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Abstract. We study the compatibility between utility-optimized statistical parity and individ-
ual fairness. While individual fairness seeks to treat similar individuals similarly, optimal statistical
parity aims to provide similar treatment to individuals who share relative similarity within their
respective sensitive groups. Although both fairness perspectives are desirable, they often conflict in
practical applications. Our goal in this work is to analyze the existence of this conflict and its poten-
tial solution. In particular, we establish sufficient (sharp) conditions for the compatibility between
the optimal (post-processing) statistical parity L? learning and the (K-Lipschitz or (e, §)) individual
fairness requirements. When a conflict arises, we first relax the optimal statistical parity solution
to the Pareto frontier, representing the optimal trade-off between L? error and statistical disparity,
and then examine its compatibility with individual fairness. Our analysis identifies regions along
the Pareto frontier that satisfy individual fairness constraints. Additionally, we provide individual
fairness guarantees for the composition of a trained model with the optimal post-processing step,
enabling practitioners to assess the compatibility of post-processed models. This provides practi-
tioners with a principled approach to achieving Pareto-optimal statistical parity while maintaining
individual fairness constraints.
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1. Introduction. Fairness in machine learning has gained increasing attention
due to the increasing trend of decision-making and information-sharing based on ma-
chine learning or artificial intelligence (AI) assistance in our daily lives. This con-
cern has been further amplified by recent advancements in large language models
(LLMs) and generative Al. Ensuring the ethical integrity of such decision-making or
information-sharing processes becomes not only crucial for the responsible develop-
ment of machine learning but also essential for the growth of our society in a healthy
form.

There are two fundamental fairness concepts that approach fairness from distinct
philosophical perspectives:

e Group fairness aims to ensure the (conditional) learning outcome to be equal
in distribution or statistics across sensitive groups.

e Individual fairness aims to guarantee that individuals who share similar qual-
ification data will receive similar learning outcomes.

Although both fairness concepts are desirable, they can potentially conflict. To see
this, consider a learning outcome that does not satisfy the statistical parity (meaning
sensitive groups have different learning outcome distributions), it then becomes nec-
essary to move individuals from different sensitive groups in different directions on
the learning outcome space, such as {0,1} in classification and R in one-dimensional
regression. However, such statistical parity enforcement can often result in a signifi-
cant violation of individual fairness. Similarly, individual fairness seeks to ensure that
individuals with similar qualifications remain close in the learning outcome space. In
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general, differences in qualification distributions across sensitive groups may propa-
gate through this closeness preservation, potentially leading to disparities in learning
outcome distributions and thereby violating group fairness criteria such as statistical
parity.

This fundamental conflict raises a key question: Under what conditions can both
group fairness and individual fairness be satisfied simultaneously?

To address this, we adopt statistical parity as our group fairness definition while
ensuring utility optimization. Specifically, we define compatibility between statistical
parity and individual fairness as the condition where Pareto-optimal statistical parity
(defined as Problem 2.10) solutions remain feasible under additional individual fair-
ness constraints. Conversely, if these constraints exclude Pareto-optimal solutions, we
say individual fairness and optimal statistical parity are incompatible. Incorporating
utility optimization in our compatibility analysis helps eliminate low-utility predic-
tors, such as constants and white noise, that trivially satisfy both statistical parity
and individual fairness but are neither practical nor fair.

To illustrate this inherent conflict, we analyze individual fairness in a noiseless (de-
terministic) setting for two reasons: (1) The core incompatibility arises in the noiseless
setting, and the findings can be extended naturally to noisy settings. (2) Despite the
popularity of noise-based approaches to enforcing individual fairness, they effectively
blur distinctions in qualification, making predictions less informative and, arguably,
unfair. For instance, excessive noise can force statistical parity and individual fairness
to coexist by reducing predictions to a random lottery, where qualifications become
irrelevant [11].

With this formulation, we derive sufficient conditions for the compatibility of
individual fairness with Pareto-optimal statistical parity L2-objective learning. In
the rest of the work, we define statistical parity as follows:

DEFINITION 1.1 (Statistical Parity). Let Y be a prediction random variable and
Z a sensitive attribute. The tuple (Y, Z) satisfies statistical parity if

Y L Z.

That is, for any measurable sets A € o(Y') and B € o(Z),
P(Y € A,Z € B)=P(Y € A)P(Z € B).

Here, (2, F,P) is a probability space. Y :Q— Yand Z:Q — Z are the random
variables (or equivalently measurable functions) that map elements from the underly-
ing probability space Q to the state spaces (V,(Y),PoY 1) and (Z,0(Z),Po Z1).
o(S) denotes the sigma-algebra generated by the random variable S for S € {V, Z}.

Furthermore, let P(S) denote the set of probability measures on the spaces S €
{X,Z,¥}, C denote a given utility loss function C : P(Y) x P(Z) — R, D denote a
given statistical parity violation quantification D : P(Y) x P(Z) — Ry, and F denote
a feasible solution set. We define the Pareto-optimal statistical parity by

DEFINITION 1.2 (Pareto-optimal statistical parity).

}2;{0(1?, Z): Y =f(X,Z), D(Y,2)<d}, del0,00).

We provide formal definitions of C, D, and F in Section 2 and Problem 2.10. In
particular, we show in subsection 2.3.1 why Pareto-optimal (or utility-optimized)

statistical parity is a better group fairness concept than the original statistical parity
when taking utility into consideration.
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1.1. Related Work and Our Contributions. Beginning with the celebrated
work “Fairness through Awareness” [10], there is now a sizable body of research
studying machine learning solutions for statistical parity. The resulting approaches
can be categorized into the following:

e Pre-processing: The data are deformed before the training step. The goal is
to preserve as much information as possible and also keep the deformed data
representation independent of the sensitive variable [6, 19, 30, 28].

e In-processing: The fairness definition is quantified and then integrated into
the training process by penalizing unfair outcomes [3, 29]. It seems to be the
natural way in machine learning to add a penalty term related to unfairness
quantification. Theoretical guarantee of such machine-learned outcomes in terms
of both performance and fairness can be found in works such as [1].

e Post-processing: The definition of fairness is enforced directly on the learning
outcome [17, 8, 15, 25, 28]. This is the most straightforward approach because the
methods directly deform the provided learning outcome to satisfy the statistical
parity constraint.

In recent years, the connection between probability metric spaces and statistical
parity has received significant attention due to the following remarkable results: the
optimal fair distribution of supervised learning, such as classification [17, 32, 27] and
regression [8, 15], can be characterized as the Fréchet mean of the learning outcome
marginals on the Wasserstein space (or, more generally, metric space of probability
measures), which is also known as the Wasserstein barycenter in the optimal transport
literature. Thereafter, [28] generalizes the post-processing barycenter characteriza-
tion to all supervised learning models that tend to estimate conditional expectation,
including all classification and regression, via a pre-processing (or synthetic data)
approach. Furthermore, [28] provides a provable Pareto frontier, which extends the
barycenter characterization to the provable optimal trade-off between utility loss and
any statistical disparity level in both post-processing and pre-processing approaches.

The exploration of compatibility between statistical parity and individual fairness
can be traced back to at least [10], which highlights the potential conflict between
these two fairness concepts and proposes methods to achieve both. Subsequent re-
search has delved into this conflict heuristically [4, 7, 9, 18] and experimentally [33].
Despite these efforts, the exploration of methods achieving both group and individ-
ual fairness remains limited. To our knowledge, only [10, 21, 14] have endeavored to
achieve both group and individual fairness, yet their approaches remain experimen-
tal. Our contribution lies in being the first to provide a theoretical analysis of the
(in)compatibility and, if compatible, to propose provable methods for achieving the
optimal trade-off between statistical parity and individual fairness.

In settings where utility is disregarded, compatibility between statistical parity
definitions, such as statistical parity, equalized odds, or accuracy parity, and indi-
vidual fairness is rarely a concern. For example, individual fairness naturally aligns
with accuracy parity when similarly qualified individuals receive similar labels [31].
Moreover, statistical parity and accuracy parity can both be trivially satisfied by
assigning a constant prediction, while equalized odds can be met through random
guessing. However, such low-utility yet “definition-compatible” solutions fail to en-
sure meaningful fairness; much like how excessive noise, which is introduced to enforce
individual fairness, can itself lead to substantial unfairness.

In contrast, this work focuses on the (in)compatibility between individual fairness
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and wutility-optimized statistical parity, explicitly avoiding trivial compatibility results
that lack practical utility. As demonstrated in Section 2.3.1, utility-optimized sta-
tistical parity represents a stronger group fairness concept than standard statistical
parity, as it balances fairness with predictive performance.

In this work, we study the compatibility between the optimal learning outcome
for statistical parity and individual fairness in a post-processing setting, where utility
is measured by the L? loss and fairness is defined by statistical parity. Specifically,
we analyze the conditions under which the optimal post-processing statistical parity
L? learning (see Problem 2.9) also satisfies K-Lipschitz individual fairness or (e, §)
individual fairness. In essence, our goal is to achieve both statistical parity and
individual fairness while minimizing utility loss.

To end the current section, we summarize the questions that we are targeting in
this work and provide the corresponding informal answer.

1. When is the optimal post-processing statistical parity L? learning compatible with
K-Lipschitz individual fairness?

Theorem 3.1 and Theorem 3.4 show that, unless the learning outcome automat-
ically satisfies statistical parity, neither the optimal post-processing statistical
parity L? learning nor the Pareto frontier (any non-trivial optimal trade-off be-
tween utility loss and statistical disparity) is compatible with the K-Lipschitz
individual fairness definition under mild assumptions. That is, the optimal sta-
tistical parity L? learning and the Pareto frontier has an inherent conflict with
the K-Lipschitz individual fairness definition.

2. When is the optimal post-processing statistical parity L? learning compatible with
(€,0) individual fairness?

Lemma 3.6 shows that, under certain assumptions regarding the relationship be-
tween € and ¢, it is possible to achieve both the optimal post-processing statistical
parity L? learning and (e, §) individual fairness.

3. If the optimal post-processing statistical parity L* learning and (e,d) individual
fairness are not compatible, which portion of the Pareto frontier (or the Pareto
optimal solutions) becomes compatible with the (¢,0) individual fairness?

Theorem 4.1 shows that, in the case of incompatibility between optimal statis-
tical parity L? learning and (e, d) individual fairness, it is guaranteed to have a
non-trivial portion of Pareto frontier (between L? loss and statistical disparity)
compatible with (e, §) individual fairness, when ¢ < §. That is, (¢,9) individual
fairness does not affect the Pareto optimality up to a reduction of the statistical
disparity level in the learning outcome.

4. Gien that Y = g(X,Z) or g(X) for some trained model g : X x Z — Y, what
guarantees exist regarding the compatibility of the post-processed learning out-
come when the trained model is followed by the Pareto-optimal post-processing
steps? Furthermore, when applying the Pareto-optimal statistical parity tech-
nique as a pre-processing step to gemerate fair data representation or synthetic
data for statistical parity, what compatibility guarantees hold for the pre-processed
learning outcome when the trained model is applied after the (Pareto) optimal
pre-processing learning steps?

Theorem 5.3 and Theorem 5.5 provide compatibility analysis for the learning out-
come which composes a trained model with a post-processing step (or composes
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a pre-processing step with a trained model) under the (€, d) individual fairness
and K-Lipschitz individual fairness assumption, respectively. So that researchers
and practitioners can obtain compatibility results when composing the proposed
post-processing (or pre-processing after modification) with some in-processing
methods with individual fairness guarantee.

The remainder of this paper is organized as follows: Section 2 introduces the
problem setting and provides essential preliminaries on optimal transport. It also
reviews the (Pareto) optimal L? learning framework that satisfies statistical parity,
forming the foundation for our main results. Section 3 examines the compatibility
between individual fairness, K-Lipschitz-IF and (e, 0)-IF, and the optimal statistical
parity L? learning. Section 4 presents a partial remedy: when the optimal L? fair
learning is not fully compatible with a given (e, §)-individual fairness requirement,
we identify portions of the Pareto frontier that remain compatible. Section 5 estab-
lishes compatibility guarantees for both post-processed and pre-processed learning
models, considering cases where the Pareto-optimal statistical parity technique is ap-
plied either as a post-processing step following a trained model or as a pre-processing
step preceding one. Finally, Section 6 presents numerical experiments on real-world
datasets to empirically analyze which segments of the Pareto frontier for statistical
parity align with specific individual fairness constraints.

2. Problem Setting: Individual Fairness & Pareto-optimal L? Learning.
In this section, we present the foundational techniques necessary for developing the
main (in)compatibility results. Specifically, we begin by introducing and generalizing
definitions of individual fairness. We then review the Pareto-optimal statistical parity
solutions, which serve as the basis for our fairness analysis. Finally, we justify our
problem formulation and formally define the notion of (in)compatibility within this
framework.

2.1. Individual Fairness Definitions. Individual fairness requires that similar
indiwiduals receive similar outcomes. Classical formalizations include K-Lipschitz
individual fairness (IF) [10] and (e, d)-IF [12]. In our setting, we allow the predictor
to depend on the sensitive attribute,

frXXZY,

so that fairness corrections may explicitly use Z. This choice is motivated by the Fair-
ness Through Awareness principle [10], which advocates recognizing sensitive struc-
ture in order to correct for it. It is also consistent with the fact that the optimal
statistical parity regressor or L? learning function typically requires Z-aware adjust-
ments [8, 15, 28]. Related post-processing frameworks may also use group information
through conditional probability P(Z | X) [27].

REMARK 2.1 (Fairness through awareness). “Fairness through Awareness” [10]
is mostly referred to as a work on individual fairness. But, at least to our understand-
ing, the fundamental idea behind that work is to leverage the knowledge of sensitive
information and unfairness to diminish the unfairness in learning outcomes. To that
end, the authors of [10] proposed a method applying sensitive information and ran-
domness to achieve both statistical parity and individual fairness, which is also the
goal of the present work. In fact, “Fairness through Awareness” is one of the main
inspirations for our compatibility study.

Thus, we adopt individual fairness constraints that allow fairness-aware functions
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to depend on Z:

DEFINITION 2.2 (Uniform K-Lipschitz-IF). A function f : X x Z — Y satisfies
uniform K-Lipschitz Individual Fairness if, for all x1,xo € X, there exists K € RT
such that

sup dy (f(z1,21), (22, 22)) < Kdx (71, 22).
21,22

DEFINITION 2.3 (Uniform (¢, 0)-IF). A function f : X x Z — Y satisfies uniform

(€,8) Individual Fairness if, for all x1,z2 € X, there ezists (¢,0) € (RT)? such that

dx(x1,22) <€ = sup dy(f(x1,21), f(x2,22)) < 4.

21,72

Here, uniform emphasizes that the above Lipschitz conditions apply uniformly across
sensitive attributes.

REMARK 2.4 (Main difference between (¢, d)-IF and K-Lipschitz-IF). Notice that
uniform K-Lipschitz-IF implies uniform (e, Ke)-IF. Hence, the latter is usually con-
sidered to be a relazed version of the former. The key difference is that the (¢,0)-IF
definition allows different learning outcomes assigned to individuals with the same
independent variable value x but different sensitive information z. That is, (¢,0)-IF
allows different learning outcome to be assigned to individuals (for example {1,2})
who share the same qualification (v1 = xz3) but have different sensitive information
(21 # 22): 21 # 20 = f(x1,21) # f(22, 22) even if x1 = xo. This relazation is com-
patible with the fundamental idea underlying the optimal statistical parity L? learning
(or more generally fairness through awareness) to let sensitive information dependent
functions be applied to the same x to achieve statistical parity. As we will show later,
such a relaxation results in different compatibility with the optimal statistical parity
L? learning between the two individual fairness definitions.

Finally, since we assume that (), || - ||) is a Euclidean space, the distance metric
dy in our post-processing setting is induced by the Euclidean norm. Consequently,
the individual fairness constraints take the following forms:

e A function f: Y x Z — Y satisfies uniform (post-processing) K-Lipschitz Indi-
vidual Fairness if, for all y1,y2 € Y, there exists K € R* such that

sup || f(y1,21) — f(y2, 22)|| < K||y1 — v2||-

21,22

e A function f : Y x Z — Y satisfies uniform (post-processing) (e, d) Individual
Fairness if, for all y1,y2 € YV, there exist (¢,d) € (RT)? such that

|1 —w2ll <€ = sup [|f(y1,21) = f(y2, 22)[| <6

21,22

These (post-processing) individual fairness definitions are specifically formulated
for the post-processing step to better illustrate the inherent conflicts that arise at this
stage. Once we analyze the composition of the post-processing step with a trained
model or learning outcome, we revert to the individual fairness definitions on f :
X x Z —= Y with X # ). To clarify, whenever we focus solely on the post-processing
step, we explicitly include “(post-processing)” to indicate that fairness constraints
and (in)compatibility analysis apply only to this stage.
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To formally define the set of functions satisfying (e, d)-IF in the post-processing
step, we introduce the following admissible function class!:

DEFINITION 2.5 ((Post-processing) (e, §)-IF constrained admissible set).

Dies) :={f €LV xZ,Y): lly1 —woll <€ = sup ||f(y1,21) — f(y2, 22)|| < 0}

21,22

For the individual fairness admissible set in the general learning setting, we assume
that Y = g(X) or g(X, Z) for some measurable function g: X = Yorg: X x Z2 =Y
representing the trained model. We then define the composition h := f o g as

h(Xa Z) = f(g(X),Z) or f(g(sz)vz)a

and introduce the corresponding admissible set D(, sy as follows:

DEFINITION 2.6 ((€,0)-IF constrained admissible set).

Des) :={fog:dx(z1,22) <€ = sup |[f og(x1,21) — fog(xz,22)|| <d}.
Z1,%22
For simplicity, we use the same notation for both definitions, with the specific meaning
being clear from the context.

2.2. (Pareto)-optimal Statistical Parity L? Learning. This subsection es-
tablishes the theoretical foundation for our compatibility analysis by introducing a
quantification of statistical disparity and reviewing the existence and uniqueness of
optimal solutions to the optimal post-processing L? learning for statistical parity and
its relaxation to a Pareto frontier: Problem 2.9 and Problem 2.10 below.

2.2.1. Quantification of Statistical Disparity. Here, we introduce Wasser-
stein disparity, a statistical disparity quantification that we apply to characterize the
Pareto-optimal statistical parity L? learning. Before defining the statistical disparity
quantification or relaxation, we first provide a brief review of Wasserstein space and
barycenter and fix the notations used in the present work. Given p,v € P(R?) where
P(R?) denotes the set of all the probability measures on R%,

o ; _ 2 ?
Wa(p,v) == (/\Ell_ln(iﬂ/){/n{dxn@d [lz1 — x2]| d)\(xl,xg)}) .

Here, H(/’La V) = {T( S P((Rd)Q) : f]Rd dTF(',’U) = K, f]Rd dﬂ-(ua ) = V}' (PQ(Rd)7W2) is
called the Wasserstein space, where

Pa®’) = {n e PRY s [ lolfPd < o).

Given {ji;}.cz C (P2(R%), W) for some index set Z, their barycenter with weights
AeP(2)is

o= argminue%(Rd){/ng(ﬂzvli)d)\(z)}.

1One could also define an admissible set to satisfy the K-Lipschitz-IF constraint. However,
as shown later in Theorem 3.4, the optimal statistical parity L? learning solution (or any non-
trivial Pareto optimal solution) is inherently incompatible with the K-Lipschitz-IF constraint both in
post-processing and in post-processed results. This intrinsic incompatibility renders further analysis
unnecessary, hence we omit the definition of a K-Lipschitz-IF constrained admissible set.
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In [2, 20], the authors prove the existence and uniqueness of i under the assumption
that A({tz € Paac(RY)}) > 0, where Py (R?) := { € P2 : p < L} and L is the
Lebesgue measure on R?. Therefore, in the rest of the present work, we often assume
{p=}> = {L(V.)}. C Paac(RD}), where Y, denotes the conditional distribution of ¥
on the event {Z = z} defined by the disintegration theorem [24]. For an empirical data
set {(9s,2)}N.,, Y, is the random variable with uniform distribution on {j; : z; = z}.

In order to relax the hard statistical parity or independence constraint, we need to
introduce a quantification of statistical disparity. To that end, we apply the average
pairwise Wasserstein (W,) distance among (the provided predictions of) sensitive
groups to quantify statistical disparity and show its desirable properties.

DEFINITION 2.7 (Wasserstein disparity, see also [28]).

1
" 2

D(7.2) = ( [ W) (er ) )

where p,, :==Po Y/z:l for s € {1,2} and X :=Po Z~! denote the law or distribution
of f’zs and Z respectively.

(To clarify, we note that Yzzl : 0(Y) — F finds the pre-image of an event on the
state space (Y, o(Y)) in the underlying probability space (Q, F,P).) The Wasserstein
disparity defined above has the following properties:

1 LEMMA 2.8 (Characterization of statistical parity).

D(Y, Z) =0 if and only ifY L Z.

See proof in Appendix A.

2 (Physics interpretation) In physics, D(Y,Z) can be interpreted as the ex-
pected minimum amount of work required to remove the distributional discrep-
ancy between two randomly chosen (according to the distribution of Z or \)
sensitive groups on the provided learning outcome Y.

3 (Characterization of the Pareto frontier) As shown in [28], by adopting
the Wasserstein disparity to relax the hard independence constraint, the optimal
trade-off between the L? loss and statistical disparity (quantified by Wasserstein
disparity) is characterized by the geodesic path from the conditional (on the event
{Z = z}) distributions of ¥ to their barycenter on the Wasserstein space.

Due to the listed properties, the average pairwise Wasserstein definition of statisti-
cal disparity is a natural quantification when studying the trade-off between statistical
disparity and L? loss.

2.2.2. Existence and Uniqueness of Optimal Solutions. Now, we establish
the theoretical foundation for our compatibility analysis by summarizing the existence
and uniqueness results for the optimal solutions of the Pareto-optimal L? learning for
statistical parity.

Under the L2-objective learning assumption, the goal of post-processing is to
minimize the utility sacrifice, which is quantified by the L? distance between the
original outcome Y and the post- processed outcome f (Y Z). Given a measurable
function g such that ¥ = g(X) or Y = 9(X,Z) withg: X > Yorg: X x Z =Y,
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the post-processing function f : Y X Z — } is designed to reduce statistical disparity
in Y. Applying the triangle inequality, we obtain:

Y = fV, 2)|l2 < |Y = Y2 +|IY — (Y, Z)||2,
— —_—

total loss training loss post-processing loss

where [|[Y1 — Ya|2 == ([, [[Y1(w) — Ya(w)][? dP(w))%, and || - || denotes the Euclidean
norm on ). Since only (Y/, Z) is available in the post-processing phase, the objective is
to minimize the post-processing loss while assuming that the training loss has already
been optimized.

PROBLEM 2.9 (Optimal Post-processing Statistical Parity L2-Objective Learn-
ing).
. > > 2 . .
it IV = F07 D)3 17, 2) L 7).
Here, L? (¥ x Z,Y) consists of all square-integrable measurable functions from Y x Z
to ), and the constraint f(Y,Z) L Z ensures statistical parity. The function f(-,z)
may depend on Z, consistent with fairness through awareness [10].

If the optimal solution to Problem 2.9 is incompatible with individual fairness,
we relax the strict statistical parity constraint by allowing a bounded Wasserstein
disparity, D(Y, Z) < d. This creates a continuum of solutions that characterize the
trade-off between utility loss and statistical disparity, forming a Pareto frontier.

PROBLEM 2.10 (Post-processing L2-Objective Learning Pareto Frontier).

. > > 2 . >
it LI = SO 201 DOV, 2),2) < db:
Here, D(Y, Z) represents the Wasserstein disparity (Definition 2.7), and the param-
eter d € [0,00) controls the degree of statistical parity relaxation. Notably, when
d = 0, Problem 2.10 reduces to Problem 2.9. As demonstrated in Section 2.2.1, this
formulation captures the full spectrum of trade-offs between L2-norm utility loss and
statistical disparity.

We next recall the characterization of the optimal solution to the strict statistical-
parity L? problem. The one-dimensional specialization was characterized in [8, 15],
while the general finite-dimensional Euclidean case was established in [28]. Because
Problem 2.9 allows arbitrary finite-dimensional ), we use the corresponding technical
lemma from [28]. Specifically, let y, := £(Y-.) denote the conditional distribution of
Y given Z = z, and let T, : Y — Y be the optimal transport map [5] satisfying

(Tz)ﬂ.uz = [,

where Ty := po T~ represents the push-forward measure of x under the mapping
T'. The following theorem characterizes the unique solution to Problem 2.9:

LEMMA 2.11 (Optimal Fair L* Learning Characterization [28]). Assume that Y
has sensitive conditional distributions {L(Y,)}.ez = {tz}zez C Paac(Y). Then,
there exists a unique f* € L2(Y x Z,Y) defined by

(G 2) =T.(:), for A-ae z€2Z,
such that

1Y = (Y, 2)|l3 = wf {|IY = f(Y, 2)|3: f(Y,2) L Z} = / W3 (2, 1) dA
feL Z

independence projection loss
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REMARK 2.12 (Scope of the admissible class and deterministic optimality). Re-
placing the admissible set L*>(Y x Z,Y) with all measurable functions f : Y x Z — Y
does not affect the optimal value, but changes uniqueness to almost sure uniqueness.
In practice, neural networks can approzimate {T.},, making square-integrability con-
cerns negligible.

The characterization in Lemma 2.11 is also deterministic. Equivalently, even if
one allows randomized post-processing rules represented by Markov kernels, the L?-
optimal statistical-parity solution is still induced by deterministic optimal transport
maps. Indeed, a randomized rule induces, for each z, a coupling between ., and a
common oulput law required by statistical parity. Under the quadratic cost and the
absolute-continuity assumptions above, the optimal coupling from p, to the barycenter
i s uniquely induced by the Brenier map T, [5]. Thus, randomization does not produce
a different L?-optimal solution. Therefore, by the uniqueness of the Brenier map, any
nontrivial randomized perturbation of the barycentric map would result in a solution
that is strictly sub-optimal with respect to the L? objective.

Here, we note that the deterministic-optimality conclusion applies to the absolutely
continuous population-distribution setting on which this work focuses. For atomic
conditional laws, optimal statistical-parity rules need not be deterministic and may be
genuinely randomized.

We define the independence projection loss as the minimum value of Problem 2.9:

(2.1) V2= min IV = SV 215 4V, 2) L 2,

This quantity plays a crucial role in characterizing the Pareto frontier, where the
geodesic parameter ¢ := 1 — ﬁ governs the trade-off between utility loss and sta-
tistical disparity. For a detailed discussion on the geodesic time parameter, we refer
interested readers to [28, Section 4, Theorem 4.1].

If strict statistical parity is not required, the Wasserstein disparity tolerance level
d can be nonzero. For d € [0,00), Problem 2.10 characterizes the Pareto frontier be-
tween the post-processing L? utility loss, ||)Aff f (f/, Z)||3, and the residual Wasserstein
disparity, D(f(Y, Z),Z), in the post-processed outcome f(Y, Z). Let f*(-,z) denote
the solution to Problem 2.9 as given in Lemma 2.11. Define the McCann interpola-
tion [22] between the identity map (Id) and the optimal transport map (f*(-,z) = T%)
as f*(t)(-,z) := (1 — t)Id+tf*(-,2) for t € [0,1] and A-almost every z € Z. The
following result provides the closed-form, unique solution to Problem 2.10 for any
disparity tolerance level d € [0, 00).

LEMMA 2.13 (Pareto optimal fair L?-objective learning [28]). Given (Y, Z) sat-
isfying py € Paoac, A-a.e. and V the independence projection loss defined in (2.1),
then

o A= Y, 2), ifde0,v2V)
22) fal¥, 2) = {y . if d e V2V, )

are the unique solutions to Problem 2.10 for d € [0, 00).

Having established the existence and uniqueness of optimal solutions for Prob-
lems 2.9 and 2.10, we now proceed to analyze their compatibility with individual
fairness definitions, such as K-Lipschitz-IF and (e, §)-IF.
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2.3. Compatibility Definitions & Problem Setting. To incorporate indi-
vidual fairness constraints, we assume an additional admissible set D( 5) C L2(Y x
Z.,)) (see Definition 2.6). Compatibility is then analyzed by comparing each uncon-
strained problem to its fairness-constrained counterpart:

PROBLEM 2.14 ((e,d)-IF optimal post-processing L?-learning).

. o o 2. o
fe%l(f;,g) { ||Y_f(Y7Z)H2 . f(YaZ) 1 Z}

PROBLEM 2.15 ((e, §)-IF post-processing L?-learning Pareto frontier).

inf {||V - f(Y.2)|3: D(f(Y.2).2) < d}.
fE€D(c,5)
Since Problems 2.9 and 2.10 relax their respective fairness-constrained versions,
their solutions yield lower or equal objective values. We say **compatibility** holds
if the optimal solutions coincide, i.e.,

Problem 2.9 = Problem 2.14, or Problem 2.10 = Problem 2.15.

To complete our compatibility analysis for post-processed trained models, where an
arbitrary trained model is followed by the optimal post-processing step for statistical
parity, we extend the compatibility definition accordingly. Specifically, we redefine
compatibility by replacing Y with g(X) and substituting f € D 5) with fog € D(. ),
thereby generalizing our analysis to broader settings.

REMARK 2.16 (Compatibility analysis beyond post-processing). While our pri-
mary focus is on post-processing, the same analytical framework applies to:

1. Unconstrained statistical parity L? learning, where no explicit fairness interven-
tion (post-, in-, or pre-processing) is applied, provided that the conditional expec-
tation E(Y | X, Z) is available or can be accurately estimated.

2. Pre-processing techniques that modify X (or Y ) before training to induce statis-
tical parity in the learned representations.

For a comprehensive discussion, we refer to [28]. Our primary analysis focuses on
post-processing for clarity.

To conclude this section, we address several fundamental questions underlying
our problem setting:

e Why do we focus on (Pareto) optimal statistical parity L? learning rather than
standard statistical parity?

e Why is individual fairness introduced as an additional constraint rather than the
primary optimization objective?

Readers already familiar with utility-optimized statistical parity and individual fair-
ness as a “defensive” fairness constraint may proceed directly to Section 3 for the
compatibility analysis.

2.3.1. Statistical Parity Enhanced by Utility Optimization. In this sub-
section, we show how utility optimization helps to overcome the major insufficiency of
the original statistical parity concept as a group fairness definition. There are three
major criticisms of statistical parity as a fairness definition [10, 16]: (1) reduced util-
ity, (2) self-fulfilling prophecy, and (3) subset targeting. But, as shown in [28], the
first two of the three insufficiencies can be (partially) fixed by maximizing the utility
and adopting the Pareto frontier.
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I Reduced utility: Since statistical parity is an additional constraint on the
learning outcome, it necessarily compromises utility. While the utility sacrifice
is unavoidable, a Pareto frontier allows practitioners to choose a statistical dis-
parity level that can be tolerated in their own use case and apply the Pareto
optimal solution at the chosen tolerance level. In that case, practitioners can
trade statistical disparity tolerance for utility and vice versa.

II Self-fulfilling prophecy: The expression ‘self-fulfilling prophecy’ refers to ran-
dom, careless, or malicious selection in some of the sensitive groups, even in the
case statistical parity is satisfied. But utility maximization enforces careful selec-
tion in all sensitive groups and therefore prevents random, careless, or malicious
selection in any of the sensitive groups from happening, regardless of the size of
the sensitive group.

We refer interested readers to [28] for more detailed explanations on how the
connection between utility optimization for statistical parity and the optimal multi-
marginal matching (equivalently, n-coupling or multidimensional Monge-Kantorovich
problem) solves the above two insufficiencies and provides explainability. Also, we
refer readers to [13] for the technical details of the equivalence between the Wasserstein
barycenter problem and the multidimensional Monge-Kantorovich problem.

REMARK 2.17 (Relative vs absolute similarity).  Interestingly, by solving the
above listed insufficiencies, the utility-mazimized statistical parity also provides similar
treatment to similar individuals, but the similarity is now defined based on the position
in the individual’s sensitive group. It is different from the similarity in the individual
fairness concept, which is defined based on the individual’s position in the whole group.
Hence, the compatibility between individual fairness and the (Pareto) optimal (with
respective to utility) statistical parity L*-objective learning we study here is, in its
nutshell, the compatibility between the following two viewpoints of fairness:

e Relative similarity: Individuals who share similar positions in his or her own
sensitive group should receive similar learning outcomes.

e Absolute similarity: Individuals sharing similar positions in the entire big
group (without considering sensitive groups) should receive similar learning out-
comes.

The following example provides an intuition of the relative similarity and how
utility optimization solves the two mentioned insufficiencies.

ExaMPLE 2.18 (College admission). In a college admission setting, let X repre-
sent a student’s qualification based solely on their standardized test score at admission,
Y be their GPA after four years, Z denote their gender, and Y be the predicted GPA.
Statistical parity requires the predicted GPA distributions to be identical for male and
female students, while individual fairness demands that students with similar test
scores receive similar predicted GPAs, irrespective of gender. Assuming an equal ratio
of admitted male and female students and that students at the same percentile within
each gender receive the same prediction, the optimal post-processing statistical parity
L? learning adjusts predictions to minimize L? loss while enforcing fairness. Specif-
ically, for each percentile k, the predicted GPA for male and female students is first
averaged as §(k) := 0.55(m, k) + 0.5§(f, k), ensuring optimal statistical parity. To in-
troduce a trade-off between statistical parity and utility loss, a Pareto-optimal interpo-
lation is applied, defining the adjusted predictions as g(m, k,t) ;== (1—t)§(m, k)+ty(k)
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and §(f, k,t) == (1 —)g(f, k) + ty(k) for t € [0,1], where t determines the exact
position on the Pareto frontier. This method addresses key criticisms of statistical
parity: (1) The Pareto frontier provides a principled trade-off, allowing controlled
utility sacrifice for fairness, and (2) the structured interpolation ensures that students
maintaining the same relative ranking within their gender group receive consistent
predictions, preventing arbitrary or unfair adjustments.

2.3.2. Individual Fairness as an Additional Constraint. Now, we justify
why individual fairness is introduced as an additional constraint in an optimization
problem aimed at achieving statistical parity, rather than the other way around.

In our post-processing setting, we assume no access to X, Y, or the function
class F used during training, where the objective was either infrez ||[Y — f(X)||3 or
infrer ||Y — f(X, Z)]|3. The only available information is the provided learning out-
come Y and the sensitive attribute Z. Since Y serves as the qualification variable for
post-processing, modifying it solely for individual fairness lacks justification. Notably,
the identity function inherently satisfies both 1-Lipschitz individual fairness (IF) and
(e, €)-IF, implying that post-processing adjustments are unnecessary if individual fair-
ness were the primary concern.

However, when introducing statistical parity constraints in post-processing, modi-
fications to Y’ may inadvertently violate individual fairness. Consequently, it becomes
natural to impose individual fairness as an additional constraint on the optimization
problem ensuring statistical parity, rather than using individual fairness as the pri-
mary objective. This approach ensures that statistical parity adjustments do not
introduce undue harm to individual-level fairness.

For a broader discussion on why individual fairness is best treated as a necessary
condition rather than a standalone goal, we refer interested readers to [11].

3. Compatibility between the Optimal Statistical Parity L? Learning
and Individual Fairness. In this section, we study the compatibility between the
optimal statistical parity L2-objective learning (the solution to Problem 2.9) and the
two individual fairness definitions: K-Lipschitz-IF and (e, 6)-IF.

3.1. Optimal Statistical Parity L? Learning and Lipschitz-IF. To start,
we show the inherent incompatibility between the (Pareto) optimal statistical parity
L? learning and the K-Lipschitz-IF definition for any K > 0. The incompatibility is
due to the strict prevention from applying different functions or maps to the same
y € ), which unfortunately is necessary to achieve (Pareto) optimality for statistical
parity in L? learning.

THEOREM 3.1 (Incompatibility between optimal statistical parity L? learning
and (post-processing) Lipschitz-IF constraints). Under the following two assump-
tions

1Y L Z (statistical parity is not automatically satisfied by the prediction }A’),

2 Domain(f*(-,2)) = Y, A — a.e.z € Z (the optimal fair L? learning is capable of
making predictions for all individuals, even unobserved),

neither f* nor {fd}de[o.ﬁv) is compatible with the K-Lipschitz-IF definition for any
K >0. '

Proof. See Appendix B. O

Remark 2.12 shows that allowing randomized post-processing does not create a
different optimizer for the original statistical-parity L? problem. Nevertheless, one
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may ask whether non-optimal randomized perturbations of the barycentric solution
can restore compatibility if pointwise Lipschitz-IF is replaced by expectation-level or
distributional variants. The following definition and proposition show that this is not
the case for additive independent randomized perturbations.

DEFINITION 3.2 (Expectation-level and distributional Lipschitz-IF for random-
ized post-processing). Let Q : Y x Z — Pa()) be a randomized post-processing rule,
where Q.. denotes the output distribution at input (y, z). Define its conditional mean
by

mQ(yaZ) = / yl de,z(yl)'
y
We say that Q satisfies expectation-level uniform K -Lipschitz-IF if

sup ||mq(y1,21) — mq(y2, 22)|| < Klly1 — w2/, Yyi,y2 € V.
21,22€2

Given a metric d on Po(Y), we say that Q satisfies distributional uniform K -Lipschitz-
IF with respect to d if

sup d(le,Zquz,zg) < KHyl - y2||’ vylva € y
21,22€Z

PROPOSITION 3.3 (Randomization around the barycentric solution does not re-
move the Lipschitz incompatibility). Assume the assumptions of Theorem 3.1, and
let f*(y,2) = T.(y) denote the optimal statistical-parity L* post-processing solution
from Lemma 2.11. Then, there exist z1,2z2 € Z and a point y € Y in the common
domain of the maps T, and T,, such that

T, (y) # Tz, (y)-

Consider a randomized perturbation of the barycentric solution defined pointwise by

Qy,z = L(Tz(y) +§y,z)7 (/S YV, ze€ Z,

where &, . 1s a square-integrable noise variable. It follows that:

1. IfE[§,,.] = 0 for all (y, 2), then Q violates expectation-level uniform K-Lipschitz-
IF for every finite K > 0.

2. If, at the point y above, the added noise has the same distribution across z; and
22, i.e.,

d
5@/721 = f%zz’

then @Q wviolates distributional uniform K-Lipschitz-IF with respect to any metric
d on P2(Y) for every finite K > 0.

Proof. See Appendix B. 0

Consequently, the root of Lipschitz incompatibility is not merely the deterministic
nature of the optimal fair L? solution. Even when we allow randomized solution at the
cost of utility, mean-zero perturbations preserve the expectation-level incompatibility,
and group-independent perturbations preserve the distributional incompatibility with
respect to Ws.

Now, if we replace Y with g(X), then the above result implies the following
incompatibility result for the post-processed (for statistical parity) learning outcome.
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THEOREM 3.4 (Incompatibility between optimal statistical parity L? learning
and Lipschitz-IF constraints). Under the following two assumptions

1. g(X) L Z (statistical parity is not automatically satisfied by the predictor g),

2. Domain(f*(+, z)) = Image(g) C VY, A\—a.e.z € Z (the post-processing step is capa-
ble of making predictions for all output of the predictor with all possible sensitive
information),

neither h* := f* o g nor {ha}tuecp yav) = {fa° 9ticp, vav) s compatible with the
K-Lipschitz-1F definition for any K > 0.

Proof. This follows directly from Theorem 3.1. O

The above results demonstrate that when the two assumptions in the theorem
hold, K-Lipschitz individual fairness (K-Lipschitz-IF) and the optimal statistical par-
ity L? learning (both the post-processing step itself and the post-processed compo-
sition model) are inherently incompatible. To fully establish this conflict, it remains
to show that these assumptions are indeed satisfied in most practical and relevant
machine learning scenarios.

REMARK 3.5. We discuss the practicality of the two assumptions in Theorem 3.1
and Theorem 3.4:

Assumption 1: This assumption excludes the trivial case in which statistical
parity is inherently satisfied by the provided learning outcome. In such cases,
there is neither a need to trade off utility for statistical parity nor a necessity for
a post-processing step.

Assumption 2: Since the primary goal of supervised learning is to make accu-
rate predictions, a well-designed post-processing step (for a fair supervised learn-
ing model) or the post-processed model itself should be capable of providing fair
predictions for all possible learning outcomes (Vy € Image(g) or Y) across all
sensitive groups (Vz € Z).

3.2. Optimal Fair L? Learning and (¢, §)-IF. Due to the inherent incompat-
ibility result above, we adopt the (e, §)-IF definition, which shares the same heuristic
concept of individual fairness with the Lipschitz definition but adds more flexibility
by allowing the individuals who share the same qualification data to be mapped to
different learning outcome due to their different sensitive information.

The following result provides us a straight-forward sufficient condition for the
compatibility between the optimal statistical parity L? learning and the (e, §)-IF.

LEMMA 3.6 (Compatibility between optimal statistical parity L? learning and
(post-processing) (e, 8)-IF). Assume {p,}. C Pa.ac(Y), let f* be the (unique) solution
to Problem 2.9, and L(f*) = sup(, . |[f(y,2) — yl|, then for all (¢,9) € (R*)? that
satisfy L(f*) < %, f* is the unique solution to

st Y = (7. 2)ll2: £V, 2) L 2,

The above result shows that, if the solution of Problem 2.11 satisfies the assump-

tion supy, . [|f*(y,2) —yl| < 2=¢ then we have

Problem 2.9 = Problem 2.14
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which is equivalent to the compatibility between the optimal statistical parity L2
learning and the (post-processing) (¢, d)-IF requirement.

Proof.

17y, 20) = (2o 22)I] < N7 (yas 20) =l + Mlyn = gal + [ly2 — 7 (v2, 22)

5_
< 2(sup || f*(y,2) —yl]) + € < 276 +e=4

where the second inequality follows from the assumption. 0

REMARK 3.7 (Sharpness of the assumption upper bound). The upper bound con-
dition is sharp without any further assumptions on the sensitive marginal distributions
of the learning outcome. To construct a counter-example, one can consider a learning
outcome with two sensitive Gaussian marginals, Y; ~ N(mg, o) fori € {1,2}, with
the same standard deviation but different means with ||m; — ms|| = §. Now, assume

6—¢€
2

Sup”f*(yaz)*yH: 7ha

(y:2)
we show that V' cannot be achieved with such a restriction for any h > 0. Indeed,
since Y/s are Gaussian with the same standard deviation, their barycenter is also
Gaussian with the same standard deviation. Therefore, the optimal transport maps
[y, 2z =1) = y+ 255 and f*(y,z = 2) := y+ 52 are rigid translations. Hence,

{f*(v2)}s € Dies)

because f* satisfies ||f*(y,2z) —y|| = w = g,Vy € Y when ¢ = 0. Hence, for
any h > 0, we have

V< it {IV -V, 2)h: f(V,2) L2},

fE€D(e,s)
That is, if sup, . |[f(y,2) —yll = ‘S;E — h for any h > 0, the optimal solution is not
compatible with the (¢,0)-IF definition. Hence, the bound is sharp.

4. Compatibility between Pareto Frontier and (e, §)-IF. In this section,
we consider the scenario where the optimal fair L? learning solution does not satisfy
the (e, 6)-IF requirement. When the (¢, §)-IF constraint on the admissible maps pre-
vents us from attaining the optimal fair L? learning solution, a natural remedy is to
identify which portion of the Pareto frontier remains compatible with the (e, d)-IF
requirement. In other words, we investigate under what conditions one must sacri-
fice Pareto optimality between L? loss and statistical disparity in order to meet the
(¢,0)-IF constraint.

The following result provides a sufficient condition for determining the segment of
the Pareto frontier that is guaranteed to be compatible with the (e, §)-IF requirement.
Let f* denote the solution to Problem 2.9 as defined in Lemma 2.11, and define

L(f*) = sup |[f*(y,2) — yll.
(y,2)

Let V' be the independence projection loss as defined in equation (2.1), and let fy
denote the Pareto optimal solutions for d € [0, 00) as specified in Lemma 2.13. Then,
we have:
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THEOREM 4.1 (Compatible portion of Pareto frontier with (e, §)-IF). Suppose
that Domain(f*(-,2)) =Y for A —a.e. z € Z, then

d € [V2V(1 - 5755),00),  if § — e € [0,2L(f*))
°)

s (e orE {d € [0,00), if 6~ € 2L(f7), 00)

for alle >0 as L(fq) = (1 — ﬁ)L(f*) < ¢,
In other words, Problem 2.10 = Problem 2.15 if

LE [1—%,00), 1f6—6€[072L(f*))
V2V [0, 00), if 6 —e e [2L(f*),00)

Here, the assumption is identical to Assumption 2 in Theorem 3.1, with its practicality
discussed in Remark 3.5. The result above establishes that if 6 — e € [0,2L(f*)]
(respectively, 6 —e € [2L(f*), 00)), then both the Pareto optimal solutions and Pareto
optimality, which is ensured by the uniqueness of the solutions, remain compatible
with the (¢, d)-IF constraint when the statistical disparity tolerance level d lies in the
interval [v2V (1 — %), 00) (respectively, [0, 00)).

REMARK 4.2 (Different Cases of (¢,d) in Theorem 4.1). Here, we discuss differ-
ent cases of (€,0) in the above result:

I [6—e < 0] The above result provides sufficient conditions for compatibility without
any further assumptions on the distribution of Y.. When 6§ —e < 0, let € = 0,
(€,0)-IF constraint requires sup,, ., [|f(y,21) — f(y, 22)|| < 0 <0, which leads to
a contradiction. Hence, there is no sufficient condition to guarantee any portion
of the Pareto frontier to be compatible with (e, d)-IF constraint in this case.

II [—e = 0] In the case of § = ¢, the (¢,6)-IF constraint does not allow any different
maps to the same y € Y when set € = 0. Therefore, the inherent incompatibility
of K-Lipschitz-IF also applies to (¢,0)-IF in this case. One has to set the d bigger
than or equal to \/2V to tolerate the original prediction Y. Any non-trivial trade-
off is prohibited.

IIT [6—e € (0,2K)] When §—e € (0,2K), the (e,68)-IF constraint now allows sensitive
information dependent maps, but the flexibility is not large enough to tolerate the
case where one wants to trade a large amount of utility for statistical parity.
Therefore, only a limited portion of the Pareto frontier starting from the original
learning outcome is compatible with the (e,d)-IF constraint in this case.

IV 6 — € € [2K,00)] When 6 — € € [2K,00), the optimal transport maps that re-
sult in the optimal statistical parity L? learning are compatible with the (e,§)-IF
constraint. Therefore, all the tolerance levels are compatible in this case.

5. Composition Results. Since a post-processed model is the composition of
a trained model and a post-processing step, it is crucial in practice to analyze its com-
patibility with individual fairness constraints. Therefore, in this section, we establish
a compatibility guarantee for the composed model, or equivalently the post-processed
model, leveraging the analytical results developed for the post-processing step in the
previous sections.

In particular, we assume the trained model, g : X x Z — Y (or g : X — Y when
considering g(x, z) remains constant when z varies), is provided. Here, (X,dx) is the
qualification or dependent variable (metric) space and (), ]| - ||) is the independent
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variable (Euclidean) space. That is, the provided prediction Y has the form Y =
9(X,Z), where X is the qualification or dependent variable and Z is the sensitive
variable. Now, by assuming g satisfies uniform (¢, ¢)-1F:

dx(z1,m2) <€ =  sup ||g(z1,21) — g(w2, 22)|| <6,
(z1,22)€EZ2

or uniform K-Lipschitz-IF:

sup |[g(z1,21) — g(w2, 22)|| < Kdx (21, 22),
(21,22)€EZ2

we provide compatibility guarantee to the post-processed model f* o g or fg o0 g.
Here, f* and f; are defined as in Lemma 2.11 and Lemma 2.13. The post-processing
composition fog: X x Z — Y is defined by (z,2) — f(g(x,2),2) for f € {f*, fa},
where g is the trained model that use (z,z) or x for prediction and f is the post-
processing step that applied z-dependent maps f(-,2) to deform g(z,z) to satisfy
statistical parity.

To prove the main compatibility result, we need the following lemma, which
shows the compatibility guarantee for the composition (f o g(x,z) := f(g(z,2), 2))
of an arbitrary measurable function g : X x Z — ) and an arbitrary measurable
function f: Y x Z2 — Y.

LEMMA 5.1 (Composition guarantee for (e,0)-IF functions). Assume g : X x
Z — Y satisfies uniform (e,0)-IF and define L(f) := supe, )| f(y, 2) —yl|, define the
post-processing composition f o g by (x,z) = fog(x,z) = f(g(x,2),2), then

f o g satisfies uniform (e,d + 2L(f))-IF, for all € > 0.

Furthermore, assume g : X — Y satisfies (¢,0)-IF and define the pre-processing com-
position go f by (z,2) = go f(z,2) := g(f(z,2)), then

go f satisfies uniform (e — 2L(f),d)-IF, for all e > 2L(f)

REMARK 5.2 (Composition analysis for pre-processing). As mentioned in Remark
2.16, one can apply f* or fq as pre-processing steps which now are functions from
X x Z to X. See detailed explanation in [28]. Therefore, despite our focus on the
post-processing case in the present work, Lemma 5.1, 5.4 and Theorem 5.3, 5.5 all
include results for both post-processing (f o g) and pre-processing (g o f). Therefore,
the composition results also include the pre-processing cases so that practitioners or
researchers who are interested in pre-processing or synthetic data approaches to both
statistical parity and individual fairness can modify the compatibility analysis and
apply the respective composition result.

The above result shows that: (1) For post-processing, if the trained model g
satisfies (e, §)-IF, then it is guaranteed that the post-processed learning outcome fog
satisfies (¢, +2L(f))-IF. (2) For pre-processing, if the trained model g satisfies (¢, d)-
IF for some € > 2L(f), then it is guaranteed that the pre-processed learning outcome
f o g satisfies (e — 2L(f), 6)-IF.

In practical applications, we typically first define the (e, §)-IF requirement and
then seek Pareto-optimal solutions that achieve both individual fairness and reduced
statistical disparity with minimal utility loss. The following result identifies which
segments of the Pareto frontier, equivalently which Pareto-optimal solutions, when
composed with a trained model g, ensure that the post-processed model remains
compatible with the given (e, §)-IF constraint.
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THEOREM 5.3 (Composition guarantee for (e, )-IF trained model).  For any
(6,6) € (RT)2, if g: X x Z — Y satisfies uniform (e,d,)-IF for some &, < &, then

{fao g}de VAV (5 satisfy uniform (e, d)-IF.

2L( f /\1)]7 )
Furthermore, if g : X — Y satisfies (eq,0)-IF for some €5 > €, then

{go fa},e VEV1-(L satisfy uniform (e, 6)-IF.

)],00)

That is, if we require the post—processed learning outcome to satisfy uniform (e, 0)-
IF, the above result together with Theorem 5.3 shows that one sufficient approach is
to first require the trained model g to satisty (¢, d,)-IF for some J, < § and then pick

0 — 44
e [vVav[i Gz A Vboo)
so that the composed Pareto optimal solution fy o g satisfies is guaranteed to satisfy
(¢,0)-IF. On the other hand, if we require the pre-processed learning outcome to
satisfy (e,d)-IF, the above result together with Theorem shows that one sufficient
approach is to first require the trained model g to satisfy (e4,d)-IF for some e; > €
and then pick

€ VRVIL = (555 A D)oo

so that the composed Pareto optimal solution g o f; satisfies is guaranteed to satisfy
(¢,0)-IF
Similarly, we have compatibility when assuming g satisfies K-Lipschitz-IF:

LEMMA 5.4 (Composition guarantee for K — Lipschitz-IF functions). Assume g :
X x Z = ) satisfies uniform K-Lipschitz-IF and define L(f) := supy, || f(y,2) —yll,
then we have

f o g satisfies uniform (e, Ke + 2L(f))-IF,Ve > 0.
Furthermore, assume g : X — Y satisfies K-Lipschitz-IF, then

go f satisfies uniform (e — 2L(f), Ke)-IF,Ve > 2L(f)

Therefore, we are able to derive the following theorem to provide compatibility
guarantee for the post-processed model as in the (¢, §)-IF assumption case above.

THEOREM 5.5 (Composition guarantee for K-Lipschitz-IF trained model). For
any (e, (5) (RT)2, if if g : X x Z — Y satisfies uniform K-Lipschitz-IF for some
K €(0,2], then

{fao g}de[\/iv 1— (8K A1) 00) satisfy uniform (e, 0)-IF.

Furthermore, if g : X — Y satisfies K-Lipschitz-IF for some K € R, then

satisfy uniform (e,6)-IF.
{gofa}, VAV - (s A1) o0) fy uniform (e, 6)

6. Empirical Study: Fair Supervised Learning. In this section, we pres-
ent an experimental study on the compatibility analysis developed in the previous
sections, using various benchmark data sets.?

2The code and results for our experiments are available at: https://github.com/xushizhou/
compatibility_group_individual_fairness.
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6.1. Benchmark Data and Comparison Methods. Table 1 provides a sum-
mary of the data sets, tested methods, and input/output dimensions.

Data Set | Methods Data Size | dim(X) | dim(Y)
LSAC Linear Regression, ANN 20,454 9 1
CRIME Linear Regression, ANN 1,994 97 1
CRIME Linear Regression, ANN 1,994 87 11

Table 1: Summary of benchmark data sets and test configurations.

For the univariate supervised learning test, we implement the compatibility
result established in Theorem 4.1 using the optimal affine estimation of the Wasser-
stein barycenter proposed in [28], where the provided prediction Y is generated using
both linear regression and artificial neural networks (ANN). A key advantage of em-
ploying affine estimation for the optimal transport maps is the ability to accurately
derive L( faffine), leveraging the fact that affine transport maps decompose into a rigid
translation and a linear transformation:

L(fafﬁne) ‘= sup ||faﬂﬁne(yaz) - y|| < sup HmZ - ’ﬁ’LH + sup ||flinear(yvz) - yH
Y,z z (y,2)

< sup||m. — | + (sup|| finear (-, 2) — Id Hop)(Sug 1yl)-
z z ye

Here, m, := fy ydps, o= fy ydfi, || - ||op denotes the operator norm. sup, ||m, — |
is the worst-case rigid translation, and (sup, || finear (-, 2) — Id||op)(sup,, [|y|]) is the
worst-case linear deformation. In the experiments, we use the empirical mean to
estimate sup, ||m, — m||, the largest absolute value of eigenvalue for operator norm,
and the largest |[y|| in the sample to estimate sup,cy |[y|[. In practice, one should
derive sup,cy ||y|| based on the specific application context.

In order to show the estimation accuracy of the optimal affine maps (“supervised
learning name + post-proc. Pareto frontier Est. or Pseudo-barycenter”), we also in-
clude the exact cumulative distribution function matching method in [8] (“supervised
learning name + chzhen”).

For the multi-variate supervised learning test we also implement the optimal
affine method to estimate the post-processing Wasserstein barycenter, estimate the
K via the above upper bound, and finally provide the compatibility portion of the
Pareto frontier under different (e, §)-IF requirements. Here, the provided prediction
Y is also generated by linear regression and ANN.

For the benchmark data sets, we use CRIME and LSAC. The CRIME dataset
contains social, economic, law enforcement, and judicial data for U.S. communities in
1994 (1994 examples) [23]. In univariate L? learning, the goal is to predict the number
of crimes per 10° population using the remaining dataset information. The sensitive
variable is race, specifically whether the percentage of African American population
exceeds 30.

In multivariate supervised learning on the CRIME dataset, we retain the same
sensitive variable (race). However, the learning task is to predict a vector representing
local housing and rental market data, including low-quartile occupied home value,
median home value, high-quartile home value, low-quartile rent, median rent, high-
quartile rent, median gross rent, number of immigrants, median number of bedrooms,
number of vacant households, and the number of crimes.
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The LSAC dataset comprises social, economic, and personal data from 20,454
law school students [26]. In univariate modeling, the objective is to predict students’
GPA using the remaining dataset variables. In this context, race serves as the sensitive
variable describing whether the student is white/non-white.

6.2. Numerical Results. The univariate supervised learning test results for
the LSAC and CRIME datasets are presented in the first and second row of Figure 1,
respectively. In these plots, the vertical axis represents the L2 loss, while the horizon-
tal axis represents the Wasserstein (Ws) disparity. A result positioned closer to the
lower-left corner indicates better performance. In each row, the portion of the Pareto
frontier that is guaranteed to be compatible with the displayed (e, d)-IF constraint is
highlighted in a different color.

We adopt two supervised learning methods: linear regression and artificial neural
networks (ANN) with four stacked layers. Each of the first three layers contains of
32 units with Rectified Linear Unit (ReLu) activation, and the final layer consists of
one unit with linear activation.

In Figure 1, all three rows illustrate the compatible portion of the Pareto frontier
corresponding to the (e,e + 0.3 - 2L(f*)), (¢,e + 0.6 - 2L(f*)), and (e,e + 0.9 - 2L(f*))
individual fairness constraints for the LSAC, CRIME, and multivariate CRIME ex-
periments, respectively. Here, the values of L(f*) are 0.959, 1.045, and 3.396 for
linear regression predictions, and 1.265, 1.385, and 5.765 for ANN predictions in the
LSAC, CRIME, and multivariate CRIME experiments, respectively. The resulting
compatible portion corresponds to the first 30%, 60%, and 90% of the Pareto frontier.
In general, each percentage increase in % results in one percentage increase in
the compatible portion of the Pareto frontier until reaching its endpoint, which rep-
resents the estimated optimal post-processing statistical parity L? learning solution.
Additionally, we use the notation (¢, e+ (d —€)) in the plots because the compatibility
guarantee holds for all € € [0, 00).
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Figure 1: All the three rows above consist of the L? loss and Wasserstein disparity of the original pre-
diction (LR or ANN), the prediction using data excluding Z (LR or ANN + Excluding Z), the exact
post-processing Wp barycenter via cumulative distribution functions (cdfs) matching approach (LR or
ANN + chzhen2020fair), the optimal affine estimation of the post-processing Ws barycenter (LR or ANN
+ post-proc. Pseudo-barycenter), the Pareto frontier estimated by the optimal affine maps (LR or ANN +
post-proc. Pareto Est.), and finally the portion of the estimated Pareto frontier that is compatible with the
corresponding (€, §)-IF constraints. Here, L(f*) = 0.959, 1.045, 3.396 for linear regression prediction and
L(f*) = 1.250,1.385,5.765 for ANN prediction on LSAC, CRIME, and multivariate CRIME respectively.
For each (e, §)-IF constraint, the compatible portion is the first (§ —€)/(2L(f™)) part of the Pareto frontier.
More generally, each percentage increase in (6§ — €)/(2L(f")) results in one percentage larger portion of
the Pareto frontier to be compatible. Also, the portion is guaranteed to satisfy(e, e 4+ (6 — €))-IF for all
€ € [0,00)

Furthermore, since linear regression satisfies Lipschitz-IF constraint, we can apply
the composition result (Theorem 5.5) to provide an individual fairness guarantee
for the composed learning outcome. In our experiment on LSAC, it follows from
the K-Lipschitz condition for K = 0.1265 of the linear regression model and the
composition theorem, we are able to conclude that the post-processed linear regression
model corresponding to the top, middle, and bottom post-processing step satisfies
(6,0.1265¢+0.3%2L(f*)), (¢,0.1265¢40.6%2L( f*)), (€,0.1265¢+0.9%2L(f*)) individual
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fairness constraint respectively.

Moreover, if the goal is to make the post-processed linear regression model sat-
isfy a fixed (e,0)-IF, then it follows from Theorem 5.5 that the Pareto optimal
solutions fy are guaranteed to satisfy the required (e, )-IF constraint for all d €

V2V (1 — (02122&?:)6 A 1)), 00) where V = 0.0739 and 0.0842 for linear regression and
ANN respectively.

The compatibility results on CRIME can be concluded analogously, except now
L(f*) = 1.045 and V = 0.146 for linear regression, L(f*) = 1.385 and V' = 0.150 for
ANN prediction, and the linear model satisfies K = 1.0297-Lipschitz-1F.

The results of the multivariate supervised learning test are shown in the third row
of Figure 1. The compatibility result can be concluded to be analogous to the one for
the LSAC test. Except now L(f*) = 3.396 and V' = 0.278 for linear regression, which

satisfies K = 1.4566-Lipschitz condition, and L(f*) = 5.765 and V' = 0.281 for ANN.
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Appendix A. Appendix: Proofs of the Results in Section 2.

A.1. Proof of Lemma 2.8.

Proof. We first show that (1) W2(L(Y.), i) = 0, d-ae. <= Y L Z, then
complete the proof by showing (2) D(Y,Z) =0 <= W2(L(Y.), i) = 0, A-a.e.. Here,
fu denotes the Wasserstein barycenter of the marginal distributions {L(Y2)}=.

(1) To start, assume Y L Z, we have £(Y.) = L(Y) Mae.. That implies
W3 (L(Y,), E(Y)) = 0, A-a.e.. Then, it follows from the uniqueness of ji that ji = L(Y")
and W3(L(Y2), i) = 0, M-a. e.. For the other direction, assume that W3 (L(Y.), ) =
0 A-a.e., then for all A € o(Y) and B € o(Z), we have

P{Y € A}n{Z € B}) = / P({Y, € A})dPo Z~*

f(A)dPo Z71

Il
m\w

,1(,4)/ dPo Z 1
P({Y € A})P({Z € B}).

This proves Y 1Z and completes the proof for the first claim.
(2) Assume that Y is not independent of Z, then W3(L(Y,), ii) # 0, M-a.e.. This

implies

A{W3 (L(Y2), 1) > 0}) >0

oo

For therther direction, assume that Y L Z, then it follows from the first claim that
W3(L(Y.), i) = 0, A-a.e. which further implies [, W3(L(Y>), i)d\ = 0. This proves
the second claim. O

Appendix B. Appendix: Proofs of the Results in Section 3.

B.1. Proof of Theorem 3.1.

Proof. (Optimal L? learning) It follows from the assumption Y [ Z that there
exists an event A € Bz such that A\(A) > 0 and W3(Y,,,Y,,) # 0 for some 21, 23 € A.
By Lemma 2.11, the optimal fair L? learning requires the set of optimal transport
maps {f(+,2)}. to map each sensitive marginal learning outcome to their Wasserstein
barycenter:

(B.1) f(Y,,2)=Y, for A\ —a.ez€ Z.
Since W3(Y,,,Y,,) # 0, we have

max {W22 (YZ1 ) Y)a VVQ2 (Yzm Y} > 07
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which further implies f(-,21) # f(:, 22). Now, it follows from the second assumption
that there exits y € Y = Domain(f (-, z1)) [ Domain(f(-, 22)) such that

£y, 21) = F(y, 22)l]2 > 0 = K|ly — yllo,

for any K > 0. That contradicts the Lipschitz individual fairness definition and hence
completes the proof for the incompatibility between the optimal L? learning and the
K-Lipschitz-IF.

(Pareto optimal solutions) By Lemma 2.13, the Pareto optimal solutions are char-
acterized by the McCann interpolations: f(1 — ﬁ)(', z). But it follows from the

assumptions that there exists y € J) = Domain(f(-, z1)) [ Domain(f (-, z2)) such that

1f(y,21) — f(y,22)|l2 > 0, which further implies that ||f(1 — ﬁ)(y,zl) - f(1 -
ﬁ)(y, 23)||2 > 0 for any d € [0,+/2V). That is, f(1— ﬁ) satisfies the K-Lipschitz-

IF constraint only if d € [v/2V,00). But the Pareto optimal solution set becomes {Y'}
for d € [\/2V,00). That completes the proof. d

B.2. Proof of Proposition 3.3.

Proof. By the proof of Theorem 3.1, there exist z1,20 € Z and a point y € Y in
the common domain of the maps 7%, and 7T, such that

1., (y) # T, (y)-

We first prove the expectation-level claim. Assume that E[{, .] = 0 for all (y, z).
Then the conditional mean of the randomized output is

mQ(?Jv Z) = / y, de,z(y/) = E[Tz (y) + gy,z] = Tz(y)
y
At the same domain point y and sensitive values 21, 22, we therefore have

lmq(y; z1) = mq(y; z2)|| = 1%, (y) = T=, (y)[ > 0.

However, the right-hand side of the expectation-level uniform Lipschitz-IF inequality
at g1 =y2 =y is
Kly =yl =0.

Hence,

sup_[[mq(y, 2) — mq(y, 2")|l < Klly -y
z,2'€Z

fails for every finite K > 0.
Next, we prove the distributional claim. Assume that &, ., and &, ., have the
same distribution. Let p, denote this common noise law. Then

Qy,z = (TTzl(y))ﬁPzﬁ Qy,z = (TTZ2(y))ﬁpy=

where 7,(¢) := a+u is translation by a. Since p, € P2(Y), both translated laws have
finite first moments. Moreover,

[2dQue) =Tu )+ [wdpyu), [ 240, =Tu) + [ udaw.
Since T, (y) # T%,(y), these two means are different. Hence,
Qy721 7£ Qy7z2 °
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Therefore, for any metric d on Pa()),

d(Qy,Zl?Qy,Zg) > 0

by the positivity property of metrics. On the other hand, the right-hand side of the
distributional uniform Lipschitz-IF inequality at y1 = yo =y is

Kly -yl =o0.
Thus,
S d(@yes Quer) < Ky =l
fails for every finite K > 0. That completes the proof. ]

Appendix C. Appendix: Proofs of the Results in Section 4.
C.1. Proof of Theorem 4.1.

d — e €[0,2K). Tt suffices to show that the optimal transport map {f(¢)(+, 2)}. :=
{1 =t)Id+tf(-,2)}. is a subset of D(. 45y given t = 1 — ﬁ. Indeed, when § — € €
[0,2K), we have

Le[l_b’m)@l—igb

V2v 5K O
- (1_%)Sﬁf||f(y7z)_y”§ 6;6
:ssyt}gll(l\/@V)f(y,zn\/;fvyy"g(;gg
<:>S£E|‘f(l_ﬁ)( )—y||S5;€

Here, the last line is due to McCann interpolation: (1 — ﬁ)f(y7 z)+ ﬁy = f(1-

fv)( z). Now, by Lemma 2.13, { (1 ﬁ) (+,2)} are the Pareto optimal solutions
at the tolerance level d, it follows from the proof of Lemma 3.6 that the corresponding
Optimal solutions satisfy the (¢, §)-IF constraint for all d satisfies f € [1— 475, 00).
That completes the proof for the case of § — € € [0, 2K).

[0 — € € [2K,00)] When § — € € [2K, 00), we have

0—¢€

\%

K<

It again follows from the proof of Lemma 3.6 that {f(1 — ﬁ)(, z)}. satisfies the
(e, 9)-IF constraint for all d € [0,00). We are done. d

Appendix D. Appendix: Proofs of the Results in Section 5.
D.1. Proof of Lemma 5.1.

Proof. (fog) For the post-processing case, let (X, dy be a metric space, (Y, || -|])
be a Euclidean space. Now, choose z1,29 € X to satisty dx(z1,22) < ¢, it follows
from the assumption of g that ||g(z1,21) — g(x2, 22)|| < . But we also have

I1f(g(x1,21), 21) — f(g(22, 22), 22)|
<||fog(z1,21) — g(w2, 22)|| + |[g(21, 21) — g(22, 22)[| + [|g(22, 22) — f 0 (22, 22)]|
<L+435+L=35+2L(f)
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where fog(z, z) := f(g(x, ), z). Since our choice of 21, x2 € X satisfying dx (x1,z2) <
€ is arbitrary, we have fogis (¢,0 + 2L(f))-IF by definition. Finally, since our choice
of € > 0 is arbitrary, it follows that f o g is (¢,d + 2L(f))-IF,Ve > 0.

(g o f) For the pre-processing case, let (X,]|| - ||) be a Euclidean space, and let
(¥,dy be a metric space. Also, define g o f by (z,2) — ¢g(f(z,2)). Now, choose
x1,x2 € X to satisfy ||z — z2|| < € — 2L(f) for some € > 2L(f), then we have

[f(w1,21) — f(w2, 22)]]
<[ f(z1,21) — ]| + |21 — 22| + [[22 — f(22, 22)]
<L(f)+e—=2L(f)+ L(f) =

It follows from the assumption of g that

dy(g(f(z1,21)) — g(f(22, 22))) < .

Since our choice of x1,z2 € X satisfying ||z1 — x2|| < € — 2L(f) is arbitrary, that
proves f o gis (e — 2L(f),d)-IF by definition. Finally, since our choice of € > 2L(f)
is arbitrary, it follows that f o g is (e — 2L(f), 6)-IF,Ve > 2L(f). d
D.2. Proof of Lemma 5.4.
Proof. The proof is similar to the proof of Lemma 5.1 above and left to the
reader. O

D.3. Proof of Theorem 5.3.

Post-processing fqog. Let (z1,22) € X x X satisfy dy(x1,22) < e. It follows
from the assumption of (e, dy)-IF of g and the triangle inequality that

|| faog(x1,21) — fao g(xe, 22)||
<faog(xy,z1) — g(ze, 20)|| + [|lg(w1, 21) — g(@2, 22)[| + ||g(22, 22) — fa 0 g(w2, 22)]|
<2L(fa) + 4y

Now, if 2L( *) > 1, then 2L(fq) + 64 < 2L(f*) 4+ 64 < §,Vd € [0,00). This implies
that ||fq4 0 g(x1,21) — fa 0 g(x2,22)|| < d for all d € [0,00). On the other hand, if
9 5 <1, then for all d € V2V (1— w),oo) we have

2L(f L(f*)
A 64, 4 _ -4,
721 o = v S
d
= 2L(f")(1 ﬁ)ﬁa_ég
= 2L(fa) +

= |[faoyg (301721) — faog(xe, 22)|| <.

Here, the second last line follows from (1 — ﬁ)L(f*) = L(fq)-
[Pre-processing g o fq] Let (z1,22) € X x X satisfy dx(z1,22) < e. Now, if

6—6
2L(f ) > 1, then

2L(fq) + € <2L(f") + € < ¢4, Vd € [0,00).

Hence, ||fa(x1) — fa(z2)|| < € +2L(fq) < €4 and it follows from the assumption of
(€g,0)-IF of g that d(g o fa(x1),9 o fa(z2)) < 6. On the other hand, if % <1,
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then for all d € [v2V (1 — 5527 ), 00), we have

2L(f*)
IO 4
vav =T an) T VA S )
d
— 2L - ) e =

= 2L(fa) +e<¢q
O

Hence, ||fa(z1) — fa(z2)|| < € + 2L(fq) < €, and it follows from the assumption of
(€g,0)-IF of g that d(g o f4(x1),g o fa(xzz2)) < . This completes the proof.
D.4. Proof of Theorem 5.5.

Proof. The proof is similar to the proof of Theorem 5.3 above and left to the
reader. O
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