriers is 64 or 32. When the number of reserved subcarriers is 16

both positioning schemes result in similar performance, while in the case when 8 reserved subacarriers are used,

the random positioning gives a slightly better performance.

We have discussed in section II-C that the method for reducing the dc bias proposed in [5] fails because the authors

did not consider oversampled signal. In figure 4 we demonstrate what happens when their method is implemented

with oversampling. We plot the absolute value of the 4 times oversampled 128-MSM signal in the frequency domain.

The x-axis represents the subcarrier index. We note that subcarriers 129− 512 correspond to the zero-padding, and

should therefore be equal to 0 after any peak reduction algorithm so that the signal’s bandwidth is not increased.

As it can be seen from figure 4. this is not the case when all negative values of the MSM time domain signal are

clipped, as proposed in [5]. We can also see that, when Kashin’s representation is used, zero-padding subcarriers

remain zero.

VI. CONCLUSION

A new algorithm for average power reduction in IM MSM signal has been proposed. We use reserved subcarriers

(reserved subcarriers) positioned on even subcarriers, and show that in this case the transformation matrix U satisfies

the Uncertainty Principle. Then, a Kashin’s representation can be obtained which results in a flatter signal, so large

peaks are eliminated. We then propose an algorithm that will yield a Kashin’s representation of the signal that needs

to be transmitted. As a result, large peaks on the negative side are reduced so the added dc component. For 64

reserved subcarriers we get an improvement of more then 4dB in average power reduction. The proposed algorithm

is fast, easy to implement, robust, and it gives a guarantee on the maximum average power in the system.



16

Fig. 4. Absolute value of the frequency domain 128 IM MSM signal with oversampling factor L = 4 with 64 reserved tones on even subcarriers

obtained via Kashin’s representation compared to the clipped optical OFDM. Subcarriers 129− 512 correspond to zero-padded portion of the

signal
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