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INTRODUCTION
Molecular motors convert chemical energy into mechani-

cal work. They perform many indispensable tasks in the human
body, notably muscle contraction, cell division and transport of
material through the cell. Here we focus on this latter class of
motors: molecules that turn chemical energy into mechanical
work moving cargo through a viscous environment.

Most of these transport motors are homodimers and so pos-
sess a natural symmetry. Typically they move in a “hand-over-
hand” fashion along a particular filamentous track. They are
thought to carry large vesicles through cells, for example trans-
porting neurotransmitter from nucleus to synapse. In a sense,
they resemble microscopic machines walking through a cell.

Since these molecular motors resemble walking machines,
we might compare them to macroscopic walking machines. Con-
sider the “simplest walker” of Garcia et al. 1998 [1]. In this
model, a point mass supported by two massless legs moves pas-
sively down a gentle slope (see Fig. 1). For some initial con-
ditions (a particular set of positions and velocities), the system
exhibits stable periodic gaits. In these gaits, the collisional en-
ergy loss is exactly balanced by the gravitational potential energy
gained moving down the slope.

The techniques for understanding the motion of these simple
walking machines are well-established. Using Newton’s laws,
we may write the equations of motion of the system. Then, given

∗Address all correspondence to this author.

an initial condition, we may numerically integrate these equa-
tions on the computer to determine the future motion of the sys-
tem. Alternatively, for periodic motions, we may pick a partic-
ular configuration of the system (say just before heel-strike as
shown in Fig. 1) and define a “stride function” [2] a Poincaré
map (m) that determines the state of the system, q, when it next
achieves that particular configuration.

qi+1 = m(qi)

Using this stride function, we may find periodic motions –
for example, a period one motion satisfies the equation m(qi)−
qi = 0. For the simplest walker, this stride function is non-linear,
but may be linearized about these periodic motions to determine
their stability [1,3]. In particular, if the magnitudes of the eigen-
values of this linearized map are less than one, then the motion
is stable because small perturbations decay upon repeated ap-
plications of the map. We might expect these techniques from
non-linear dynamics to be useful to analyze the stability and dy-
namics of molecular motors.

We might envisage a molecular motor as a miniature “sim-
plest walker.” Instead of losing energy from collisional losses,
energy is lost from viscous drag forces. Instead of replacing that
energy with gravitational potential energy, chemical potential en-
ergy stored in the molecule ATP is used. However, upon closer
examination, differences in behavior emerge between the micro-
scopic and macroscopic “walkers.”

Consider, for example, the trajectories in phase space of the
two systems. The macroscopic walker, when near a stable gait,
follows a path that approaches a smooth limit cycle. Alterna-
tively, the microscopic walker’s path in phase space is jagged
and apparently random, though at a larger scale some structure
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Figure 1. Top, the simplest walker of Garcia et al. 1998. Bottom, a generic molecular motor. Shown are (from left to right) a schematic of the
mechanical model, a Lissajous figure showing the two angles as a function of time, the position of the systems center of mass as a function of time.
Note that in the Lissajous figure, the simplest walker approaches a stable limit cycle (shown as a heavy dashed black line). On the other hand, the
molecular motor spends most of its time in four regions of space (shown in dashed circles) and only rarely moves between them. The position-time
plot of the simplest walker shows a speed that oscillates periodically about the average value. Alternatively, the molecular motor has a widely variable
instantaneous speed, but a relatively stable average speed.

exists. At this larger scale, we see that the system remains near
several discrete points in phase space, and moves relatively rarely
between these discrete points (see Fig. 1). Therefore, in the anal-
ysis of microscopic systems, it is typically assumed that the sys-
tem is in quasi steady-state – that is, that the system remains at
each discrete point in phase space long enough to reach a steady
state before switching to another discrete point.

Each of these positions in phase space is termed a “state”.
The system is constantly interacting with solvent molecules
whose collisions exert a fluctuating force. These collisions are
extremely rapid (thousands occur every nanosecond), yet transi-
tions between states typically occur at the millisecond or second
time scale. Therefore, transition between these states are deter-
mined by extremely rare stochastic events.

Since we do not know the exact details of solvent collisions,
we must make probabilistic statement about the system’s behav-
ior. In particular, we may represent the following transition be-
tween two discrete states s1 and s2:

s1

k12
⇀↽
k21

s2

We may define the probability of a system in state s1 moving
to state s2 in infinitesimal time interval dt to be k12dt (a similar

expression would exist for k21). Therefore, the dynamics of the
system over time-scales of biological interest are governed by the
following differential equation:

dn
dt

= An (1)

Where we define:

n =

[

n1
n2

]

A =

[

−k12 k21
k12 −k21

]

And ni is the probability of being in the ith state.
Equation 1 holds for an arbitrarily large number of states.

Here, we will discuss how this equation may be turned into a lin-
ear probabilistic “stride function” for a molecular motor. Then,
we discuss how to define probability distributions for several
variables that determine the dynamics of a molecular motor (step
period, run length, average run speed). Two of these distributions
(step period and run length) are commonly used in experimental
studies of molecular motor dynamics. The third, average run
speed, is new and contradicts the long-standing assumption that
the distribution is normal (ref). We validate our calculations with
an experimentally derived computational model for a particular
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molecular motor, murine brain Myosin Va heavy meromyosin.
The fit is quite good, and we find that the parameters from the
average run speed distribution predict the other two distributions
(step period and run length), while both of the other two distri-
butions would be needed to predict the average run speed dis-
tribution. This observation is important because dwell-time dis-
tributions are difficult to measure under physiologically relevant
situations. Finally, we discuss potentially confounding factors,
such as variable step size and experimental error.

A probabilistic stride function
For the simplest walker in certain cases, we may construct

a non-linear stride function that determines the future state of
the system from its current state. For a microscopic system, the
stride function is not deterministic. In order for the system to
move from one state to another, an extremely rare and inherently
stochastic event (a solvent molecule collision) must occur. In
some cases, however, we can write a probabilistic stride function.
Here, we describe these cases and derive such a function.

Many molecular motors step almost exclusively forward (in
the absence of applied load), and only rarely exhibit a “back-
step.” Thus, there is likely at least one state transition that is
approximately irreversible; that is, some transition between state
i and j such that ki j 6= 0 while k ji ≈ 0. While we know from
thermodynamics that no reaction can be precisely irreversible,
we make the mathematical simplification that this state transition
is irreversible.

Then, we define n different states to be associated with step
i such that the transition from one of the n states associated with
step i to one of the n states associated with step i + 1 may be
achieved only through one of these irreversible paths. We know
that such a division is possible (at least approximately) since the
frequency of backsteps is very low.

We can write Eq. 1 for the probability of being in one of the
n states at step i. As this system is open (in the sense that mass
is not conserved), it can be shown that the matrix A is invertible.
Consequently, we may solve Eq. 1:

n = S−1











eλ1t 0 · · · 0
0 eλ2t · · · 0
...

...
. . .

0 0 eλnt











Sn0 (2)

where λi is the ith eigenvalue of A, S is the matrix of eigenvectors
and n0 is the initial distribution of n. Note that each λi < 0, so
that A is a negative definite matrix.

If we define the variables kirr
rs to be the rate constants for the

irreversible steps between state r of step i and state s of step i+1,
then the flux into state s of step i+1 from state r of step i is

dni+1
s (t)
dt

= kirr
rs ni

r(t) (3)

Therefore, given some arbitrary initial condition vector at step i,
ni

0, we may use Equation 2 to write

pi+1(t) = KirrS−1











eλ1t 0 · · · 0
0 eλ2t · · · 0
...

...
. . .

0 0 eλnt











Sni
0 (4)

where Kirr is a matrix defined such the only non-zero entries are
Kirr

rr = kirr
rs and pi+1(t) is a probability density such that pi+1

j (t)dt
gives the probability of performing a step and entering the jth

state at step i+1 between times t and t +dt.
Equation 4 is a linear stride function from step i to step

i + 1. However, it is not deterministic since it provides an ex-
pression for a probability density of state distributions for step
i + 1. Therefore, if we consider two molecular motors starting
from the same initial conditions, they may step at different times
into different states. This stride function is very different from
that of the simplest walker, where systems starting from identi-
cal initial conditions behave identically.

A simplification
Often, there is only one approximately irreversible step be-

tween step i and step i + 1. Additionally, the rate constant for
this step is often much less than the rate constant for other steps.
This assumption simplifies the mathematical analysis, and allows
us to write analytic expressions for several variables of interest.
Here, we assume that our system has these properties; later, we
will show a realistic kinetic model that exhibits these properties.

If we assume that the rate constant for this irreversible step,
which we call kirr , is small compared to each ki j, then over time
scales where a negligible number of systems perform a step, we
may re-write Eq. 1 as

dn
dt

= An ≈ 0 (5)

While for a system with kirr 6= 0, A is invertible, if we assume
that during these short time scales exactly zero systems perform
a step (i.e. that kirr = 0), then A is singular and we may solve
Eq. 5 with a non-trivial vector that we call nss.

Consequently, just before each step the system has the same
probability distribution between its various states, nss. Thus,
the map from one step to another becomes the identity matrix.
However, unlike the simplest walker in a period one gait (where
the map also satisfies the equation m(qi) = qi), in the molecular
walker the time period of each step is not constant.

In fact, we may write the probability distribution for the step
period as

pi+1(t) ≈ kstepe−kstept (6)

where

kstep = kirrnss
s
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Where the irreversible step occurs between the sth state of step i
and some indeterminate state of step i+1.

Note that the derivation of Eq. 6 follows directly from the
more complex stepping function (Eq. 4) in the special case that
one eigenvector is much less than all of the others, and its value
is −kstep. Therefore, Eq. 6 is the probabilistic stepping function
for the simplified case of a single, slow, irreversible kinetic step.

Distributions
Processive molecular motors eventually detach from their

tracks. As soon as they detach, they diffuse away from their
track. We assume that motors have a constant probability of de-
tachment in some small time interval dt, which we define to be
kddt. Consequently, every instant that a motor is “walking” is a
competition between stepping at the rate kstep or detaching at the
rate kd . Note that since many motors take tens or hundreds of
steps before they detach, it is reasonable to assume that kd is at
least an order of magnitude smaller than kstep.

We may then calculate three distributions for a given motor:
1) the time for a step 2) the run length 3) the average speed over
a run.

We have already written the distribution of step times in
Eq. 6. To find the run length and run speed distributions, we
must first find an expression for the probability of having taken
N steps at time t.

Probability of taking steps
The time distribution for doing two consecutive steps is:

pi+2(t) =

Z t

0
pi+1(τ)pi+1(t − τ)dτ

where pi+1(t) is as described in Eq. 6. Using this method for
pi+3, pi+4, etc., it can be shown that

pi+N =
kN

steptN−1

(N −1)!
e−kstept

which gives the probability of N steps occurring by time t. But,
we would like the probability of going through N and only N (i.e.
not N +1, N +2, etc.) in time t. This expression can be written

PN(t) =

Z t

0
pi+N(τ)dτ−

Z t

0
pi+N+1(τ)dτ

which simplifies to

PN(t) =
kN

steptN

N!
e−kstept (7)

which is the expression we are looking for.

Run length distribution
We can write a general expression for having a run of N

steps:

P(N) =

Z ∞

0
PN(t)kde−kdt dt

which, plugging in Eq. 7 becomes

P(N) =
kdkN

step

N!

Z ∞

0
tNe−(kstep+kd)t dt

After repeated integration by parts, we have

P(N) =
kdkN

step

(kd + kstep)N+1

assuming that each step is of length d, we may write

p(L) =
kdkL/d

step

(kd + kstep)L/d+1

1
d

(8)

Equation 8 is the exact expression for run length (for the
simplified case we consider here, with a rate-limiting step and
single detachment pathway). Note that in the special case that
kd � kstep, we may make the approximation

p(L) =
kdkL/d

step

d(kd + kstep)L/d+1 ≈ kd

dkstep
exp

(

− kdL
dkstep

)

(9)

which is the commonly used expression for the run length distri-
bution (refs).

200

100

1 20
0

V

Figure 2. Average speed distribution for a run. The histogram is the result
of a Monte-Carlo simulation of 500 molecules. There are two lines showed that
nearly superimpose. The first (dashed) is the average run speed distribution as
determined by numerical integration of Eq. 10; the second (solid) is an estimate
of that distribution using Stirling’s approximation.
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Average run speed distribution
To find the distribution of average speeds over an entire run,

we convert Eq. 7 to a probability distribution in speed space

p(v, t) =
kvt/d

step tvt/d

Γ(vt/d +1)
e−kstept t

d

where we have again assumed constant step size.
As in the run length distribution, we multiply by the detach-

ment probability and integrate over time

p(v) =

Z ∞

0

kdkvt/d
step tvt/d

Γ(vt/d +1)
e−(kstep+kd)t t

d
dt

with a change of variables, we may write

p(v) =
kdd
v2

Z ∞

0

uuu

Γ(u+1)
e(log(kstepd/v)−(kstep+kd)d/v)udu (10)

This integral has no analytic solution, but we may approximate
its solution quite well by using Stirling’s approximation Γ(u +
1) ≈

√
2πuuu exp(−u) for large u to write

p(v) ≈ kdd
v2(−2(1+ log(kstepd/v)− (kstep + kd)d/v))3/2 (11)

Equation 11 agrees satisfactorily with Monte-Carlo simula-
tion (see Figure 2), however at small v the equation becomes
unreliable (for typical applications, the small v region may be
neglected).

Equation 11 is, to our knowledge, the first analytic expres-
sion for the average run-speed distribution. Note that the fit to
the velocity distribution gives estimates for both kstep and kd ,
while the dwell time distribution gives kstep and the run length
kstep/kd . Therefore, we may estimate both the run length and
dwell-time distributions from a fit to the average run speed dis-
tribution, whereas we would need fit to both a run-length and
dwell-time distribution to estimate the average run speed distri-
bution.

Comparing theory to realistic Monte-Carlo simulations
In order to show that our calculation applies to a realistic

situation, we introduce a realistic model for a molecular motor,
Myosin Va. We start with a comparison to a computational model
because we wish to test our assumptions in a controlled situation.
In a computational model, we do not have to worry about exper-
imental error, and we may specify that step size is constant.

Myosin V is a linear molecular motor that steps along the
binding site repeat of its track molecule actin [4]. The step size
has been determined using both imaging and mechanical assays
to be a normal distribution centered on 36 nm, the binding site
repeat distance [5–9]. Energy lost to the environment through

viscous drag is replenished by the hydrolysis of ATP to ADP
and phosphate (Pi). Hydrolysis, and the subsequent release of
ADP and Pi, is achieved in a step-wise manner and the rate of
these chemical reactions is affected by internal strain. This strain
sensitivity “gates” the release of ATP hydrolysis products in such
a manner as to force the chemistry of each head out of phase
[10–12]. This gating results in a much greater propensity for the
molecule to step rather than detach from actin, resulting in long
runs of up to 2 µm (about fifty steps).

Myosin V binds cargo at the end distal to the actin bind-
ing site and its activity is regulated both by cargo binding and
by changes in intracellular calcium concentrations [13, 14]. To
understand how myosin V functions, a number of studies have
used mechanical laser tweezer assays where myosin V’s motion
can be both tracked and loaded [5, 11, 15–17]. The simplest bio-
chemical models of myosin V motion involve a linear biochem-
ical pathway [18]; however more recent studies have probed the
response of myosin V to substrate concentration in the presence
and absence of load [9,19,20]. These studies suggest that myosin
V can utilize multiple kinetic pathways to achieve processive mo-
tion.

D DPi
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D D* D D

DD

DPi D* D

Pi

1 2 3

4 5 6

T

D DPi

1

Step i Step i+1

detachment detachment

Path A
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D
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ADP

ATP

Figure 3. MYOSIN V MODEL

We have recently derived a model for myosin V
mechanochemistry (see Fig. 3). In this minimal model, two path-
ways are available for myosin V. The top pathway (dark gray)
involves the essentially irreversible step of Pi release from the
leading head followed by the slowest step in the cycle: a rear-
rangement in the ADP bound state. Conversely, the bottom path-
way (light gray) involves the release of ADP before Pi and the
flux through this pathway is defined by the relative rates of Pi
release from the lead head versus ADP release from the trailing
head.

This model can be built in silico using Monte Carlo methods
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and used to generate stepping data equivalent to that observed in
vitro, with one caveat: step sizes are fixed to 36 nm. This caveat
both simplifies modeling and analysis by removing variability in
one well-defined parameter.

1 20
0

0.5

1.0

1.5

L
if

et
im

e 
(s

)

Force (pN)
10

0.5

1.0

1.5

0
2

L
if

et
im

e 
(s

)

Force (pN)

0.25
time (s)

D
is

p
la

ce
m

en
t 

0.25 0.5 0.75
time (s)

D
is

p
la

ce
m

en
t36 nm

Measured Simulated

Figure 4. MYOSIN V DATA

To generate a Monte Carlo simulation of the model pre-
sented in Fig. 3, each state represents a decision node in the pro-
gram. For example, if we consider a motor in state 1, it may
either proceed to state 2 in Path A (with rate constant k12) or to
state 4 in Path B (with rate constant k14). To determine which
pathway the molecule takes, and when this state transition oc-
curs, we pick numbers from two uniform distributions between
zero and one: X1 and X2. We convert these uniformly distributed
random variables into transition times with the transformation
T 12 = −1/k12 log(1−X1) and T 14 = −1/k14 log(1−X2). The
pathway with shortest lifetime was then followed and the time
in the system incremented by this lifetime, before then continu-
ing with the next decision. This approach is similar to the first
reaction method developed by Gillespie [21, 22].

Using experimentally determined rate constants, it was then
possible to relate the modeled data to that obtained in vitro.
Figure 4 shows run length and force velocity profiles for sim-
ulated and measured data. To relate force to lifetimes the simple
Bell formalism was used [23], however more recent treatments
of Kramers’ theory present alternative methods of quantifying
mechanochemical coupling [24].

The data generated from this simulation provide strong ev-
idence that the model represents experimental data well. The
force-velocity profile obtained through modeling is altered to a
condition whereby there is little effect of load on velocity. This
is also seen experimentally, confirming the requirement for mul-
tiple kinetic pathways. From this model, we can also generate
large amounts of run speed data, run length data and dwell time
data in order to test the analytical expressions derived here.

To test our average run speed distribution expression
(Eq. 11) we fit the average run speed histogram generated from
1275 simulated molecules. From this fit, we may estimate kstep
and kd . These values may then be plugged into our expressions
for the run length distribution (Eq. 9) and the dwell time distribu-
tion (Eq. 6). The resulting fits were quite good (see Fig. 5). From
the success of the fits from the three distributions, we conclude
that the assumptions underlying our previous analysis are at least
plausible for molecular motors in vivo.

Potential confounding factors
The above derivation of average run speed distribution is ad-

mittedly simple. We have assumed a single, approximately irre-
versible rate-limiting step for both stepping and detachment. We
have assumed constant step-size. We have not included the ef-
fects of experimental error. We justify these assumptions to some
extent by the fact that they are implicit in the commonly used
expression for run-length distribution. However, for many ap-
plications, these assumptions will not hold exactly. So, here we
examine how the violation of a few of these assumptions would
affect our analysis.

Variable step size
Most molecular motors do not take steps of precisely the

same length, but rather their steps are distributed over some
range. Here we consider the effects of variable step size on our
calculation of run speed distribution.
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Figure 6. Effect of variable step size on average run speed distribution.
Note that σ = 4.5nm is closest to reality.

Let us imagine that a motor’s step size comes from a gaus-
sian probability distribution:

p(d) =
1

σ
√

2π
exp

(

−(d−d0)
2

2σ2

)
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then, the probability of moving some distance L after N steps is

p(L,N) =
1

σ
√

2Nπ
exp

(

−(L−Nd0)
2

2Nσ2

)

While here we have assumed a shape of the distribution, this as-
sumption is of little consequence as this equation follows directly
from the central limit theorem, provided that N is large.

Using this expression, the average run-speed distribution is

p(v) =

Z ∞

0

Z ∞

0
t
kdkN

steptN

N!
exp(−(kstep + kd)t) · · ·

1
σ
√

2Nπ
exp

(

−(vt −Nd0)
2

2Nσ2

)

dNdt (12)

This integral has no analytic solution.
For motors that take many steps, or for motors with small σ,

the step length probability distribution approaches a delta func-
tion. Thus, since most processive motors take tens or hundreds of
steps on average before detachment, we expect variable step size
to have a small effect on our distributions. Indeed, for param-
eters meant to mimic Myosin Va (kd = 0.33s−1, kstep = 8.3s−1,
d = 36 nm) we find that our expression for average run velocity
distribution is quite close to the numerical simulation of Equa-
tion 12 (see Figure 6). Also note that parameters meant to sim-
ulate kinesin (kd = 0.8s−1, kstep = 100s−1 and d = 8 nm) show
better agreement than for the Myosin Va parameters (as kinesin is
more processive than Myosin Va), though numerical integration
is more difficult.

Experimental error
Often, experiments that evaluate run length and average run

speed distributions collect images at a frame rate of about 5s−1.
For a kinesin molecule moving at 800nm/s, there is an error up to
160nm associated with each run, since the molecule could detach
just after a frame is taken or just before a frame is taken. For a
Myosin V molecule moving at 300nm/s, there is an error up to

60nm associated with each run. Additionally, there is an error
of ±0.2s associated with detachment time. Especially for short
runs, we might expect this error to have a large effect on the
average run speed distribution.

To test the effect of this experimental error, we performed
Monte-Carlo simulations of a simplified system. Using param-
eters for Myosin V (kd = 0.33s−1, kstep = 8.3s−1, d = 36 nm),
we simulated 20,000 molecules performing runs for 20 seconds.
Then, we simulated data capture at 10, 5 and 1 frames per sec-
ond. We discarded any simulations where the “molecule” did
not move. In all cases, our expression for the average run speed
distribution fit the simulated data well (see Figure 7).

Closing comments
We have shown that unlike macroscopic walkers, which

have complicated non-linear dynamics, microscopic walkers
have very simple dynamics – but these dynamics must be de-
scribed probabilistically. Using a concept from the macroscopic
walkers, the “stride function”, we derived step-period, run length
and average run speed distributions for the microscopic walkers.
The step period and run length distributions we derive are well-
accepted descriptions. The expression for average run speed is,
to our knowledge, new.

To derive this simple expression, we made several assump-
tions about the chemical kinetics of the molecular motor of inter-
est: that it has a single, irreversible rate limiting step. We showed
that this assumption is at least plausible for Myosin V under cer-
tain conditions. Our next goal is to test the model with in vitro
experiments with molecular motors.

The strength of our average run speed calculation is that it
represents a limiting case for a general molecular motor. If aver-
age run speed data from a particular molecular motor are well-fit
by Eq. 11, and the predictions of kstep and kd agree with run
length and/or dwell-time data for the same motor under the same
conditions, then we will have a very simple model for the molec-
ular motor. On the other hand, if the data is not well-fit by Eq. 11,
then we know that a more complicated model must be invoked
and that the interpretations of the various distributions are not so
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Figure 7. Effect of frame acquisition rate on average run speed distribution. We show the results of Monte-Carlo simulations of 20,000 motors. We
neglect any runs of less than 100 nm.

straightforward. In particular, the ubiquitous dwell time and run
length equations (Eq. 6 and Eq. 9), will also likely not apply.

Therefore, whether it fits data or not, our equation for av-
erage run speed (Eq. 11) provides important information to an
experimental biologist. In addition, we hope that thinking about
molecular motors as linear, but probabilistic, dynamical systems
will lead to additional connections between mechanical engi-
neering and motor protein biology.
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