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Abstract—Mechanochemical interactions between myosin
and actin-troponin-tropomyosin (regulated thin filaments)
underlie muscle contraction. Generally, the binding of a
myosin molecule to a regulated thin filament facilitates the
binding of nearby myosin; binding is cooperative. A simple
yet accurate theoretical description of this cooperativity is
lacking. From a general mechanochemical model that treats
tropomyosin as a continuous beam, we show that coopera-
tive interactions can be defined by two parameters: C; which
specifies the number of neighboring molecules affected by
myosin binding, and d, which specifies how regulation slows
myosin’s binding rate to actin. We then propose two methods
to derive differential equations describing cooperative ensem-
bles of myosin interacting with regulated thin filaments: the
weakly-correlated and the linear theory. The linear theory fits
measurements of the speed of regulated thin filaments
moving over a dense bed of myosin at low calcium, giving
rapid and precise estimates of C ! 11" 2 and d =
0.003 ± 0.002. The theory clarifies the relationship between
microscopic measurements and macroscopic properties,
serving as a step toward a complete multi-scale description
of muscle contraction.

Keywords—Muscle, Regulation, Cooperative unit,

Multi-scale.

INTRODUCTION

The ability of myosin II to transduce chemical
energy into mechanical work is critical to biological
processes from muscle contraction to cell motility.
Myosin performs mechanical work by binding to an
actin filament and subsequently undergoing a large
conformational change (the power stroke) that pushes
actin through a viscous environment.6,24 Chemical
energy, in the form of ATP, is required for unbinding

from actin and reversal of the power stroke, thereby
allowing myosin to re-attach to actin and perform
more work.32 When muscles contract or cells move,
large ensembles of myosin molecules function together,
hydrolyzing ATP as arrays of actin filaments perform
work on the external environment.

Recently, experimental techniques at the single
molecule level have uncovered details of this process in
exquisite detail.7 In particular, an optical trap can be
used to manipulate single actin filaments to interact
with isolated myosin molecules. From such experi-
ments, the size of myosin’s power stroke, the duration
of strong binding and the rate of ATP binding have all
been measured.7,11,17,27 More sophisticated versions of
the optical trap have shown that external force
increases the time that myosin binds strongly to actin
by slowing myosin’s release of ADP.18,36 It is now
critically important to connect these single molecule
measurements to larger size scales, as such a connec-
tion would allow a mechanistic understanding of how
mutations affecting the molecular scale translate to
deficits at the cellular or larger scale.

Mathematical modeling is an ideal tool for bridging
size scales. For muscle contraction, molecular scale
models have been used to predict cellular (and larger)
scale data for over 50 years.16 These models determine
the time-evolution of the probability of myosin being
in a given chemical state while experiencing a partic-
ular force, thereby accounting for the force-depen-
dence of myosin’s reaction rates.18,36 In particular, the
probability of a myosin molecule being in a given
chemical state (i) while experiencing a given force
(or, equivalently, molecular extension x) is described
by a probability density gi(x, t) in the mean field
limit. Dynamic changes in gi(x, t) are governed by
linear partial differential equations, PDEs, (Huxley
models16), or linear integro-PDEs (Lacker–Peskin
models21,22). For simplicity, we refer to both Huxley
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PDE models and Lacker–Peskin integro-PDE models
as PDE models.

Thermodynamic identities and experimental mea-
surements provide constraints to help minimize free
parameters in the PDE models.6,13,24 Recently, we
showed that, given a small number of physically-rele-
vant parameters determined from single molecule
measurements, a PDE model successfully predicts the
behavior of large myosin ensembles.38 This success
raises the possibility of using single molecule mea-
surements18 or molecular dynamics simulations23 to
determine the effect of mutations on molecular-scale
parameters that, when incorporated into a PDE model,
provide experimentally verifiable predictions of myo-
sin’s ensemble (and larger-scale2,33,37) function. Such
models therefore allow a detailed understanding of the
connection between the molecular changes and phe-
notypic deficits arising from disease-causing muta-
tions.

A fundamental assumption of both Huxley and
Lacker–Peskin PDE models is that each molecule acts
independently of neighboring molecules (note, how-
ever, that the molecules can work together).5,37,38 For
actin and myosin under some experimental condi-
tions, and particularly at sub-saturating levels of cal-
cium, this assumption is violated.10,14,15 Under these
conditions, the binding of one myosin molecule
displaces the regulatory proteins troponin and tropo-
myosin, thereby facilitating the binding of neighbor-
ing myosin.3 As mutations that affect these
cooperative interactions have been implicated in some
cardiomyopathies,4 models must be developed that
can both account for cooperativity at the molecular
level and be incorporated easily into multi-scale sim-
ulations.

Several models for cooperativity exist,9,14,15,20,26,29

but none has both the molecular detail and the com-
putational efficiency that makes multi-scale simulation
of the Huxley or Lacker–Peskin PDE models possible.
Some of the first models to include myosin coopera-
tivity were developed by Terrell Hill and collaborators
in the early 1980s.14,15 These models, though useful in
determining qualitative effects of cooperativity, are
simple and speculative due to a lack of molecular data.
More recently, molecular mechanical models of tro-
ponin and tropomyosin have been added to kinetic
models with experimentally-derived parameters.9,26

However, unlike the PDE models, computer simula-
tion of these cooperative models is complex and time
consuming, as each molecule must be simulated inde-
pendently using Monte-Carlo methods.9,20,26,34 Such
inefficiency currently restricts the application of these
models, since it is impractical to incorporate these
models into cellular-scale simulations. Recognizing the
need for efficiency, Sich et al.29 introduced a simple

cooperativity model that neglects many molecular
details, but may be simply and efficiently simulated.
This model allows one to predict and gain a qualitative
understanding of experimental results, but it is difficult
to relate model parameters to molecular properties.
Here, we develop a model of myosin cooperativity that
is both efficient to simulate and has parameters that
relate to molecular mechanics.

We develop the model in three steps. In the first
step, we use a generalization of a previous mechanical
model of troponin-tropomyosin30,31 to show that the
degree of cooperativity can be described by two non-
dimensional variables, C and d, which relate to
mechanochemical properties of regulated thin fila-
ments (i.e., actin with troponin-tropomyosin). In the
second step, we propose two methods to derive dif-
ferential equation models for ensembles of myosin
interacting with regulated thin filaments in the pres-
ence of cooperativity. The first method, the weakly
correlated theory, holds in the limit that a molecule’s
state is only weakly correlated with its neighbors’ state
and yields a set of coupled non-linear differential
equations. The second method, the linear theory,
holds in the limit of either sparsely or densely bound
myosin and yields a set of coupled linear differential
equations. In the third and final step, we validate the
model, and estimate both C and d by comparisons to a
simplified in vitro experiment, rigor activation.20,29 We
find that cooperativity is very strong under conditions
of low calcium, and estimate C ! 11" 2 and d =
0.003 ± 0.002. The success of the model, even under
these strongly cooperative conditions, suggests that
these modeling techniques will be useful in multi-scale
simulations and, ultimately, help form a connection
between relevant molecular properties and macro-
scopic function.

MODEL

Inspired by Huxley16 and Lacker-Peskin models21,22

that accurately and efficiently relate single molecule
properties to the behavior of non-cooperative myosin
ensembles,38 our goal is not only to accurately relate
single molecule properties to the behavior of cooper-
ative myosin ensembles, but to do so efficiently. More
specifically, we aim to accurately simulate the
dynamics of a molecularly-detailed model for myosin’s
interaction with a regulated thin filament9,26 with a
speed that approaches more empirical models.29 To
accomplish this goal, we first develop a mechano-
chemical model of regulated thin filaments based on
the model of Smith et al.,30,31 and subsequently derive
two methods that allow efficient simulation of the
model.
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Mechanochemical Model

Smith and coworkers have developed a model for
regulated thin filaments that treats the regulatory
protein tropomyosin and associated troponin as a
beam (or chain) subject to locally small deforma-
tions30,31 (see Supplementary Material, SM). In gen-
eral, for such a system, the potential energy density of
the beam (W) as a function of beam coordinates (q)
contains a mechanical component due to deformation
(Wm(q)) and a chemical component due to interactions
between troponin-tropomyosin and actin (Wc(q)):

W#q$ !Wm#q$ %Wc#q$

Assuming that the problem is two-dimensional and the
troponin-tropomyosin beam (henceforth called a
tropomyosin beam for simplicity) infinitely long and
using the assumptions of linear elasticity and locally
small deformation, we can re-write the mechanical
energy in terms of the coordinate along the beam q‘
and first and second derivatives of the other coordinate
q0t; q

00
t ; where

0 indicates d/dq‘:

V !
Z 1

&1
Wm#q‘; q0t; q

00
t $ %Wc#q‘; qt$

! "
dq‘

given the distance tropomyosin is deformed (say, from
when a single myosin binds to actin), the expression for
Wc(q) and a mechanical model for tropomyosin (which
then defines Wm), we can find the lowest energy con-
formation of tropomyosin by solving the Euler–
Lagrange equations, a set of (typically) non-linear
ODEs that can be solved numerically.30,31

As this model requires the definition ofWc(q), along
with some mechanical parameters to defineWm(q), it is
difficult to implement, requiring many parameters and
many assumptions.9,26 We propose a simplification
that reduces the number of parameters to two. When
two myosin molecules bind to actin close to each other,
they push the tropomyosin filament. Based on our
simulations, we observe that in between the two
myosin molecules, tropomyosin does not bend very
much. Assuming that tropomyosin does not bend at
all, if myosin binding displaces tropomyosin a distance
dM, the energy of the filament between the two cross-
bridges may be written as a function of their spacing, ‘:

V '
Z ‘

0
Wc#q‘; qt % dM$dq‘ ' ‘ !Wc#dM$ #1$

Where !Wc#x$ is the average of the potential over all q‘
for a tropomyosin molecule rigidly displaced a distance
x along qt. Clearly, at large ‘, Eq. (1) does not apply.
In fact, in that regime, we expect the energy of the
tropomyosin filament between the two molecules to be
constant (since the binding of two myosin molecules

should be independent) V' VM, where VM is the
energy of the filament upon the binding of a single
myosin molecule. There is then a critical separation
between myosin molecules, ‘M ! VM= !Wc#dM$; below
which Eq. (1) gives the lowest energy and above which
independent binding (with V = VM) gives the lowest
energy. We can then assemble an equation for the
minimum energy of tropomyosin between two bound
myosin molecules separated by a distance ‘:

V ' ‘ !Wc#dM$ : ‘ ( ‘M
VM : ‘>‘M

#
#2$

Using this simplification, the energy of tropomyosin
for an arbitrary number of bound myosin molecules
can be calculated with two non-dimensional parame-
ters, the binding energy of an isolated myosin
V ! VM=kBT; and the cooperativity C ! ‘M=h‘i; where
h‘i is the average spacing between adjacent myosin
molecules.12 By assuming a mechochemical model of
the interaction of actin and tropomyosin (i.e., Wc(q)
and Wm(q)), we can evaluate the approximation. For
example, assuming that tropomyosin is an ideal beam
and that the potential energy of tropomyosin-actin
interaction ( !Wc#x$) is parabolic with a single well30 or
quartic with a double well, we find good agreement
between Eq. (2) and numerical solutions of the Euler-
Lagrange equations (see Fig. 1a and SM for details).

Since we wish to understand how ensembles of
myosin molecules interact with actin in the presence of
tropomyosin, we must relate tropomyosin’s energy to
the binding/unbinding kinetics of myosin to actin. In
order to do so, we must make some assumptions.
Following the recent model of Geeves et al.,9 we make
the following three assumptions (see SM for more
detail). First, we assume that tropomyosin affects
myosin’s binding to, but not unbinding from actin.
Second, we assume that tropomyosin reaches mecha-
nochemical equilibrium rapidly compared to the time
scale of myosin’s binding to actin. Third, we assume
that myosin’s binding to actin occurs through an initial
weakly-bound state that is in rapid equilibrium with an
unbound state, followed by a transition to a strongly
bound state. Given these three assumptions, we may
simply relate the energy of tropomyosin V to the
cooperative binding of myosin to actin ka

c through the
approximation:

kca ' k0a exp &
DV
kBT

$ %
#3$

It is useful to now to replace the non-dimensional
variable V with a different non-dimensional variable
d, defined as

d ! exp &V# $ #4$
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The binding rate of an isolated myosin is then dka
0.

When calculating myosin binding rate, ka
c, from the

mechanical model, we find that as the cooperativity C
increases, a series of bifurcations occurs at each integer
value (see Fig. 1b). We may understand these bifur-
cations by interpreting C as the length of the defor-
mation in tropomyosin that occurs when myosin binds
to actin, measured in the spacing between myosin
neighbors. Thus, for example, when C is less than 1, the
deformation in tropomyosin does not extend from one
myosin molecule to its neighbor, so myosin binding is
independent and occurs at a rate dka

0. When C is greater
than 1, myosin binding to actin is affected by the state
of myosin’s immediate neighbors. There is therefore a
bifurcation at C ! 1: Similar bifurcations occur at
C ! 2; 3, etc., where myosin binding to actin is affected
by myosin’s two, three, etc. nearest neighbors, respec-
tively.

Simulation Methods

Modeling an ensemble of cooperative molecules
interacting with a filament, even under simplified
conditions, is di!cult. For an ensemble ofMmolecules
each with S available chemical states, a Master
Equation formulation for the probability of the
ensemble being in a given state as a function of time
requires the solution of SM coupled linear ordinary
differential equations (ODEs). If the binding proba-
bility of each molecule were independent (as assumed
in the Huxley or Lacker–Peskin models16,21,22), a
mean-field approximation simplifies the Master
Equation formulation to S linear ODEs in the limit of
a large ensemble (M) 1). However, in the cooperative

models considered here, each molecule is not inde-
pendent; rather, the binding probability of a molecule
depends on the state of its neighbors. Thus, in general,
one must solve for both the binding probability of a
given molecule and the correlation between that mol-
ecule’s binding probability and the probability of all
possible permutations of the states of the other mole-
cules, requiring the solution of SM equations. This lack
of simplification is perhaps not surprising, since the
system is one-dimensional and the mean-field approx-
imation is known to break down in many low-dimen-
sional systems.1 Without making some approximation,
no reduction is therefore possible in the number of
ODEs one must solve.

We introduce two di"erent approximations that
provide a manageable number of di"erential equations
for cooperative myosin binding to an actin filament:
the weakly correlated and the linear theory. For clar-
ity, we introduce the theories with a simplified kinetic
model with two states and force-independent transition
rates. We do not imply that myosin exists in two states
or that transition rates are force-independent; rather,
we wish to derive and evaluate our simulation methods
in a simplified system. We subsequently consider a
more realistic kinetic model. In the simple model,
molecules can exist in either a bound state or an un-
bound state. In accordance with our mechanochemical
model, unbinding occurs at rate kd independent of
neighboring molecules, while binding rate ka

c depends
on the state of neighboring molecules.

To further simplify the model, we restrict C to
integer values. As a result, from Eq. (2), the energy of
the filament between one molecule and its sth nearest
bound neighbor is V ! sVM=C; if s<C and V = VM if
s * C: Then, using Eq. (3), and recalling the definition
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FIGURE 1. Deriving cooperativity coefficients from a simple mechanical model. (a) The minimum energy of tropomyosin between
two myosin molecules bound to actin a distance ‘ apart. Numerical solutions for the mechanical model of Smith 200130 assuming a
single welled quadratic (light gray) and a double-welled quartic (dark gray) average potential energy of tropomyosin-actin inter-
action ( !Wc#x$). The simplification that energy increases linearly until VM and then remains constant is shown in black. (b) Relative
binding rate of myosin (ka

c/ka
0) as a function of the cooperativity C: As C increases, at each integer value, a bifurcation occurs

(arrows). When C ( 1; there is no cooperativity (shaded box); after the bifurcation at C ! 1; the binding rate depends on whether
neighboring myosin molecules are bound. For 2 <C< 1, the three possible configurations are shown in small boxes, where the
binding rate of the center myosin molecule (solid gray) is considered, and neighboring molecules are either unbound (black
outlines) or bound (solid black).
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of d (Eq. (4)), we get the following relations for binding
rate of a molecule whose ith nearest neighbor to the
left and jth nearest neighbor to the right is bound (see
SM):

kca !

k0a : i% j ( C
d#i%j&C$=Ck0a : i<C&j<C&i% j>C
di=Ck0a : i<C&j * C
dj=Ck0a : i * C&j<C
dk0a : i * C&j * C

8
>>>>><

>>>>>:

#5$

To evaluate our simulation methods, we performed
Monte-Carlo simulations of an ensemble of a few
thousand molecules using a Gillespie algorithm. To
ensure that our methods are independent of model
parameters, we performed a series of simulations at a
range of kd values. At each value of kd, we compared
theoretical and simulated values of both the proba-
bility that a molecule in the ensemble was bound as a
function of time N(t) and also the correlation between
nearest neighbors c(t). The correlation between
neighboring molecules is defined as

c ! p11 &N2

N&N2
#6$

where p11 is the probability that neighboring molecules
are bound. Note that if the binding of each molecule in
the ensemble is independent, then c = 0.

Weakly Correlated Theory

The first of the two approximations that allow us to
e!ciently simulate a one-dimensional ensemble of
cooperative molecules is the weakly correlated theory.
The essential idea of this approximation is that over
su!ciently large distances, groups of molecules are
independent, allowing us to use the mean-field
approximation. More specifically, the binding proba-
bility of two molecules becomes less correlated as the

distance between them increases. Let us assume that
the binding probability of two molecules is uncorre-
lated when they are separated by a su!ciently large
distance. Then, if a given molecule is bound with
probability N, the probability that such a distant
molecule will also be bound is N2. We must therefore
only solve equations for the states of molecules within
that distance (see Fig. 2a). For example, consider the
case where the states of only immediate neighbors are
correlated.

We must write a system of equations that deter-
mines how the state of a given molecule and its
immediate neighbors evolves with time. To do so, we
introduce the following notation, Pijk(t), with i,j and k
being either 1 or 0, gives the probability that the jth
molecule and its neighbors are either bound (i, j,
k = 1) or unbound (i,j,k = 0). Thus, for example,
P011 is the probability that the jth molecule and its
right-hand neighbor are bound, while its left-hand
neighbor is unbound.

If we assume that C ! 2; then using Eq. (5) the
following set of five non-linear ODEs allow us to cal-
culate each Pijk(t):

where the binding probability N = P010 + P110 +
P011 + P111 and the other state combinations can be
determined by symmetry (e.g., P100 = P001 and
P110 = P011), or by conservation of probability (e.g.,
P111 = 1 & P000 & P001 & P010 & P100 & P011 & P101 &
P110). In each of the above equations, the first term
is the rate that molecules enter a given state via
detachment, the second term is the rate that molecules
enter a given state via attachment, and the final term is
the rate that molecules leave a given state. This system
of equations can be solved numerically.

To demonstrate this method, we chose d = 0.01
and C ! 2 and, besides numerically solving the five
coupled non-linear Eq. (7), we also simulated the case

dP000

dt
!kd#P001 % P010 % P100$ & k0a 2#N

&&&
d
p
% #1&N$d$ % d

' (
P000

dP001

dt
!kd#P011 % P101$ % k0a N

&&&
d
p
% #1&N$d

' (
P000 & kd % k0a##N

&&&
d
p
% #1&N$d$ %

&&&
d
p
$

' (
P001

dP010

dt
!kd#P011 % P110$ % k0adP000 & kd % 2k0a#N% #1&N$

&&&
d
p
$

' (
P010

dP011

dt
!kdP111 % k0a

&&&
d
p

P001 % k0a#N% #1&N$
&&&
d
p
$P010 & 2kd % k0a#N% #1&N$

&&&
d
p
$

' (
P011

dP101

dt
!kdP111 % k0a#N

&&&
d
p
% #1&N$d$#P001 % P100$ & #2kd % k0a$P101

#7$
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where the states of a molecule’s two or three nearest
neighbors are correlated. As the correlation extends to
an increasing number of neighbors, the number of
coupled ODEs to be solved increases exponentially.
Specifically, for the case where m nearest neighbors are
correlated, we must solve 2m + 22m & 1 equations. We
compared approximations with m = 0, 1, 2 and 3
coupled neighbors (1, 5, 19, and 71 equations respec-
tively) to Monte-Carlo simulations of an ensemble of
4000 molecules (see Figs. 2b, 2c) as we varied detach-
ment rate kd. The agreement between both steady-state
and time-dependent binding probability and nearest
neighbor correlation is reasonable. Note that the best
approximation (with 3 coupled neighbors), is larger
than C ! 2: Thus, in these simulations, even though the
binding of a molecule affects the binding rate of only
its immediate neighbors, correlations in binding
probability of a molecule’s three nearest neighbors on
either side are important.

Due to the exponential increase in the number of
equations to be solved, this method is only tractable
when correlation is weak (i.e., m is small). Without
performing detailed simulations, it is unclear whether
weak correlation is a good assumption in the case of
rigor activation. Thus, we develop another method
that applies for strong correlation.

Linear Theory

The second of the two approximations that allow us
to e!ciently simulate a one-dimensional ensemble of
cooperative molecules is the linear theory. The essen-
tial idea of this approximation is that, since binding is
cooperative, we expect bound molecules to occur in
clusters. The linear theory keeps track of these clusters
rather than each individual molecule. More specifi-
cally, if only a small fraction of molecules are bound
(N + 1), then we should see only local regions of
correlation. While these regions might be large (tens or
hundreds of molecules), they will have edges outside of
which most molecules are unbound. In the case of a
regulated thin filament, the filament has local regions
of activation (see Fig. 3a).

In this local activation limit (N + 1), we can keep
track of the population of these activated regions. In
particular, we can write a series of ODEs for an acti-
vated region of a given size. This approach allows us to
take advantage of the fact that these regions grow or
shrink by adding molecules to or losing molecules from
their edges, respectively. In the interior of one region,
we make the approximation that the binding/unbind-
ing reaction is in equilibrium. Conveniently, besides
applying to the case where most molecules are
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Weakly-corr. (m=1)
Weakly-corr. (m=2)
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(a)

FIGURE 2. The weakly correlated theory is consistent with Monte-Carlo simulations. (a) Cartoon of the weakly correlated theory.
Bound molecules are shown in black, unbound molecules are shown as black outlines. The theory makes the approximation that
binding probability of a given molecule is correlated with its closest m neighbors, but independent of more distant neighbors. For
example, if m = 1, then for a given molecule (solid, gray), correlations exist only for molecules in the boxed region. (b) Steady-state
and transient (inset) binding probability N at variable detachment rates kd. Monte-Carlo simulations (dots in steady-state, thick gray
line in transient) are most consistent with the weakly correlated theory that considers correlations between a molecule and its
three nearest neighbors to either side, m = 3, (thick black line). The dashed gray line shows the predictions of a model that neglects
correlation (m = 0), with a phase transition that disappears when correlations are accounted for. (c) Steady-state and transient
(inset) nearest neighbor correlation, c, at variable detachment rates kd (an expression for c is given in Eq. (6)). As in the binding
probability plots, Monte-Carlo simulations are most consistent with the weakly correlated theory with m = 3. Simulations were
performed with an ensemble of M = 4,000 molecules, with C ! 2 and d = 0.01.
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unbound, the linear theory also applies to the case
where most molecules are bound.

When most molecules are bound (N ' 1), any
unbound molecule is likely to be in close proximity of a
bound molecule. For a regulated thin filament, the
filament is almost completely active. We can interpret
this situation as the entire filament being a single
activated region. In the context of the linear theory, at
low binding probability (N + 1), there are small local
regions of activation; while at high binding probability
(N ' 1), there are large global regions of activation.
The linear theory describes both of these extremes.

To derive a series of ODEs from the linear theory,
we introduce the notation pj, which denotes the num-
ber of fully activated regions spanning j molecules di-
vided by ensemble size, M, in the limit of a large
ensemble (M!1). With this notation, we can write
the following system of n linear ODEs for the pj:

dp1
dt
! dk0a 1&

Xn

i!1
ipi

 !

& kd %
XC&1

i!1
di=Ck0a

 !

p1

% 2
XC&1

i!1
kd

1

1& K

$ %i&1
pi%1

dp2
dt
! 2d1=Cp1 & 2 kd %

XC&1

i!1
di=Ck0a

 !

p2

% 2
XC&1

i!1
kd

K

1& K

$ %
1

1& K

$ %i&1
pi%2

..

.

dpk
dt
! 2

XC&1

i!1
di=Cpk&i & 2 kd %

XC&1

i!1
di=Ck0a

 !

pk

% 2
XC&1

i!1
kd

K

1& K

$ %
1

1& K

$ %i&1
pi%k

..

.

dpn
dt
! 2

XC&1

i!1
di=Cpn&i & 2 kd %

XC&1

i!1
di=Ck0a

 !

pn

#8$

where K = ka
0/kd is the equilibrium of the binding/

unbinding reaction for a fully active filament. To find
the probability that a given molecule is bound, N, we
have the relation N = p1 + 2p2 +

P
i=3
n pi(2 +

(i & 2)K/(1 & K)). In the equation for j = k, the first
term is the rate that activated regions of size k are
formed via molecules binding at the edges of smaller
regions. The second term is the rate that activated
regions of size k are lost, either through growth or
decay. The third term is the rate that activated regions
of size k are formed via decay of larger regions. The

first term in the equation for j = 1 is the rate that
molecules bind and form a new activated region.

Importantly, Eq. (8) are a set of n coupled linear
ODEs. We may therefore quickly solve the steady-state
distribution of pj, even for relatively large n, with a
simple matrix inversion. Furthermore, if necessary, we
may make the approximation more accurate, and keep
the ODEs linear, by keeping track of the state of the
two (or three, four, etc.) outermost molecules in the
activated region (see SM). To demonstrate this meth-
od, we chose d = 0.0036 and C ! 8; conditions where
the weakly correlated theory requires an intractable
number of equations since correlations extend over
many molecules. The agreement between the theory
and Monte-Carlo simulations is reasonable (see
Figs. 3b, 3c), particularly in the case where binding
probability is small (N + 1) and large (N ' 1).

FITTING RIGOR ACTIVATION DATA

As a test of the molecular model, and as a step
toward an e!cient molecularly-based muscle model
that includes activation, we model in vitro motility of
regulated thin filaments in the motility assay at low
ATP and both low and high calcium.20 In these
experiments, fluorescently labeled regulated thin fila-
ments (i.e., actin with troponin-tropomyosin) were
observed moving over a bed of myosin. The average
speed of these filaments was recorded at variable ATP
concentrations in the presence of high (pCa 4) and low
(pCa 8) calcium. The high calcium concentration
activates the thin filament, exposing binding sites and
increasing binding rate to ka

0, thereby abolishing (or at
least minimizing) cooperativity.3

At low ATP concentration, thin filaments move at a
similar rate at both low and high calcium. However, as
ATP concentration is increased, while thin filament
speed increases monotonically in the high calcium
experiments, filament speed abruptly starts to decrease
in the low calcium experiments20 (see Fig. 4a). This
effect is called rigor activation, since the presence of
myosin in the rigor state (favored at low ATP24) ap-
pears to activate thin filaments at low calcium. These
experiments represent an ideal system to test the model
for three reasons: the force-dependence of reaction
rates is negligible; details of calcium binding to tro-
ponin can be neglected; and a simple model that fits
in vitro experiments in the absence of cooperativity
already exists.38 Neglecting the force-dependence of
reaction rates greatly simplifies the modeling, since
ODEs rather than PDEs govern binding probability
(this point, and the other two advantages of rigor
activation are discussed further in the SM).
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To model the interaction of myosin with actin, we
used a four-state kinetic model with parameters for
skeletal myosin.38 We have previously shown that this
model fits single molecule and small and large ensem-
ble in vitro data for skeletal myosin interacting with
unregulated actin.38 Adjusting no parameters and
neglecting regulation, the model was consistent with
measurements at high calcium (pCa 4) (see Fig. 4a,
inset).20 Thus, to fit the rigor activation data, we may
adjust only the two regulation parameters C and d. For
simplicity, we only consider integer values of C: Fitting
the data required us to extend the weakly correlated
and linear theories to multi-state models (for details see
SI), and also to relate binding probability N to actin
filament speed in the motility assay v. We now discuss
this latter problem in more detail.

Relationship Between Binding Probability and Actin
Filament Speed

When each myosin molecule in an ensemble is
independent, the proportion of attached myosin, N, is
related to thin filament speed,v, through the equation35

v ! v1#,T-$#1& #1&N$M$ #9$

where M is the total number of myosin heads that can
potentially interact with the thin filament (about 25 per
micron of actin filament in these experiments12,19) and

v1([T]) is how fast a single myosin moves an unregu-
lated actin filament during its attachment. The funda-
mental assumptions of this equation are that (1) each
myosin molecule moves actin at the rate v1 indepen-
dent of all other myosin molecules; and (2) the prob-
ability that each myosin molecule being bound is
independent, so that the probability of one or more
myosin molecules being bound is 1 & (1 & N)M. Given
both of these assumptions, actin filament speed is the
product of myosin’s contraction speed (v1) and the
probability that one or more myosin molecules is
bound (1 & (1 & N)M).

Deviations from this equation occur at high ATP in
the absence of cooperativity, since internal forces
between myosin molecules in an ensemble increase
detachment rate and step size, thereby causing v1 to
depend both on ensemble size, M, and binding prob-
ability, N.38 At the low ATP of rigor activation
experiments, since detachment is largely independent
of force, this effect should be minimal. However, this
equation does not apply in the presence of coopera-
tivity, since molecules in an ensemble are not inde-
pendent.

In the presence of cooperativity, if a given myosin
molecule is bound, its neighbors are more likely to be
bound. This correlation reduces the e"ective number
of bound myosin molecules in Eq. (9). As an illustra-
tive example, consider the extreme case where the
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FIGURE 3. The linear theory is consistent with Monte-Carlo simulations. (a) Cartoon of the linear theory. One keeps track of the
number of regions of local activation of a given size, rather then the number of bound molecules. In the cartoon, for example, there
is one region of size 3 (left box), and one region of size 4 (right box). The linear theory assumes that activated regions do not
interact with each other, a reasonable approximation when binding probability is small (N + 1) or large (N ' 1). (b) Steady-state
binding probability N at variable detachment rates kd. Monte-Carlo simulations (dots) are consistent with the linear theory (black
line), particularly for small N (shaded box, inset). The thick gray line shows the binding probability for a fully activated filament
(ka

c = ka
0). c) Steady-state nearest neighbor correlation, c, at variable detachment rates kd (an expression for c is given in Eq. (6)). As

in the binding probability plots, Monte-Carlo simulations are consistent with the linear theory. Simulations were performed with an
ensemble of M = 1,000 (hollow dots) and M = 10,000 (filled dots), with C ! 8 and d = 0.0036. Under such strongly cooperative
conditions, the weakly correlated theory requires the solution of a prohibitively large number of equations.
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binding probability of all myosin molecules in the
ensemble is precisely correlated. In that case, all
myosin molecules bind to and unbind from actin
together, and behave like a single molecule regardless
of ensemble size. Thus, correlation between a cooper-
ative ensemble of myosin molecules slows actin fila-
ment speed in the motility assay when compared to an
uncorrelated ensemble with the same binding proba-
bility.

In the weakly correlated model described in Eq. (7),
the probability that all M molecules in an ensemble are
unbound is (P000)

M/3. The relationship between the
proportion of attached myosin, N, and thin filament
speed, v is then

v ! v1#,T-$ 1& #P000$M=3
' (

#10$

The linear model described in Eq. (8), provides an
expression for the number of activated regions of size j
divided by the total number of myosin molecules, pj.
As long as it has at least one activated region, a reg-
ulated actin filament will move at v1. Thus, to find
average actin filament speed, we must multiple v1 by
the probability that there are no activated regions.
There are M + 1 & j different positions to put an

activated region of size j in an ensemble of size M.
Recalling that Mpi gives the expected number of such
activated regions, the probability an available position
does not contain an activated region is 1 & Mpi/
(M + 1 & i), the expected number of activated regions
divided by the number of available positions. Thus,
the probability that an actin filament does not have
an activated region of size j is (1 & Mpj/
(M + 1 & j))M+1-j, the probability that a single region
is not activated raised to the power of the number of
such regions. The probability that actin has no acti-
vated regions is then the product of all of these prob-
abilities

Ps !
YM

j!1
1& Mpj

M% 1& j

$ %M%1&j
#11$

Note that the product only goes to activated regions of
size M, since regions larger than this would completely
activate the filament. Thus, Eq. (11) applies only when
binding is sparse (i.e., N + 1).

When binding is dense (N ' 1), we can find an
effective binding probability, Neff !

P1
i!M pi#2%

#i& 2$K=#1& K$$; which gives the probability that
a given molecule is bound while the filament is
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FIGURE 4. The linear theory fits rigor activation data20 and provides estimates of model parameters C and d. In all plots, error bars
show standard deviation. (a) Linear theory fits of rigor activation at low calcium (pCa 8), along with Monte-Carlo simulations. Inset
shows both low and high calcium (pCa 4) on a semi-log plot (cf. Fig. 4 in Kad et al.20). The fits are reasonable. Small deviations
between the linear theory and Monte-Carlo simulations are due to the neglect of force-dependent rates in the linear theory.
Simulations were performed with C ! 10 and d = 0.003. (b) Sensitivity analysis of the parameter d. The plot shows the sum of the
squared error (in lm2=s2) between linear theory fits (lines) or Monte-Carlo simulations (various symbols) and experimental
measurements20 at selected values of C as a function of the parameter d. The dashed line shows the sum of the squared error
above which fits are significantly different (p = 0.05, v2 test) from the best fit. A full analysis, considering all integer values of C
between 1 and 15 gives an estimate of d = 0.003 6 0.002. Hollow dots for Monte-Carlo simulations at C ! 9 are the results of a
single simulation. (c) Sensitivity analysis of the parameter C: The plot shows the sum of the squared error (in lm2=s2) between
linear theory fits (lines) or Monte-Carlo simulations (hollow dots) and experimental measurements.20 The dashed line shows the
sum of the squared error above which fits are significantly different (p = 0.05, v2 test) from the best fit, giving an estimate of
C ! 11" 2.
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completely active. Under these conditions, the proba-
bility that no myosin is bound is

Pd ! #1&Neff$M #12$

The probability that no myosin is bound is the product
PdPs, so that in the linear theory, actin filament speed
is

v ! v1#,T-$ 1& PdPs# $ #13$

One important result here is that, when coopera-
tivity is present, one cannot predict thin filament speed
in the motility assay v from binding probability N. To
do so, one must have additional information about the
correlations between binding probabilities of nearby
molecules. Thus, modeling the cooperative interaction
of myosin with regulated actin requires multiple
equations to keep track of these correlations (as in Eqs.
(7) and (8)).

Fits and Sensitivity Analysis

Initial fits to the data showed that cooperativity was
very strong under conditions of low calcium (pCa 8),
so the weakly correlated limit was inappropriate. The
linear theory was more successful (see Fig. 4a). Using
this model, we found best fit values of C ! 11" 2 and
d = 0.003 ± 0.002 (uncertainty calculated based on a
Chi-square test to calculate a 95% confidence interval;
listed uncertainty is half this value to approximate the
standard deviation, see Figs. 4b, 4c).

As the linear model makes several assumptions that
are di!cult to verify (e.g., that the force dependence of
ADP release is unimportant in rigor activation and
that the large ensemble limit is appropriate), we per-
formed a series of Monte-Carlo simulations to validate
the theory. The simulations had actin moving in one
dimension and included four kinetic states, force-
dependent ADP release, and 50 ± 10 myosin mole-
cules (modeling actin filaments of around 2"
0:5 lm12,19). Parameters from the model were taken
from Walcott et al.38 We ran each simulation for at
least 6000 reactions at each of the seven ATP con-
centrations, determining filament speed from a linear
regression fit to a plot of distance vs. time for the actin
filament (we modeled more reactions under conditions
of strong cooperativity). We repeated these simulations
20 times and averaged the results to determine mean
actin speed (and standard deviations, if appropriate).
We then repeated this process 5 times (for a total of
100 simulations or about 42 million reactions) at each
value of C and d. From these simulations, we deter-
mined the sum of squared error for variable d and C
and compared the results to those predicted from the
theory (see Figs. 4b, 4c). The agreement is reasonable.

Small differences are likely due to the force-depen-
dence of ADP release that is neglected in the theory
(see SM). The best fit simulations agreed with both the
theory and the experimental measurements of Kad
et al.20 (see Fig. 4a).

DISCUSSION

A detailed understanding of inheritable muscle dis-
eases, such as familial cardiomyopathies, depends on
successfully forming a connection between molecular
and macroscopic muscle contraction. In the mid-
fifties, a connection between these size scales first
seemed possible.16 More recent experiments at the
single molecule level made this connection seem
within reach.7 A natural way to gain a multi-scale
understanding of muscle contraction is to incorporate
single molecule measurements into a mathematical
model that makes predictions at larger scales. How-
ever, molecular-level models, particularly those that
consider variable activation, remain complex and re-
quire considerable computer resources.9,34 Efficient
simulation of these models is precluded by two
obstacles: first, cooperative interactions between
neighboring myosin molecules have not yet been
incorporated into a differential equation model, so
inefficient Monte-Carlo simulation techniques must be
used; second, although molecular-level models require
the specification of many parameters, it is unclear how
many or what combination of these parameters are
relevant to cooperative interactions in myosin ensem-
bles. We address the first obstacle by deriving two
distinct theoretical approaches that incorporate coop-
erativity into differential equation models. We address
the second by developing a method to approximate
detailed molecular-mechanical models with a model
defined by two non-dimensional parameters, C and d.
Fits to rigor activation experiments20 allow us to
accurately and precisely estimate these parameters,
thereby defining cooperative interactions at both low
and high calcium. These cooperative effects are an
important part of any multi scale model of muscle.

Linear Theory

Even under the extreme cooperativity of rigor acti-
vation at low calcium, the linear theory works
remarkably well. Since cooperativity is typically asso-
ciated with non-linearity (e.g., in simple enzyme reac-
tions, cooperativity results in a Hill coe!cient greater
than one and a non-linear Lineweaver-Burke plot), it is
perhaps surprising that a linear model is so successful.
The theory works because non-linearity is important
only when binding probability is neither small nor
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large. In particular, when binding probability is small
(N + 1), Eq. (8) demonstrates that growth and decay
at the edges of activated regions is linear. When
binding probability is large (N ' 1), thin filaments are
almost completely activated and therefore binding and
unbinding is described by a non-cooperative, linear
model (see Fig. 3b). Non-linearity arises when two
activated regions meet. It is only when binding prob-
ability is neither small nor large that this such meetings
occur frequently. Especially when cooperativity is
strong, intermediate binding probability occurs only a
narrow range of ATP concentrations. Thus, even
though cooperativity renders the acto-myosin kinetics
non-linear, a linear model is an excellent approxima-
tion for many applications. Here, for example, the
linear theory successfully predicts both binding prob-
ability N and actin filament speed v (see Fig. 4).

The fact that the theory fits both v and N indicates
that it is able to approximate not only the overall
binding probability, but also the correlations between
these binding probabilities. Doing so requires solving
around one hundred linear equations. Since the equa-
tions are linear, this is a relatively simple task and re-
sults in considerable computational savings when
compared to Monte-Carlo methods. For example,
simulation of a single point in Fig. 4c using a Monte-
Carlo algorithm takes a day or more on a desktop
computer. Simulation of the entire curve (14 points)
using the linear theory takes a few minutes on the same
computer (a roughly 10,000-fold improvement). It is
this computational savings that allows us to find pre-
cise estimates of the cooperativity parameters d and C:

Weakly Correlated Theory

At the low calcium concentrations of rigor activa-
tion (pCa 8), the weakly correlated theory is much
harder to implement than the linear theory, requiring
solution of a large number of non-linear equations. At
high calcium, the weakly correlated theory is unnec-
essary, as a model without cooperativity fits the data
(see Fig. 4a). However, even though the theory is not
useful for interpreting these data, we expect that the
theory will be useful in models of muscle contraction.

Rigor activation of regulated thin filaments in vitro
is an ideal system to test theories of cooperativity due
to its relative simplicity when compared to thin fila-
ment regulation in vivo. However, some of the prop-
erties that make rigor activation such an attractive
model system mask the potential utility of the weakly
correlated theory. For example, at the low calcium
concentrations used in the rigor activation experiments
(pCa 8), cooperative effects are extremely strong (i.e., C
is large and d small). Under these conditions in vivo,
muscle generates negligible force, so detailed models

are unnecessary. Under more physiologically relevant
conditions where muscle generates force, cooperative
effects are weaker and, at maximal activation, poten-
tially negligible (though see Orlova and Egelman28).
The weakly correlated theory will be more successful at
these higher activation levels. Even if they apply only
at near-maximal activation, the theory will yield
valuable information since even weak cooperative ef-
fects are neglected in current differential equation
models of muscle contraction.2,33,37 Under such con-
ditions, the weakly correlated theory is preferable to
the linear theory, since the former requires solution of
only a few non-linear equations, rather than a hundred
or more linear equations. Reducing the number of
equations that must be solved is especially important
when force-dependent kinetics are added to the model
(see SM).

Interpretation and Estimates of C and d

The mechanochemical model of Smith et al.,30,31

that treats tropomyosin as a continuous ideal beam (or
chain), is one of several mechanochemical models of
tropomyosin’s regulation of actin.14,20,25 It is unclear
which, if any, of these models is closest to reality. We
show that one advantage of treating tropomyosin as a
continuous beam is that, independent of some molec-
ular details, cooperative interactions can be well-
approximated by two parameters, d and C: The former
parameter defines the ratio of the rate of an isolated
molecule’s binding to a fully regulated thin filament to
the rate of binding to an activated filament. The latter
parameter defines how the binding of one myosin
molecule affects the binding rate of its neighbors.
From the linear theory, we estimate C ! 11" 2
and d = 0.003 ± 0.002. Besides these estimates, we
provide mathematical expressions that relate the
parameters to a molecular-mechanical model (see
‘‘Mechanochemical Model’’ section). Thus, given a
molecular model, we can determine the parameters;
alternatively, the parameter estimates provide con-
straints to a molecular model (see SM). We therefore
claim to have clarified and simplified the connection
between single molecule and ensemble cooperative
myosin function. One test of this claim is to use these
parameters derived from rigor activation experiments
to predict other, independent experimental measure-
ments, particularly at the single molecule level.

Our estimate of d = 0.003 ± 0.002 suggests that an
isolated myosin strongly binds to a regulated thin fil-
ament in the absence of calcium 300 times more slowly
than in the presence of saturating calcium. Measure-
ment of d is complicated by the fact that it is defined
for an isolated molecule. Thus, kinetic measurements
that define the properties of large ensembles must rely
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on a model to infer its value. For example, McKillop
and Geeves25 use kinetic measurements and a model to
estimate >20-fold regulation (d < 0.05). In one of the
few direct measurements, Kad et al.20 manipulated
myosin concentration in the optical trap to achieve a
similar frequency of myosin binding to regulated thin
filaments in the presence and absence of calcium. The
ratio of the two myosin concentrations gives an esti-
mate of 100-fold regulation (d ' 0.01). Our estimate is
in reasonable agreement with both previous estimates,
particularly those at the single molecule level.

Our estimate of C ! 11" 2 implies that, when the
surface is saturated with myosin, the binding of a
single myosin molecule affects the binding rate of ten
myosin molecules on either side, a distance of around
500 nm. Previous work has identified a ‘‘cooperative
unit’’,8 defined as the distance that the binding of a
single myosin molecule activates the filament. Esti-
mates are typically around 100 nm, but a critical
assumption in this estimate is that the filament is fully
activated over that distance.8,20 In our model, although
myosin affects binding rates of neighbors 500 nm
away, these long-range effects are small. Compare, for
example, the binding rate of a myosin molecule whose
immediate neighbor is bound kca ! 25s&1; to the rate of
a molecule whose 10th nearest neighbor is bound
kca ! 0:19s&1: The latter rate is similar to that of an
isolated molecule kca ! 0:12s&1: Using the method of
Kad et al.,20 our model predicts that an apparent
cooperative unit of 107 nm would be measured (see
SM). This value compares well to their actual mea-
surement of 111 nm.20 Thus, not only does the mech-
anochemical model for tropomyosin-induced myosin
cooperativity fit rigor activation data, but the two
parameters of the fit (C and d) are consistent with
independent measurements, some at the single mole-
cule level.

Conclusions

There is a particular need for muscle models that,
through a serious of reasonable assumptions and
approximations, relate models at di"ering size scales
and levels of complexity. In the context of myosin’s
interaction with regulated thin filaments in vitro, some
models explicitly account for molecular details.9,26,31

Other models ignore some molecular detail in the name
of simplicity.10,14,15,20 Still other models ignore most
molecular detail, but may be evaluated and compared
to ensemble experimental measurements with great
ease.29 Each of these types of modeling is useful and
informative, providing insight into experimental mea-
surements at distinct scales and levels of molecular
detail. Here, we lay the groundwork for a class of
models that bridges the gap from the molecularly

detailed, but computationally expensive, to the more
macroscopic/kinetic, but easily simulated.

Starting from a molecular mechanical model of
similar complexity of molecularly detailed mod-
els,9,26,31 we develop an approximation method that
reduces model complexity to the level of more simpli-
fied models.10,14,15,20 Next, we develop efficient simu-
lation methods through two separate approximations
that allow us to write differential equations to model
steady-state and transient kinetics of ensembles of
myosin. These differential equation models result in
vast computational savings when compared to Monte-
Carlo methods. Such computational efficiency allows
rapid parameter estimation from fits to ensemble data.
Based on the success of our model under simplified
experimental conditions, we plan to extend the model
to more physiological conditions, including variable
metabolite concentrations (e.g., phosphate, ADP and
ATP), and variable calcium. Methods that relate the
single molecule level to larger size scales accurately and
efficiently, like the one described here, allow the iden-
tification of the molecular mechanism of muscular
deficits from simple in vitro experiments.

ELECTRONIC SUPPLEMENTARY MATERIAL

The online version of this article (doi:10.1007/
s12195-012-0259-2) contains supplementary material,
which is available to authorized users.
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