
MAT 17C - DISCUSSION #4, Counting Proteins

Visualization of molecules inside a living cell is one of the most important tools of
molecular biology in the 21st century. In fact, it was the subject of the Nobel Prize
in Chemistry in 2008. The basic idea is that some proteins fluoresce when exposed
to light of a particular wavelength. Using clever bioengineering techniques, such a
fluorescent protein can be spliced on to a protein of interest, and then that protein
of interest will fluoresce wherever it is inside a living cell. In this problem, you will
see how double integrals are useful when counting these fluorescent proteins.

Suppose you are studying a protein associated with the cell membrane. For simplicity,
let’s call this protein memP (for “membrane protein”). You attach a fluorescent
protein onto it, and then use a microscope to view a portion of the cell membrane.
When you illuminate the cell with a laser of the correct wavelength, the fluorescent
proteins emit light, which you record with a camera. Like any digital camera, its
output is a series of pixels, basically a matrix. Each entry (Pij ) of the matrix gives
the brightness of each pixel, which is proportional to the number of memP molecules
in that pixel.



Consider the following simplified example, which shows an area of 4 pixels. The
corresponding matrix P is given below.

P =

[
.1 .4
.6 .3

]
1a) If we are given the fact that the fluorescence of one memP molecule is 0.1, how
many memP molecules are in the top right pixel?

1b) We also might want to consider the density of molecules in a given region. If
each pixel is 0.3 microns (µm) by 0.3 µm, what is the density of memP molecules in
the top right pixel? (Measure in number of molecules per µm2.)

We can label the pixels of the image as below, and write the density as a two-variable
function, ρ(x, y). That is, ρ(x1, y2) should be your result from Question 1b.



x1,y2 x2,y2

x1,y1 x2,y1

1c) What is the relationship between ρ(xi, yj) and Pij?

1d) What is the total number of memP molecules?



This imaging technique provides a good way to visualize proteins in a cell. However,
we can find more detail by improving the resolution of our digital camera. Suppose
we increase our pixel resolution so that each pixel is now 0.1 µm by 0.1 µm. We
might get an image like the one below. Note that this image covers the same total
area as the previous – we have just increased the resolution.

The corresponding matrix for this higher-resolution image is below:
0.0 0.01 0.0 0.05 0.04 0.12
0.01 0.06 0.0 0.03 0.08 0.05
0.02 0.0 0.0 0.01 0.0 0.02
0.10 0.08 0.10 0.01 0.02 0.02
0.05 0.10 0.12 0.04 0.03 0.04
0.03 0.02 0.0 0.05 0.06 0.03


2a) With a higher resolution, the fluorescence generated by a single molecule may be
spread out over multiple pixels. Verify that the total fluorescence in the top right 9
pixels matches the fluorescence in the top right of the original 2× 2 image.

2b) Let’s assume we use a similar labeling to the previous image, where each pixel
is labeled (xi, yj) for some 1 ≤ i ≤ 6 and 1 ≤ j ≤ 6. What is ρ(x4, y3), the density
of the pixel labeled by x4, y3?



2c) Suppose we increase resolution to a point where the image is M pixels wide by
N pixels high, and each pixel is ∆x by ∆y in size (pixels need not be square). Write
an expression for the total number of memP molecules using sigma (Σ) notation, M ,
N , ρ, ∆x, and ∆y.

2d) With advances in technology, we can keep increasing the resolution of the image
(Moore’s Law shows few signs of dying). As ∆x,∆y → 0, what happens?



Suppose now that we have the following new image taken, with the corresponding
fluorescence matrix below. The pixels here are 0.3 µm × 0.3 µm.

.09 .24 .36
.06 .18 .26
.02 .07 .09


This data can be reasonably modeled by the density function ρ given below, with
domain 0 ≤ x ≤ 0.9, 0 ≤ y ≤ 0.9:

ρ(x, y) = 42.3

(
x

1.4 + x2

)(
y

2.5 + y2

)
.

3a) Compute the total number of memP molecules by computing a double integral.



3b) We can compare the model to the actual data. One way would be to evaluate
the fitting function at the midpoint of each pixel, and take that to be the density of
the entire pixel. Let’s use R to do this:

> memPdensity = function (x,y) {42.3*(x/(1.4+x^2))*(y/(2.5+y^2))}

> x = c(0.15, 0.45, 0.75)

> y = c(0.15, 0.45, 0.75)

> M = outer(x,y,memPdensity)

The matrix M is not the same as the matrix P above. Why not?

3c) You can multiply every value in a matrix by a constant by just typing aM where
a is a constant. What is the appropriate constant to multiply by to get a matrix
similar to P?

3d) Use R to multiply by this value, and compare the actual data (P ) with the data
from the model function. How good a fit do you think the model is?

3e) You could also compute the number of memP molecules by using a finite sum.
This can be done in R:

> P = matrix(c(.04,.24,.36,.06,.18,.26,.02,.07,.09),nrow=3,ncol=3)

> P

> sum(P)

What is your result?

3f) Which method do you think is better – a finite sum or a double integral? Explain.


