
The purpose of this document is to show that the gradient points in the direction of “steepest
ascent.” There are exercises at the end to show that 1) the gradient is perpendicular to contours;
and 2) the length of the gradient vector is the slope in the steepest direction.

We start with a linear function of two variables

f(x, y) = ax+ by + c

This function describes a plane in 2D. To show that the gradient points in the steepest “uphill”
direction, we must show that for all choices of the parameters a, b and c, the gradient points in the
steepest direction. If we can do that, since we can linearize any function, we have shown that the
gradient of any function (not just a linear one) points in the steepest uphill direction.

Our strategy is as follows. We start at some point x∗, y∗. Then, we take a step of size r at some
angle θ relative to the x-axis. We then determine the change in height h(r, θ) from that step.
Finally, we must find the angle that maximizes this change in height, and compare that to the
direction described by the gradient.
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Figure 1: Suppose we have some crazy-looking function f(x, y) whose contours are shown above. If we
look very close to some point x∗, y∗, the function appears to be linear – or, since we are in 3D, the function
appears to be a plane (inset at bottom). Now, we take a small step of size r at some angle θ relative to the
x-axis. We want to find the angle that maximizes the change in height for a single step, θm. This is the
direction of steepest ascent. We want to compare that angle to the direction of the gradient.

First, we must find the change in height for a step from x∗, y∗ to some arbitrary point x, y, which
is f(x, y)− f(x∗, y∗):

f(x, y)− f(x∗, y∗) = (ax+ by + c)− (ax∗ + by∗ + c)

= a(x− x∗) + b(y − y∗) (1)
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Now, we want to determine the change in height for a step of size r at some angle θ. If we take
such a step, we move from our point x∗, y∗ to some point on a circle of radius r centered at x∗, y∗

(see Fig. 1). We want to describe the change in height f(x, y)− f(x∗, y∗) in terms of the variables
r and θ. To do so, we describe x and y in terms of r and θ:

x− x∗ = r cos(θ)

y − y∗ = r sin(θ) (2)

Then, we can write change in height h = f(x, y)− f(x∗, y∗) (Eq. 1) in terms of r and θ:

h(r, θ) = ar cos(θ) + br sin(θ) (3)

We then want to find that value of θ = θm that maximizes this quantity (i.e. the maximum increase
in height on the circle).

We want to hold r constant and maximize h(r, θ). At this maximum, the partial derivative of h
with respect to θ vanishes:

∂h

∂θ

∣∣∣∣
θm

= 0

−ar sin(θm) + br cos(θm) = 0

−a sin(θm) + b cos(θm) = 0

b cos(θm) = a sin(θm)

b

a
=

sin(θm)

cos(θm)

tan(θm) =
b

a

Now we know the direction of steepest ascent.
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Figure 2: A right triangle as pictured above has angle θ = θm since tan(θ) = b/a. Also, it describes the
direction of a vector with x-component a and y-component b.

What direction does the gradient point? Recall that f(x, y) = ax + by + c. We can calculate the
gradient of f :

∇f =

[
∂f/∂x
∂f/∂y

]
=

[
a
b

]
This result tells us that the gradient points along a vector with x-component a and y-component
b. Drawing a picture (Fig. 2), we see that its angle to the x-axis is precisely θm – that is, it points
in the direction of steepest ascent!
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Exercises

1. Along a contour, the height is constant. That is, if we choose to step in the direction of a contour
θ = θc, then no matter how big a step we take, h(r, θc) is a constant.

a. Find an expression for θc. (Hint: think about what ∂h/∂r|θc should be).
b. Show that this direction is perpendicular to the direction of the gradient. In other words, the
gradient points in a direction that is perpendicular to the contours of f(x, y).

2. In setting ∂h/∂θ equal to zero, we only guarantee that we’ve found a critical point – not a
maximum. How do we know that the gradient points in the direction of steepest ascent and not
the direction of steepest descent? What is the direction of steepest descent?

3. Suppose that you take a step of size r = 1 in the direction of the gradient θm. Show that the
change in height h(1, θm) is equal to the magnitude of the gradient vector. (Recall, in 2 dimensions,

the magnitude of a vector ||v|| =
√
v2x + v2y , where vx is the x-component and vy is the y-component

of the vector v).
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The purpose of this section is to convince you that the dot product of the gradient vector (∇f(x, y))
with a unit vector (êθ) gives the slope of the function (f(x, y)) in the direction of that vector. We
will also get some insight into linearization of functions of two variables.

Suppose that, starting from x∗, y∗, you take a step of size r = 1 in some arbitrary direction θ. This
step, being of size 1, is described by a unit vector

êθ =

[
cos(θ)
sin(θ)

]

That is, you take a step of length cos(θ) along the x-axis and a step of length sin(θ) along the
y-axis. The magnitude of the vector is cos2(θ) + sin2(θ) = 1.

The dot product of the gradient vector with êθ is

∇f · êθ =

[
∂f/∂x
∂f/∂y

]
·
[

cos(θ)
sin(θ)

]

=
∂f

∂x
cos(θ) +

∂f

∂y
sin(θ)

= a cos(θ) + b sin(θ)

To see that this result is the slope in the direction of êθ, we need to calculate the “rise” and the
“run” in that direction (recall that the slope is the “rise over the run”). In this case, the “rise” is
the change in height, and the “run” is the step size. I purposely chose the step size to be 1 so that
the slope is equal to the change in height.

We can use Eq. 3 to calculate the change in height after a step of length 1 (r = 1) in the θ direction
(i.e. along êθ):

h(1, θ) = a cos(θ) + b sin(θ)

So this result, which is equal to the dot product of the gradient vector with êθ, is the slope in the
direction of êθ.

Recall that the linearized version of some function g(x, y) is

g(x, y) ≈ g(x∗, y∗) + ∇g|x∗ · (x− x∗)

the vector x− x∗ is our step. Using Eq. 2 we can show that x− x∗ = rêθ:

x− x∗ = rêθ[
x− x∗
y − y∗

]
= r

[
cos(θ)
sin(θ)

]
=

[
r cos(θ)
r sin(θ)

]

This last expression is precisely Equation 2.

We can then rewrite our linearization of the function g(x, y) as

g(x, y) ≈ g(x∗, y∗) + ∇g|x∗ · (x− x∗)

≈ g(x∗, y∗) + ∇g|x∗ · rêθ
≈ g(x∗, y∗) + r ∇g|x∗ · êθ
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But, we just showed that the quantity ∇g|x∗ · êθ is the slope of g(x, y) in the direction of êθ.
From the discussion before Eq. 2, we can recall that r is the step size. Thus, our linearization is
the function value at our initial point (g(x∗, y∗)) plus the slope of our function in the direction of
our step times the step size. Compare this result to the linearization of a single variable g(x) you
learned in MAT17A:

g(x) ≈ g(x∗) +
dg

dx

∣∣∣∣
x∗

(x− x∗)

The terms on the right hand side are the function value at the initial point (g(x∗)), plus the slope
of the function times the step size (x− x∗).

Exercises

1. Suppose you are standing on the side of a mountain whose altitude is described by the function
a(x, y). The gradient where you are standing (you’re standing at x∗, y∗) is

∇a|x∗,y∗ =

[
4
3

]

a. What’s the slope to your right (along the x axis)?
b. What’s the slope in front of you (along the y axis)?
c. What’s the slope 30◦ above the x axis?

2. Consider the function z(x, t) = exp(−x2) exp(−2t2). Suppose you’re standing at x = 1, t = 1.

a. What’s the slope to your right (along the x axis)?
b. What’s the slope in front of you (along the t axis)?
c. What’s the slope 30◦ above the x axis?
d. Use a linearized version of the function to estimate the function value z(x, t) for a step of size
0.1 in the direction 30◦ above the x axis. Compare this value to the exact value at that point.
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