
MAT 17C - DISCUSSION #3, Mount Davis

This worksheet continues with the example from Worksheet 2, and is aimed at us-
ing topographical maps to help understand the geometrical interpretation of partial
derivatives and directional derivatives.

We will revisit “Mount Davis”. You have been provided with a map/contour plot
of the mountain (at the end of the worksheet). The function z = f(x, y) is used to
represent the elevation as a function of location (x, y). Note that the peak of Mount
Davis is at (0, 0), and the center of town, indicated by an asterisk (*) on the map, is
at (−2,−5), i.e., 5 miles south and 2 mile west of the peak of Mount Davis.

Mount Davis – Part IV

Partial derivatives tell us the slope of f(x, y) in the x- or y-direction, however we
may want to know the slope of f(x, y) in some other direction. This is the concept
of directional derivatives. For example, we might want to know the slope of Mount
Davis if we were to start at the center of town and travel due northwest. This would
correspond to finding the directional derivative of f(x, y) at (−2,−5) in the direction
of the vector ~v = (−1, 1).

Let’s return to the topographical map of Mount Davis and the corresponding contour
plot of f(x, y).

1. Suppose you are at the center of town (i.e., (−2,−5)) and are facing northeast
(i.e., in the direction ~v = (1, 1)). Qualitatively describe how the “steepness” of the
mountain in front of you varies as you slowly rotate counter-clockwise by one full
rotation.



2. Suppose you start at the center of town (−2,−5) and walk in a straight line to a
point 1 mile west (∆x = −1) and 1 mile north (∆y = 1).

a. Draw your path on the topographical map/contour plot.

b. What is the distance between your starting point and end point (∆s)?

c. Using the map/contour plot, approximate your elevation change (∆z).

d. What is the average slope between the two points? (As before, think about the
“formula” that you use to compute the average slope in terms of f(x, y).)



3. Now suppose you are standing in the center of town, and look to the northwest.
Give a rough estimate the slope of the mountain in this direction. That is, approx-
imate the slope of f(x, y) at the point (−2,−5) in the direction of ~v = (∆x,∆y) =
(−1, 1) (i.e. the directional derivative of f(x, y) at (−2,−5) in the direction of the
vector ~v = (−1, 1)).

4. At (−2,−5), which is greater: the slope to the east (∂f
∂x
|(−2,−5)) or the slope to

the northwest (the directional derivative of f(x, y) at (−2,−5) in the direction of
the vector ~v = (−1, 1))?



Formula for the Directional Derivative
It is inconvenient to keep saying “the directional derivative of f(x, y) at (x0, y0) in the
direction of the vector ~v,” so we introduce the notation Dvf(x0, y0) as a shorthand
for this. NOTE: you are not responsible for knowing this notation, but feel free to
use it on homework, worksheets and exams.

Convince your group that the formula you (implicitly) used in problems 3-4 to esti-
mate the slope of f(x, y) at (x0, y0) in the direction of ~v = (∆x,∆y) was

Dvf(x0, y0) '
∆z

∆s
=

f(x0 + ∆x, y0 + ∆y)− f(x0, y0)√
∆x2 + ∆y2

.

If ∆x and ∆y are small, then

f(x0 + ∆x, y0 + ∆y) ' f(x0, y0) +
∂f

∂x
(x0, y0) ∆x +

∂f

∂y
(x0, y0) ∆y,

(i.e., this is the linear approximation of f about x0, y0), and therefore

Dvf(x0, y0) =

∂f
∂x

(x0, y0) ∆x + ∂f
∂y

(x0, y0) ∆y√
∆x2 + ∆y2

.

Using dot product notation, the directional derivative is

Dvf(x0, y0) =


∂f

∂x
(x0, y0)

∂f

∂y
(x0, y0)

 ·


∆x√
∆x2 + ∆y2

∆y√
∆x2 + ∆y2


or

Dvf(x0, y0) = ~∇f
∣∣∣
x0,y0
· ~v

||~v||
= ~∇f

∣∣∣
x0,y0
· êv,

where ||~v|| =
√

∆x2 + ∆y2 and ~∇f
∣∣∣
x0,y0

=


∂f

∂x
(x0, y0)

∂f

∂y
(x0, y0)

 is the gradient of function

f(x, y) at point (x0, y0).
Note: êv = ~v

||~v|| is a unit vector (a vector of length 1) pointing in the direction of ~v.



Mount Davis – Part V

Recall that mount Davis is described by z = f(x, y) = 100− x2 − 2y2.

1. Compute the gradient of f(x, y) at the point (−2,−5).

2. Using the above formula, compute the directional derivative of f(x, y) in the
direction ~v = (−1, 1) at point (−2,−5). Compare this to your approximation in
problem 3, Part IV.



3. Use an arrow to indicate the direction of the gradient of f(x, y) at (−2,−5) on
the topographical map/contour plot and label it appropriately. Note that it points
straight uphill (i.e., the gradient points in the direction of the steepest ascent).

4. If you start walking in the direction tangent to the contour, what is the rate
of change in elevation? Indicate this direction with an arrow on the topographical
map and label it appropriately. Notice that the direction with the least amount of
elevation is perpendicular to the direction with the steepest slope. Convince yourself
that this make sense.
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