
Week 1: Notes for the instructor

Purpose and summary

There are two alternative discussion sheets for this week. If the students have not seen R/R-studio
before, we recommend the first worksheet, which is aimed at ensuring (1) that they have R/R-
studio installed on their computers, and (2) that they have been exposed to some basic commands
that will be important in future worksheets. If the students have seen R/R-studio before, then
the second worksheet is aimed at introducing the concept of integration in a simple, intuitive way.
Note that this worksheet can be completed even if integration has not been introduced in lecture
(indeed, it’s probably better for the students to see the worksheet first).

Things to do in lecture

Regardless of which worksheet is assigned, the students will need to have R/R-studio on their
computer to complete the second worksheet. To ensure that students are prepared, we have found
that it helps to:

• Announce that students must install R/R-studio on their computers/laptops and stress that
R will be used each week in discussion and (if applicable) on homework.

• Announce that students must bring their laptops to section. While some students might not
have laptops, the important thing is for each group in section to have at least one laptop.

• Assign an R-tutorial for the students to complete prior to section.

Materials

We have developed the following material to assist you:

1. Instructions for how to install R/R-studio (for Mac and PC).

2. An R/R-studio tutorial



Week 1: Pre-discussion assignments

• Install R/R-studio on your computers/laptops. Instructions for how to do this (for Mac and
PC) can be found in separate documents.

• Bring your laptop to section.

• Complete the R/R-studio tutorial prior to section.



MAT 17B - DISCUSSION #1, Alternate (R/R-studio)

Problem 1. TRIAL AND ERROR

A zoologist is studying the relationship between weight (w) and height (h) for giant
pandas. Based on initial measurements she forms a hypothesis for the functional
relationship between weight and height for this animal,

w = 0.2h2.

She wants to confirm her hypothesis by comparing this relationship to measured
data. The height of the panda varies between 0 and 3 meters. Plot the functional
relationship. To do this, type the R commands found in figure 1 in the console
of R Studio (after the > prompt). There are 3 lines of code that need to be entered
to generate a plot. Each row in the table is a line of code. Using trial and error,
determine which three line combination produces no errors.

Figure 1: Code for Problem 1.

a) Based on your findings, explain what each symbol in each line of code
does.

Table 1:
Measured Measured

height (meters) weight (kilograms)
Specimen 1 0.5 0.056
Specimen 2 1.0 0.44
Specimen 3 2.0 0.80
Specimen 4 2.5 1.5

On the same plot, the zoologist wants to plot the measured data contained
in table 1 below. To do this, type the following R commands in the console of R



Studio:

Note: for this code to work successfully, it must be entered AFTER the correct three-line sequence from part a

> mh=c(0.5,1.0,2.0,2.5)

> mw=c(0.056,0.44,0.80,1.5)

> lines(mh,mw,type="p")

b) There are three main differences between the code we used previously
to plot a function and this code for plotting scatter points. What are they?

Problem 2. WHICH MODEL IS BEST?

Does the data agree with the zoologist’s hypothesis? Suppose that there’s an alter-
nate hypothesis that weight in mammals scales linearly with height,

w = ah+ b.

where a and b are constants. In order to confirm that her hypothesis is correct, the
zoologist needs to show that her model works better than this linear model.

a) Use R/R-studio to find the values of a and b for the best-fit linear model
(w = ah+ b).

Here’s how it works in general – you’ll need to use this general procedure to find
the values of a and b that best describe the data in table 1. Suppose we make five
measurements y = [0 1 2 3 4] at five different corresponding values of independent
variable x = [3 3.5 4 4.5 5]. We suspect that there is a linear relationship between
the two variables, so that y(x) = ax+ b. We can use R/R-studio to find the “best”
values of a and b (i.e. the values of a and b that minimize the error between the
linear fit, y(x) = ax + b, and the data). The following commands in R/R-studio
accomplish this task:

> x = c(3,3.5,4,4.5,5)

> y = c(0,1,2,3,4)

> lm(y~x)

When you run the code, R/R-studio will output two values, “intercept” and “x.”
The first of these, intercept, is the value of b and the second, x (or whatever you
called the independent variable) is the slope, a, in the linear fit y = ax+ b.

b) Use R/R-studio to plot the best-fit linear model (w = ah+ b, with a and
b from part a) along with the zoologist’s model.

Here’s how it would work for a different data set – you’ll need to modify this general
procedure to plot (1) the zoologist’s data; (2) her model; and (3) the best-fit linear
model. Suppose we measure the position of a falling object (in meters) position =



[0 −0.057 −0.19 −0.44 −0.79] at five different corresponding values of time (in sec-
onds) time = [0 0.1 0.2 0.3 0.4]. We suspect that there is a quadratic relationship be-
tween the two variables, so that position(time) = −(0.5)(9.8meters/second2)(time)2.
We can use R/R-studio to (1) plot the data; (2) plot the quadratic model; and (3)
plot the best-fit linear model. The following commands in R/R-studio accomplish
this task:

> position = c(0,-0.057,-0.19,-0.44,-0.79)

> time = c(0,0.1,0.2,0.3,0.4)

> lm(position~time)

> plot(time,position,xlab = "time (seconds)",ylab = "position (meters)")

> lines(time,fitted(lm(position~time)))

> lines(time,-0.5*9.8*time^2)

Note that the first three lines of code are the same as in the example code in part a,
though the variable names are changed. The last three lines (1) plot the data, then
(2) plot the best fit line, then (3) plot the quadratic model.

c) Discussion question: Can you propose a method to quantify how “close”
the predicted function is to the measured data?



MAT 17B - DISCUSSION #1, Alternate (Integration)

The concept of integration introduced through a simple ex-
ample

Imagine that you and a friend are driving on a highway. Suppose that you wish to
determine how far you’ve traveled, but your odometer is broken. The car’s speedome-
ter works, and you have access to a stopwatch. Given these tools, how would you
figure out how far you’ve traveled?

To answer this question, consider the following simple cases:

(1) Case 1: constant speed Suppose that you drive at exactly 60 mph.

(a) If you drive for 1 hour, how far would you have gone?
(b) For half an hour?
(c) For some time, t, measured in hours?

(2) Case 2: two constant speeds Now, suppose that you drive at exactly 60 mph
for some time, and exactly at 30 mph for some time.

(a) If you drive for one hour at 60 mph and one hour at 30 mph, how far would
you have gone?
(b) Now, suppose you drove a half hour at each of the two speeds. How does your
distance traveled compare to the case where you drove 60 mph for the whole hour?
(c) How far would you go if you drive for a time t1 at 60 mph and a time t2 at 30 mph?

(3) Case 3: continually varying speed Of course, the previous examples are
unrealistic since one does not typically drive at a precisely constant speed. So, what
would you do if your speed was constantly changing? To get an idea, let’s consider
the case where your speed, v, decreases linearly with time, t:

v = v0 − at

where v0 is your speed at time t = 0, and a is a positive constant that determines
how quickly your speed changes.



(a) If a = 0, your speed is constant. How far would you go in one hour? In half an
hour? In some time t?
(b) Now, suppose v0 = 60 mph and a = 60mph/h. Then, at time t = 0, you’d be
going 60 mph and at time t = 1/2 hour, you’d be going 30 mph. Although it is not
true, imagine that those speeds were constant over each interval (i.e., imagine that
you drove at 60 mph for the first half hour, and 30 mph for the second half hour).
How far would you have traveled? How does that distance compare the the actual
distance traveled, 30 miles?
(c) Again, suppose v0 = 60 mph and a = 60mph/h. Then, at time t = 0, you’d be
going 60 mph, at time t = 1/4 hour, you’d be going 45 mph, at time t = 1/2 hour
you’d be going 30 mph and at time t = 3/4 hour you’d be going 15 mph. Although
it is not true, imagine that those speeds were constant over each interval. How far
would you have traveled? How does that distance compare the the actual distance
traveled, 30 miles?
(d) Again, suppose v0 = 60 mph and a = 60mph/h. How would you determine your
distance traveled after one hour most accurately?

(4) Case 4: reality Normally, one does not know how v varies with time. However,
if your passenger has a stop watch and can see the speedometer, he or she could
measure it.

(a) Suppose that your friend makes the following measurements at the following
times. If you make the simplifying (but slightly incorrect) assumption that speed
is constant in between measurements (i.e. your speed is exactly 60 mph for the
entire time between minute 0 and minute 1) how far would you have gone at time
t = 30min?

time (min) 0 1 2 3 4 5 6 7 8 9
speed (mph) 60 62 65 68 72 75 75 75 73 70
time (min) 10 11 12 13 14 15 16 17 18 19
speed (mph) 68 64 60 55 50 45 40 35 33 35
time (min) 20 21 22 23 24 25 26 27 28 29
speed (mph) 34 32 35 34 34 35 40 45 50 52



(b) Here, I’ve plotted the data. In the previous problem, you assumed that speed was
constant between measurements. On the plot below, sketch these assumed speeds in
between measurements – these will be horizontal lines of length equal to the interval
between measurements (1 min) and a height equal to the measured speed at the left
of the interval. To get you started, I’ve drawn in the first two at the left.
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(c) As you know, when speed is constant, distance traveled is speed multiplied by
time. Thus, for example, the distance traveled in the first interval is

(60mph) (1min)

(
1hour

60min

)
= 1mile

This distance can be represented by the area of a rectangle with height equal to the
speed (60 mph) and width equal to the time interval (1 min). Sketch in each of these
rectangles in the previous plot. Since each rectangle’s area is the distance traveled



in that interval, given the area of each rectangle how would you determine the total
distance traveled over the full 30 minutes?

(d) The distance traveled is represented by the area under the curve of speed vs.
time. By assuming that speed is constant in each interval, we can easily estimate
this area. Can you think of a different assumption that would allow you to estimate
this area more accurately?



Problems for week 1:
The concept of integration

Problem 1. Counting proteins

Biological background: As you know, proteins do a variety of things in the cells that make
up your body, from causing muscle contraction to separating chromosomes during mitosis. One
challenge of molecular biology is to understand when and how proteins work together.

In order to observe proteins in the lab, biologists must be able to “see” them. Most proteins are
too small to be observed directly. However, there are ways to make proteins visible. One such
technique, which was the subject of the 2008 Nobel Prize in Chemistry, involves Green Fluorescent
Protein (GFP), a “tag” that one attaches to a protein of interest. When you shine a laser on a
GFP-tagged protein, it glows.

The glowing protein can be observed with a camera. Even though the protein is small (a few
nanometers across), the image one observes is much larger, a few hundred nanometers (or a few
tenths of a micron). This is due to the diffraction of light (if you are interested, read more about
“point-spread functions”).

It is hard to tell the difference between proteins working together and proteins working alone, since
one, two or ten proteins all look like fuzzy blobs. Biologists use integration to “count” proteins.
The idea is that when several proteins cluster together, they appear brighter than a single protein.
Or, mathematically, the integral of the fluorescent signal (the intensity) of two proteins is twice the
intensity of one protein. Here, you will see how this process works.
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a. Look at the two figures above. The top plot shows a graph of fluorescence (F) as a function of
position x for a single protein located at x = 0.5. The bottom plot shows what you observe with a
camera. The camera is divided into discrete units (pixels). Each pixel has width ∆x = 0.02. Use
the table below to approximate the area under this curve, which is the fluorescent intensity of a
single protein I1.

Pixel # 1 2 3 4 5 6 7 8 9 10 11 12 13 14
Fluorescence 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Pixel # 15 16 17 18 19 20 21 22 23 24 25 26 27 28
Fluorescence 0.01 0.02 0.04 0.08 0.13 0.21 0.30 0.39 0.48 0.54 0.56 0.54 0.48 0.39

Pixel # 29 30 31 32 33 34 35 36 37 38 39 40 41 42
Fluorescence 0.30 0.21 0.13 0.08 0.04 0.02 0.01 0 0 0 0 0 0 0

Pixel # 43 44 45 46 47 48 49 50 - - - - - -
Fluorescence 0 0 0 0 0 0 0 0 - - - - - -
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b. The figure above shows an observation you made with the same camera. It clearly shows at
least one protein, but how many? To find out, use the table below to approximate the area under
this curve, which is the fluorescent intensity of an unknown number of proteins IN .

Pixel # 1 2 3 4 5 6 7 8 9 10 11 12 13 14
Fluorescence 0 0 0 0 0 0 0 0 0 0.01 0.02 0.04 0.08 0.14

Pixel # 15 16 17 18 19 20 21 22 23 24 25 26 27 28
Fluorescence 0.22 0.32 0.44 0.56 0.68 0.77 0.84 0.88 0.9 0.88 0.85 0.8 0.76 0.73

Pixel # 29 30 31 32 33 34 35 36 37 38 39 40 41 42
Fluorescence 0.71 0.69 0.68 0.65 0.59 0.51 0.41 0.31 0.22 0.14 0.08 0.05 0.02 0.01

Pixel # 43 44 45 46 47 48 49 50 - - - - - -
Fluorescence 0 0 0 0 0 0 0 0 - - - - - -

c. To find out the number of proteins in the image above, divide your answer to part b (IN ) by
your answer to part a (I1). This gives you the number of proteins, N . (i.e. N = IN/I1)



Problem 2. CSI Davis

Background Gas chromatography is a way of determining the chemical components of an unknown
sample. It has various applications, but perhaps the most famous application is in forensics. It is
featured prominently in the movie “My Cousin Vinny” (used to determine the chemical components
of the tires on a car), and also appears from time to time on such TV dramas as CSI.
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Figure 2: Schematic of a gas chromatograph

The method works as follows. A sample to be analyzed is loaded into the column of the chromato-
graph. This column has a “stationary phase” (a solid that coats the column) and a “mobile phase”
(the inert gas) that moves through the column at a constant rate (see picture).

As the sample enters the column, the particular components of the sample spend different times in
the stationary phase. Each component therefore reaches the end of the column at a different time.
A detector, located at the end of the column, gives a signal whenever it detects something other
than the inert gas. The number of peaks gives the number of components in the sample. The area
under the peaks gives the amount of each component in the sample.

For example, let us say a sample contains two species, A and B. Let us imagine that B is strongly
attracted to the stationary phase, while A is only weakly attracted. Thus, A reaches the detector
more quickly than B (see picture on next page). The amount of A and B can be determined from
the integral of each peak: in the picture, there is more A in the sample than B.



The problem The case of the stolen bicycle.

Professor Aggie’s bicycle has been stolen. He left it parked outside class, and upon returning, found
his lock broken and his treasured bicycle nowhere to be found. Distraught, he calls in CSI Davis,
the elite campus crime-fighting squad.

Thankfully, the perpetrator has left a small scrap of fabric at the crime scene. When cutting the
lock, his or her clothing caught in the jagged edge of the broken lock. From the piece of fabric, the
investigators of CSI are able to identify three prime suspects: Sneaky Pete, Joey Bikestealer, and
Louise Lightfingers. Back at the crime lab, the team runs the fabric through their gas chromato-
graph. There are two components, X and Y. They collect the data listed on the bottom of this
page, but have forgotten how to integrate! They need your help!

Here are the factory specifications of ripped articles of clothing found on the three suspects:

Sneaky Pete’s Ascot Joey Bikestealer’s Suspenders Louise Lightfingers’ Tutu
10%X, 90%Y 40%X, 60%Y 25%X, 75%Y

The data are shown below. Measurements are made every 0.1 seconds (i.e. ∆t = 0.1). The
investigators know that component X is weakly attracted to the stationary phase (and therefore
comes out first) and Y is strongly attracted to the stationary phase (and comes out last). The
percentage of component X (pX) can be found from the following equation

pX = 100 · Area Under Peak 1

Area Under Peak 1 + Area Under Peak 2
%

Similarly, the percentage of component Y (pY ) can be found from the following equation

pY = 100 · Area Under Peak 2

Area Under Peak 1 + Area Under Peak 2
%

a. What is the area under peak 1?
b. What is the area under peak 2?
c. Who is guilty?

Be sure to show your work!

Date from CSI lab (sample is added at time t = 0).

time 0.1 0. 2 0.3 0.4 0.5 0.6 0.7 0. 8 0.9 1.0 1.1 1.2 1.3 1.4
Measurement 0 0 0 0 0 0 1 4 8 2 1 0 0 0

time 1.5 1.6 1.7 1.8 1.9 2.0 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8
Measurement 0 0 0 0 0 0 0 0 0 2 10 40 50 30

time 2.9 3.0 3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8 3.9 4.0 4.1 4.2
Measurement 8 3 1 0 0 0 0 0 0 0 0 0 0 0



Weeks 2 and 3: Notes for the instructor

Purpose and summary

Note: this is a two week discussion assignment. In past years, if students reach part 2c by the end
of the first discussion section, they are on track to complete the rest of it by the end of the second
discussion section.

The purpose of this lab is to demonstrate how definite integrals work in the real world and to build
up an intuition for the fundamental theorem of calculus. To that end, the students measure the
rate that water drips out of a bottle, use a definite integral to predict how the water level in the
bottle should fall, and compare that prediction to measurements of the water level.

Things to do in lecture

The students will need to have seen

• for part 2c, the students will need to know how to fit a straight line to data in R/R-studio
(see the Alternate R/R-studio Discussion 1 worksheet; also see example code on next page).

• for part 2d, the students will need to know the definite integral of a linear function.

• for part 3a, the students will need to know how to make a plot in R/R-studio (see the Alternate
R/R-studio Discussion 1 worksheet; also see example code on next page).

• for part 4c, the students will need to know the definite integral of a quadratic function..

Materials

To do this lab, the students will need

• a computer with R/R-studio,

• access to videos Drip1.mov, Drip2.mov, Drip3.mov, Drip4.mov and Drip5.mov, and

• this worksheet.



Weeks 2 and 3: Pre-discussion assignments

Here is some example code that shows students how to do the R/R-studio sections of the Drip Lab.
If the R/R-studio worksheet 1 is assigned, they will have already seen this; however, it might be
useful to remind them.

Example I: How to fit a straight line to data in R/R-studio.

Suppose we make five measurements y = [0 1 2 3 4] at five different corresponding values of
independent variable x = [3 3.5 4 4.5 5]. We suspect that there is a linear relationship between the
two variables, so that y(x) = ax + b. We can use R/R-studio to find the “best” values of a and b
(i.e. the values of a and b that minimize the error between the linear fit, y(x) = ax + b, and the
data). The following commands in R/R-studio accomplish this task:

> x = c(3,3.5,4,4.5,5)

> y = c(0,1,2,3,4)

> lm(y~x)

When you run the code, R/R-studio will output two values, “intercept” and “x.” The first of these,
intercept, is the value of b and the second, x (or whatever you called the independent variable) is
the slope, a, in the linear fit y = ax+ b.

Example II: How to plot data and a best-fit line in R/R-studio.

Suppose we measure the speed of a falling object (in meters per second) speed = [0 0.94 1.95 3.12 3.90]
at five different corresponding values of time (in seconds) time = [0 0.1 0.2 0.3 0.4]. We suspect
that there is a linear relationship between the two variables, so that speed(time) = a(time) + b. We
can use R/R-studio to (1) fit the data with a straight line, and (2) plot the results. The following
commands in R/R-studio accomplish this task:

> speed = c(0,0.94,1.95,3.12,3.90)

> time = c(0,0.1,0.2,0.3,0.4)

> lm(speed~time)

> plot(time,speed)

> lines(time,fitted(lm(speed~time)))

Note that the first three lines of code are the same as in Example I, though the variable names are
changed. The last two lines plot the data and then plot the best fit line.



MAT 17B - DISCUSSION #2 and #3
The Drip Lab

The experiment

The basic experimental set-up is a bottle with a small hole in it. Water drips out of
the hole into a receptacle. There is a timer that steadily counts upward throughout
the entire experiment. If you look carefully, you can see a piece of fishing line strung
through the hole. This simply lessens the adherence between the forming drop and
the bottle, to make the drips more regular (and the data a little cleaner). A diagram
of the experimental system is shown in Fig. 9.

1:01:37

pinhole

drop

timer
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Figure 3: The experimental system



The Lab

Answer the following four questions.

1: Measuring the drip rate, r

a) Look at movie 1 (Drip1.mov). Count the number of drops that falls in 10 seconds,
starting when the timer reads 13:00:00 and ending when the timer reads 13:10:00.

b) Divide the number of drops you counted in part a by 10, to get the drip rate
r in drops/second.

c) Suppose the drip rate remains constant with time. How many drops would fall
from when the timer reads 13:00:00 until the timer reads 15:00:00 (a time period of
120 seconds)? Use your answer to fill out Table 1.

d) Repeat steps a, b and c, with suitably adjusted start and end times, for movies
2–5 (Drip2.mov, Drip3.mov, Drip4.mov and Drip5.mov).

File name Drip1.mov Drip2.mov Drip3.mov Drip4.mov Drip5.mov
Start time 13:00:00 15:00:00 17:00:00 19:00:00 21:00:00
End time 13:10:00 15:10:00 17:10:00 19:10:00 21:10:00
Number of drops
(counted in 10 seconds)
Drip rate (r) in drops/second
Number of drops
(predicted in 2 minutes)

Table 2: Fill out the last three rows of this table to complete problem 1



2: Predicting the total number of drops.
Here, you will calculate how many drops have fallen since the start of the experiment,
Ndrop(t).

a) I recorded fourteen videos of the sort you analyzed in question 1. In the third row
of the following table, I’ve listed the drip rate (r) that I measured in the videos that
you did not analyze. In the remaining five blank boxes, write in your answers from
question 1.

timer reading
(min) 1 3 5 7 9 11 13 15 17 19 21 23 25 27
time since
start, t (sec) 0 120 240 360 480 600 720 840 960 1080 1200 1320 1440 1560
Drip rate, r 3.3 3.2 3.0 3.0 2.5 2.4 1.1 1.0 0.8
Ndrop 0 396 780 1,140

Table 3: Fill out the last two rows of this table to complete problem 2a

b) Use the drip rates in row three to estimate Ndrop, assuming that the drip rate is
constant over the subsequent interval (e.g. assume that the drip rate remains 3.3
from t = 0 to t = 120 seconds).

Here’s an example calculation to show how this works:

Let’s define ∆t = 120 seconds, and call the entries in the third row of the table (the
drip rate), r0, r1, etc. from left to right. Then, the number of drops that have fallen
after 360 seconds (3∆t) is

Ndrop(3∆t) =
2∑
i=0

ri∆t = 3.3 · 120 + 3.2 · 120 + 3.0 · 120 = 1, 140

c) A physical model of the system says that the drip rate should be linear with time.
That is

r(t) = r0 − ct
where r0 and c are positive constants. By fitting your data, determine the constants
r0 and c.

Note: to complete this step, you’ll need to know how to fit a straight
line to data in R/R-studio!



d) In class, I showed the following∫ s

0

(mx+ b)dx =
m

2
s2 + bs

Use this equation, and the model for the drip rate (r(t) = r0−ct), to predict Ndrop(t).
Also briefly explain why it makes sense to integrate r(t) in order to find Ndrop(t).



3: Checking the estimates of drop number.

In the experiment, the height of the water in the bottle was also measured (if you
look in the movies, that’s why there’s a tape measure on the right). Knowing the
cross-sectional area of the bottle and estimating the volume of a drop, we can use
these measurements to determine Ndrop(t) – an independent measure of what you
predicted in parts 2b and 2d.

time since start, t, (sec) 0 120 240 360 480 600 720
Ndrop 0 347.7 695.5 1043.2 1391.0 1651.8 1912.6
time since start, t, (sec) 840 960 1080 1200 1320 1440 1560
Ndrop 2173.4 2434.2 2608.1 2782.0 2955.8 3129.7 3216.7

Table 4: Measurements of Ndrop, based on the height of the water in the bottle.

a) Make a plot with Ndrop(t) as a function of t, with your answer to 2b, 2d and these
data. Do they agree? Which method of estimating the number of drops (assuming
constant drip rate, as in 2b, or integrating a model, as in 2d) works better? Is that
consistent with your intuition? Briefly explain.

Note: to complete this step, you’ll need to know how to make a plot
in R/R-studio!



4: The relationship between r and N .

a) In part 2d, you integrated a model for r(t) to find Ndrop(t). Now, show that
dNdrop/dt = r.

b) From a physical perspective, does that make sense? Should the change in accu-
mulated drops per unit time be equal to the drip rate? Briefly explain.

c) Notice that

N(t) =

∫ t

0

r(s)ds and
dN

dt
= r(t)

so, since r = r0 − ct, we can solve the integral on the left and find N(t) by asking
ourselves, “the derivative of what function is r0−ct?” So, if this relationship remains
true, what would N(t) be if r = r0t− ct2?



Problems for weeks 2/3:
Fundamental theorem of calculus, integration and the antiderivative

Problem 1. Cardiac Output
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Figure 4:

Suppose that you measure the flow rate out of the heart. Flow rate is a function of time, f(t),
pictured in the figure above (Fig. 4). You make measurements for one heart beat (hollow dots).

a.) The stroke volume is the amount of blood that is ejected by the heart during one beat, V (T ).
Your measurement gives the flow rate

dV

dt
= f(t)

Using the fundamental theorem of calculus, write an expression for V (t), the amount of blood
ejected at time t, in terms of your measurement, f(t).

b.) Your answer to part a. should include an indefinite integral. To find the stroke volume, V (T ),
turn this into a definite integral.

c.) You make measurements of f(t) at equally spaced time intervals, ∆t (see Fig. 4, each hollow dot
represents a measurement). Thus, the first measurement would be f(∆t) the second measurement
f(2∆t) and so on. Write an expression that uses these measurements to approximate the stroke
volume V (T ).



Problem 2. Normalization and Molecular Motors

Molecular motors are proteins that turn chemical energy into mechanical work. For example,
trillions of motors work together to cause your muscles to contract. Molecular motors are also
used to move molecular cargo from one place to another in cells. For example, in a nerve cell,
neurotransmitter is made in the cell body but used at synapses a long distance away. Molecular
motors “walk” along specialized tracks to transport the neurotransmitter. (Here’s a neat movie
that shows an artists conception of this process, the part about motors starts at around 3:55 or so:
http://www.youtube.com/watch?v=MuGjRB 90Ew).

To understand how these molecular machines work, scientists study them in a lab. Using molecular
tags, like the GFP you learned about on the last homework, researchers can watch molecular motors
move along their track. The result of a typical experiment is shown below (these are measurements
from the motor protein Kinesin, published in Ali et al., PNAS, 2008).
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These measurements show something interesting. Each motor moves along its track for a while
and then falls off. This “run length” is different for each molecule – one might move 10 µm while
another might move less than 1 µm. However, when one performs lots of measurements (in this
case 60), a pattern emerges. Short runs are most common, and the resulting histogram can be
approximated by an equation (shown as a black line in Fig. 5).

The height of each box, Ni, is the number of motors that were observed to move a distance that
falls within the width of the box ∆L. So, for example, there were 27 motors observed to move
between 0 an 1 µm, giving N1 = 27, the height of the first box.

Thus, we can write the total number of measurements, Ntot (which was 60 in this experiment), as
the following sum

M∑
i=1

Ni = Ntot



where M is the total number of boxes. It is useful to divide by Ntot to get

M∑
i=1

Ni

Ntot
= 1

As mentioned above, as one performs lots of experiments, the height of each rectangle can be
predicted by an equation, f(L). Or, more precisely, Ni/Ntot → f(i∆L), as Ntot →∞ and ∆L→ 0.
Thus, we end up with

lim
∆L→0

Lmax/∆L∑
i=0

f(i∆L)∆L = 1

where Lmax is the longest run.

a.) Write this sum as an integral, i.e your answer should look like “the integral of something equals
1”. This is called a normalization constraint.

b.) Given that f(L) = ae−2L solve this integral (your answer will depend on Lmax and a).

c.) You can pick Lmax to be as big as you want, so let’s choose it to be sufficiently large that
e−2Lmax = 0. Use this to solve for a.



Week 4: Notes for the instructor

Purpose and summary

This worksheet concerns accumulated change (problem 1), integrals of trig functions (problem 2),
and average values (problem 3). These three problems are relatively straightforward word problems
based on biology.

Problem 4 concerns integration of an exponential function. This is a more complex problem,
requiring work with R/R-studio, and re-introducing topics from 17A, including population models
and semi-log plots.

Things to do in lecture

Materials



Week 4: Pre-discussion assignments



MAT 17B - DISCUSSION #4

1. In chemistry, one often measures chemical reaction rate, which gives the change in
concentration per unit time. Suppose you know how the concentration of a chemical
varies with time, that is you know dC/dt. With respect to the concentration of the
chemical, interpret the following integral∫ t2

t1

dC

dt
dt

2. Suppose that you measure the flow rate of blood in an artery. You find that your
measurements are well-fit be the equation

dV

dt
= 10− 2 cos(120πt)

in units of milliliters per second.

a) What volume of blood flows through the artery in 10 seconds? (include units)

b) What volume of blood flows through the artery in one minute? (include units)

3. Suppose that you measure the density of sea urchins on a particular shoreline.
You find that your density measurements are well-fit by the equation

w(x) =
1000

x

in units of number of sea urchins per mile.

a) How many sea urchins are there between mile 1 and mile 2?

b) What is the average density of sea urchins between mile 1 and mile 2? Between
mile 1 and mile 3?



4. Growth of a bacterial colony

Suppose you are measuring the growth of a bacterial colony. You monitor its growth
over 10 days, measuring its growth rate each day. To do these measurements, you
count the number of bacteria at 10:00 am and then the number at 11:00 am. The
growth rate is the difference in the population, divided by the time between mea-
surements. E.g. if you measured 100 bacteria at 11:00 am, and there were 50 at
10:00 am, the growth rate would be

growth rate =
100− 50

1 hour

(
24 hours

1 day

)
= 1200

bacteria

day

Your measurements are below

time (days) growth rate (bacteria/day)
0 4
1 24
2 146
3 881
4 5,411
5 32,469
6 198,290
7 1,185,217
8 7,216,612
9 43,944,485
10 265,762,907

a) Using the R/R-Studio code below, plot these data, along with the equation

growth rate = 4.0553e1.8t

R-Studio code
Note: The ‘#’ symbol in R-Studio is for comments. Anything after it won’t be read by R-Studio. We’ve added these

comments for your information; you can skip them when you enter the data.

> t = seq(from = 0, to = 10, by = 1)

> g_data = c(4,24,146,881,5411,32469,198290,1185217,7216612,43944485,265762907)

> # The ‘c’ command makes a column vector

> g_eqn = 4.0553*exp(1.8*t)

> # Multiplication always requires ‘*’

> plot(t,g_data)

> lines(t,g_eqn)



Note the scale on the vertical axis. Based on this plot, do you think this equation
fits the data well?
Choose one of the following: YES, NO, Hard to Tell.
Explain

b) Using R/R-Studio, make a semi-log plot of these data (i.e. plot log(growth rate)
vs. time), along with the equation

log(growth rate) = log(4.0553e1.8t)

R-Studio code
Note: You will need to have written and run the code in part a for this code to work.

> g_logdata = log(g_data)

> g_logeqn = log(g_eqn)

> plot(t,g_logdata)

> lines(t,g_logeqn)

Based on this plot, do you think this equation fits the data well?
Choose one of the following: YES, NO, Hard to Tell.
Explain

c) If p(t) is the population (in number of bacteria) at time t (in days), what does the
growth rate, (g(t)) represent (i.e. write g(t) in terms of p(t)).
Hint: g(t) tells you how the population changes with time.

d) If the initial population is 46 bacteria (i.e. p(0) = 46), find the population 4 days
later, assuming that g(t) = 4.0553e1.8t.

e) If the initial population is 46 bacteria, find the population at some time t, assuming
that g(t) = 4.0553e1.8t.

f) Check your answer to part e) by calculating the change in population per unit
time, and recovering the equation for growth rate, g(t) = 4.0553e1.8t.



Problems for week 4:
Areas, average values, solids of revolution, etc.

Problem 1. Molecular motors, part II: Expectation values

Recall problem 10 of last homework, where I described a little bit about molecular motors. We
saw the following result of a typical experiment measuring the run length of 60 motors (these are
measurements from the motor protein Kinesin, published in Ali et al., PNAS, 2008).
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Figure 6:

The height of each box, Hi, is the number of motors that were observed to move a distance that
falls within the width of the box ∆L. So, for example, there were 27 motors observed to move
between 0 and 1 µm, giving H1 = 27, the height of the first box.

a.) Here, you should assume that in a given box, all motors go the distance given at the right edge
of the box. So, for example, all 27 motors in the first box go 1 µm. Using sigma notation, write an
expression for the average run length, L̄, in terms of the height of each box Hi, the total number
of measurements N , the width of each box ∆L and the maximum run length, Lmax.

b.) Recall from last homework that as the total number of measurements, N , gets large, the height
of each rectangle can be predicted by an equation, g(L). Or, more precisely, Hi/N ≈ g(i∆L)∆L.
In fact, (for large N) the two become equal as ∆L→ 0. Take the limit as ∆L→ 0 for your answer
to part a and substitute g(i∆L)∆L for the appropriate term.

c.) Given that g(L) = a exp(−aL), express your answer to part b as an integral. You DO NOT
need to solve this integral. This expression gives the expectation value for the run length of a
molecular motor. It is written 〈L〉.



Problem 2. Calculating cell volume

In cell biology, one often wishes to measure various cellular properties from two dimensional micro-
scope images. For example, one might want to measure a cell’s volume. Some cells, like red blood
cells, have rotational symmetry. Here, suppose you want to calculate the volume of such a cell.
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Figure 7:

a.) Red blood cells look like little discs with an indentation in the center. The left drawing above
shows a cross-section through the cell. Write an expression for its volume in terms of f(x), g(x),
b and/or a (these functions and values are indicated in the drawing). Note: The red blood cell is
oriented such that slices along the x-axis will generate either discs or washers.

b.) Naturally, you don’t typically know f(x) and g(x). Furthermore, most fancy microscopes out-
put their image to a camera, so the image is pixelated (see drawing at right). Suppose each pixel
is of width ∆x. You could then determine f(x) and g(x) at each pixel. For example, f(∆x) = 14
pixel heights and g(2∆x) = 3 pixel heights (I’ve indicated these values on the drawing). Using
sigma notation, write a sum that approximates the volume of the red blood cell in terms of pixel
width ∆x, a, b and the functions f(x) and g(x) at each pixel.

c.) Suppose that, in the image at right, a pixel is 1µm tall. Also suppose that ∆x = 1µm (so that
a = 4µm and b = 2µm). Find the approximate volume of the red blood cell.



Week 5: Notes for the instructor

Purpose and summary

The topic of this worksheet is substitution (problem 1) and integration by parts (problem 2).
Problems 2c and 2d involve an improper integral.

Things to do in lecture

Materials



Week 5: Pre-discussion assignments



MAT 17B - DISCUSSION #5

1. Spatial variation of sodium channels in an axon

Suppose that you are measuring the spatial variation of sodium channels in an axon
in a nerve cell (see Fig. 9). To do this, you add a fluorescent label to the sodium
channels and then you use a microscope and camera to capture an image of the axon.
The camera collects light, and by measuring the intensity of light in each pixel, you
can determine the number of sodium channels that are present. Thus, for example,
you determine that there are 19 sodium channels in the first pixel, which is 50 µm
wide. Therefore, there are 19 channels in the first 50 µm of the axon. The rest of
your measurements are shown below

pixel no. 1 2 3 4 5 6 7
distance (µm) 0–50 50–100 100–150 150–200 200–250 250–300 300–350
no. channels 19 17 14 11 8 5 3

pixel no. 8 9 10 11 12 13 14
distance (µm) 350–400 400–450 450–500 500–550 550–600 600–650 650–700
no. channels 2 2 1 0 1 0 0

pixel no. 15 16 17 18 19 20
distance (µm) 700–750 750–800 800–850 850–900 900–950 950–1000
no. channels 0 1 0 1 0 0

Table 5:

You find that these data are well-fit by the following equation

N(L) =
120.78e−0.01L

1 + 5.06e−0.01L

where N is the number of channels per 50 µm pixel, and L is the distance along
the axon, in µm. The data, this equation, and a sketch of a nerve cell (showing the
axon), are shown in Fig. 9.

a) According to the best-fit equation, how many channels are there in the full length
of the nerve cell?
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(Hint: Remember that N is measured in number of channels per 50 µm; it might be
convenient to divide this number by 50, to get the number of channels per µm).

b) According to your measurements, how many channels are there?

c) Which estimate, a or b, would you expect to be more accurate? Briefly justify
your choice.



2. Calf Pneumonia

Calf pneumonia is a major problem in dairy and beef herds. It is a multifactorial
disease, and the most common post-mortem diagnosis in calves between one to five
months of age. An animal scientist measures the probability that a calf in a certain
herd will die at age t months by the formula

P (t) = 0.2λ2te−λt

where λ is a parameter such that 0 < λ < e.

a) Say a herd is showing a maximum likelihood of calf pneumonia death at 2 months
age, and the probability of death at this age is 4%. Using the R-Studio code below,
find the λ that will best-fit P (t) to the data.

R-Studio code
Notes: In this code, l = λ. The code is written so you can adjust l repeatedly by simply inputting the code together

with ;’s, pressing “enter” to plot your initial guess, and then pressing ↑ to modify l and re-plot.

> l = ____; p = 0.2*l^2*t*exp(-l*t); plot(t,p)

b) In your best-fit plot, what is the probability that a calf age 6 months will die of
pneumonia? What about a calf one year old?

c) In the model P (t), what is the total percentage of calves that die of pneumonia?

d) Based on your answer to c), if we wanted to model a population that had a total
percentage of pneumonia death of 12%, what would the equation be for P (t)?



Problems for week 5:
The concept of ...

Problem 1. WORDS ...



Week 6: Notes for the instructor

Purpose and summary

The topic of this worksheet is substitution (problem 1) and improper integrals (problem 2). Problem
1 also involves accumulated change, and introduces Michaelis-Menten kinetics (Worksheet 9) and
cooperative enzymes (Worksheet 7/8).

Things to do in lecture

Materials



Week 6: Pre-discussion assignments



MAT 17B - DISCUSSION #6

1. Negative enzyme cooperativity

Enzymes are protein molecules that catalyze biochemical reactions. An enzyme binds
to a molecule, called the substrate (S), turns the substrate into a different molecule,
called the product (P ), and then releases the product molecule. This transition from
substrate to product occurs at a negligible rate in the absence of the enzyme.

For many enzymes, the rate of product formation depends on the substrate concen-
tration S in the following way, called the Michaelis-Menten equation

dP

dt
= VM

S

KM + S

where VM and KM are constants.

Some enzymes, called cooperative enzymes, obey the following equation, called the
Hill equation

dP

dt
= VH

S2

K2
H + S2

Other enzymes, called negatively cooperative enzymes, obey the following equation

dP

dt
= VN

S

K2
N + S2

a) Use R/R-studio to generate a plot of the rate of product formation as a function
of substrate concentration for 1. An enzyme that obeys the Michaelis-Menten equa-
tion, with KM = 1 and VM = 1; 2. A cooperative enzyme with KH = 1 and VH = 1;
and 3. a negatively cooperative enzyme, with KN = 1 and VN = 1. In all cases,
concentration is measured in mM (millimoles/liter) and reaction rate in mM/s.

The code necessary for the first plot is below. Use appropriately altered code to add
the second and third plot to the same image as a red and a blue curve, respectively.

R-Studio code

> s = seq(from=0,to=100,by=1)

> dP=s/(1+s)

> plot(s,dP,’l’)

> title(main="Rate of product formation",

sub="function of substrate concentration")



b) Describe, in words, what makes the negatively cooperative enzyme different from
the Michaelis-Menten and cooperative enzyme.

c) For the negatively cooperative enzyme with KN = 1 and VN = 1, suppose that
you perform an experiment where substrate concentration is held constant at S = 1.
How much product is formed after 4 seconds? After time T , measured in seconds?

d) For the negatively cooperative enzyme with KN = 1 and VN = 1, suppose that you
perform another experiment where you linearly increase the substrate concentration
with time, S = t. How much product is formed after 4 seconds? After time T ,
measured in seconds?

2. Lightbulbs

A manufacturer of lightbulbs wants to produce bulbs that last about 700 hours but,
of course, some bulbs burn out faster than others. Let F (t) be the fraction of the
company’s bulbs that burn out before t hours, so F (t) always lies between 0 and 1.

a) Make a rough sketch of what you think the graph of F might look like.
b) What is the meaning of the derivative r(t) = F ′(t)?

c) What is the value of
∫∞
0
r(t)dt? Why?



Problems for week 6:
The concept of autonomous ODEs

Problem 1. Drag on falling objects. I

In class I’ve talked, at various times, about the velocity of falling objects. In these calculations,
I neglected air drag. In this problem and in problem 10, you consider how air drag affects falling
bodies.

For small bodies falling through a viscous fluid, for example a cell falling through water, the fluid
exerts a force that is proportional to velocity, but in the opposite direction. There are therefore
two main forces on the cell – the force of gravity mg, where m is the mass of the cell and g the
(positive) gravity constant, and the drag force. Newton’s second law relates force and acceleration,
in this case yielding:

−mg − γv = m
dv

dt
(1)

where v is the cell’s velocity (positive being in the opposite direction of gravity) and γ is the drag
coefficient (a constant).

a. Solve this equation for velocity as a function of time v(t), given that the initial velocity is zero,
i.e. v(0) = 0.

b. As time becomes large (t → ∞) the cell is said to approach its terminal velocity. What is this
value?

Problem 2. Drag on falling objects. II

Equation 1 applies only if the falling body is small, and the fluid is viscous. Under these conditions,
the particle does not generate a significant wake in the fluid. However, for a larger body moving
through a gas, e.g. for a baseball flying through the air, the drag force is proportional to the square
of the velocity. Then, Newton’s second law is

−mg − cv|v| = m
dv

dt
(2)

where c > 0 is a constant. This is a hard equation to deal with because it involves an absolute
value. For the following calculations, assume that v ≤ 0 to get rid of the absolute value – that is,
assume that the baseball is falling.

a. Solve this equation for velocity as a function of time v(t), given that the initial velocity is zero,
i.e. v(0) = 0. (Hint: To solve this, you will need to use an integral solver, e.g.



http://integrals.wolfram.com/).

b. As time becomes large (t → ∞) the baseball will approach its terminal velocity. What is
this value?



Weeks 7 and 8: Notes for the instructor

Purpose and summary

The purpose of this lab is to demonstrate how differential equations arise in the real world. To that
end, students will observe and analyze simulations of a gene being transcribed and translated into
a protein, and the regulation of the gene by its protein product.

In 1965, the Nobel prize for physiology and medicine was awarded to Jaques Monod and François
Jacob for their study of the lac operon. This is a series of genes that produces proteins involved
in lactose metabolism in bacteria. Some of these proteins bind to and regulate the genes in the lac
operon. Since the lac operon is quite complex, here we will analyze a simpler system – a single gene
that is regulated by its protein product. Even in this simple system, complex behaviors can arise.

Things to do in lecture

Materials

To do this lab, students need

• a computer with R/R-studio,

• access to videos N10 start.avi and N60 start.avi (which can be found ...), and

• this worksheet.



Weeks 7 and 8: Pre-discussion assignments



MAT 17B - DISCUSSION #7 and #8
Gene Lab

The experiment

As you probably know, a gene is a section of DNA that codes for a single protein. To
turn the DNA into protein, an enzyme called RNA polymerase binds to a region of
DNA called the promoter, and then transcribes the following DNA into RNA. Then,
this RNA is translated into a protein (see Fig. 9).

Proteins can bind to the promoter region and affect how easily RNA polymerase
binds. In this way, the formation of the protein can be regulated. Proteins, once
made, do not last forever but are eventually broken down and destroyed. Thus, by
regulating the formation of protein, the amount of protein can be controlled.

Here, we will study a single gene that is regulated by its own protein product. In
particular, RNA polymerase cannot bind to the promoter unless two of the protein
molecules are bound (see Fig. 9).

DNA

RNA polymerase

transcription

RNA
translation

Protein

regulation

breakdown

Figure 9: A cartoon showing the experimental system



The Lab

Answer the following questions.

1: Watch two simulations

a) Watch movie 1 (N10 start.mov). This movie shows what happens when there are
initially 10 protein molecules.

Look at the simulation on the left. The molecules “dance” randomly due to Brownian
motion and, when they are near either of the two binding sites on the DNA molecule,
they bind. When one protein molecule is bound to DNA, the protein turns yellow.
When two protein molecules are bound, they turn red and more protein is formed.
All the while, the protein is being destroyed.

On the right, you can see the number of molecules as a function of time. Time is
measured in milliseconds, so the entire experiment occurs over five seconds.

Write a brief (1-2 sentence) description of what happens during the movie.

b) Watch movie 2 (N60 start.mov). This movie shows what happens when there are
initially 60 protein molecules.

Look at the simulation on the left. The molecules “dance” randomly due to Brownian
motion and, when they are near either of the two binding sites on the DNA molecule,
they bind. When one protein molecule is bound to DNA, the protein turns yellow.
When two protein molecules are bound, they turn red and more protein is formed.
All the while, the protein is being destroyed.

On the right, you can see the number of molecules as a function of time. Time is
measured in milliseconds, so the entire experiment occurs over five seconds.

Write a brief (1-2 sentence) description of what happens during the movie.

c) Write a brief (1-2 sentence) explanation of why you think the two movies differ.



The data, for parts 3 and 4

In part 1, you observed an experiment with an initial number of 10 molecules (part
1a) and an experiment with an initial number of 60 molecules (part 1b). The figure
below (Fig. 10) shows the results of 10 such experiments, each starting with 10
molecules (left, labeled a) and each starting with 60 molecules (right, labeled b).
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Figure 10: The experimental measurements

Each experiment is shown in gray, the black line is the average of all ten. Averaging
removes some of the randomness in the system. Suppose that we were to measure
this average number every 0.5 seconds. We would then measure the black, hollow
dots, which are reproduced in the table below.

time (sec) 0 0.5 1 1.5 2 2.5 3
protein molecules 10 5.3 3.1 1.6 0.7 0.2 0.1
experiment a.
protein molecules 60 80.2 112.7 139.1 164.5 173.4 185.7
experiment b.

time (sec) 3.5 4 4.5 5 – – –
protein molecules 0 0 0 0 – – –
experiment a.
protein molecules 190.0 195.3 200.6 202.2 – – –
experiment b.

Table 6: Data for problems 2, 3, and 4



2: A differential equation model

This process can be described by the following differential equation

dp

dt
= kform

p2

K2 + p2
− kdecayp (3)

where p is the number of protein molecules. This equation relates the change in the
number of protein molecules (the left-hand side of the equation) to the formation
of protein molecules (the first term on the right-hand side) and the decay of the
protein molecules (the second term on the right-hand side). You may recognize the
Hill cooperativity model, mentioned in Worksheet 6, in the formation term – the
exponent is 2 because two molecules are required to start transcribing the gene.

a) If time is measured in seconds, what are the units of kdecay, kform and K?

b) To measure kdecay, we introduce a mutation that causes RNA polymerase to be
unable to bind to the DNA. In that case, kform = 0. You perform such an experiment
with an initial number of 20 molecules and measure

p(t) = 20 exp (−1.32t)

what is kdecay?

c) Next, to measure kform, we introduce a different mutation that causes RNA poly-
merase to always bind to the DNA. In that case, Equation 3 is

dp

dt
= kform − kdecayp

After a long time, you find that there are 227 protein molecules (p = 227). What is
kform?



3: A rough estimate of K

Given the values of kform and kdecay, there is only one unknown parameter in Eq. 3
(reproduced below)

dp

dt
= kform

p2

K2 + p2
− kdecayp

To estimate the parameter K, let’s use a 1-dimensional phase diagram.

a) Use R/R-studio to plot
dp

dt
vs. p for the following choices of K: K = 20, K = 40,

K = 60, K = 80, K = 100 and K = 120. Use the values for kform and kdecay that
you computed in part 2 (Note: in the following code, substitute these numbers for
“kform” and “kdecay”).

R-Studio code
Note: the following code will not work unless you substitute numbers for the variables “kform” and “kdecay.”

> p = seq(from=0,to=250,by=.1)

> dP = kform*(p^2/(K^2 + p^2)) - kdecay*p

> plot(p,dP,’l’)

b) Based on your results, what do you think is a good estimate of K? Explain.

(Hint: Look at the measurements in Fig. 10 and think about what p(t) would look
like for each curve you generated in part a. Remember that you have two example
p(t) curves for different initial values in problem 1.)



4: A better estimate of K

Many differential equations have no solution. But, one can often use numerical
methods to find really good approximations of their solution. Here’s how it works:

Our differential equation is

dp

dt
= kform

p2

K2 + p2
− kdecayp = f(p)

we can approximate the derivative on the left hand side by writing

dp

dt
≈ p(t+ ∆t)− p(t)

∆t

which is a very good approximation if ∆t is very small.

We can then transform our differential equation, and rearrange it in the following
steps

dp

dt
= f(p)

p(t+ ∆t)− p(t)
∆t

≈ f(p(t))

p(t+ ∆t) ≈ f(p(t))∆t+ p(t) (4)

If we start at our initial condition, say p(0) = 10, and pick a small ∆t, say 0.001
seconds, we can use this last equation to approximate p(0.001):

p(0.001) ≈ f(10) · 0.001 + 10

a) Given K = 80 (in the correct units), what is p(0.001) using your values of kform
and kdecay?

b) Now that you have p(0.001), you can calculate p(0.002), by evaluating Eq. 4 at
t = 0.001 instead of t = 0. What is p(0.002)?

c) As you can see, this process can be repeated until you have an approximation of
the entire function, p(t). Use the following code to use this numerical approximation
method to estimate K, by fitting the data in Table 6. You should choose several
values of K until you think that both sets of data in Table 6 are fit well.



NOTE: As in part 3, use the values for kform and kdecay that you computed in part
2 in the following code, substitute these numbers for “kform” and “kdecay”. You
should guess a value for “K,” and then see how well the equation fits the data. Refine
your guess until you get a good fit.

R-Studio code
Note: the following code will not work unless you substitute numbers for the variables “kform,” “kdecay,” and “K.”

> p10 = 10 #this is the initial value, p(0)

> data10 = c(10,5.3,3.1,1.6,0.7,0.2,0.1,0,0,0,0)

> p60 = 60

> data60 = c(60,80.2,112.7,139.1,164.5,173.4,185.7,190.0,195.3,200.6,202.2)

> for (i in 1:5000)

+ p10[i+1] = p10[i] + 0.001*(kform*(p10[i]^2)/(K^2+p10[i]^2) - kdecay*p10[i])

> for (i in 1:5000)

+ p60[i+1] = p60[i] + 0.001*(kform*(p60[i]^2)/(K^2+p60[i]^2) - kdecay*p60[i])

> plot(seq(0,5,0.001),p10,’l’, col=’red’, ylim=c(0,200))

> lines(seq(0,5,0.5),data10,type=’p’)

> lines(seq(0,5,0.001),p60, col=’red’)

> lines(seq(0,5,0.5),data60,type=’p’)

5: Effects of a drug

Now, you have values for all the parameters in Eq. 3, kform, kdecay and K. Suppose
that there is a drug that, at a particular dosage, causes the decay rate of the protein
to double, but none of the other parameters are affected. (i.e. if kdecay = 1 in the
absence of this drug, kdecay = 2 in its presence).

a) What would happen if you performed an experiment with an initial number of 60
protein molecules? How would your results compare to what you saw in the absence
of the drug (Fig. 10b)?

b) What would happen if you performed an experiment with an initial number of 10
protein molecules? How would your results compare to what you saw in the absence
of the drug (Fig. 10b)?

HINT: A good approach would be to use a 1-dimensional phase portrait, as in part 3,
to get an understanding of what should happen. Then, you could use the numerical
method in part 4 to see if your guess is right.



Problems for week 7 and 8:
The concept of ...

Problem 1. Partition functions

Statistical mechanics, a branch of physical chemistry, connects the behavior of molecules to “macro-
scopic” quantities (i.e. things we care about, like pressure, temperature, the equilibrium of a chem-
ical reaction, etc.). One central idea is that molecules in water (like, say, an enzyme in a cell) are
constantly colliding with water molecules. These collisions apply large and unpredictable forces to
the molecule. As a result, one can’t predict how a single molecule will behave. However, the forces
are not completely random, and one can predict how the molecule will probably behave. Here, you
will write an equation for this probability.

Let us consider a molecule that is in water. Suppose that the molecule can exist in two different
shapes (perhaps, like an ion channel, it could be in an “open” state or a “closed” state). As the
molecule changes between the two shapes, its length (x) changes. There is a potential energy V (x)
associated with each length.

The probability of finding the molecule at some length is given by the following equation, called
the Einstein-Smoluchowski equation:

dp

dx
= − 1

kBT

dV

dx
p (5)

kB and T are positive constants (kB is called Boltzmann’s constant, T is the temperature).

a) Solve Eq. 5. Your answer should involve an arbitrary constant.

b) You can find the arbitrary constant by noting that p(x) should be normalized∫ ∞
−∞

p(x)dx = 1

Although you won’t be able to solve this integral, you can still write an expression for the constant
(it will involve an integral). This constant is called the “partition function” and it is important in
statistical mechanics. Using this constant, write the final solution to Eq. 5.



Problem 2. Huxley muscle model

Muscle contraction occurs by the relative sliding of two sets of filaments – “thick” filaments that
contain the protein myosin and “thin” filaments that contain the protein actin. Myosin molecules
project from the thick filament and bind to the thin filament. These “cross-bridges” are responsible
for force generation and muscle contraction. These ideas were first proposed in the mid 1950s by
two different, unrelated, people who happen to share the same last name: Hugh Huxley and Andrew
Huxley.

Andrew Huxley (who won the Nobel Prize for his work on neurophysiology) formalized these ideas
in a mathematical model. Here, you will solve the equations in his famous paper.

This is Huxley’s equation:

−v dn
dx

= f(x)(1− n)− g(x)n (6)

v is a positive constant, n(x) is the probability that myosin is bound to an actin binding site at
position x. The function f(x) describes the attachment rate constant for myosin binding to actin.
The function g(x) describes the detachment rate constant. They are pictured below.

h

rate

x
0

g(x)

f(x)

Figure 11: Reaction rates in the Huxley model.

a) When 0 < x ≤ h, equation 8 is

−v dn
dx

= ax(1− n)− bxn (7)

where a and b are positive constants. Solve this equation for n(x) given n(h) = 0. This solution
gives n(x) for 0 < x ≤ h.

b) When x ≤ 0, equation 8 is

−v dn
dx

= −cn (8)

where c is a positive constant. Solve this equation given n(0) from your answer to part a. This
solution gives n(x) for x ≤ 0.

c) Sketch n(x) for a = 1/2, b = 1, c = 2, h = 1 and v = 1. You may want to use a graphing
calculator/computer. Recall that n(x) = 0 for x > h.



Problem 3. Gene lab, revisited

In section this week, you studied a gene that is regulated by its protein product. That system is
governed by a differential equation similar to the following one:

dp

dt
= 6

p2

1 + p2
− p (9)

a) Find all equilibrium points.

b) Using a 1-dimensional phase diagram, determine the stability of each point.

c) Sketch several different trajectories for p(t), the amount of protein as a function of time.



Problem 4. An interesting mechanical system

Here, you will consider a mechanical system, pictured below. A particle (shaded) slides in one
dimension along a wire. The bead sliding is highly damped (there’s a lot of friction). The particle
is attached to a spring that is offset a distance h from the wire. The spring has a rest length of
1 – that is, if the spring’s length is 1, it exerts no force. If its length is less than that, it tries to
expand. If its length is more than that, it tries to contract.

x

h

The position of the particle, x, satisfies the following equation.

dx

dt
= −x+

x√
x2 + h2

(10)

a) Find all fixed points when h = 1/2.

b) Use graphical stability to determine the stability of each fixed point when h = 1/2.

c) The fixed point at x = 0 changes stability at a particular value of h. Use linear stability analysis
to determine this value.



Week 9: Notes for the instructor
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Week 9: Pre-discussion assignments



MAT 17B - DISCUSSION #9

0. Warm-Up (ungraded)

Solve the matrix equation below. Is your solution unique, nonunique, or nonexistent?[
0
0

]
=

[
2 −4
−1 2

] [
x
y

]

Michaelis-Menten Enzyme Kinetics [Neuhauser, p. 22]

In biochemistry, Michaelis-Menten kinetics is a commonly used model for enzyme
kinetics. Named after German biochemist Leonor Michaelis and Canadian physician
Maud Menten, this model describes the dynamics of the reactions involved in a
substrate S (the material with which an enzyme reacts) and an enzyme E binding
to form a product P.

Enzyme Action

1. The enzyme and the substrate are in the same area. Some situations have more
than one substrate molecule that the enzyme will change.

2. The enzyme grabs on to the substrate at a special area called the active site.
The combination is called the enzyme/substrate complex. Enzymes are very, very
specific and don’t just grab on to any molecule. The active site is both specially
shaped and also contains specific ionic charges, both of which specifically interact
with the substrate.

3. A chemical reaction occurs in the active site, and the substrate is changed. The
substrate could be broken down or combined with another molecule to make some-
thing new. In this process, chemical bonds will be either made or broken. When
done, you will have the enzyme/products complex.

4. The enzyme releases the product. When the enzyme lets go, it returns to its
original shape. It is then ready to work on another molecule of substrate. This
process is called catalysis, because the enzyme causes a chemical reaction to occur,
but is not changed itself during this process.

The reaction schematic is



E + S k+

k− ES
kX E + P

Using mass action kinetics, we can build a set of differential equations. Here brack-
eted terms refer to the concentration of the substrate [S], the enzyme [E], the en-
zyme/substrate complex [ES], and the product [P ]. Concentration has units of
number of molecules per unit volume. In the general case, there are four differential
equations (for [E], [S], [ES], and [P ]). However, we will assume that the quantity
of substrate is large enough, and the time scale is short enough, that the substrate
change in quantity is negligible over the reaction (i.e., [S] is a constant). The two
differential equations for [E] and [ES] are

d[E]
dt = −k+[E][S] + kX [ES] + k−[ES]

d[ES]
dt = k+[E][S]− kX [ES]− k−[ES]

and the one for [P ] is given by

d[P ]
dt = kX [ES]

Typically, biologists measure the speed of the reaction (i.e., d[P ]/dt, how fast the
product is being produced). We therefore want to know [ES] explicitly. Note that
the equations for [E] and [ES] do not involve [P ]. Therefore they can be analyzed
separately, as we will do in problem 2.

1. Introductory Questions

(a) List all of the constants in the equations (including units). To what does each
refer?

(b) Discuss the signs of the terms and explain why they are appropriate based on
the reaction model.



2. Steady State Solutions for [E] and [ES]

(a) Because the system is autonomous, we can write the differential equations as a
matrix-vector system. We will focus on the dynamics of the enzyme and complex
initially. [

d[E]
dt

d[ES]
dt

]
=

[ ] [
[E]
]

(b) In most experimental situations, these equations are steady state (or at equilib-

rium). Thus d[E]
dt

= 0 and d[ES]
dt

= 0. Using these two facts, rewrite the matrix-vector
system from part (a).

(c) Show that the matrix from (a-b) is not invertible.

(d) Now solve the matrix equation from (b). Is your solution unique, nonunique, or
nonexistent? How does this relate to your answer in (c)?

(e) Note from part (d), what happens when we add the pair of differential equations
for [E] and [ES] together and simplify?

Problem 2 continues on the next page...



(f) In the reaction schematic

E + S k+

k− ES
kX E + P

since the enzyme is a catalyst, it is neither created or destroyed. Thus, the total
amount of enzyme ([E]+[ES]) is constant and consequently the differential equations
for [E] and [ES] are negatives of each other, as you observed in part (e). Suppose
that [E] + [ES] = Etot, where Etot is a constant. Using this fact and the solution
from part (d), solve for [ES].

3. Finding the Rate of Change of the Product

Now we will return to the main question, the rate of change of the product in the
reaction. In the model, the rate of change of the quantity of product is

d[P ]

dt
= kX [ES]

(a) Using this fact and your solution from problem 2. part (e), find d[P ]
dt

in terms of
only constants (i.e., it should not include [ES] or [E]). This expression is known as
the Michaelis-Menten equation.

(b) How does d[P ]/dt depend on Etot, [S], k+, k−, and kX?



4. Finding the Rate of Change of the Substrate

Now suppose that [S] is not constant. State the four differential equations that model
the full enzymatic reaction based on the reaction scheme

E + S k+

k− ES
kX E + P



Problems for week 9:
The concept of ...
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Week 10: Pre-discussion assignments



MAT 17B - DISCUSSION #10

0. Warm-Up (ungraded) Find the largest magnitude (|λ|) eigenvalue and the
corresponding eigenvector of the matrix

L =

[
2 3
1 0

]
.

Leslie Matrices

As you may recall from 17A, certain populations are able to be accurately modeled
by discrete-time models (such as perennial plants in the temperate zone, where re-
production is limited to a particular season of the year). A typical model of this type
is

Ni+1 = rNi for i = 0, 1, 2, ... (11)

with N0 being the initial population. The constant r can be interpreted as the
number of individuals in the next generation per individual in the current generation.
However, for many populations, a model this simple will not suffice since this doesn’t
account for life expectancy or the dependence of reproduction on age.

A more accurate model might count only (female or reproducing) population in a
certain age range with a vector

~Ni for i = 0, 1, 2, ...,

where the vector

~Ni =


Ni0

Ni1

Ni2

Ni3

 .
with each entry being the number of females in the age range 0-1 years, 1-2 years, etc.
Furthermore, we can describe how these values depend on each other (since some
females of age j years will survive to age j + 1 years and females in the reproductive
age range will contribute to the number of females of age 0).

For a concrete example, suppose that in some population no females survive past
age 3 and 40% of females age 0, 30% of females age 1, and 10% of females age 2
at year i survive to year i + 1. Furthermore, suppose that females of age 1 and



age 2 can reproduce and on average every female of age 1 reproduced twice and on
average every female of age 2 reproduced 1.5 times during year i. Thus, we recover
the system of equations

N(i+1)1 = 0.4Ni0

N(i+1)2 = 0.3Ni1

N(i+1)3 = 0.1Ni2

N(i+1)0 = 2Ni1 + 1.5Ni2

We can write this system of equations in a compact matrix-vector equation as

~Ni+1 =


N(i+1)0

N(i+1)1

N(i+1)2

N(i+1)3

 =


0 2 1.5 0

0.4 0 0 0
0 0.3 0 0
0 0 0.1 0



Ni0

Ni1

Ni2

Ni3

 =
~~L ~Ni.

Now, given that in each year i, the population change to year i + 1 is given by this

same set of dynamics (in the matrix
~~L), we get that

~N1 =
~~L ~N0

~N2 =
~~L ~N1 =

~~L2 ~N0

~N3 =
~~L ~N2 =

~~L3 ~N0

...

~Ni =
~~Li ~N0

Often, one is looking for a stable age distribution, a distribution of the population at
year i among the various ages so that the population at year i+ 1 has the same age
distribution (the population fraction of age j at time i is the same as the population
fraction of age j at time i+ 1, i.e. Nij/

∑
j(Nij) = N(i+1)j/

∑
j(N(i+1)j)). This yields

the equation

~Ni+1 =
~~L ~Ni = λ ~Ni

where λ represents how much the total population grew. Thus, to find the stable

age distribution, we must find an eigenvalue λ and eigenvector ~Ni of the matrix
~~L.

Consider λ1 and ~v1, the largest eigenvalue of
~~L and the corresponding eigenvector.

If ~N0 = ~v1 then given our discovery above, we get that

~Nk =
~~Lk ~N0 = λk1

~N0,



which resembles the simple population dynamics discussed initially. We find that λ1
describes the growth rate of the population (r in equation 11). In general this will be

true (even when ~N0 6= ~v1): λ1, the largest eigenvalue of
~~L describes the growth rate

of the population and the corresponding eigenvector is the stable age distribution.

1. Interpret a Leslie Matrix

Given the Leslie matrix

~~L =


0.2 2.1 0.6 0
0.3 0 0 0
0 0.8 0 0
0 0 0.7 0


(a) How many age classes are in the population?

(b) What percent of zero-year-olds survive their first year?

(c) What percent of two-year-olds survive to age three?

(d) How many offspring does each age group have (zero-year-olds through three-year-
olds)?

(e) If this population continues to live past three-years-old, would this 4 × 4 Leslie
matrix still be valid for determining the stable age distribution of individuals aged

zero- to two-years old? Why or why not? (Hint: assume the top-right zero in
~~L

implies females do not reproduce past this point)

2. R-Studio for Leslie Matrices



We will use R-Studio to analyze the Leslie matrix from the previous problem. First
we will input the matrix into R-Studio. Note that R-Studio reads the data as a
single row (vector) of numbers, and then breaks them up into a matrix. Also, you
can press enter to go to the next line (which we did below so the numbers are more

legible). The exact script to input
~~L is below.

> L = matrix( c(0.2, 0.3, 0, 0,

+ 2.1, 0, 0.8, 0,

+ 0.6, 0, 0, 0.7,

+ 0, 0, 0, 0), nrow=4)

(a) Find the eigenvalues and eigenvectors of
~~L using the command “eigen(L)”. Note

that the eigenvalues are listed as $values and their matching eigenvectors are directly
below them as $vectors.

(b) Based on part (a), what is the vector for the stable age distribution?

(c) To interpret this vector, we must divide each entry by the total of all the terms
in the vector. For example, if the vector were

~v =

1
2
3


then we would actually use the vector divided by 1 + 2 + 3 = 6, i.e.

1

6
~v =

1
6
1
3
1
2


to get the proportion of individuals at each age.

With this knowledge, what proportion of individuals are zero-years-old at the stable
age distribution? What proportion are three-years-old?



(d) Is the population increasing, decreasing, or remaining constant over time?

(e) If we discovered that the one-year-olds in the population actually had a birth-rate
of 2.2 offspring per female, then would the population be increasing, decreasing, or
remaining constant over time? Compare your result to part (d) and interpret the
results.



Problems for week 10:
The concept of eigenvalues and eigenvectors

Problem 1. A chemical reaction

Consider the following chemical reaction, where chemical species A reversibly turns into chemical
species B which then irreversibly turns into chemical species C:

A
 B → C

This system is described by the following equations

dA

dt
= −k1A+ k2B

dB

dt
= k1A− (k2 + k3)B

Let us suppose that k1 = 2, k2 = 1 and k3 = 2.

a) Write these equations in the form
dx

dt
= Mx, where x =

[
A
B

]
.

b) If you’ve done part a) correctly, s1 =

[
1
1

]
is an eigenvector of the matrix M . Now, assuming

that x = a(t)s1, solve the original equation, with a(0) = 1

dx

dt
= Mx

= Ma(t)s1

= a(t)Ms1

= a(t)λ1s1

= λ1x

Hint: You should first calculate the eigenvalue λ1 and then write out each of the two equations
separately (i.e. one for A and one for B) and then solve them as autonomous ODEs like we saw in
§8.1.

c) If you’ve done part a) correctly, s2 =

[
−1/2

1

]
is an eigenvector of the matrix M . Now, assum-

ing that x = b(t)s2 (for the moment, don’t worry that we’re assuming a negative concentration),



solve the original equation, with b(0) = 1

dx

dt
= Mx

= λ2x

d) Now, suppose that x = a(t)s1 + b(t)s2, with a(0) = b(0) = 1. Show, by direct substitution, that
by adding together your solutions to part b) and c) you solve the differential equation

dx

dt
= Mx

These ideas allow you to find the general solution for any initial conditions. You’ll learn how to do
that in 17C.


