
Overview, MAT/BIS27A.

This is a sketch of what we covered in the course, with a 3-4 sentence summary of what we discussed in
lecture for each topic.

• §1.1 Vectors and Linear Combinations. (1 lecture)
I introduced vectors in the context of two models that we’ve returned to frequently: 1) an age-structured
population, and 2) an ion channel. By thinking about what the entries of the vectors mean (e.g. in
the ion channel model, the first component of the vector is the number of open ion channels), we could
intuitively see how vector addition works, how multiplying a vector by a scalar works, and then how
linear combinations work.

• §1.2 Lengths and Dot Products. (1 lecture)
While the models in lecture 1 allow us to see how vector addition works, it’s harder to see a clear
interpretation of the length of a vector in those models. However, if we consider a “displacement”
vector, the interpretation is clearer. For example, if I walk 2 miles North and 3 miles East, how far am
I from where I started? This question is, of course, equivalent to asking what is the length of the vector

d =

[
3
2

]
? We might naturally define this length ||d|| =

√
d · d, which gives us an idea about what it

means to multiply vectors. There are two ways that we can think about this “dot product” between
two vectors v and u. In the first way, we simply multiply together the respective components of u and
v and add them up: v · u =

∑n
i=1 uivi. Another (equivalent) interpretation is that we multiply the

length of u by the length of u that points in the direction of u – that is, v ·u = ||v||||u|| cos(θ), where
θ is the angle between the two vectors.

• §1.3 Matrices. (0.5 lecture)
Here, I discussed a matrix multiplying a vector, Ax = b. I introduced two ways of thinking about it,
1) the “row picture,” and 2) the “column picture.” In the row picture, we take the dot product of each
row of our matrix A with the vector x. These then make up the entries of b. In the column picture,
we take a linear combination of the column vectors that make up A, with the coefficients given by x
(i.e. we take x1 of the first column of A, x2 of the second column, and so on). I stressed that it was
important to be able to think about matrix multiplication in both ways.

• §2.1 Vectors and Linear Equations. (1 lecture)
I discussed the connection between linear equations and matrix-vector equations. I discussed how, in
the row picture of a 2x2 matrix, we can think of solving Ax = b for x as trying to find the intersection
point of two lines. In the column picture, we’re asking “how do I add the two columns of A together to
generate x. With this idea, it’s pretty easy to see that you can always find a unique solution, provided
that 1) the two rows aren’t parallel lines; or 2) the two columns don’t point in the same direction. We
briefly saw how the ion channel model, in steady state, does not have a unique solution because 1) the
two rows give the same line and 2) the two columns point along the same line.

• §2.2 The Idea of Elimination/Elimination Using Matrices. (1.5 lectures)
Elimination is easiest to understand if we think of our matrix-vector equation Ax = b as a system
of linear equations. Then, we want to come up with a “recipe” that will always allow us to solve for
x. Perhaps we are trying to describe how to solve a system of linear equations to a friend over the
phone, and we want to give them a series of steps that is guaranteed to get the right answer – or
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show that no answer (or multiple answers) exists. The basic idea was to add multiples of one equation
to another until the last equation has only one unknown, the second to last has two unknowns, etc.
Then, we can solve by “back substitution,” solving the last equation and then using that solution to
solve the second to last, and so on. In the matrix-vector picture, we perform a series of “elimination
moves” to an augmented matrix, [A b] in order to transform A into an upper diagonal matrix. These
elimination moves can be addition of one row to another, or permutation of rows. We then saw that
these moves can be written as a series of matrix multiplications with “elimination” or “permutation”
matrices. Here, we saw for the first time that the order of matrix multiplication matters – i.e. the
commutative law does not hold for matrix multiplication.

• §2.4 Rules for Matrix Operations. (0.5 lectures)
I covered this chapter very quickly. I discussed four ways to think about matrix multiplication (i. rows
of matrix 1 times columns of matrix 2; ii. columns of matrix 1 times rows of matrix 2; iii. matrix 1
times columns of matrix 2; iv. rows of matrix 1 times matrix 2), I re-emphasized that the commutative
property does not usually hold for matrix multiplication, and I briefly introduced block matrices.

• §2.5 Inverse Matrices. (2 lectures)
I showed that the inverse, if it exists, is unique. I introduced the 2x2 inverse formula. I showed that
the inverse of the product of two matrices is the product of the inverse of the matrices with the order
of multiplication reversed. I then discussed calculating the inverse by Gauss-Jordan elimination. I
concluded by using Gauss Jordan elimination, with matrices, to show that the inverse exists if and
only if the matrix has a full set of pivots (i.e. is full rank).

• §3.1 Spaces of Vectors. (1 lecture)
I gave an introduction to vector spaces and subspaces. I introduced the idea of the column space of a
matrix, and we saw that the equation Ax = b has a solution if and only if b is in the column space of
A.

• §3.2 The Nullspace of A: Solving Ax = 0 and Rx = 0. (1.5 lectures)
I showed that if a matrix is full rank, then its null space is only the zero vector. Otherwise, the null
space of an m × n matrix is a subspace of Rn. I showed that the ion channel model had a one-D
nullspace in R2. Finally, I introduced the reduced row echelon form of a matrix A, and explained how
it can be used to define the null space of A.

• §3.3 The Complete Solution to Ax = b. (1 lecture)
I showed that, in general, the equation Ax = b has a complete solution, composed of one particu-
lar solution, xp plus all vectors in the nullspace of A. I then showed how to find the particular solution.

MIDTERM 1

• §3.4 Independence, Basis and Dimension. (3 lectures)
I defined linear independence, what it means for a set of vectors to span a space, basis, and dimension.
I then spent some time trying to give an intuition for a basis. I showed that a basis can be thought
of as a coordinate system, and gave an example (a pendulum) where it is convenient to work in a
time-variant coordinate system as opposed to the typical, stationary, Cartesian coordinate system.

• §3.5 Dimensions of the Four Subspaces. (1 lecture)
I explained part I of the fundamental theorem of linear algebra, explaining how the four subspaces fit
together (the row space and null space in Rn, and the column space and left null space in Rm, for an
n×m matrix).

• §4.1 Orthogonality. (1 lecture)
I explained part II of the fundamental theorem of linear algebra, explaining what it means for vector
spaces to be orthogonal, and showing that each pair of subspaces are orthogonal complements of their
respective vector spaces.
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• §5.1 Determinants. (2 lectures)
I discussed the determinant of a 2x2 matrix (which we’d already seen), and then defined a determi-
nant in general with three rules (i. the determinant of the identity matrix is 1, ii. the determinant
changes signs when rows are exchanged, and iii. the determinant is a linear function of row operations,
separately). I then used these rules to show a series of properties of determinants, importantly that
the determinant is zero if and only if the inverse does not exist, the determinant is the product of the
pivots, and the determinant of A−1 is the reciprocal of the determinant of A. Finally, I introduced
the intuition that the determinant is a volume of a space defined by the columns of the n× n matrix
A in Rn.

• §6.1 Introduction to Eigenvalues. (2.5 lectures)
On your homework, you saw that there are cases where it is useful to consider Anx – that is, taking
powers of a matrix. In those cases, it is useful to look for special vectors s that don’t rotate, but only
change length upon multiplication by A, so that As = λs. I showed how to find these eigenvectors
and eigenvalues, by deriving the eigenvalue formula (det(A − λI) = 0) and the eigenvector formula
((A − λiI)si = 0). I showed that when the eigenvalues are distinct, the respective eigenvectors form
a basis for Rn. Finally, I showed that the eigenvalues and eigenvectors can be complex, and that can
have physical meaning.

MIDTERM 2

• §6.2 Diagonalization. (1 lecture)
I showed how to decompose a square matrix A = SΛS−1, which is possible provided that the eigen-
vectors form a basis for Rn, i.e., they are linearly independent. I then showed this is always true if
the eigenvalues are distinct. I (and Carter) then discussed a Markov matrix example to show how
diagonalization can be used.

• §6.4 Symmetric Matrices. (1.5 lectures)
Carter and Ryan showed that 1) symmetric matrices have only real eigenvalues; 2) the eigenvectors are
orthogonal, and can therefore be picked to be orthonormal; and 3) a symmetric matrix can be diago-
nalized to A = QΛQT , where Q is the orthonormal matrix of eigenvectors and, being orthonormal,
its inverse is its transpose.

• §7.1/7.2 The Singular Value Decomposition (SVD). (3 lectures)
I introduced the idea (and the usefulness) of finding a low-rank approximation to the (n×m) matrix
D. In particular, we could write D = σ1u1v

T
1 + σ1u2v

T
2 + · · · = UΣV T . It is often possible to

truncate this series after a few σs to get a low rank approximation. I discussed how the first r columns
of the orthonormal matrix U form a basis for the column space of D and the remaining columns form
a basis for the left null space. Similarly, the first r columns of V form a basis for the row space and
the remaining columns form a basis for the null space. Finally, I showed how to calculare U , V and Σ
from the eigenvalues and eigenvectors of the symmetric matrices DDT and DTD. I then showed how
this process can be used to compress a graphics file, by showing the SVD approximations of a digital
photograph.

• §7.3 Principal Component Analysis. (1 lecture)
I showed how to calculate a covariance matrix and determine the amount of variance explained by each
eigenvector (mode). I showed how this could be useful in, say, finding the relationship between scores
on two different exams. I then described how this can be used, in conjunction with the SVD, to find
an appropriate low-rank approximation for a data set.
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